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Let B1(O) be the unit ball in Rn, n ≥ 2 with center at the origin O and G ⊂ Rn \ B1(O) be
an unbounded domain with the smooth boundary ∂G. We assume that there exists R � 1 such
that G = G0 ∪ GR, where G0 is a bounded domain in Rn, GR = {x = (r, ω) ∈ Rn| r ∈ (R,∞),
ω ∈ Ω ⊂ Sn−1, Sn−1 is the unit sphere}.

Figure 0.1. An unbounded cone-like domain

We consider the following linear problem :
∂
∂xi

(
aij(x)uxj

)
+ bi(x)uxi + c(x)u = f(x), x ∈ G;

α(x)∂u∂ν + 1
|x|γ

(
x
|x|

)
u = g(x), x ∈ ∂G;

lim
|x|→∞

u(x) = 0;

(L)

here ∂
∂ν = aij(x) cos(~n, xi)

∂
∂xj

, where ~n denotes the unit outward with respect to G normal to
∂G, γ(ω) is positive bounded piecewise smooth function on ∂Ω such that γ(ω) ≥ γ0 > 0 and

α(x) =

{
0, if x ∈ D;
1, if x 6∈ D, D ⊆ ∂G is the part of the boundary ∂G, where the Dirichlet boundary

condition is posed.
We assume that the following conditions are fulfilled :
(a) the condition of uniform ellipticity :

νξ2 ≤ aij(x)ξiξj ≤ µξ2 ∀x ∈ G, ∀ξ ∈ Rn;

ν, µ = const > 0 and lim
|x|→∞

aij(x) = δji
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;
(b) aij(x) ∈ C0(G), bi(x) ∈ Lp(G), p > n; for them holds inequalities√√√√ n∑

i,j=1

|aij(x)− δji |2 ≤ A
(

1

|x|

)
, |x|

(
n∑
i=1

|bi(x)|2
) 1

2

≤ A
(

1

|x|

)
, x ∈ GR,

where A(t), t ≥ 0 is a monotonically increasing, nonnegative function, continuous at zero and
lim
r→∞

A
(

1
r

)
= 0;

(c) 0 ≥ c(x) ∈ Lp/2(G) ∩ L2(G);
(d) f(x) ∈ Lp/2(G) ∩ L2(G);
(e) there exist numbers f1 ≥ 0, g1 ≥ 0, s > 0 such that |f(x)| ≤ f1|x|−s−2, |g(x)| ≤ g1|x|−s−1.

In [1] we investigated the behaviour of weak solutions to the problem (L) in a neighborhood of
infinity assuming that the function A(t) is Dini-continuous at zero in the meaning that the integral
d∫
0

A(t)
t dt is finite for some d > 0. More precisely, we obtained the following theorem:

Theorem 1. If the function A(t) from assumption (b) is Dini-continuous at zero, then

|u(x)| ≤ C0

(
‖u‖2,G + f1 +

1
√
γ0
g1

)
·

 |x|
λ− , if s > −λ−;

|x|λ− ln |x|, if s = −λ−;
|x|−s, if 0 < s < −λ−,

where λ− =
2−n−

√
(n−2)2+4ϑ

2 , ϑ is the smallest positive eigenvalue of the eigenvalue problem for the
Laplace-Beltrami operator on the unit sphere.

In [3] our aim was to derive the estimate of the weak solution modulus for our problems near the
infinity under assumption that leading coefficients of the equations do not satisfy the Dini-continuity
condition. We obtained the following result:

Theorem 2. Let u(x) be a weak solution of problem (L) and assumptions (a)-(e) be satisfied with A(t)
which is not Dini-continuous at zero. Then for all ε > 0 there are R � 1 and a constant Cε > 0
such that for all x ∈ GR

|u(x)| ≤ Cε
(
‖u‖2,G + f1 +

1
√
γ0
g1

)
·
{
|x|λ−+ε, if s ≥ −λ−;
|x|−s, if 0 < s < −λ−.
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