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Abstract. This article describes a method of gradual formation of sets of
admissible values as an alternative to backtracking and account for changes
methods. The mechanism of algorithms that apply these methods to solve
combinatorial optimization problems is substantiated. Fragments of programs that
implement these algorithms in C# programming language are given and the results of
their testing in a remote computing environment are analyzed. Test results show that
the implementation of the method of gradual formation of sets of admissible values
cardinally reduces the execution time of programs, indicating its effectiveness.

Keywords: method of gradual formation of sets of admissible values,
backtracking, taking changes into account method.

I. INTRODUCTION
As known, combinatorics solves problems of selecting and permutating
elements of a set in accordance with given conditions. It is used, for example, in
cryptography, machine learning, competitive programming, or in solving problems
from other spheres of life. The formulas of combinatorics can be simple for
algorithmization, but their use for large input data can significantly slow down the
work of separate programs and computing systems in general. That is why the
development of existing and creation of new methods of optimization of
combinatorial problems is currently an important scientific task that is carried out

within the framework of combinatorial optimization [1].

II. LITERATURE ANALYSIS

Combinatorial optimization [1] considers optimization problems in which the
set of feasible solutions is discrete or can be reduced to discrete. The purpose of such
tasks is to find an optimal object from a finite set of objects when the well-known
brute force search methods take an unacceptable amount of time to execute [1].
Traditionally, to speed up an exhaustive search, the method of taking into account
changes [2] is used, which calculates the next variant of a solution, not from the very
beginning, but only taking into account changes compared to the previous variant of a
solution.

But the most famous method for solving combinatorial optimization problems
is backtracking [3]. It implies that a partial solution expands and incomplete
candidates for the solution is further analyzed. If the next candidate is unacceptable,
the algorithm moves to another candidate or returns to another partial solution, or
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continues the search in other ways. According to this method, all steps of finding the
optimal solution are recorded so that in the case of changes that do not satisfy the
constraints of the problem, it is possible to return to an acceptable candidate [4].
Implementations of this method are usually faster than a brute force search, which is
not always possible in a reasonable time [2] because during their execution invalid
candidates not added to the complete solution.

In general, nowadays, when programming solutions to combinatorial
optimization problems, the main attention is paid to discarding inadmissible
candidates, and, in our opinion, the computational complexity is not analyzed
sufficiently [5]. It is in vain because measures of computational complexity "give an
idea of the execution time of algorithms" [6, c. 57] and allow one to understand why
one algorithm will work much faster than another and teach future programmers to
take into account not only the correct solution of the problem but also its efficiency,
not only the program execution time but also the memory usage. It is by analyzing
the computational complexity in this article we will define the feasibility of using
proposed algorithms.

In general, the idea of using sets of valid values has been used in programming
for several years.

For example, it is expedient not to compare elements with each other to sort an
array of integers in ascending order with a small values range but only to count the
frequencies of individual values and write to the resulting array each value from
smallest to largest as many times as found in the input array [7, 8]. It is clear that it is
advisable to do this when the range of values is commensurate with the size of the
array. We use the analysis of sets of admissible values to solve combinatorial
optimization problems.

III. OBJECT, SUBJECT, AND METHODS OF RESEARCH

The object of research — methods for solving combinatorial optimization
problems.

The subject of the work — the influence of improvements of combinatorial
optimization algorithms on their computational complexity.

The purpose of the study is to describe and substantiate the feasibility of
applying the method of gradual formation of sets of admissible values for solving
combinatorial optimization problems.

The task of the work is to create programs that implement algorithms of
different methods for solving one of the typical combinatorial problems and compare
their effectiveness for different test cases to establish the feasibility of each of these
methods.

In the process of creating algorithms, general scientific methods of analysis and
synthesis were used. To solve the problem of combinatorial optimization, we used the
method of backtracking, the method of taking into account changes and our proposed
method of gradual formation of a set of admissible values.

It is clear that the developed programs can be tested on local workstations, but
it should take into account computing environment characteristics and the ability to
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adapt programs to known test cases. Therefore, we consider it appropriate to test the
developed programs in remote computing environments. Such testing is a way to
develop logical thinking and optimization skills in solving atypical problems. One of
the sites that provide access to tasks and the remote computing environment is
https://www.e-olymp.com. This work is written using its resources. The advantages
of E-olymp are the following:

» a significant number of tasks from different sections;

* grouping problems by different levels of complexity;

* the ability to compare its results with the results of other users;

* 15 programming languages are supported;

« availability of training materials;

» ability to compare the runtime and the RAM usage for every single test using
different approaches to solving each problem.

IV. RESULTS

4.1. Formulation of the problem for the approbation of combinatorial
optimization methods

We will demonstrate the application of wvarious methods for solving
combinatorial optimization problems on the example of the problem "CD" (Ne 1266)
from the site https://www.e-olymp.com. The condition of this problem is formulated
as follows:

You have a long drive by a car ahead. You have a tape recorder, but
unfortunately, your best music is on CDs. You need to have it on tapes so the
problem to solve is: you have a tape N minutes long. How to choose tracks from CD
to get most out of tape space and have as short unused space as possible.

The program should find the set of tracks which fill the tape best and print it in
the same sequence as the tracks are stored on the CD. Input data have any number of
lines. Each one contains value N, (after space) number of tracks and durations of the
tracks. The program should show for each line the string "sum:" and a sum of
duration times.

Assumptions:
. number of tracks on the CD. does not exceed 100
. no track is longer than N minutes
o length of each track is expressed as an integer number

. N is also integer (0 <N <200).

Time limit 1 second for executing each test by program, memory limit is
122.81 Mi/B.

4.2. Using the exhaustive search method with elements of backtracking

To find the set of tracks that fill most of an available tape space, we may need
to analyze all possible variants for their including for each test because any
combination of tracks might be better. The execution can be completed before it only
if a combination is found in which the length of the tape is fully occupied (equal to

N).
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According to the condition of the problem, the number of tracks is equal to S.
Each of them can be in only two states - taken into account in the sum of the current
combination or not. Therefore, each variant of including of tracks can be written
as an S-bit binary number, and their amount is 25. To analyse each possible variant,
we need to generate all S-bit binary numbers except 0 because this is the maximum
sum by default. To calculate the tracks record length of following possible variant,
we will convert its number into the binary numeration and analyze the individual bits.
Therefore the computational complexity of the algorithm is 25*%S. In the next sum, we
will add only that lengths of tracks, for which the corresponding bits in the variant
number are equal to 1. To solve the problem, we will output that maximum sum of
variants, which is not greater than .

Also, we should note that adding the length of the next track to the sum of the
current version makes records longer than the length of the tape, it infringes the
condition of the problem (because the track lengths are non-negative), and therefore
the program can move to the next option and form a new sum. This, in fact,
implements the idea of a backtracking algorithm.

For example, we trace the mechanism of formation of the maximal acceptable
sum of tracks for a tape length 10 (N = 10) using four tracks (5 = 4) with lengths 2, 4,
8, 4 (tab. 1). We see, for example, that setting the first bit on the right in the binary
variant number leads to the adding to the current sum the length of the first track. In
this case, the search for the maximum sum ends before the calculation all variants of
occurrences of tracks (24 = 16), because the found maximal acceptable sum is equal
to the length of the tape. If this did not happen, the program would continue to work
until all variants are found. The maximal fill (10) was found after five search steps.

Table 1. The use of binary variants numbers representation to generate track
combinations for N'= 10, S =4 and track lengths 2, 4, 8, 4

The sum of The
Variant's Variant's Tracks are the current .
4 4 . . maximum
number in the number in taken into version of .
p ’ . sum is known
decimal system binary account included
for now
tracks
1 00012 2 2
2 00104 4 4
3 0011 2,4 6 6
4 0100/8 8 8
5 01012, 8 10 10

Here is the code of the program for solving the problem by exhaustive search
with backtracking elements. The C# programming language was used because
nowadays it is one of the main programming languages for applications.
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while(true)
{string line = Console.ReadLine(); // Read the next line with the conditions of the
problem
if (String.IsNullOrEmpty(line)) return; // There are no more problems
string[] str = line. Trim().Split(new char[] {' '});
if (str.Length <2)
return; // The problem cannot be solved without the length of the tape or the
number of tracks
int n = Convert. ToInt32(str[0]); // The total length of the tape
int s = Convert. ToInt32(str[1]); // Number of tracks
long i, j, sum, maxSum = 0, remainder; // Remainder - the remainder of a division
int[] track = new int[s];
for 1=0;1<s;1++)
// Reading the length of each track
track[i] = Convert. ToInt32(str[i + 2]);
o/* Generating all s-bit numbers, where the i-th bit will indicate whether (1) the i-th
track is taken into account in the sum or not (0). This will get every possible variant
of including their lengths */
// Counting the number of all possible variants of tracks occurrence
Biglnteger variantsNumber = (Biglnteger) 1 <<s; // 1<<s is equal to 2" s
// Conversion of each number of a variant of occurrences of tracks in a binary
// representation, calculating the appropriate sum to find the maximal acceptable
for (j = 1; j < variantsNumber; j-++)
{sum = 0; // Each iteration the sum for the next variant of track inclusion will be
// calculated
remainder = j; // It is in order not to affect the counter value
for (i=0;1<s; it++) / The option of selecting tracks is interpreted as binary
// S-bit number, the length of which corresponds to the number of tracks (S).
{if (remainder % 2 == 1) // If the i-th track is included in the sum
{sum += track[i];
if (sum > n) // Exceeding the total length of the tape is not allowed
break; }
> remainder /= 2;
} // We move on to the next track
if (sum <=n && sum > maxSum) // If the amount found does not exceed
// the total length of the tape and greater than maximal of the previous ones
{maxSum = sum;
if (maxSum == n) break; }} // The best variant is already found
«Console.WriteLine("sum:" + maxSum.ToString()); }

The program testing results provided on the site e-olymp.com are shown in
figure 1.
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Fig 1. Results of testing the program that implements the exhaustive search

We see that the given program correctly execute nine tests, but exhausts the
time limit when passing the last test.

4.3. Implicit application of the idea of a return search method

To speed up the above program, consider that the cycle for converting the
variant number to bits of the binary representation is performed S times for each
variant. It causes extra operations, as not all variant numbers are s-digit binary
numbers. For our algorithm, this will mean that for the next version, there are no
more tracks that are included in the current sum. In essence, this is an implicit
application of the idea of a backtracking method. To implement it, we will add the
next code to the previous program after the line marked with the symbol »:

if(remainder == 0) break; // No more tracks included in the sum
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Fig. 2. Results of testing the program that implements the exhaustive search with
taking into account a length of a variant number in the binary number representation

This change significantly affects the runtime speed with a large S in cases of
considering small variants numbers for including tracks (figure 2). We see that the
execution of the last test still exhausts the time limit. The computational complexity
of the algorithm is now 25'*S, ie halved, but practically, the execution time of the
program is not significantly reduced, because the search interrupts with returns do not
affect the increase in subtotals. If we could also reject some of the solutions when
performing this check, it would be a classic backtracking implementation.

4.4. Taking changes into account method usage

We will implement the method of taking into account changes. When
calculating the sum of the tracks lengths program will relate to the sum of the
previous variant. The current sum should decrease relative to the previous one by the
length of those tracks, in the binary representation of which the number instead of 1
became 0. And it should increase by the length of the first of the tracks, where instead
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of 0 became 1. The order of selecting tracks bit numbers, but the values of individual
bits will not be calculated each time, and save in the array occurrence of S + 1
element. This will avoid excessive divisions by two and solve the problem for any
non-negative S. We will complete the search when 1 appears in the additional
element of this array, ie all S-bit binary numbers will be searched. To implement this
algorithm, replace the lines between the markers « in the code of the previous program
with the following code:

byte[] occurrence = new byte[s+1]; /* i-th element of the array indicates is taken
into account (1) or not (0) the i-th track to the sum. Using this array instead of binary
variants numbers allows the program to process any number of tracks. Generating
the next variant of tracks inclusion in the array of occurrence corresponds to the
principle of increasing the number by 1 in the binary number system: adding one
converts all ones from right to left to zero, and the first right zero replaces to one.
Accordingly, the sum of track lengths relative to the previous sum will decrease by
the length of the track, if the occurrence array instead of 1 became 0 and increase by
the length of the track if the array occurrence instead of () became 1. Initially, all
values in the array are 0, i. e. the in first variant tracks inclusion no one track is
taken into account. The last variant of track inclusion corresponds to the occurrence
array, in which all elements are equal to 1, i. e. all tracks are taken into account.
Completion of the search of track selection options is performed when setting 1 in the
additional left position of the array (overflow of the option number). */
while (occurrence[s] == 0) // While additional left position of the array is empty
{j =0; // track index, which changes in sum
while(occurrence[j] = 0)
{occurrence[j] = 0; // The track is no longer taken into account
// therefore, the total sum decreases by the length of this track
sum -= track[j++]; }
occurrence[j] = |; // Reached the track, which is already taken into account,
//so the total duration increases by the length of this track
if (j <s) sum += track[j];
if(sum <= n && sum > maxSum) // The best variant is already found
{maxSum = sum;
if (maxSum == n) break; }}

Such changes to the program have sped its execution for all tests, but the last
test execution still takes too much time (figure 3). In fact, this version of the program
does not only process adjacent unincluded tracks on the right but all adjacent
unchanged tracks on the right.
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Fig. 3. Results of testing the program that implements the taking into account
changes method

4.5. Description and substantiation of the method of gradual formation of
sets of admissible values
Let's ask the question: how does the set of possible sums of track lengths
change after considering the next track? In other words: how to get the set of possible
(acceptable after summation) lengths of tracks E;, knowing the allowable lengths of
the sums of previous tracks Ei.1 and the length of the next track tracki (i means that
the tracks from the initial to the i-th inclusive)? If the next track track: is not taken
into account, then the set of allowable sums of track lengths will stay the same, i. e.
E'=Ei1. If the next track is taken into account, then new acceptable lengths will
appear, formed by increasing the previous lengths by the length of the next track.
That is, E"i={e"i;": e"i.1,+tracki}. Obviously that
E=EUE":. (1)
If no track is taken into account, then the sum of the track lengths is 0. If we
consider the initial track, the sums of lengths is O (initial track is not taken into
account) and tracko (if the initial track is taken into account) is acceptable That is,
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Eo={0; tracko}, and the following sets of allowable track sums are calculated
according to (1).

For example, for the above-mentioned sequence of track lengths 2, 4, 8, 4, we
consistently get the following sets of allowable sums:

Eo={0; 2} (zero track is taken into account or not taken into account).

E"1={0; 2} (the first track is not taken into account), £"1={4; 6} (the first track
is taken into account), and, according to (1) E1=E"1 U E"1={0; 2; 4; 6} (first track is
taken into account or not taken into account).

E»={0; 2; 4; 6} (second track is not included), £>={8; 10; 12; 14} (second
track is included), E>=E"» U E"»={0; 2; 4; 6; 8; 10; 12; 14}.

E={0; 2; 4; 6; 8; 10; 12; 14}. (he third track is not taken into account),

"={4; 6; &; 10; 12; 14; 16; 18} (the third track is taken into account),
Es=Es U E'"3={0; 2; 4, 6; 8, 10; 12; 14; 16; 18}.

Since the allowable sums increase every time, it makes no sense to calculate
those that are greater than N (in this example, the allowable amounts over 10 could be
ignored). From the remaining allowable amounts, we have to choose the maximal one
after considering all the tracks, or equal to N, if such sum found earlier (in this case,
the allowable amount of 10 appears after considering the third track). On the example
of the formation of the third set of admissible sums, we also see that the number of
elements of the set does not exactly double each time, because it is possible to
duplicate the elements in £’ and E".

We will implement a program version of the gradual formation of sets of
acceptable sums. The set of admissible sums E; after consideration of the next
element depends only on the set Ei.1. Therefore it is not necessary to store all sets -
iteratively is enough, having the previous set, to form the following set, and for the
following iteration to assign to the previous set the following, and the following - the
previous. Interestingly, the next set can be omitted - the valid values of any set will
always be valid for subsequent valid sets. To store the previous and next sets of
allowable sums on each iteration, we use arrays, where the value of 1 in each element
will indicate its entry into the set of allowable values, and 0 - the absence of it in the
set. In order to quickly reassign arrays, we will not swap their elements, but links to
arrays. Given these considerations, the implementation of the method of gradual
formation of sets of admissible values for the problem under study can be as follows:

byte/| nextSum = new byte[n+1], prevSum = new byte[n+1]; /* Previous and
following elements of sets of admissible sums greater than N are not considered */

byte[] interim;

nextSum|[0] = 1; // Before tracks analysing, only 0 sum is available

for(i=0;1<s; 1++) // Cycle on tracks

{/* Each track may or may not be included in the sum. Accordingly, the possible

sums of track lengths after considering the next track will be all previous sums (when
the current track is not taken into account) and previous sums increased by the length

of the current track. */
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interim = prevSum; /* An intermediate reference to the array is required so that
prevSum is not lost during permutation */
prevSum = nextSum;
nextSum = interim; /* When we going consider the next track, the previous possible
sums are taken from the available next ones and the next possible sums are
calculated. For faster permutation of arrays their values are not reassigned, and
references to them change places */
for(j =0; j <= n; j++) /* Cycle on possible sums of lengths of record on a tape. The
index of the array and is the value of the sum. */
{if(prevSum{[j] == 1) // Found a valid sum relative to previous tracks
{nextSum(j] = 1; /* The next track is not taken into account - the previous
possible amount does not change */
if(+track[1] <= n) /* If the next track together with the possible previous sum can
be placed on the tape */
nextSum(j + track[i]] = 1; /* Adding the length of the next track to the previous
possible sums allows you to determine the new possible sums without adding all the
track lengths again. */
e
i=n;
while(nextSum|[i] == 0) i--; /* Find the maximum of the allowable sums of tracks.
Search from the end, because the larger the index, the larger the sum */

These program test results are shown in figure 4. We see that all the tests
execute in the allotted time and at the same time use the least RAM of the presented
programs. Accelerating the solution of the problem is not accidental. After all, the
computational complexity of the algorithm is now SN, which is much less than 25-1*S,
taking into account the limitations of our problem (100%*200 <<2%*100). In
conclusion, we note that the method of gradual formation of sets of admissible values
finds only the solution (extremum) of this problem of combinatorial optimization, but
does not determine the tracks at which this solution is obtained. Other (perhaps
discussed above) methods should be used to find these tracks, but even finding the
extremum speeds up the solution of optimization problems in the classical case.
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Fig. 4. Results of testing the program that implements the method of gradual
formation of sets of admissible values

V. CONCLUSIONS

1. To determine the most effective way to solve the problem of combinatorial
optimization, it is not enough to compare time on known test sets, but one should try
to analyze their computational complexity.

2. The method of gradual formation of sets of admissible values is an effective
alternative to methods of backtracking and taking into account changes in solving
combinatorial optimization problems if the range of admissible values is discrete and
the solution is similar to the method of dynamic programming.

3. To model sets of elements in programming, it is advisable to use logical
arrays. Then, to reassign sets, it is sufficient to swapped by changing links to arrays,
rather than reassign individual elements.

4. To speed up a solution of combinatorial optimization problems, it is not
enough to bypass some options of complete search, and it is necessary to minimize
the runtime of each variant, taking into account limitations of a problem.
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