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In recent years, the expansion of probability theory and measure theory from real values to values
in hypercomplex numbers are actively studied because of their possible applications in mathematics
and physics [1] — [5]. In this paper, we extend the notion of probability measure to the case where
the measure takes values in the algebra of bihyperbolic numbers [6]. In addition, the concept of the
real-valued measure is generalized to the quaternionic-valued measure [7].

The bihyperbolic numbers forms a 4-dimensional algebra over the field of real numbers Wy =
{ag + a1e + aof + asg, a; € R, i =0,1,2,3} with basis {1, e, f, g} and the following multiplications
=f=g"=1 ef=fe=g, eg=ge=f, fg=gf =c.

Lemma 1. [8] Any bihyperbolic number o can be represented as o = 1191 + i + 1313 + 1474, where
i are idempotents of algebra Wy, r, € R, k =1,2,3,4.

We define on Wy the relation of partial order < suchasa < f < f—«a € WI = {101 + x9is + x3i3
+xqiq| x>0, k=1,2,3,4} . If @ < B but a # 3, we denote a < 3. Let us denote by A,, the set
of all bihyperbolic numbers which are not Wy-comparable with = € Wy.

Definition 2. The Wy-valued modulus of a bihyperbolic number o = 7147 + 791 + r3i3 + rqiq is
said to be |aly, = |r1i1 + 7292 + 7383 + radslyy, = |11l i1+ [r2| iz + |r3]is + |14l s € W, where |rq],
[ra|, |73, |ra| are ordinary modules of real numbers.

Definition 3. Let (2, Y) be a measurable space. The function Py, : ¥ — W, is called a Wy-
valued probability (or bihyperbolic probability) on the o-algebra of events X, if the following con-
ditions hold: 1) Py, (A) = 0,VA € ¥; 2) Pw, (£2) = (, where ( = 1,4y,1i9,43,14; 3) For any
sequence {A,, n>1} C X of pairwise incompatible random events we have Py, (U,~, An) =
ZZO:I PW/1 (An)

The triplet (£2, X, Py, ) is called a Wy-probability space.

Each Wy-valued probability measure can be written in the form Py, (A) = Py (A) i1+ P2 (A) ia+
P (A)iz+ Py (A)is, where Py (A), Py (A),P3(A), Py (A) are probabilities.

The topology induced by the bihyperbolic norm generates the Borel o-algebra By, in Wy.

Definition 4. Let (2, Y, Pyw,) be a Wy-probability space. A function X, (w) : 2 — Wy such as
ng,i (A) € ¥ for each open set A in Wy is called a Wy-valued random variable.

Each Wy-valued random variable Xy, (w) can be written in the following form X, (w) =
Xy (w)ip + Xo (w) iz + X3 (w) iz + X4 (w) ig, where X (w), X2 (w), X3 (w), Xy (w) are R-random
variables on (2.

Theorem 5. The Wy-valued function Xy, (w) on a measurable space (£2,X) is a Wy-valued random
variable if and only if {w € 2| Xw, (W) <z or Xw, (w) € Az} € X for all x € Wy.
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Theorem 6. Let Xy, (w) be a Wy-valued random variable on (£2, X, Py,). For Yz € Wy the follow-
ing conditions are equivalent: {w € 2|Xw,(w) <z} € ¥; {w € 2| Xw, (w) =z or Xw,(w) € Az} €
Y {w € 2| Xw,(w) =z or Xy, (w) € Az} € X {w e 2| Xw,(w) <z} € X.

The algebra of quaternions is a structure of the form H = {ag + a1i + agj + ask, a; € R, i = 0,1, 2,

where i? = j2 =k? =1, ij = —ji =k, jk=—kj =1, ki=—ik=j.

Definition 7. Let 91 be a o-algebra of subsets of a non-empty set X. A quaternionic measure w
on a measurable space (X,9N) is a quaternion-valued function on 9 such that for any collection of
sets {A,,n € N} C 9 that A, N A, = 0 whenever n # m we have w ([ ;—; An) =) 1o w(A4,).

Definition 8. The function of the sets var [w] (A) :=sup Y oo, |w (Ay)| is defined on the M., where
the supremum is taken for all partitions of A, we call the complete variation w.

It is clear that |w (A)] < var [w] (A).

Theorem 9. The total variation var [w] of a quaternionic measure w on a measurable space (X, M)
is a positive measure on (X, ).

Theorem 10. If w is a quaternionic measure on a measurable space (X,9), then var [w] (X) <oo.

Definition 11. Let u be a positive measure and w be a quaternionic measure on a measurable space
(X, 91) . We say that w is absolutely continuous with respect to p if p(A) = 0 implies w (A) = 0
for A € M. We write w < p.

Definition 12. Given a quaternionic measure w on a measurable space (X, 9), assume that there

is a set F' € M such that w(A) =w (AN F) for every A € M. we say that w is concentrated on F.
This is equivalent to say that w(A) = 0 whenever AN F = 0.

Let wi,ws be quaternionic measures on 9 and suppose there exist a pair of disjoint sets F,G
such that w; is concentrated on F' and ws is concentrated on GG. Then we say that w; and wy are
mutually singular, and write w; Lws.

Theorem 13. Let \ be a signed real o-finite measure on a measurable space (X, M) and let w be a
quaternionic measure on (X,9M). Then there erists a unique pair of quaternionic measures wy and
ws such that w = w, +ws, wg K A, ws A, The pair wy,ws is called the Lebesque decomposition of w
w.r.t. X\, where w, s the absolutely continuous part and wg 1s the singular part of the decomposition.

Theorem 14. (Radon-Nikodym). Let p be a positive o-finite measure on a measurable space
(X, M), let w be a quaternionic measure on (X,9M) and let w, be absolutely continuous part of
the Lebesque decomposition of w w.r.t. p. Then there is a measurable quaternionic function h (z)
on X such that for every set A€ M wy(A) = [, h(z)dp, where h(x) is uniquely defined up to a
p-null set.
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