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H = {z ∈ C | z > 0} C
× = C− {0}

SL(2,R)× (H× C
×)→ H× C

×, γ(z,X) =

(
az + b

cz + d
,

X

cz + d

)
,

γ =
(
a b
c d

)
SL(2,R) H (H×

C
×) XkH (H) k ∈ Z H (H)

|k SL(2,R)
k, l ∈ Z n ∈ N = Z�0

f, g ∈ H (H)

[Xkf,X lg]RCn = Xk+l+2n
r,s�0∑
r+s=n

(−1)s
(
k + n− 1

s

)(
l + n− 1

r

)
f (r)g(s),

f (r) = ∂rzf [ , ]RCn H (H)[X−1, X]
SL(2,R) C (A,m : A ⊗ A → A) C

μ : A×A→ A[[�]] μ(a, b) =
∑∞

n=0 �
nμn(a, b)

μ0(a, b) = m(a⊗ b) = ab, μ(1, a) = a = μ(a, 1)

C[[�]] μ̃ : A[[�]] × A[[�]] → A[[�]] μ C[�] �

a ⊂ A C C

A P =
∑l

i=1 ξi ⊗ ηi ∈ a ⊗C a C A⊗2 → A⊗2

a �P b ≡ μP (a, b) = m (�P ).(a⊗ b) =
∞∑
n=0

�
n

n!
Pn.(a⊗ b)

A A = H (C2) C
2 = {(q, p)}

P = M = ∂p ⊗ ∂q − ∂q ⊗ ∂p

Ψ =
(
H× C

× ↪→ C× C
× ψ−→∼= C× C

× ↪→ C
2
)

ψ(z,X) = (zX−1, X−1) = (q, p) ∂p ∂q C
2 Ψ

ξ = −X2∂X − zX∂z η = X∂z H × C
× M = ∂p ⊗ ∂q − ∂q ⊗ ∂p

P = RC = ξ ⊗ η − η ⊗ ξ ξ η

F �RC G = m (�RC).(F ⊗G) =
∞∑
n=0

�
n

n!
m(RC)n.(F ⊗G)

H (H× C
×)

k, l ∈ Z n ∈ N k > 0 l > 0 k, l � 0 n < {1 − k, 1 − l}
k, l � 0 n > 1− k − l f, g ∈ H (H) F = Xkf,G = X lg

(n!)−1m(RC)n.(F ⊗G) = [F,G]RCn .
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k,kkk l ∈ Z

− 1

s

)(((((((((
llllllll +++++++++ nnn−− 111111111

r

)))))))))
fffffffff (((((((((rrrrrrrrr))))))g(s)

[[[[[ , ]
CCCC (A,m : A

(a, b)

⊗ b) = ababa , μμμμμ, μμ(1, a) =) ====== a =

× A[[[���������]]]]]]]]]]]] → AA[[[[[[[[[[[��������]]]]]]]]]]]]]]]]
A CCCCCCCCC

=1 ξi ⊗ ηi ∈ aaaaaaaaa ⊗⊗⊗⊗⊗⊗⊗CCCCCCCCC a C

�P b ≡≡≡≡≡≡≡≡ μμμμμμPPPPP (a,a,a,a,a, bbbbbbbb) =) =) =) =) =) =) =) =) = mmmmmmmmm (�P )

A
∂q∂∂ − ∂∂∂∂∂∂∂qqqq∂∂∂∂ ⊗⊗⊗⊗⊗⊗⊗⊗⊗ ∂p∂∂

Ψ



Ψ : H×C× ↪→ C
2 SL(2,R) C

2 = {(q, p)}

M = ∂p ⊗ ∂q − ∂q ⊗ ∂p ∈ C(H (C2)⊗H (C2))

SL(2,R) sl(2,R)
SL(2,R)

RC = ξ ⊗ η − η ⊗ ξ ∈ C(H (H× C
×)⊗H (H× C

×))

sl(2,R) SL(2,R)

�RC : H (H× C
×)⊗H (H× C

×)→ H (H× C
×)[[�]]

SL(2,R)
(k, l, n) SL(2,R)

(H (H), |k)⊗ (H (H), |l)→ (H (H), |k+l+2n).

f ⊗ g �→ (n!)−1m(RC)n.(Xkf ⊗ X lg) f ⊗ g �→ [Xkf,X lg]RCn

f ⊗ g k = l = n = 0 f = g = 1 k > 0 k < 0 k � l � 0
n < 1− k f = 1 g = zn l > 0 l < 0 l � k � 0 n < 1− l f = zn g = 1 k, l � 0
n > 1 − k − l r, s ∈ N r + s = n r + k > 0 s + l > 0 f(z) = zr

g(z) = zs (q, p) �
�RC A⊗2 A = H (H)[X]

A⊗A→ A[[�]] Xkf ⊗X lg �→∑∞
n=0 �

n[Xkf,X lg]RCn

(k, l, n) ∈ N
3 (k, l, n) = (0, 0, 1)

[f, g]1 = 0 = m(RC)(f ⊗ g) f, g ∈ H (H) �

L

R)

+2n).

[Xkf,f,f,f,f,XXXXXXXXX lllllg]RRCRCCRCRCn

f = ggggggggg = 1= 1= 1 k > 0 k <
n < 1− lllllllll fffffffff = zzzzzzzznnnnnnnn g = 1

k > 000000000 s + l >l >l >l >>>>l >l > 0

C AAAAAAAAA⊗⊗⊗⊗⊗⊗22222 AAAAA = H
Xkf,X lg]RCCCCCn

g) f,f,f,f,f,f,f,f,f, ggggggggg ∈∈∈ HHHH∈ H (H)
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trace V = 1 V 2 = 0
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trace Ve Ve Ve Ve Ve Ve Ve Ve V = 1= 1= 1= 1= 1= 1= 1= 1= 1


