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Estimate of maximum of the products of inner radii of mutually
non-overlapping domains

Iryna Denega
(Department of complex analysis and potential theory, Institute of mathematics of the National
Academy of Sciences of Ukraine, 3 Tereschenkivska St, 01024 Kyiv, Ukraine)
E-mail: iradenega@gmail.com

Let N, R be the sets of natural and real numbers, respectively, C be the complex plane, C = C | J{cc}
be its one point compactification, U be the open unit disk in C and RT = (0,00). Let (B, a) be an
inner radius of the domain B C C relative to a point a € B [1 4]. The inner radius of the domain B
is connected with Green’s generalized function gp(z,a) of the domain B by the relations

gB(z,a) = —In|z —a| +1Inr(B,a) + o(l), =z — a,

gB(z,00) =In|z| +Inr(B,o0) + o(l), z— occ.
The system of points A, := {ax € C,k = 1,n}, n € N, n > 2, is called n-radial, if |ay| € RT for
k=1,n and
0=arga; <argas < ...<arga, < 2.

Consider the following extremal problem.
Problem. For all values of the parameter v € R* to find estimate of the maximum of the functional

Tn(¥) = [ (B0, 0) 1 (Boo, 50)|" [ [ 7 (B ar) , (1)
k=1

wheren € N, n > 2, ag =0, A, = {ax}?_, € C/{0, 00} be any fixed n-radial system of different points,
By, Boo. {Br}}_; be a system of mutually non-overlapping domains, 0 € By C C, 0 € By, C C,
akGBkC@,kzl,n.

The following proposition is true.

Theorem 1. Let n € N, n > 2, v € R". Then, for any fized n-radial system of different points
Ay, = {ar}?_, € C/{o0, oo} and any mutually non-overlapping domains By, Boo, By, ao =0 € By C C,
00 € Boo CC, ay, € By, C C, k= 1.n, the following inequalities hold

_ 2y
n+2 N 2
(n+ 1) [H rBa] " i e 0.052)
k=1
Jn(7) <
n
(n+1)" H lag|, if > 2
Remark 2. If y = 22 and H |ak| < 1, then from above posed Theorem 1, the following inequality

holds

[ (Bo,0) r (Boo, 00)] Hr(Bk,ak (n+1)""2

In this case the structure of points and domains is not important.
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For any n-radial system of points A, ={ag}}_y, lax| = 1, and any pairwise non-overlapping domains
{Br}}_1, ar € By, C C, k = 1,n, the inequality

n n
H T’(Bk, ak) < 2" H L
k=1 k=1

is valid (see Corollary 5.1.3 [1]). In Theorem 6.11 [2] for any different points ay on the circle [ax| = 1,
k=1,n (n > 2), and any pairwise non-overlapping domains By C C such that ay € By, k = 1,n, the

inequality
n 4 n
H r (B, ar) < ()
n
k=1

is proved. Thus, from Theorem 1 we have next result.

Corollary 3. Let n € N, n > 2, v € RT. Then, for any system of different points {ai}y_, of the

unit circle |gk| =1 and any mutually non-overlapping domains By, Beso, Bi, ap = 0 € By C C,
00 € Bo, CC, ay, € B, C C, k =1,n, the following inequalities hold
29n

yotl (AN
(n+ 1) Tn+2 <n> , if ve (O_/ “TH}
In(7) <
(n—&—l)_nTH, if oy > 2
If Byp C U, then from the proof of the Theorem 1, the following results are valid.
Corollary 4. Letn € N, n > 2, v € R" and By C U. Then, for any system of different points {ay}}_,
of the unit circle |z| = 1 and any mutually non-overlapping domains By, a, € By C C, k =0,n, ag =0,

and the domains By, k = 1,n, are mirror-symmeliric relative to the unit circle |z| = 1, the inequality
holds

Bo, H Bk,ak < (n+ 1)_

Corollary 5. Letn € N, n > 2, vy € RT, R > 0 and By be an arbitrary domain belonging to the open
circle lw| < R. Then, for any n- ’mdmf system of different points A, = {ay}}_, such that |ay| =

k = 1,n, and any mutually non-overlapping domains By, ar, € By, C C, k = 0,n, ag = 0, and th,e
domains By, k = 1,n, are mirror-symmetric relative to the circle |w| = R, the inequality holds

" (Bo,0) [ r (Bryar) < (n+1)""2 - R¥.
k=1
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