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In these both cases we decompose 1-forms ωi in the invariant coordinates I1, I2

ωi =
2∑

j=1

wijdIj,

Then, all functions wij, i = 1, 2, 3; j = 1, 2 are conformal invariants, satisfying the following
additional relations

3∑

i=1

wij = 0, j = 1, 2.

Now, let’s write down the standard metric tensor g in invariant coordinates as follows

g =
2∑

i,j=1

gijdIi ⊗ dIj.

Remark, that the volume 2-form Ωg, associated with metric g, is the following

Ωg =
√

det ‖gij‖dI1 ∧ dI2.
Therefore, the metric tensor

g̃ =
g√

det ‖gij‖
has the associated volume form Ωg̃ = Ω.

Finally, we get the following result.
Theorem 1. Let 3-web W3 〈ω1, w2, ω3〉 be regular in a domain D in the conformal plane
(R2, g). Then the above functions

wij, g̃ij =
gij√

det ‖gij‖
that are components of 1-forms ω1, ω2 and the metric tensor g̃ in the invariant coordinates
I1, I2, are conformal invariants of plane 3-webs.
Moreover, any two regular 3-webs are conformly equivalent if and only if the corresponding

functions wij and g̃ij coinside.

The fundamental group of Riemann surface via
Riemann’s existence theorem
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One of the classical things we learn in any complex analysis course is the structure of the
fundamental group of Riemann surfaces that it is given by the following theorem:
Theorem 1. The fundamental group of Riemann Surfaces of genus g is given by 2g generators
with one relation :

g∏

i=1

[ai, bi] = 1 (1)
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[ai, bi] is the commutator of 2 group elements given by: [x, y] = xy(yx)−1

However when you first encounter Algebraic curves ( Riemann Surfaces) they are presented
through cuts and analytic continuation in a pictersque way. I have never seen a proof in the
literature that the fundamental group of the surface given pictorially by cuts has a represen-
tation given by the theorem. Indeed the starting point of surface groups is the commutation
relation. In this talk I will try to fill this gap. While I don’t have a formal proof yet I will
present some results that to me seems somewhat surprising. The talk is elementary in nature
and no knowledge of heavy topology is required.
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Let A be a given linear operator acting in the Banach space B, and for this operator,
arbitrary powers An : B → B, n ∈ N. Denote be x(λ) the eigenvector of the operator
A which corresponds to its eigenvalue λ ∈ Λ, i.s. nonzero solution in B of the equation
Ax(λ) = λx(λ), λ ∈ Λ, where λ ⊂ C. If Λ is not an eigenvalue of the operator A then
x(λ) = 0.

We consider next problem with integrals condition
d2U

dt2
+ a(A)

dU

dt
+ b(A)U = 0, t ∈ [0, T ], (1)

∫ T

0

U(t)dt = φ1,

∫ T

0

tU(t)dt = φ2, (2)

where φ1, φ2 ∈ B, T > 0, u : (0;α) ∪ (β;h) → B - is an unknown function, a(A) : B → B,
b(A) : B → B - is abstract operators with entire symbols a(λ) 6= const, b(λ) 6= const.

Let for m = {0, 1} function Mm(t, λ) be a solution of the problem
d2Mm(t, λ)

dt2
+ a(λ)

dMm(t, λ)

dt
+ b(λ)Mm(t, λ) = 0, t ∈ [0, T ], (3)

∫ T

0

tkMm(t, λ)dt = δkm, k = {0, 1}, (4)

where δkm is the Kronecker symbol.
Definition. We shall say that vectors φ1, φ2 ∈ B, from B belong L ⊂ B. If dependent

exists on linear operators Rφk
(λ) : B → B, λ ∈ Λ and measures µφk

such that

φk =

∫

Λ

Rφk
(λ)x(λ)dµφk(λ). (5)
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