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Let (Mn, g) be an n-dimensional Riemannian manifold, TMn be its tangent bundle, X(Mn)
be the Lie algebra of smooth vector fields of a Riemannian manifold (Mn, g), ∇ be the
Levi-Civita connection on Mn. The standard metric on the tangent bundle of Riemannian
manifold (Mn, g) is the Sasaki metric [7]. It can be completely defined by scalar products of
various combinations of vertical and horizontal lifts of vector fields. The Sasaki metric weakly
inherits the base manifold properties. That is why the rigidity of Sasaki metric motivates
many authors consider various deformations of Sasaki metric (see [1], [3] and others).

Belarbi L. and El Hendi H. introduce in [2] the twisted Sasaki metric on the tangent bundle
TM as a new natural metric non-rigid on TM . The twisted Sasaki metric is defined as follows.
Definition 1. [2] Let (Mn, g) be a Riemannian manifold and δ, ε : Mn −→ R be strictly
positive smooth functions. On the tangent bundle TMn, we define a twisted Sasaki metric
noted Gδ,ε by

Gδ,ε
(x,ξ)(X

h, Y h) = δ(x)gx(X,Y ),

Gδ,ε
(x,ξ)(X

h, Y v) = 0,

Gδ,ε
(x,ξ)(X

v, Y v) = ε(x)gx(X,Y ).

for all vector fields X,Y ∈ X(Mn) and (x, ξ) ∈ TMn.
Note that, if δ = ε = 1, then Gδ,ε is the Sasaki metric [7]. If δ = 1, then Gδ,ε is the vertical

rescaled metric (see [3], [4]).
For a unit vector field ξ on a compact Riemannian manifold (M, g), Gerrit Weigmink [8]

considered a very natural geometric functional
∫

M

||Aξ||2dV ol(M),

where ||Aξ|| is a norm of the Nomizu operator AξX = −∇Xξ, i.e. ||Aξ||2 =
∑n

i=1 g(Aξei, Aξei)
relative to some orthonormal frame (e1, . . . , en). It was proved, that this functional is un-
bounded from above. The critical points of this functional was called harmonic unit vector
fields. G. Wigmink proved, that a unit vector field ξ on compact Riemannian manifold is
harmonic if and only if

∆̄ξ = ||Aξ||2ξ,
where ∆̄ξ is rough Laplacian (or Bochner Laplacian) of the field ξ defined as ∆̄ξ = −trace∇2ξ,
where ∇2

X,Y = ∇X∇Y −∇∇XY .
On the other hand (see [5]), the energy of a mapping ϕ : (Mn, g) → (Nk, h) between

Riemannian manifolds is defined as

E(ϕ) :=
1

2

∫

M

|dϕ|2dV olM .
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The mapping ϕ is called harmonic if it the critical point of the energy functional. It was proved
that the mapping ϕ is harmonic if and only if the divergence of its differential vanishes, or
equivalently its tension field τ(ϕ) = div(dϕ) vanishes identically, where |dϕ| is a norm of
1-form dϕ in the cotangent bundle T ∗Mn. Supposing on T1M

n the Sasaki metric gS, a unit
vector field ξ as a mapping ξ : (Mn, g) → (T1M

n, gS) defines a harmonic map if and only
if it is harmonic and, in addition,

∑n
i=1R(ξ, Aξei)ei = 0 relative to some othonormal frame

{ei}ni=1.
In the present research we define the twisted Sasaki metric [2] on the unit tangent bundle

T1M
n of n-dimensional Riemannian manifold (Mn, g), obtain Kowalski-type formulas, calcu-

late the tension field of the mapping ξ: Mn → (T1M
n, Gδ,ε). As a main result, for twisted

Sasaki metric Gδ,ε on the unit tangent bundle T1Mn of n-dimensional Riemannian manifold
(Mn, g) we obtain the necessary and sufficient conditions for harmonicity of left-invariant unit
vector field ξ and mapping ξ: Mn → (T1M

n, Gδ,ε).
Theorem 2. Unit vector field ξ is harmonic on n-dimensional Riemannian manifold (Mn, g)
equipped with twisted Sasaki metric Gδ,ε on the unit tangent bundle T1Mn if and only if

∆̄ξ +
1

ε
Aξ(∇ε) = ||Aξ||2ξ. (1)

Harmonic unit vector field ξ defines a harmonic mapping ξ: Mn → (T1M
n, Gδ,ε) on n-

dimensional Riemannian manifold (Mn, g) equipped with twisted Sasaki metric Gδ,ε on the
unit tangent bundle T1Mn if and only if

2ε · trace(Hmξ) + (n− 2)∇δ + ||Aξ||2∇ε = 0. (2)
As an examples, we consider the necessary and sufficient conditions for harmonicity of left-

invariant unit vector field ξ and harmonic mapping ξ: M3 → (T1M
3, Gδ,ε) on 3-dimensional

unimodular Lie group equipped with twisted Sasaki metric on the unit tangent bundle T1M3,
using orthonormal frame of Milnor J. [6]. In addition, we consider some examples of defor-
mations that preserves existence harmonic left-invariant unit vector fields ξ and harmonic
mapping ξ: M3 → (T1M

3, Gδ,ε) on 3-dimensional unimodular Lie groups with the left invari-
ant metric.

REFERENCES
[1] Abbassi MTK, Sarih M. On Riemannian g-natural metrics of the form ags+bgh+cgv on the Tangent Bundle

of a Riemannian Manifold (M, g). Mediterranean Journal of Mathematics 2005; 2(1): 19-43.
[2] Belarbi L, El Hendi H. Geometry of Twisted Sasaki Metric. Journal of Geometry and Symmetry in Physics,

53: 1-19, 2019.
[3] Cheeger J, Gromoll D. On the structure of complete manifolds of nonnegative curvature. Annals of Mathe-

matics, 96: 413–443, 1972.
[4] Dida HM, Hathout F, Azzouz A. On the geometry of the tangent bundle with vertical rescaled metric.

Communications Faculty Of Science University of Ankara Series A1 Mathematics and Statistics, 68(1):
222-235, 2019.

[5] Eells J, Lemaire L. A Report on Harmonic Maps. Bulletin of London Mathematical Society, 10: 1-68, 1978.
[6] Milnor J. Curvatures of left invariant metrics on Lie groups. Advances in Mathematics, 21: 293-329, 1976.
[7] Sasaki S. On the differential geometry of tangent bundles of Riemannian manifolds II. Tokyo Journal of

Mathematics, 14(2): 146-155, 1962.
[8] Wiegmink G. Total bending of vector fields on Riemannian manifolds.Mathematische Annalen, 303: 325-344,

1995.



135

V. Dryuma On geodesic lines of Riemannian metric for Navier-Stokes
equations 29
L. Fardigola, K. Khalina On controllability problems for the heat equation
in a half-plane in the case of a pointwise control in the Dirichlet boundary
condition 32
V. Fedorchuk, V. Fedorchuk On partial preliminary group classification of
some class of (1 + 3)-dimensional Monge-Ampere equations. Two-dimensional
Abelian Lie algebras 34
B. Feshchenko Homotopy type of stabilizers of functions with non-isolated
singularities on surfaces 36
N. Glazunov On direct limits of Minkowski’s balls, domains, and their
critical lattices 37

O. Gok On KB(Kantorovich-Banach) spaces and KB operators 39

M. Golasiśki On polynomial and regular maps of spheres 40
O. Gutik, O. Prokhorenkova On homomorphisms of bicyclic extensions of
archimedean totally ordered groups 41
O. Hukalov, V. Gordevskyy The Interaction of an Infinite Number of
Eddy Flows 42

S. Ivković Semi-Fredholm theory in unital C∗-algebras 43
T. Jaiyeola, K. Ilori, O. Oyebola On some non-associative hyper-algebraic
structures 45

J.-L. Mo The rank of Mordell-Weil groups of surfaces 47

J. Ka̧kol On Asplund spaces Ck(X) with the compact-open topology 48
N. Kitazawa Explicit construction of explicit real algebraic functions and real
algebraic manifolds via Reeb graphs 49

N. Konovenko Conformal equivalence of 3-webs 51
Y. Kopeliovich The fundamental group of Riemann surface via Riemann’s
existence theorem 52
G. Kuduk Problem with integral conditions for evolution equations in
Banach space 53
I. Kuznietsova, S. Maksymenko Deformational symmetries of functions
with isolated singularities on the Mobius band 54

R. L’hamri Codes from zero-divisor super-λ graph 55
L. Lotarets Twisted Sasaki metric on the unit tangent bundle and
harmonicity 56


