
International  
Scientific Conference

Devoted to 160 anniversary of 

Dvytro Grave 
(25.08.1863 - 19.12.1939) 

Academician of the Ukrainian 
Academy of Sciences, the 

first director of the Institute of 
Mathematics of NAS of Ukraine

May 29 – June 1, 2023 
Odesa, Ukraine

Algebraic and Geometric 
Methods of Analysis



LiST OF TOPiCS
• Algebraic methods in geometry
• Differential geometry in the large
• Geometry and topology of differentiable manifolds
• General and algebraic topology
• Dynamical systems and their applications
• Geometric and topological methods in natural sciences
• Geometric problems in mathematical analysis

ORGANiZERS
• Ministry of Education and Science of Ukraine
• Odesa National University of Technology
• Institute of Mathematics of the National Academy of Sciences of Ukraine
• Taras Shevchenko National University of Kyiv
• Kyiv Mathematical Society

SCiENTiFiC COMMiTTEE

• Bolotov D. (Kharkiv, Ukraine)
• Bondarenko V. (Kyiv, Ukraine)
• Boychuk O. (Kyiv, Ukraine)
• Boyko V. (Kyiv, Ukraine)
• Cherevko Ye. (Odesa, Ukraine)
• Dorogovtsev A. (Kyiv, Ukraine)
• Drozd Yu. (Kyiv, Ukraine)
• Gerasymenko V. (Kyiv, Ukraine)
• Fedchenko Yu. (Odesa, Ukraine)
• Kiosak V. (Odesa, Ukraine)
• Kochubei A. (Kyiv, Ukraine)

• Konovenko N. (Odesa, Ukraine)
• Maksymenko S. (Kyiv, Ukraine)
• Mikhailets V. (Kyiv, Ukraine)
• Ostrovskyi V. (Kyiv, Ukraine)
• Petravchuk A. (Kyiv, Ukraine)
• Plaksa S. (Kyiv, Ukraine)
• Portenko M. (Kyiv, Ukraine)
• Pratsiovytyi M. (Kyiv, Ukraine)
• Savchenko O. (Kherson, Ukraine)
• Romanyuk A. (Kyiv, Ukraine)
• Timokha O. (Kyiv, Ukraine)

ORGANiZiNG COMMiTEE

• Maksymenko S. (Kyiv, Ukraine)
• Konovenko N. (Odesa, Ukraine)
• Fedchenko Yu. (Odesa, Ukraine)

• Cherevko Ye. (Odesa, Ukraine)
• Osadchuk Ye. (Odesa, Ukraine)
• Sergeeva O. (Odesa, Ukraine)

1



114

Thinness at infinity and Deny’s principle of positivity
of mass
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This talk is based on [9], and it deals with the theory of potentials on Rn, n > 2, with
respect to the Riesz kernel |x−y|α−n, α ∈ (0, 2], α < n, where |x−y| is the Euclidean distance
between x, y ∈ Rn. Denote by M+ the cone of all positive Radon measures µ on Rn such that
the Riesz potential

Uµ(x) :=

∫
|x− y|α−n dµ(y)

is not identically infinite on Rn, which according to [5, Section I.3.7] occurs if and only if
∫

|y|>1

dµ(y)

|y|n−α <∞.

Then Uµ is actually finite everywhere on Rn, up to a set of zero Riesz capacity, cf. [5,
Section III.1.1].

The principle of positivity of mass was first introduced by J. Deny (see e.g. [2]), and for
Riesz potentials it reads as follows [3, Theorem 3.11].
Theorem 1. For any µ, ν ∈ M+ such that

Uµ 6 Uν everywhere on Rn, (1)

we have µ(Rn) 6 ν(Rn).
It is easy to verify that (1) can be slightly weakened by replacing ‘everywhere on Rn’

by ‘nearly everywhere on Rn’ (see [8, Theorem 2.6], establishing the principle of positivity
of mass for potentials with respect to rather general function kernels on locally compact
spaces). Recall that a proposition P(x) is said to hold nearly everywhere (n.e.) on A ⊂ Rn if
c∗(E) = 0, where E is the set of all x ∈ A for which P(x) fails, while c∗(E) denotes the inner
Riesz capacity of E, see [5, Section II.2.6].

The main result of this talk, given by Theorem 2, shows that Theorem 1 still holds even if
(1) is fulfilled only on a proper subset A of Rn, which however must be ‘large enough’ in an
arbitrarily small neighborhood of ∞Rn , the Alexandroff point of Rn. This discovery illustrates
a special role of the point at infinity in Riesz potential theory, in particular with regard to
the principle of positivity of mass.
Theorem 2. Given µ, ν ∈ M+, assume there exists A ⊂ Rn which is not inner α-thin at
infinity, and such that

Uµ 6 Uν n.e. on A.
Then

µ(Rn) 6 ν(Rn).
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Recall that according to [4, 7], A ⊂ Rn is said to be inner α-thin at infinity if
∑

k∈N

c∗(Ak)

qk(n−α)
<∞, (2)

where q ∈ (1,∞) and Ak := A ∩ {x ∈ Rn : qk 6 |x| < qk+1}; or equivalently, if either A is
bounded, or x = 0 is an inner α-irregular boundary point for the inverse of A with respect
to |x| = 1. (For the concept of inner α-irregular points for arbitrary A ⊂ Rn and relevant
results, see [6, Section 6]; compare with [5, Section V.1], where A was required to be Borel.)
We emphasize that if A is not inner α-thin at infinity, then necessarily c∗(A) = ∞; but not
the other way around (see [7, Section 2]).

The following theorem shows that Theorem 2 is sharp in the sense that the requirement on
A of not being α-thin at infinity can not in general be weakened.
Theorem 3. If A ⊂ Rn is inner α-thin at infinity, then there are µ0, ν0 ∈ M+ such that
Uµ0 = Uν0 nearly everywhere on A, but nonetheless, µ0(Rn) > ν0(Rn).

Nevertheless, Theorem 2 remains valid for arbitrary A ⊂ Rn once we impose upon µ, ν ∈ M+

suitable additional requirements (see Theorem 4 below).
A measure µ ∈ M+ is said to be carried by A ⊂ Rn if Rn \A is µ-negligible, or equivalently

if A is µ-measurable and µ = µ|A, µ|A being the trace of µ to A, cf. [1, Section V.5.7]. We
denote by M+

A the cone of all µ ∈ M+ carried by A. (For closed A, µ is carried by A if and
only if it is supported by A.)

A measure µ ∈ M+ is said to be C-absolutely continuous if µ(K) = 0 for every compact set
K ⊂ Rn of zero Riesz capacity. This certainly occurs if

∫
Uµ dµ is finite (or, more generally,

if Uµ is locally bounded); but not conversely, see [5, pp. 134–135].
Theorem 4. For any set A ⊂ Rn and any C-absolutely continuous measures µ, ν ∈ M+

A such
that Uµ 6 Uν n.e. on A, we still have µ(Rn) 6 ν(Rn).
Remark 5. If A ∩ AI = ∅, where AI denotes the set of all inner α-irregular points for A,
then the requirement of C-absolute continuity imposed on µ and ν, is unnecessary for the
validity of Theorem 4.
Remark 6. The proofs of the above-quoted theorems are based on the theory of inner α-
Riesz balayage as well as on that of inner α-Riesz equilibrium measures, both originated in
[6, 7] (see also [8]). The concept of inner equilibrium measure is understood in an extended
sense where its energy as well as its total mass may be infinite. The following two facts of
these theories are crucial to our proofs:

• A ⊂ Rn is not α-thin at infinity if and only if the inner balayage of any µ ∈ M+ to A
preserves its total mass (see [7, Corollary 5.3]).

• The inner α-Riesz equilibrium measure of A ⊂ Rn exists if and only if A is α-thin at
infinity (see [7, Theorem 2.1]).

Remark 7. The results presented in the talk have already found applications to minimum
Riesz energy problems in the presence of external fields, see for instance [10, Section 4.10].
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Проблема існування коспектральних (або інакше ізоспектральних) графів виникла ще
у минулому сторіччі. У класичній теорії графів коспектральними вважають неізомор-
фні графи з однаковим спектром матриці суміжності (див. [5], Розділ 6.1). У [4] був
наведений перший приклад коспектральних графів.

У багатьох випадках більш важливу роль ніж матриця суміжності відіграє нормова-
ний лапласіан. Існують різні означення нормованого лапласіана, котрий ще називають
дискретним лапласіаном (див. [7], С.2). Ми розуміємо під нормованим лапласіаном ма-
трицю D−1/2AD−1/2, де A - матриця суміжності графа, а D = diag{d(v1), d(v2), ..., d(vp)}
- матриця степенів вершин, де d(vj) - степінь вершини vj.

У теорії квантових графів розглядають спектральні задачі, породжені рівняннями
Штурма-Ліувілля на рівнобічних графах (метричних графах, з ребрами однакової дов-
жини) з крайовими умовами Неймана або Діріхле на висячих вершинах і узагальненими
умовами Неймана (умовами неперервності і Кірхгофа) у внутрішніх вершинах. Тут та-
кож виникає проблема коспектральності.

У [9] було показано, що існують коспектральні графи (неізометричні графи з однако-
вим спектром задачі Штурма-Ліувілля) у квантовій теорії графів. Слід зауважити, що
у випадку графа з несумірними довжинами ребер спектр однозначно визначає форму
графа [8].

Спектр задачі теорії квантових графів зв’язаний з нормованим лапласіаном відповід-
ного
комбінаторного графа наступним чином: власні значення нормованого лапласіана вза-
ємно
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