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The Tucker HO-SVD and the anisotropy of Finslerian geometric
models
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E-mail: vladimir.balan@upb.ro

The tensor spectral theory, as an extension of the classic spectral theory of linear operators reached
sound applications in Big Data and Image Processing, based on the main decomposition tools of
Tucker type, originating in the cornerstone HO-SVD decomposition |7, 8]. This theory enhances the
statistical analysis in various fields, originally including MRI-imaging, Special Relativity, ecology,
and HARDI biology. The present talk provides a brief survey of results recent tensor spectral
theory, and of its applications to geometric structures which rely on anisotropic metrics of Finsler
type. Several models are addressed, for which we derive the Tucker type HO-SVD decomposition
and the induced powerful approximation provides aids for identifying main geometric features, and
consistent anisotropy estimates for the Finslerian structures.

We include the mth candidate models for Special Relativity (Pavlov-Chernov, Bogoslovsky, and
Roxbourgh models), for ecology (P.L. Antonelli &al.), HARDI hiology (L. Astola & al.), Garner
oncology and the physics of Langmuir-Blodgett monolayers.

We also present a brief survey of results from the spectral theory of covariant main symmetric
tensors which rely on the fundamental tensor fields of the anisotropic geometric models. We note
that the spectral data describe properties of the indicatrices associated to the Finsler norms, point
out their asymptotic properties. and allow to derive best rank-I approximations - which provide
simpler consistent estimates for the original anisotropic structures. We investigate the spectral
data of covariant symmetric tensor fields, and focus on the metric and Cartan fields of the Finsler
structures - including the Euclidean and Riemannian subcases - and further provide and discuss
natural alternatives of the spectral equations.

We consider n—dimensional Finsler structures (M, F') with the main axioms relaxed by either
dropping the positivity condition, or reducing the domain, and replacing the positive-definiteness
of the Finsler metric d-tensor field with the non-degeneracy and constant signature condition. We
shall denote by g¢;; = %d‘?ﬁg;] and Gy = i% the components of the metric and Cartan
d-tensor fields, respectively. One of the important features of the Cartan tensor is that its vanishing
makes ¢ quadratic in y, and consequently the Finsler space becomes Riemannian (correspondingly,
pseudo-Finsler spaces become. in such case, pseudo-Riemannian).

For a real m-covariant symmetric tensor field 7" on the flat manifold V' = R" endowed with the
Fuclidean metric g. we say that a real \ is a Z-eigenvalue and that a vector y is an Z-eigenvector
associated to A, if they satisfy the system:

Ty™ =Xy, glyy) =1, where Ty™ ' = > T iy, do,

iyig,im€LN

where by lower dot is repeated transvection and the power is tensorial. As well, an alternative
for spectral objects is the H-eigenvalue A and its H-eigenvector, described by the homogeneous
polynomial system: (T.y™ 1)z = A(y*)™ L. Regarding the spectra consistency, it is known that in
the Euclidean subcase, the Z- and the H-spectra are nonempty for even symmetric tensors, and
that a symmetric tensor T is positive defynite/semi-definite iff all its H— (or Z—) eigenvalues are
positive/non-negative.
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Among the applications of the spectral Finsler approach, there was observed the relevance of
eigendata of the metric and Cartan tensors of the Langmuir-Finsler structure |1, 5, 9] within the
physics of monolayers which studies the interphase boundary of a mono-molecular system.

For the Langmuir model, the Cartan tensor
. . 1 83F2
k

C = Cyjr(z, y)da' ® da? @ da”,  Cyj(z,y) = 1900y~ (1)

considered at the fixed supporting element (z,y.) € 7/“\]\/4, has the 1-mode provided by the slices

C=(Cij=~ M, Cyyj=v-M, Csij =03x3),

3A a . . B2 —aB 0
where v = GV =G0 Y = (v, B,7) € Ty M is the supporting element, and M = | _,3 42 0 |-

0 0 0

Theorem 1. Consider the Cartan tensor of the Cartan-Langmuir tensor (1) from above. Then the
associated spectral data are given as follows
a) The Z-eigendata are given by:

g _ 1
A=0 = \/W(a,@t)

b) The H-eigendata are the following:
1
S)q:O = {(a767t)

o} —«
teRy, S Do 2 AEP— { T ! , ,0 .
NZoEwEE } X=EEE { <\/a2+62 Va2 + B2 >}

Corollary 2. The Candecomp approzimation of the Langmuir-Cartan tensor (1) is twofold:

Cr~A=MX vy Qvs vy, Vi €Sy,

teR}, -

[38

Moreover, the HOSVD decomposition and the partial /total ranks of the Cartan tensor are shown
to be relevant in estimating the anisotropy level of the direction-dependent Finsler structure. We
also note that while the Z-eigenproblem allows a globally covariant alternative, the H-eigenproblem
exhibits a strongly local character.

REFERENCES

[1] Vladimir Balan. Spectra of multilinear forms associated to notable m-root relativistic models, Linear Algebra
and Applications, 436 (1): 152-162, 2012.

[2] Vladimir Balan, Halina Grushevskaya and Nina Krylova, Finsler geometry approach to thermodynamics of first
arder phase transitions in monolayers, Differential Geometry - Dynamical Systems, 17 : 24 31, 2015.

[3] Vladimir Balan, Mircea Neagu. Jet Single-Time Lagrange Geometry and Its Applications. Hoboken NJ: John
Wiley & Sons, 2012.

[4] Vladimir Balan, Jelena Stojanav. Finsler-type estimators for the cancer cell population dynamics, Publications
de ! Institut Mathématique Beograd, 98(112) : 53-69, 2015.

[5] David Bao, Shiing-Shen Chern, Zhongmin Shen, An Introduction to Riemann-Finsler Geometry. Springer-Verlag,

2000.

Andrzej Cichocki, Namgil Lee, Ivan Oseledets, Anh-Huy Phan, Qibin Zhao, Danilo Mandic. Tensor networks for

dimensionality reduction and large-scale optimization low-rank tensor decompositions. Foundations and Trends

in Machine Learning, 9(4-5) : 249-429, 2016.

[7] Lieven de Lathauwer, Bart de Moor, Joos Vandewalle. A multilinear SVD, SIAM J. Matriz Anal. Appl. 21 :

1253-1278, 2000.

Mircea Neagu, Nina Krylova, Halina Grushevskaya. Jet theoretical Yang-Mills energy in the geometric dynamics

of a 2D-monolayer, J. Math. Phys. 54 : 1-14, 2013.

[6

B

12



3wmict
E. Afanas’eva Finitely bi-Lipschitz homeomorphisms between Finsler manifolds 3

Aliyev Yagub About longest and shortest chords passing through a fized point 5

S. Antonyan Some equivariant properties of Milnor’s construction 6
K. Antoshyna, S. Kozerenko Commuting sets for topological set operators 7
B. Apanasov Asymptotic analysis of quasi-regular mappings in space 8

M. J. Atteya Generalized (o, T)-derivations on associative rings satisfying certain
identities 10

V. Balan The Tucker HO-SVD and the anisotropy of Finslerian geometric models 11

V. Balashchenko, D. Vylegzhanin Invariant structures on homogencous

D-spaces and Lie groups 13
T. Banakh Every 2-dimensional Banach space has the Mazur-Ulam property 15
A. Bandura, V. Baksa, O. Skaskiv A connection between L-index of

vector-valued entire function and L-index of each ils component 16
B. Baratov, Yu. Eshkabilov Separable cubic stochastic operators 18

V. Bilet, O. Dovgoshey Asymptotically equivalent subspaces of metric spaces 20

E. Bonacci Isomorphic issues about the CTCs in Quantum Physics 22

P. Petrenko, A. Andreev Geomelrical Langlands Ramifications and Differential

Operators Classification by Verma Module Extensions 23
Y. Cherevko, V. Berezovski, J. Mikes, Y. Fedchenko Conharmonic

Transformations of Locally Conformal Kdihler Manifolds 24
V. Chernov Applications of Linking to the Study of Causality 26

A. Bakhtin, I. Denega Problem on extremal decomposition of the complex plane 27
A. Dikarev, A. S. Galaev Parallel spinors on Lorentzian Weyl spaces 29

Yu. A. Drozd Matriz problems, triangulated categories and stable homotopy types 30

V. S. Dryuma On the properties smooth manifolds defined by intersections 31
K. Eftekharinasab Some applications of transversality for infinite dimensional

manifolds 33
S. Favorov Uniqueness theorems for almost periodic objects 34

V. Fedorchuk, V. Fedorchuk On symmetry reduction and some classes of
anvariant solutions of the (1 + 3)-dimensional homogeneous Monge-Ampére equation 35

B. Feshchenko Deformations of circle-valued Morse functions on 2-torus 37
168



