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Thinness at infinity and Deny’s principle of positivity

] of mass .
in the theory of Riesz potentials

Natalia Zorii
(Institute of Mathematics of NASU, Tereshchenkivska 3, 01601, Kyiv-4, Ukraine)
E-mail: zorii@imath.kiev.ua

This talk is based on [9], and it deals with the theory of potentials on R™, n > 2, with
respect to the Riesz kernel |z —y|*™™, a € (0,2], a < n, where |x —y| is the Euclidean distance
between z,y € R™. Denote by 9" the cone of all positive Radon measures  on R™ such that
the Riesz potential

U (z) = / & — y* du(y)

is not identically infinite on R™, which according to [5, Section 1.3.7] occurs if and only if

/ du(é/) - o
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Then U* is actually finite everywhere on R™, up to a set of zero Riesz capacity, cf. [5,
Section III.1.1].

The principle of positivity of mass was first introduced by J. Deny (see e.g. [2]), and for
Riesz potentials it reads as follows |3, Theorem 3.11].

Theorem 1. For any pu,v € M' such that
U < U” everywhere on R", (1)
we have pu(R™) < v(R™).

It is easy to verify that (1) can be slightly weakened by replacing ‘everywhere on R™
by ‘nearly everywhere on R™ (see |8, Theorem 2.6|, establishing the principle of positivity
of mass for potentials with respect to rather general function kernels on locally compact
spaces). Recall that a propesition P(z) is said to hold nearly everywhere (n.e.) on A C R™ if
c.(E) =0, where F is the set of all z € A for which P(z) fails, while c,(E) denotes the inner
Riesz capacity of E, see |5, Section 11.2.6].

The main result of this talk, given by Theorem 2, shows that Theorem 1 still holds even if
(1) is fulfilled only on a proper subset A of R™, which however must be ‘large enough’ in an
arbitrarily small neighborhood of cogn, the Alexandroff point of R™. This discovery illustrates
a special role of the point at infinity in Riesz potential theory, in particular with regard to
the principle of positivity of mass.

Theorem 2. Given u,v € M, assume there exists A C R™ which is not inner a-thin at
infinity, and such that

U <U” n.e. on A.
Then
H(R") < V(R").
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Recall that according to [4, 7], A C R™ is said to be inner a-thin at infinity if
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where ¢ € (1,00) and A, := AN{r € R": ¢ < |z| < ¢**'}; or equivalently, if either A is
bounded, or z = 0 is an inner a-irregular boundary point for the inverse of A with respect
to |z| = 1. (For the concept of inner a-irregular points for arbitrary A C R" and relevant
results, see [6, Section 6]; compare with [5, Section V.1|, where A was required to be Borel.)
We emphasize that if A is not inner a-thin at infinity, then necessarily c.(A) = o0; but not
the other way around (see |7, Section 2]).

The following theorem shows that Theorem 2 is sharp in the sense that the requirement on
A of not being a-thin at infinity can not in general be weakened.

Theorem 3. If A C R" is inner a-thin at infinity, then there are pg, vy € IM' such that
Utro = U nearly everywhere on A, but nonetheless, 1o(R™) > vo(R™).

Nevertheless, Theorem 2 remains valid for arbitrary A CIR™ ence we impose upon u, v € 9T
suitable additional requirements (see Theorem 4 below).

A measure p € M is said to be carried by A C R™if R™\ A is p-negligible, or equivalently
if A is p-measurable and pu = |4, |4 being the trace of p to A, ef. [1, Section V.5.7]. We
denote by 9} the cone of all u € M™ carried by A. (For closed A, u1 is carried by A if and
only if it is supported by A.)

A measure p € M is said to be C-absolutely continuous if u(K) = 0 for every compact set
K C R™ of zero Riesz capacity. This certainly occurs if [ U*dpu is finite (or, more generally,
if U* is locally bounded); but not conversely, see [5, pp. 134-135].

Theorem 4. For any set A C R™ and any C-absolutely continuous measures ju,v € M} such
that U* < UY n.e. on A, we still have p(R™) < v(R™).

Remark 5. If AN A; = @, where A; denotes the set of all inner a-irregular points for A,
then the requirement of C-absolute continuity imposed on p and v, is unnecessary for the
validity of Theorem 4.

Remark 6. The proofs of the above-quoted theorems are based on the theory of inner a-
Riesz balayage as well as on that of inner a-Riesz equilibrium measures, both originated in
[6, 7] (see also [8]). The concept of inner equilibrium measure is understood in an extended
sense where its energy as well as its total mass may be infinite. The following two facts of
these theories are crucial to our proofs:

e A C R" is not a-thin at infinity if and only if the inner balayage of any u € M™ to A
preserves its total mass (see [7, Corollary 5.3]).

e The inner a-Riesz equilibrium measure of A C R”™ exists if and only if A is a-thin at
infinity (see [7, Theorem 2.1]).

Remark 7. The results presented in the talk have already found applications to minimum

Riesz energy. problems in the presence of external fields, see for instance [10, Section 4.10].
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3HaxoakeHHsT (popMu KBaHTOBUX rpadiB 3a yMOB
JlipixJjie Ha BUCAYNX BepIIIMHAX

Anacracig YepHuirnenko
(IliBaenHOYKpalHCHKUI HAaIOHATBHUN negarorivamit yHiBepcurer iM. K.JI. VmmucbKOrO,
Opneca, Ykpaina)
E-mail: nastya. chernyshenko120gmail. com

[Tpobirema icHyBaHHS KOCIEKTpaJbHUX (ab0 iHAKIIE 130CHEeKTPAJIbHUX ) I'padiB BUHUKIIA IIIe
y MUHYJIOMY cTOpiudi. Y KjIacu4Hili Teopil rpadiB KOCHEKTPAJHLHUMU BBAaXKAIOTH HEI30MOP-
dHi rpadu 3 omHaKOBUM criekTpoM MaTpumi cymizkaocTi (mus. [5], Posmin 6.1). YV [4] 6ys
HaBeJIEHUN TEePITUil TPUKJIAJ] KOCIIEKTPaJIbHUX Tpadis.

Y 6araThox BUIMAJIKAX OIIBIN BayKJIUBY POJIb Hi?K MATPHUIA CyMiKHOCTI Bijlirpae HOpMOBa-
Huii jramiaciad. [cHyfOTh pi3HiI O3HAUEHHS HOPMOBAHOIO JIAIJIACIaHA, KOTPHUH 1€ HA3UBAKOTH
jquckperauM samnacianom (aus. [7], C.2). Mu posymiemo 1 HOpMOBAHUM JIAILTACIAHOM Ma-
tpurgo D2 ADTY? ne A < marpung cymixuocti rpada, a D = diag{d(v),d(va), ..., d(v,)}
- MaTPHIIA CTEIEeHIB BepInuH, ge d(v;) - CTeHiHb BEPIIHHE ;.

Y Teopil KBaHTOBUX TrpadiB POBTIAIAIOTH CIEKTPAJIbHI 3a/1a4i, TOPOKEHI PIBHAHHIMN
[Irypwma-Jliysimais Ha piBHOGIuANX rpadax (MeTpuuHuX rpadax, 3 pebpamu OJIHAKOBOI JT0B-
JKUHM) 3 Kpaitoumu ymoBamu Heiimana a6o Jlipixie Ha BUCSYIMX BEPIIMHAX 1 y3arajJbHEHUMUI
ymoBamu Heiimana (ymosamu senepepsrocti i Kipxroda) y sayTpimmix seprmaax. Ty Ta-
KO2K BUHWKAE TPOOIeMa KOCIIEKTPAJILHOCTI.

VY 9] Bysi0 nokazane, 1o icHyIOTH KoceKTpaJbHi rpadu (Heizomerpuuni rpadu 3 ojHAKO-
BuM cekTpoM 3asadi [rypma-Jliysimuis) y kanTosiit Teopil rpadis. Coix 3ayBazxkuTu, 1o
y BUIAJIKY Fpada 3 HECYMIpHUMHU JTOBXKUHAMHU pedep CIIeKTP OJHO3HAYHO BuU3HAYAE (HOPMY
rpada [8].

CuexTp 3a/1a4i Teopil KBAaHTOBUX I'padiB 3B’si3aHMIT 3 HOPMOBAHUM JIATLJIACIAHOM Bi OB I-
HOT'O
KOMOIHATOpHOIO I'pada HACTYIHUM YMHOM: BJIACHI 3HAUEHHT HOPMOBAHOI'O JIAILJIACiaHa B3a-
€MHO
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M. Bessmertnyi, V. Zolotarev p-Hyperbolic Zolotarev functions in
boundary value problems for a pth order differential operator

N. Zorii Thinness at infinity and Deny’s principle of positivity of mass
in the theory of Riesz potentials
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A. Ceparok, T. Crenautok Poss’asox zadavwi Koamozoposa-Hikorvcvrozo
05 THMEPNOAAUTTHUL NOAIHOMIE Jlazpanotca Ha KAGCAT Y3a2aNbHEHUT
wmeepaaie Tlyaccona

I. ITerkoB, P. CanimoB, M. Credanuayk [Ipo nuoschio ouinky diamempa
06pa3y Kpyea
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