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Approximation by interpolation trigonometric polynomials
on the sets of infinitely differentiable functions

Anatoly Serdyuk
(Institute of Mathematics of National Academy of Sciences)
E-mail: sanatolii@ukr.net

Tetiana Stepaniuk
(Institute of Mathematics of National Academy of Sciences)
E-mail: stepaniuk.tet@gmail.com

Denote by C’ng the set of 2r—periodic functions, which for all x € R can be represented as
convolutions of the form

™

flx)=—+ %/\Ifg(x —t)p(t)dt, ap eR, ¢ € L, @ 11 (1)

—Tr

with the generating kernel W3 of the form

Z@ZJ cos t—ﬂz—ﬂ), v(k) >0, BER,

such that
2 (k)
k=1

The function ¢ in equality (1) is called as (¢, §)—derivative of the function f and is denoted by fﬁ

(p() = f5()) 1]

We study approximation properties of the sets CprLl, where we use as approximation aggregate
the classical interpolation trigonometric Lagrange polynomials, which are defined by odd number
of uniformly distributed interpolation nodes.

For arbitrary function f(z) from C by §n_1( fiz), n € N, we will denote the trigonometric
polynomial of the order n — 1, which interpolates f(x) in the nodes x,(cn_l) = 22nkf1, k € Z, namely,
such that

S 1(f7 K 1)) = f(x](fnil)), k=0, 1,...,2n — 2.

The polynomial §n_1( f; ) is unequivocally defined by mentioned interpolation conditions, is called
as Lagrange interpolation polynomial and can be represented in the explicit form via Dirichlet
kernel

n—1
sin(n — 5)t
D,_1(t) == —|—Zcoskt = 5ant
k=1
in the following way

2n—2
S ) (n—1)
Sn—l(fax om— 1 z;f n 1({L'—Cl7k )

Let T5,-1 be the space of all trigonometric polynomials of degree at most n — 1 and let E,(f)z,
be the best approximation of the function f € L; in the metric of space L, by the trigonometric
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polynomials ¢, ; of degree n — 1, i.e.,

En(f)Ll = inf Hf - tnleLy

th—1€Ton—1
_ Denote by pn(f;-) the deviation of the function f € C from its interpolation Lagrange polynomial
Sn-1(f3+)
p(fi2) = f(x) = Suca(f52).
Let

ﬂﬁz{wGC[l,oo): (1) >0,0(t = 20((b +12)/2) + (1) > 0 ¥h, &5 € [1,00), lim w(t):o} .

We consider for each function 1 € 9t the following characteristics

at) = alwit) == s, V(0 = v(t+0)
M) = AW ) = @f%

As it was shown in [2], if «(t) | 0 as t — oo, then the sets C’ng are the sets of infinitely
differentiable functions.

Our aim is to establish the asymptotically best possible interpolation analogues of the Lebesgue
type inequalities for the functions f from the sets C’ng, B € R, where the upper estimates of the

quantities |p,(f;x)|, z € R, are expressed via the best approximations F,,( fg) Ly-
The following theorem takes place.

Theorem 1. Let ¢ € M and characteristics a(t) and X(t) satisfy the conditions
aft) 10, t— oo,
A(t) T o0y t — 0.
Then, for arbitrary function [ € C’ng, B € R, in every point x € R for all n € N such that

Y

o |

a(n) <

the following inequality takes place

2 2n -1
plf@)] < = |sin =2

sin T

SN (14 da0) + 57 ) Bal

Moreover for arbitrary function f € C’g’Ll one can find the function F(-) = F(f;n;x,-) such
that En(.752f)L1 = En(j‘“g’)L1 and the following equality takes place

2

- 2n—1

&
A(n)

sin

T

B)A(n) (1 T aln) + ) B,

where =4(1+2m) <& < §(1+7), —(1+2m) <& < 2(1 + 7).
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and by the grant from the Simons Foundation (1290607).
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Fundamental solution of non-Archimedean
pseudo-differential equation of p-adic argument

Mariia Serdiuk
(Institute of Mathematics of the National Academy of Sciences of Ukraine)
E-mail: mariia.v.serdiuk@gmail.com

The Vladimirov-Taibleson pseudo-differential operator D® plays a role of a differential operator
in the p-adic analysis (see [1, 3]). The analogue of the wave equation for radial functions in ¢ on
non-Archimedean spaces

Diu—Dy"u=0 (1)

was studied in [2].
In present work the fundamental solution of a more general Cauchy problem for the functions
of two p-adic variables, radial in ¢, was found. The main result is stated in Theorem 2. Theorem 3
proves the uniqueness of the solution in the Lizorkin space of locally constant functions @(QZ)

and Theorem 4 gives an estimate of the norm of the solution in L!-space.
Let 0 < a <1, 8> 0. Consider the eigenvalue problem

D% =)u, N\=p"N NeZ, (2)

where u is not identically zero.
We also suppose that
S = Ka for some K € N. (3)

Proposition 1. If the condition (3) holds, the equation (2) has the set of solutions in ®(Q,) of
the following form for N € Z:

1
Cyp™™ (1= =), |tl, <p™™;
— _ _ 4
un(t) COnptN-1, t], = p~ KN+, (4)
0, tlp > p~ N2,
Let 0 < a < 1, > 0. We consider the Cauchy problem

D, ulltlp, x) — Diu([tl, x) = 0, (t,2) € Q x Q}, (5)

u(0,2) = uo(e), v € Q. ©)
where u = u(|t|,, z) is a radial function with respect to t, n > 1.

Theorem 2. Let 0 < a < 1, § > 0 such that the condition (3) holds. Suppose that the function
ug is in ®(Q,)". Then the Cauchy problem (5)-(6) has a solution u = u(|t|,, x), radial in t, that
belongs to the space ®(Qy) for each x € Q,, and belongs to ®(Q}) for each t € Q.

If the condition (3) does not hold, then the equation (5) has only a zero solution u(t,x) = 0,

t,r € QF x Q.
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