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- Experiments from [1] which reveal some surprising connections between BNQN and Voronoi’s
diagrams and Newton’s flows.
- New results from [3] which connects the dynamics of BNQN and the Riemann hypothesis.

REFERENCES

[1] J. E. Fornaess, M. Hu, T. T. Truong and T. Watanabe, Backtracking New Q-Newton’s method, Newton’s flow,
Voronoi’s diagram and Stochastic root finding, arXiv:2401.01393.

[2] J. E. Fornaess, M. Hu, T. T. Truong and T. Watanabe, Backtracking New Q-Newton’s method, Schioder’s theorem,
and Linear conjugacy, arXiv:2312.12166.

[3] T. Q. Tran and T. T. Truong, The Riemann hypothesis and dynamics of Backtracking New Q-Newton’s method,
in preparation.

[4] T. T. Truong, Backtracking New Q-Newton’s method: a good algorithm for optimization and solving systems of
equations, arXiv:2209.05378.

[5] T. T. Truong, T. D. To, H.-T. Nguyen, T. H. Nguyen, H. P. Nguyen, M. Helmy, A fast and simple modification
of Newton’s method avoiding saddle points. J Optim Theory Appl (2023). https://doi.org/10.1007/s10957-023-
02270-9

Geometric and algebraic properties of dispersionless
Nizhnik equation

Oleksandra Vinnichenko
(Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine)
E-mail: oleksandra.vinnichenko@imath.kiev.ua

Vyacheslav Boyko
(Institute of Mathematics of NAS of Ukraine and Kyiv Academic University, Kyiv, Ukraine)
E-mail: boyko@imath.kiev.ua

Roman Popovych
(Silesian University in Opava, Czech Republic
and Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine)
E-mail: rop@imath.kiev.ua

The dispersionless Nizhnik equation (see [1] for justifying this name)

Utzy = (“mu:ry)x + (umy“yy)y (1)

is the dispersionless limit of the symmetric Nizhnik equation, which is the potential equation of
the Nizhnik system [3] in the symmetric case. The equation (1) has interesting geometric and
algebraic properties. In particular; the maximal Lie invariance (pseudo)algebra g of (1) is infinite-
dimensional and is spanned by the vector fields

D' (1) = 70, + 5120, + 571y0y — 1—187'tt(x3 +y*)0y, D° =20, + y0d, + 3ud,,
Pi(x) = X0r — 5xe2° 0, PY(p) = pdy — 501y Ou,
R*(a) = x0,, RY(B)=py0u, Z(o)= 00y,
where 7, x, p, «, [ and o run through the set of smooth functions of t. Moreover, the contact
invariance (pseudo)algebra g. of (1) coincides with the first prolongation of the algebra g.
The point- and contact-symmetry pseudogroups G and G, of (1) were efficiently constructed
in [1] by using the original version of the algebraic megaideal-based method suggested in [2]. The

basic (necessary) method condition that the pushforward ®, of elements g by any element ® of G
preserves any megaideal m of g, &,m C m, is replaced in this version by a weaker but more
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computationally efficient condition ®,(m Ns) C m for an arbitrary essential megaideal m and a
selected fixed finite-dimensional subalgebra s of g. As such s for (1), we can take s, = a d (D) or
s, = a3 (D'(1), D'(1)), where a = (Z(1), Z(t), R*(1), P*(1), P*(t), = € {z,y}).

Theorem 1. (i) The point-symmetry pseudogroup G of the dispersionless Nizhnik equation (1) is
generated by the transformations of the form

i=T@1t), #=CTz+X1), §=CT+Y°@),

OSTtt 02

- 3 3, .3 0,2 0,2 1 2 0
= C% — 8T, (x —|—y)—2Ttl/3(th: + Yy + W () + W2 (t)y + WO (¢)

and the transformation Z: t=1t, i =y, =, @ =u. Here T, X°, Y, WO W' and W? are
arbitrary smooth functions of t with Ty # 0, and C' is an arbitrary nonzero constant.

(ii) The contact-symmetry pseudogroup G. of the dispersionless Nizhmik equation (1) coinecides
with the first prolongation G(1) of the pseudogroup G.

Thus, a complete list of independent discrete point symmetry transformations of (1) is exhausted
by three commuting involutions, ¢, . and .#, which map (t,z,y,u) to (t,y,&,u), (—t, —x, —y,u)
and (t, —x, —y, —u), respectively.

The equation (1) is peculiar due to the fact that the condition ®.g C g completely defines G
and thus is not only necessary but also sufficient in this particular case. The similar claim holds
for g. and G.. This is the first and so far the only example of this kind in the literature.

In the context of the method applied, an important problem is to select certain subalgebras of g
and g..

Definition 2. We call a proper subalgebra s of a Lie algebra a of vector fields a subalgebra
defining the diffeomorphisms that stabilize a if the conditions ®,a C a and ®,s C a for local
diffeomorphisms ® in the underlying space are equivalent.

Theorem 3. The subalgebra sy of the algebra g defines the diffeomorphisms that stabilize g, whereas
the subalgebra s, and even the subalgebra 51 := 8§, +(D*(1)) does not have this property.

Corollary 4. The first prolongation of so+53 with s3 := (Z(1), Z(t), Z(t?), R*(1), R*(t), z € {z,y}),
which is a subalgebra of ge = g1y, defines the diffeomorphisms of the corresponding first-order jet
space that stabilize ge.

We also found geometric properties of the dispersionless Nizhnik equation (1) that completely
define this equation. Although the maximal Lie invariance algebra g of the equation (1) exhaus-
tively defines the point-symmetry pseudogroup G of this equation, it does not define exhaustively
the equation itself.

Lemma 5. (i) A partial differential equation of order less than or equal to three with three inde-
pendent variables is invariant with respect to the algebra g if and only if it is of the form

Uppw — U u
Utry = (Uglizg)e + (UayUyy)y + UsyUayy H (w1, w2),  wy = ———FH g 1= 22 (2)

Uzyy Uzyy
where H is an arbitrary smooth function of its arguments.
(i) An equation of the form (2) admits the conservation-law characteristic 1 and thus it is in
conserved form if and only if H is an affine function of (wi,ws), i.e., H = awy + bwy + ¢ for some
constants a, b and c, and the equation takes the form

Utzy = (Uzalay)e + (Uaylyy)y + Usy (a(umx — Uyyy) + DUagy + Cuwyy)- (3)
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(iii) An equation of the form (3) admits the conservation-law characteristic uy, or uy, if and
only if a =0=0 or a=c=0, respectively.

Theorem 6. An rth order (r € {1,2,3}) partial differential equation with three independent vari-
ables admits the algebra g as its Lie invariance algebra and the conservation-law characteristics 1,
Ugy and Uy, if and only if it coincides with the dispersionless Nizhnik equation (1).

The presented properties of the equation (1) are used in [4] to construct its exact solutions.

REFERENCES

[1] Boyko V.M., Popovych R.O. and Vinnichenko O.0O. Point- and contact-symmetry pseudogroups of dispersionless
Nizhnik equation. Commun. Nonlinear Sci. Numer. Simul., 132 : 107915, 2024, arXiv:2211.09759.

[2] Maltseva D.S. and Popovych R.O. Complete point-symmetry group, Lie reductions and exact solutions of Boiti—
Leon—Pempinelli system. Phys. D, 460 : 134081, 2024, arXiv:2103.08734.

[3] Nizhnik L.P. Integration of multidimensional nonlinear equations by the inverse problem method. Soviet Phys.
Dokl., 25 : 706-708, 1980.

[4] Vinnichenko O.0., Boyko V.M. and Popovych R.O. Lie reductions and exaet solutions of dispersionless Nizhnik
equation. Anal. Math. Phys., to appear, 2024, arXiv:2308.03744.

Chain-regular and regular components of the wandering
set of surface homeomprphisms

Igor Yu. Vlasenko
(Institute of mathematics, Kiev, Ukraine)
E-mail: vliasenko@imath.kiev.ua

Regular components of the wandering set of surface homeomorphisms were introduced by Birk-
goff [1, 2]. With the emergence of the chain recurrent set theory introduced by Conley 3| for flows
and adapted for discrete dynamical systems by Franks and Hurley [4, 5] we can define an analog
of regular components of the wandering set for the set of chain-regular points (points that are not
chain recurrent) as the set of points that divide an attractor-repeller pair.

We study the topology of chain-regular components of surface homeomorphisms and show that
it is in fact different from the topology of regular components of the wandering set.
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