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Denote by Cψ
β L1 the set of 2π–periodic functions, which for all x ∈ R can be represented as

convolutions of the form

f(x) =
a0
2

+
1

π

π∫

−π

Ψβ(x− t)ϕ(t)dt, a0 ∈ R, ϕ ∈ L1, ϕ ⊥ 1 (1)

with the generating kernel Ψβ of the form

Ψβ(t) =
∞∑

k=1

ψ(k) cos
(
kt− βπ

2

)
, ψ(k) > 0, β ∈ R,

such that
∞∑

k=1

ψ(k) <∞.

The function ϕ in equality (1) is called as (ψ, β)–derivative of the function f and is denoted by fψβ
(ϕ(·) = fψβ (·)) [1].

We study approximation properties of the sets Cψ
β L1, where we use as approximation aggregate

the classical interpolation trigonometric Lagrange polynomials, which are defined by odd number
of uniformly distributed interpolation nodes.

For arbitrary function f(x) from C by S̃n−1(f ; x), n ∈ N, we will denote the trigonometric
polynomial of the order n− 1, which interpolates f(x) in the nodes x(n−1)

k = 2kπ
2n−1

, k ∈ Z, namely,
such that

S̃n−1(f ; x
(n−1)
k ) = f(x

(n−1)
k ), k = 0, 1, ..., 2n− 2.

The polynomial S̃n−1(f ; ·) is unequivocally defined by mentioned interpolation conditions, is called
as Lagrange interpolation polynomial and can be represented in the explicit form via Dirichlet
kernel

Dn−1(t) =
1

2
+

n−1∑

k=1

cos kt = sin(n− 1
2
)t

2 sin t
2

in the following way

S̃n−1(f ; x) =
2

2n− 1

2n−2∑

k=0

f(x
(n−1)
k )Dn−1(x− x(n−1)

k ).

Let T2n−1 be the space of all trigonometric polynomials of degree at most n− 1 and let En(f)L1

be the best approximation of the function f ∈ L1 in the metric of space L1, by the trigonometric
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polynomials tn−1 of degree n− 1, i.e.,
En(f)L1 = inf

tn−1∈τ2n−1

‖f − tn−1‖L1 .

Denote by ρ̃n(f ; ·) the deviation of the function f ∈ C from its interpolation Lagrange polynomial
S̃n−1(f ; ·)

ρ̃n(f ; x) = f(x)− S̃n−1(f ; x).

Let

M=
{
ψ∈C[1,∞) : ψ(t)>0, ψ(t1 − 2ψ((t1 + t2)/2) + ψ(t2) ≥ 0 ∀t1, t2 ∈ [1,∞), lim

t→∞
ψ(t)=0

}
.

We consider for each function ψ ∈M the following characteristics

α(t) = α(ψ; t) :=
ψ(t)

t|ψ′(t)| , ψ′(t) := ψ′(t+ 0),

λ(t) = λ(ψ; t) :=
ψ(t)

|ψ′(t)| .

As it was shown in [2], if α(t) ↓ 0 as t → ∞, then the sets Cψ
β L1 are the sets of infinitely

differentiable functions.
Our aim is to establish the asymptotically best possible interpolation analogues of the Lebesgue

type inequalities for the functions f from the sets Cψ
β L1, β ∈ R, where the upper estimates of the

quantities |ρ̃n(f ; x)|, x ∈ R, are expressed via the best approximations En(fψβ )L1.
The following theorem takes place.

Theorem 1. Let ψ ∈M and characteristics α(t) and λ(t) satisfy the conditions
α(t) ↓ 0, t→∞,

λ(t) ↑ ∞, t→∞.
Then, for arbitrary function f ∈ Cψ

β L1, β ∈ R, in every point x ∈ R for all n ∈ N such that

α(n) ≤ 1

4
,

the following inequality takes place

|ρ̃n(f ; x)| ≤
2

π

∣∣∣∣sin
2n− 1

2
x

∣∣∣∣ψ(n)λ(n)
(
1 + 4α(n) +

1

λ(n)

)
En(f

ψ
β )L1 .

Moreover for arbitrary function f ∈ Cψ
β L1 one can find the function F(·) = F(f ;n; x, ·) such

that En(Fψβ )L1 = En(f
ψ
β )L1 and the following equality takes place

|ρ̃n(F ; x)| =
2

π

∣∣∣∣sin
2n− 1

2
x

∣∣∣∣ψ(n)λ(n)
(
1 + ξ1α(n) +

ξ2
λ(n)

)
En(f

ψ
β )L1 ,

where −4(1 + 2π) ≤ ξ1 <
8
3
(1 + π), −(1 + 2π) ≤ ξ2 ≤ 2(1 + π).
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The Vladimirov-Taibleson pseudo-differential operator Dα plays a role of a differential operator
in the p-adic analysis (see [1, 3]). The analogue of the wave equation for radial functions in t on
non-Archimedean spaces

Dα
t u−Dα,n

x u = 0 (1)
was studied in [2].

In present work the fundamental solution of a more general Cauchy problem for the functions
of two p-adic variables, radial in t, was found. The main result is stated in Theorem 2. Theorem 3
proves the uniqueness of the solution in the Lizorkin space of locally constant functions Φ(Qn

p ),
and Theorem 4 gives an estimate of the norm of the solution in L1-space.

Let 0 < α < 1, β > 0. Consider the eigenvalue problem
Dαu = λu, λ = pβN , N ∈ Z, (2)

where u is not identically zero.
We also suppose that

β = Kα for some K ∈ N. (3)
Proposition 1. If the condition (3) holds, the equation (2) has the set of solutions in Φ(Qp) of
the following form for N ∈ Z:

uN(t) =





CNp
KN(1− 1

p
), |t|p ≤ p−KN ;

−CNpKN−1, |t|p = p−KN+1;
0, |t|p ≥ p−KN+2.

(4)

Let 0 < α < 1, β > 0. We consider the Cauchy problem
Dα

|t|pu(|t|p, x)−Dβ
xu(|t|p, x) = 0, (t, x) ∈ Q+

p ×Qn
p , (5)

u(0, x) = u0(x), x ∈ Qn
p , (6)

where u = u(|t|p, x) is a radial function with respect to t, n ≥ 1.
Theorem 2. Let 0 < α < 1, β > 0 such that the condition (3) holds. Suppose that the function
u0 is in Φ(Qp)

n. Then the Cauchy problem (5)-(6) has a solution u = u(|t|p, x), radial in t, that
belongs to the space Φ(Q+

p ) for each x ∈ Qp, and belongs to Φ(Qn
p ) for each t ∈ Q+

p .
If the condition (3) does not hold, then the equation (5) has only a zero solution u(t, x) ≡ 0,

t, x ∈ Q+
p ×Qp.
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