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A simple proof of the short-time existence and uniqueness for Ricci flow

K. Eftekharinasab

Institute of Mathematics of NAS, Kyiv, UKraine

E-mail address : kaveheft@gmail.com

We give a simple proof for the local existence for Ricci flow. We give to the space of Riemannian
metrics on a compact manifold the stracture of a generlized Fréchet manifold, bounded (or MCk)
Fréchet manifold, introduced in [2]. These generlized manifolds surpass the calculus and geometry
of Fréchet manifolds and we would expect more of their applications to problems in global analysis.

For the basic defintions of bounded Fréchet context we refer to [2]. The space of Riemannian
metric on a compact manifold is a Fréchet manifold. It is known that this space also has the
structures of ILH manifold and the projective limit of Banach manifolds. We suggest a new structure
for these spaces namely bounded Fréchet manifolds. Bounded Fréchet manifols have desirable
propperties that provide a suitable setting to study spaces of sections in particular Riemannian
metrics. Here we demonstrate one of their applications.

We can consider a Ricci flow on a comapct manifold as the inregral curve of a vector field but a
vector field on a Fréchet manifold does not always has a uique integral curve. However, in the case
of bounded Fréchet manifold it always has. More precisely,

Theorem 1. [1, Theorem 5.1] Let M be a bounded Fréchet manifold and let ξ : M → TM be a
vector field. Then there exits an integral curve for ξ at p ∈ M . Furthermore, any two such curves
are equal on the intersection of their domains.

Suppose X is the MC∞ smooth vector field on the space of Riemannian metrics that maps a
Riemannian metric g to −2Rc(g). Then the Ricci flow curve is the smooth integral curve of this
vector field. Hence the Theorem 1 guarantees its local existence and uniqueness with any initial
metric at t = 0. In this way we can get a simple proof of the short-time existence.
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