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latest findings in geometrical and topological methods in analysis and to increase international
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In the present talk, we prove that the transformation operator T is one-to-one mapping between
the sets of the solutions to system (4)—(6) and to system (1)—(3). The application of the operator
T allows us to conclude that the control system (1)—(3) replicates the controllability properties of
the control system (4)—(6) and vice versa. A relation between controls v and v is also found. Thus,
using obtained results for control system (4)—(6), we obtain the following main results for control

system (1)—(3).

Theorem 3. If a state w® € H' is null-controllable with respect to system (1)—(3) in a'time T > 0,
then w® = 0.

Theorem 4. Each state w® € H' is approzimately controllable to any target state w? € H' with
respect to system (1)—(3) in a given time T > 0.

All obtained results have been published in [3].
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On explicit reconstruction of real algebraic maps locally
like moment maps
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Real algebraic geometry studies real algebraic varieties. Nash and Tognoli’s theory shows that
a smooth closed manifold is realized as the zero set of a real algebraic map and non-singular. It is
also well-known that smooth maps between non-singular real algebraic manifolds are approximated
by real algebraic maps in general. For related history and terminologies and notions, see [5] for
example.

Our study is on explicit construction of real algebraic sets and maps. The k-dimensional unit
sphere S* in the (k+ 1)-dimensional real affine space R**! and its canonical embedding into higher
dimensional real affine spaces (and the compositions with canonical projections) give simplest
examples. In general, it is very difficult to give real algebraic sets and important real algebraic
maps on them very explicitly. Here, we reconstruct real algebraic maps generalizing the canonical
projections of the unit spheres S¥ € R¥*! from given regions in the target spaces. We discuss this
from the viewpoint of global singularity theory and differential topology of manifolds.

Theorem 1. 2] Let 1,1y and n be positive integers. Let D C R™ be an open subset. Let {Sj}?zl
be a family of non-singular real algebraic hypersurfaces of R". Let S; be also the zero set of a real
polynomial f;. We also assume the following.



61

(1) It holds that DU, S; = 0, that DNS; #0 for 1 <j <1 and that D~ D C U;;_lsj.
For any small open neighborhood Up of D, D = UDﬂﬂ?:l{x | fi(x) > 0} and D =
l
Up (=il | f5(2) = 0} | B
(2) Let {i;};_, be an increasing sequence Qf integers such that 1 <i; <ly. Letp € (;.,5;, (D
and ’ for any increasing sequence {jj’ };0;11 of integers satisfying 1 < i,/ <l and containing
{ij}2, as a subsequence, p ¢ ﬂ;f)jllsij/ hold. Let e; : S; — R" denote the canonical
embedding. Assume that m;'ﬁ;lsij is an (n —ig)-dimensional smooth submanifold of R™ with
no boundary and let Criyio ﬂ;‘;lSij — R" denote the canonical embedding. Then the
JSj=1

intersection (\;_,de;(T,S;) and the image de{z‘j};‘;1<Tp(m3‘0:15ij)) of the differential of €4y,
at p always agree.

(3) There exists a map my, 1, which maps each integer 1 < i <1 to an integer 1 < i’ <y, which
18 a surjection to the set of all integers 1 < 7 < Iy, and whose restriction to an increasing

sequence {i; ;‘):1 making ﬂ?’zlSij N D a non-empty set is always ingective.

Let my, be a map mapping each integer 1 < i < ls to a non-negative integer. Letm := n—i-Z?:lle (7).
Then there exist an m-dimensional non-singular real algebraic manifold M C R™2 and a real
algebraic map f : M — R" such that f(M) = D, that the image of the singular set is D — D,
and that each preimage f~1(p) (p € D) is a single-point set or a product of spheres and at most
(m — n)-dimensional.

We present the case where hypersurfaces S; do not intersect and o= 1. Here M := {(z,y) €
R™ x R+ = R | [T (f5(2)) — |lyll* = 0}, The map f : M — R" is the composition
of the canonical embedding into R™*! with the canonical projection. In the case D := D", the
n-dimensional unit sphere, we have the canonical projection of the unit sphere S™ C R™! into
R"™. This is already done in [1, 3|. In the case the hypersurfaces S; do not intersect, we have
so-called special generic maps presented in [4]. See also [6] for special generic maps in the theory of
differential topology of manifolds. Our result reconstructs real algebraic maps locally like moment
maps.

As an application, Theorem 2 presents explicit families of real algebraic functions which are
compositions of maps‘into R? obtained through Theorem 1 with the canonical projection ([2]).
This is seen as extending some result of [1]: we have studied cases where the hypersurfaces S; do
not intersect. We define the Reeb graph W, of a smooth function ¢ on a closed manifold X. Let ~,
be the following equivalence relation on X: x;~.xs if and only if x; and x5 are in a same connected
component, of a preimage ¢ '(y) (y € R). Let q.: X — W, := X /~, denote the quotient map. The
vertex set is the set of all points v such that g. ' (v) contain some critical points of c. See also [7]
for example.

Theorem 2. (2] In Theorem 1, let n = 2, Iy == ly;, {5; := SO,j}?:l consist of mutually disjoint
circles and D := Dy C R? be a connected and bounded open set surrounded by the disjoint union

lo,1
We construct @ map f = fu, : M := My — R? by Theorem 1. We consider the function
fom = w21 © fr, where Ty : R? — R is the canonical projection. Let m > 4 be an integer.

For each mon-negative integer k, we can consider some situation enjoying the following and apply
Theorem 1.

(1) n = 2. ll = l071+k. l2 = 2.
(2) The family {Sj}?:l is a family of circles enjoying the following.
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a) For1 < j<lyi1, S; = Sy, and the family {S, ,;}*_, consists of mutually disjoint and
) J »J 0,1t7Jj5=1
sufficiently small circles in R* centered at points in some circles in {S; := Sy ; 2»1:1.
(b) For each Sy, 4, (1 < jo < k), there exists a unique circle Sy j, such that Sy, 4, () S0, 7#
(). Furthermore, the non-empty intersection is a two-point set.
(3) The open set D C R? is the connected and bounded component of the complementary set of

U?:1Sj in R? which is also a subset of D.

Furthermore, choosing suitable situations, we have a family {f = far, : M := My, — R*}%2, of real
algebraic maps on m-dimensional closed and connected manifolds enjoying the following properties.

(4) The Reeb graph Wi, of the function foa, := 2,10 fu, collapses to the Reeb graph W, ,, .
(5) The graphs Wy, M, and Wy, ay, @re not wsomorphic for distinct integers ki and ks.

The author was a member of the project JSPS Grant Number JP17H06128 and a member of the
project JSPS KAKENHI Grant Number JP22K18267. Our study has been conducted under their
support. The author works at Institute of Mathematics for Industry (https://www.jgmi.kyushu-
u.ac.jp/en/about/young-mentors/) and this is closely related to our study. The author is also a
researcher at Osaka Central Advanced Mathematical Institute (OCAMI researcher), supported by
MEXT Promotion of Distinctive Joint Research CenterProgram JPMXP0723833165.
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