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The purpose of this conference is to bring together researchers in geometry, topology, algebra,
analysis and dynamical systems and to provide for them a forum to present their recent work
to colleagues from different nationalities. This way we aim to stimulate discussion about the
latest findings in geometrical and topological methods in analysis and to increase international
collaboration.

The conference continues the traditional annual conference «Geometry in Odesa» holding from
2004, and hosted by Odesa National University of Technology (Odesa National Academy of Food
Technologies till 2021). From 2017 the conference was renamed to «Algebraic and geometric
methods of analysisy» (AGMA).
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Note that since (2:) = (n+ 1)C,, where C,, are Catalan numbers, our results could be stated
equivalently in terms of the Catalan numbers. Similar series were studied recently in |2, 3, 4, 5].
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On non-topologizable semigroups

Oleg Gutik
(Ivan Franko National University of Lviv, Universytetska 1, Lviv, 79000, Ukraine)
E-mail: oleg.gutik@lnu.edu.ua, ogutikOgmail.com

In this paper we shall follow the semigroup terminology of [1, 2, 3, 4].
Throughout these abstract we always assume that all topological spaces involved are Hausdorff
— unless explicitly stated otherwise.

Definition 1. Let X, Y and Z be topological spaces. A map f: X XY — Z, (z,y) — f(z,y), is
called

(1) right |left] continuous if it is continuous in the right [left] variable; i.e., for every fixed xy € X
lyo € Y| themap Y — Z, y — f(zo,y) [X = Z, x — f(z,y0)] is continuous;
(12) separately continuous if it is both left and right continuous;
(7i1) jointly continuous if it is continuous as a map between the product space X x Y and the
space Z.

Definition 2. Let S be a non-void topological space which is provided with an associative mul-
tiplication (a semigroup operation) p: S x S — S, (z,y) — pu(x,y) = zy. Then the pair (S, u) is
called
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(1) a right topological semigroup if the map p is right continuous, i.e., all interior left shifts
As: S — S, x — sx, are continuous maps, s € S
(7i) a left topological semigroup if the map p is left continuous, i.e., all interior right shifts
ps: S — S, x+— xs, are continuous maps, s € S,
(7i1) a semitopological semigroup if the map p is separately continuous;
(1v) a topological semigroup if the map p is jointly continuous.
We usually omit the reference to p and write simply S instead of (S, u). It goes without saying
that every topological semigroup is also semitopological and every semitopological semigroup is
both a right and left topological semigroup.

A topology 7 on a semigroup S is called:

e a semigroup topology if (S, 7) is a topological semigroup;

e a shift-continuous topology if (S, 7) is a semitopological semigroup;

e an left-continuous topology if (S, 7) is a left topological semigroup;

e an right-continuous topology if (S, 7) is a right topological semigroup.

The bicyclic monoid €'(p, q) is the semigroup with the identity 1 generated by two elements p
and ¢ subjected only to the condition pg = 1. The semigroup operation on % (p, ¢) is determined

as follows:

qk_”mp”, if [ <m;

¢ q"p" =< ¢tpn, if l =m
gFpl=m S [ > m.

We define the following subsets of the bicychc monoid

Proposition 3. %Jr(p, q) and € (p, q) are anti—isomorphzc submonoids of CK(p, q).

Proposition 4. Green’s relations Z, £, #, 9 and F on monoids €1 (p,q) and €-(p,q) coincide
with the equality relation.

Theorem 5. Fvery Hausdorff left-continuous topology on the monoid €., (p,q) is discrete.
Theorem 6. FEvery Hausdorff right-continuous topology on the monoid €_(p,q) is discrete.

Example 7. There exists a non-discrete locally compact semigroup 73i-topology 7 on the monoid
% (p,q)-

Example 8. There exists a non-discrete compact shift-continuous 7}-topology 7 on the monoid

(g+(p7Q)

Proposition 9. If the monoid €, (p,q) is a dense subsemigroup of a Hausdorff semitopological
monoid S and I = S\ €. (p,q) # & then I is a closed two-sided ideal of the semigroup S.

Example 10. There exists a compact Hausdorff topological monoid S which contains the monoid
% (p,q) as a dense submonoid.

Also, we discuss under which conditions a shift-continuous T’-topology 7 on the monoid %, (p, q)
is discrete.
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Existence and non-existence of cohomogeneity one
Einstein metrics

Hanci Chi
(Xi’an Jiaotong-Liverpool University)
E-mail: hanci.chi@xjtlu.edu.cn

A Riemannian metric ¢ is Einstein if Ric(g) = Ag for some constant A. A general existence
theorem for homogeneous Einstein metrics was established in [WZ86]. It is natural to turn to the
cohomogeneity one Einstein metrics, meaning that the principal orbit G/K is of codimension one.
The cohomogeneity one condition reduces the Einstein equation to a system of ODEs. Previously
known examples include [Pag78|, [BB82|, [KS86], [KS88|, and [WWI8|. Recently, we proved the

existence of an Einstein metric on HIP’mHijMH [Chi24], generalizing the result in [B6h98]| to all
higher dimensions.

We realize that the analytic techniques can be carried over to many other cohomogeneity one
spaces. We develop two criteria to check the existence or non-existence of a cohomogeneity one
Einstein metrics with a certain fixed principal erbit type. In particular, the principal orbit G/K is
the total space of a sphere bundle over a singular orbit G/K, and both the fiber and the base space
are irreducible. Each such a principal orbit is associated to a structural triple (d,ds, A), where
d; = dim(H/K), dy = dim(G/H) and A > 0 is a constant obtained from the O’neil tensor in the
theory of Riemannian submersion. The corresponding cohomogeneity one space, denoted as M, is
a double disk bundle, where G/K collapses to G/H on two ends. The Einstein metric is obtained
from the ansatz

dt* + [T (t) blyse + J3(t) blyy (1)
where ¢t parametrizes the 1-dimensional orbit space and b is a background metric.
Our existence theorem is the following.

Theorem 1. For any (di,ds) with dy > dy > 2, there exists a constant Xq,.4, € <0 da(d2—1)? ]

’ d%(d1d27d2+4)
such that if G/K s a principal orbit with A € [0, Xa,.4,), then there is at least one cohomogeneity
one Einstein metrics on M.

The constant xg, 4, 18 an algebraic function in (d;,ds), whose formula is very complicated in
general.  Nevertheless, we obtain many new examples of inhomogeneous Einstein metrics from
previous works on homogeneous Einstein metrics including [DZ79], [WZ85], [Wan92|, [DKO0§|,
[Nik16], [PZ21], and [LW24].

On the other hand, we also have the following non-existence theorem.

Theorem 2. Define
(4(dy — 1)n® + d2)(3n + dy) do(dy — 1)2
(2n2 + n + dy)?d? 4(dy —1)
If G/K is a principal orbit with (dy,d2) ¢ {(2,2),(2,3),(2,4)} and A > Uy, 4,, then there does not

exists any G-invariant cohomogeneity one Einstein metrics on M from ansatz (1).

Uy dy i=
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