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We consider the affine immersions by K. Nomizu, T. Sasaki [1], namely f : (Mn,∇) → Rn+2.
For a transversal frame ξ1, ξ2 and tangent vector fields X, Y we have the affine analogues of
Gauss and Weingarten decompositions, namely

DXf∗(Y ) = f∗(∇XY ) + hα(X, Y )ξα,

DXξα = −f∗(SαX) + τβα (X)ξβ,

where hα are components of the affine fundamental form, Sα are shape operators, τβα are
forms of transversal connection (with respect to ξ1, ξ2).

The Weingarten mapping Sx : Qx × Tx(M
n) → Tx(M

n) is defined [2] as follows: (ξ,X) 7→
SξX at every point x ∈Mn (where Tx(Mn) and Qx are tangent and transversal distributions.)

For an affine immersion f : (Mn,∇) → Rn+2 with a transversal frame {ξ1, ξ2}, an induced
volume element θ on Mn is defined [1, 3, 4] as follows:

θ(X1, . . . , Xn) = det(f∗(X1), . . . , f∗(Xn), ξ1, ξ2).

The transversal distribution Q with frame {ξ1, ξ2} is called equiaffine if ∇Xθ = 0 for all
X ∈ Tx(M

n), x ∈ Mn. For two-codimension affine immersion this condition is equivalent [4]
to

τ 11 (X) + τ 22 (X) ≡ 0.

With an equiaffine transversal distribution Q we have an equiaffine structure (∇, θ) on
Mn.

We will consider an affine immersion f : (Mn,∇) → Rn+2 with flat connection ∇ and
equiaffine transversal distribution. Two-codimensional affine surfaces with different additional
properties have been studied by many authors. Flat affine surfaces in R4 with flat normal
connection were studied in [3]. The description of a parallel affine immersions (Mn,∇) → Rn+2

with flat connection in dependence on the rank of the Weingarten mapping were given in [2].
Let us remind that in general case (codimension k) the kernel and the image of the Wein-

garten mapping is defined by kerS =
k⋂

α=1

kerSα, im S =
k⋃

α=1

im Sα. We say that Weingarten
mapping is p-dimensional if rankS := dim imS = p. It was proved [6] that for the immersion
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f : (Mn,∇) → Rn+k (for k < n) with maximal pointwise codimension and flat connection ∇
the following relations hold true:

1) dimkerS ≥ n− k; 2) kerh ⊆ kerS; 3) dim im S ≤ k;

4) if dim im S = k, then dimkerS = n− k and kerh = kerS.
It was also proved [6] that the distribution S of the kernels of Weingarten mapping is

integrable on Mn and there exists a transversal distribution which is stationary along the
leaves of the foliation FS.

Since in the case of codimension two we have dim im S ≤ 2, dimkerS ≥ n− 2, so we have
only three possible values for the dimension of im S, namely 0, 1, 2. The most studied are
affine immersions with zero and two-dimensional Weingarten mapping.

It is well known that an affine immersion with zero Weingarten mapping (S ≡ 0) has a flat
connection and it is affinely equivalent to the graph of certain smooth map F : Mn → R2

(see for example [5, 1, 6]), i. e.
f : (u1, . . . , un) 7→ (u1, . . . , un, f 1(u1, . . . , un), f 2(u1, . . . , un)).

Obviously, a graph immersion is equiaffine.
According to the properties which were discussed in [6], in case dim im S = 2 we obtain

kerh = kerS and dimkerh = n − 2. Therefore such a submanifold is a submanifold of
rank two (by the rank of Gaussian (Grassmann) mapping) [7]. Rank-two submanifold is a
ruled submanifold with (n− 2)-dimensional rulings over a two-dimensional base. In case this
submanifold is a cylinder, its connection is determined by the connection of the cylinder base.
In the general case the problem on its connection remains open.

We obtain a parametrization of a submanifold with one-dimensional Weingarten mapping
and given properties. Such a submanifold is a peculiar ”mix” of a graph and a ruled subman-
ifold.
The main result. Let f : (Mn,∇) → Rn+2 be an affine immersion with rank two affine

fundamental form, equiaffine structure, flat connection ∇, one-dimensional Weingarten then
there exists three types of its parametrization:

(i) r⃗ = g(u1, . . . , un)⃗a1 +
∫
φ⃗(u1)du1 +

n∑
i=2

uia⃗i;

(ii) r⃗ = (g(u2, . . . , un) + u1)⃗a+
∫
v(u1)η⃗(u1)du1 +

n∑
i=2

ui
∫
λi(u

1)η⃗(u1)du1;

(iii) r⃗ = (g(u2, . . . , un) + u1)ρ⃗(u1) +
∫
(v(u1)− u1)

dρ⃗(u1)

du1
du1 +

n∑
i=2

ui
∫
λi(u

1)
dρ⃗(u1)

du1
du1.
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The generalized Bochner technique (see, for example, [1]) allows to broad to the noncom-
pact but compete Kahlerian spaces some well-known theorems of holomorphically projective
unique definability that have been proved previously only to the compact ones (see, for ex-
ample, [2]). In particular, the next statements are true.
Theorem 1. Complete connected Kahlerian Cr-spaces Kn (n > 2, r > 3) with positive
definite Ricci form don’t admit non-trivial (different from affine) holomorphically projective
mappings on the whole.
Corollary 2. Complete connected Kahlerian Cr-spaces Kn (n > 2, r > 3) that have sign-
definite metric form sign of which coincides with the sign of scalar curvature don’t admit
non-trivial (different from affine) holomorphically projective mappings on the whole.
Corollary 3. Complete connected Kahlerian Cr-spaces Kn (n > 2, r > 3) that have positively
definite metric form and non-positively definite on the set of symmetric tensors bij form

Rαγσβb
αβbγσ

don’t admit non-trivial (different from affine) holomorphically projective mappings on the
whole.

Examples of Kahlerian spaces of considered types are known. In particular, complete
connected Kahlerian Cr-spaces Kn (n > 2, r > 3) of constant non-positive holomorphic
curvature with positively definite metric form satisfies conditions of the both corollaries.

REFERENCES
[1] Pigola S., Rigoli M., Setti A.G. Vanishing in finitness results in geometric analysis. in A Generalization of

the Bochner Technique., Berlin: Birkhauser Varlag AG, 2008
[2] Sinyukova, H.N. On some classes of holomorphically-projectively uniquely defined Kahlerian spaces on the

whole, Proc. Intern. Geom. Center, 3(4) : 15–24, 2010.



137

E. Petrov, R. Salimov Fixed point theorem for mappings contracting
perimeters of triangles and its generalizations 84

A. Prishlyak Structure of codimensional one flows on the 2-sphere with holes 86
A. Arman, A. Bondarenko, A. Prymak Convex bodies of constant width
with exponential illumination number 88

G. Riabov Bifurcation points in random dynamical systems 89

D. Ryabogin On symmetries of sections of convex bodies 90

A. Savchenko Fuzzy metrization of spaces of ⋆-measures 91

O. Sazonova Continual distribution with acceleration and condensation flows 92

R. Servadei On a flower-shape geometry 93
E. Sevost’yanov, N. Ilkevych On equicontinuity of families of mappings
with one normalization condition by the prime ends 93

O. Shugailo Equiaffine immersions of codimension two with flat connection 95
H. Sinyukova Some vanishing theorems of sufficient character about
holomorphically projective mappings of Kahlerian spaces on the whole 97
A. Skryabina, P. Stegantseva Investigation of the connection between
different models of topologies on a finite set 98
R. Skuratovskii Normal subgroups of iterated wreath products of symmetric
groups and alternating with symmetric groups 99
A. Serdyuk, I. Sokolenko Asymptotic behavior of the widths of classes of
the generalized Poisson integrals 102
A. Bodin, P. Popescu-Pampu, M.-S. Sorea Poincaré-Reeb graphs of real
algebraic domains 104

D. Dmytryshyn, D. Gray, and A. Stokolos On univalent trinomials 105

Kh. Sukhorukova On K-ultrametrics and ∗-measures 106

S. Tateno The Iwasawa invariants of Zd
p -covers of links 106

A. Teleman The Riemann-Hilbert problem and holomorphic bundles framed
along a real hypersurface 107

Y. Teplitskaya About some Steiner trees 109
J. Ueki The multiplicities of non-acyclic SL2-representations and L-functions
of twisted Whitehead links 110
J. F. Peters, T. Vergili Proximal connectedness. Spatially and descriptively
connected spaces 111


