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We investigate asymptotic behavior of the least upper bounds of approximations in the uniform
metric by Fourier sums Sn−1(f ; ·) of classes W r

β,1 of 2π-periodic Weyl–Nagy differentiable functions
f .

Let Lp, 1 ≤ p ≤ ∞, and C be the spaces of 2π–periodic functions with standard norms ‖ · ‖Lp

and ‖ · ‖C , respectively.
Further, let W r

β,p, r > 0, β ∈ R, 1 ≤ p ≤ ∞, be classes of 2π-periodic functions f that can be
represented in the form of convolution

f(x) =
a0
2

+
1

π

π∫

−π

ϕ(x− t)Br,β(t)dt, a0 ∈ R, (1)

with Weyl–Nagy kernels of the form Br,β(t) =
∞∑
k=1

k−r cos
(
kt− βπ

2

)
, of function ϕ satisfying the

condition ϕ ∈ B0
p =

{
ϕ ∈ Lp : ‖ϕ‖p ≤ 1,

π∫
−π
ϕ(t)dt = 0

}
.

The classes W r
β,p are called the Weyl–Nagy classes and the function ϕ in representation (1) is

called the (r, β)-derivative of the function f in the Weyl–Nagy sense and denoted by f rβ .
Theorem 1. Let r > 2, β ∈ R, and n ∈ N. The following estimate is true

En(W r
β,1)C = sup

f∈W r
β,1

‖f(·)− Sn−1(f ; ·)‖C =
1

nr

(
1

π(1− e−r/n) +O(1)δr,n
)
, (2)

where O(1) is a quantity uniformly bounded in all analyzed parameters,

δr,n =





1 +
n

r(r − 2)
, 2 < r ≤ n+ 1,

r

n2
e−r/n, n+ 1 ≤ r ≤ n2,

e−r/n r ≥ n2.

Remark 2. Estimate (2) was published for r ≥ √n+ 1 in [1, 2] (2019, 2022).
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Let C be the complex plane. In the complex notation f = u + iv and z = x + iy, the Beltrami
equation in a domain G ⊂ C has the form

fz = µ(z)fz, (1)
where µ : G→ C is a measurable function and

fz =
1

2
(fx + ify) and fz =

1

2
(fx − ify)

are formal derivatives of f in z and z, while fx and fy are partial derivatives of f in the variables
x and y, respectively.

We consider the following equation written in the polar coordinates (r, θ)
fθ = σ(reiθ) |fr|m fr. (2)

We rewrite the equation (2) in the Cartesian form:

fz =
z

z

1 + iσ(z) |z|−m−1|zfz + zfz|m
1− iσ(z) |z|−m−1|zfz + zfz|m

fz. (3)

Assuming m = 0, the equation (3) also becomes the standard linear Beltrami equation (1) with

µ(z) =
z

z

1 + iσ(z)/|z|
1− iσ(z)/|z| .

Choosing m = 0 and σ = i|z| in (3), we arrive at the classical Cauchy-Riemann system. Later on
we assume that m > 0.

A mapping f : G → C is called regular at a point z0 ∈ G, if f has the total differential at this
point and its Jacobian Jf = |fz|2 − |fz̄|2 does not vanish. A homeomorphism f of Sobolev class
W 1,1

loc is called regular, if Jf > 0 a.e. By a regular solution of the equation (3) we call a regular
homeomorphism f : G→ C, which satisfies (3) a.e. in G.

Later on, we use the following notations:
Br = {z ∈ C : |z| < r} , B = {z ∈ C : |z| < 1}

and
γr = {z ∈ C : |z| = r}.
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