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Formation of algorithmic culture of students in the classroom of
higher mathematics

Absamatov Z.A.
(Karshi Engineering Economic Institute, Karshi city, Uzbekistan)
E-mail: zukhriddin-gqmii@inbox.uz

The paper deals with the study and application of algorithms in the lessons of higher mathematics.
The course of higher mathematics has sufficiently broad possibilities for the formation, study and
application of algorithms, since its content naturally lays down the algorithmic line. The task of
the formation of universal computer literacy should be solved when teaching all academic subjects
of higher educational institutions. A significant role is given to the course of higher mathematics.
When studying this course, students develop stable mathematical skills more successfully if special
educational instructions and plans for solving important problems are introduced. They serve as
propedeutics of the formation of the algorithmic culture in the future. On the other hand, a firm
knowledge of the plans for solving the basic problems of a course in higher mathematics is the initial
foundation of students’ mathematical preparation.

Applying plans for solving problems in the process of teaching higher mathematics, students should
be guided by the fact that they should not just remember one plan or another, but the main thing is to
understand which theoretical sentences its application is based on, and each step of the training activity
perform consciously, not automatically. Students are familiarized with plans by solving problems at a
lecture, their further refinement is carried out in practical classes for various forms of work (frontal,
group, individual).

Algorithmic culture of the future teacher of mathematics is an integral part of his general culture.
The general culture of the future teacher of mathematics can be characterized as an expression of the
maturity of the entire system of professionally significant personal qualities, productively implemented
in the process of individual activity. General culture is the result of the qualitative development of
knowledge, skills, abilities, interests, beliefs, norms of professional activity and behavior, abilities and
social feelings of a future teacher of mathematics.

From the point of view of learning mathematical activity, algorithmic culture is part of mathematical
culture. Algorithmic training contributes to the formation and development among students, and
through them, students of specific ideas and skills related to understanding the essence of the algorithm
and its properties, the essence of the programming language as a means of recording the algorithm, the
algorithmic nature of mathematics methods and their applications associated with owning techniques
and means of recording problem solving in an algorithmic language.

An algorithmic culture is understood as a set of specific “algorithmic” ideas, knowledge and skills
that should be part of the general culture of a future teacher of mathematics at the present stage of
society’s development and, therefore, determine a purposeful component of a general cultural peda-
gogical education and student competence.

In conclusion, we note that the line of forming the algorithmic culture of students suggests the
prospect of its further convergence at the level of interdisciplinary connections both with the course
of mathematics and with other natural-mathematical and humanitarian academic disciplines.
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Behavior of the trajectories of a single cubic operator

A.Yu. Khamrayev
(Karshi State University, Karshi city, Uzbekistan)
E-mail: khamrayev-a@yandex.ru

Z.A. Absamatov
(Karshi Engineering Economic Institute, Karshi city, Uzbekistan)
E-mail: khamrayev-a@yandex.ru

In the paper for one cubic Volterra operator on a two-dimensional simplex found all the fixed points
and fully understood the behavior of the trajectories generated by this operator.

One of the main tasks in the study of a dynamic system is to study the evolution of the state of the
system. Usually, the "descendants” of the state of the system are determined by some law. Numerous
problems of biology are solved using the theory of measure and the theory of dynamical systems.
These dynamical systems are determined by iterations of nonlinear operators. We give the definition
of such operators:

Let £ ={1,2,...,n}.

Consider the set

n
sl = {x = (1, x2,...,xy) € R" 1 x; >0, ZTZ = 1} .
i=1

The set 5" ! is called the n — 1 dimensional simplex. Fach the element z € S™~! is a probability
measure on F and its can be interpreted as a state of the biological (physical, sociological, etc.) system
consisting of n elements.

One of the main tasks for this system is to study the evolution of the system state. Usually, the
descendants of the state of the system are determined by certain laws. For solving problems arising
in mathematical genetics is used quadratic operators whose theory is currently well developed (see
for example [1-3]). In [4] for one all fixed points were found on a Volterra cubic operator on a two-
dimensional simplex. A description is given of the limit set of trajectories for some subclasses of such
operators.

In this paper, we study dynamical systems defined by cubic operators. Fully studied trajectory
of a single cubic operator on S?, which arises naturally in the study of certain problems population
biology.

In the simplest problem of population genetics is considered biological system F, consisting of n
species 1,2,...,n. We consider that the species of parents ¢, j, kK uniquely determine the probability
of each species [ for an immediate descendant. Denote this probability by Pjr;. Then P, >
0,> 2, Pijky = 1 and the values of P;j; do not change with any permutation 4, j, k if the varieties
are not related to gender. Population status is described by the set x = (x1, z2, ..., z,,) probabilities
of varieties. Therefore, x € S"1.
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On nonexistence of Kenmotsu structure on
Kirichenko—Uskorev-hypersurfaces of Kahlerian manifolds

Galina A. Banaru
(Chair of Applied Mathematics, Smolensk State University, Przhevalski str., 4, Smolensk — 214 000,
Russian Federation)
E-mail: mihail.banaru@yahoo.com

1. The almost contact metric (acm-) structure is one of the most important differential-geometrical
structures on manifolds. As it is known [2], an almost contact metric structure on a odd-dimensional
manifold N is a system {®, &, 7, g} of tensor fields on this manifold, where ® is a tensor of type (1,1),
& is a vector, 7 is a covector and g = (-, -) is a Riemannian metric. Moreover, the following conditions
are fulfilled:

n(€) =1; 2(&) =0; nod =0; &* = —id+ @,
(PX,0Y) = (X,Y) —n(X)n(Y), X,Y € X(N),
where R(NV) is the module of smooth vector fields on N. As one of the most meaningful and interesting
acm-structure we mark ut the Kenmotsu structure that is defined by the following condition [2]:

Vx(®)Y = (®X, V)¢ —n(Y)BX, X,V € R(N),

In [3], V. F. Kirichenko and I. V. Uskorev have introduced a new class of almost contact metric
structure. Namely, they have defined the almost contact metric structure with the close contact form
as the structures of cosymplectic type. V. F. Kirichenko and I. V. Uskorev have also proved that their
structure is invariant under canonical conformal transformations [3].

Evidently, a trivial example of Kirichenko—Uskorev structure is the cosymplectic structure, and as
a non-trivial example we can consider the Kenmotsu structure.

2. Now let us consider the acm-structure induced on a hypersurface N of a Kéhlerian manifold
M?" n > 3. The Cartan structural equations of such acm-structure are the following [4]:

dw® = wg AwP +i0§wﬁ Aw —l—iaaﬁwg A w,

dw,, = —wg Awg — icrgwg ANw — iaagwﬁ Aw,
dw = fio'g' WP A Wa + 10p8wW A Wb — iaﬁw A wg.
Here o is the second fundamental form of the immersion of N into M?"; wq =w% o, B=1,..., n—1;

a=a+n.
Taking into account the results on the matrix of the second fundamental form [5], we obtain the
first Theorem.

Theorem 1. The Cartan structural equations of Kirichenko—Uskorev acm-structure induced on a
hypersurface of a Kdhlerian manifold M*™, n > 3 are the following:

dw® = w§ A w? + iaaﬁwg A w;
dwe, = —wg Nwg — iaagwﬁ A w;
dw = 0.
Comparing these equations with well-known Cartan structural equation of a Kenmotsu structure [2]
dw® :wg/\wﬂ—kw/\wa;
dw, = —wg/\wﬁ—i-w/\wa;
dw =0,



we obtain our second result.

Theorem 2. Krichenko—Uskorev almost contact metric structure induced on a hypersurface of a
Kiéhlerian manifold M?™, n > 3, cannot be a Kenmotsu structure.

Note that the presented Theorems develop some results on hypersurfaces of Kahlerian manifolds [5], [6].
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On almost contact metric hypersurfaces in W,-manifolds

Mihail B. Banaru
(Chair of Analytical and Digital Technologies, Smolensk State University, Przhevalski str., 4,
Smolensk — 214 000, Russian Federation )
E-mail: mihail.banaru@yahoo.com

1. The famous work by Alfred Gray and Luis M. Hervella [1] contains a classification of the
almost Hermitian structures on first order differential-geometrical invariants. In accordance to this
classification, all the almost Hermitian structures are divided into 16 classes. Analytical criteria for
each concrete structure to belong to one or another class have been obtained [1].

The class of Wy-manifolds is one of so-called small Gray—Hervella classes of almost Hermitian
manifolds. Some specialists identify this class with the class of locally conformal K&hlerian (1cK-)
manifolds that is not absolutely correct. In fact, the Wy-class contains all locally conformal K&hlerian
manifolds, but coincides with the class of lcK-manifolds only for dimension at least six [2]. Wj-
manifolds were studied in detail from diverse points of view by such outstanding mathematicians as
Alfred Gray (USA), Vadim Feodorovich Kirichenko (Russian Federation) and Izu Vaisman (Israel).

We remark also that the present communication is a continuation of researches of the author in the
area of Wj-manifolds (see, for example, [3], [4], [5] and others).

2. As it is known, an almost Hermitian manifold is a 2n-dimensional manifold M?" with a Rie-
mannian metric g = (-, -) and an almost complex structure J. Moreover, the following condition must
hold

(JX, JY)=(X,Y), X, Y e&RUNM™"),
where R(M?") is the module of smooth vector fields on 172" [1]. The fundamental form of an almost
Hermitian manifold is determined by the relation

F(X,Y)=(X, JY), X, YeXM").
An almost Hermitian structure belongs to the W;-class, if

Vi (F) (2) = —5eos {(XY) 07 (2) - (X.2) 6P (V) -
—(X,JY)SF (JZ)+(X,JZ)§F(JY)}, X,Y,ZeR(M™),

where 0 is the codifferentiation operator and V is the Riemannian connection of the metric g = (-, -) [1].

3. The main results are the following:

1) The Cartan structural equations of the general type almost contact metric structure on an
oriented hypersurface in a Wy-manifold are obtained;

2) The Cartan structural equations of almost contact metric structures on an oriented hypersurface
with type number 0, 1 or 2 in a Wy-manifold are selected;

3) A characterization in terms of the type number (Takagi-Kurihara characterization [6]) of some
important classes of almost contact metric structures on hypersurfaces in Wy-manifolds is obtained;

4) A criterion of the minimality of such hypersurfaces in the terms of their type number is estab-
lished;

5) Tt is proved that 2- and 3-hypersurfaces in Wy-manifolds do not admit almost contact metric
structures belonging to any well-studied classes of almost contact metric structures (cosymplectic,
nearly cosymplectic, Kenmotsu, Sasaki etc).

Using the above mentioned fact that the class of Wj-manifolds contains all lcK-manifolds, we
conclude that the obtained result are also related to almost contact metric structures on oriented
hypersurfaces in lcK-manifolds.
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Quantum calculus and singularities of quasi-discriminant sets

Alexander Batkhin
(Keldysh Institute of Applied Mathematics of RAS (Moscow) & Moscow Institute of Physics and
Technology (Dolgoprudny), Russia)
E-mail: batkhin@gmail.com

Let g : R — R : z +— g(x) be a given smooth one-to-one map of the real axis, which is the domain
of polynomial f(x) with arbitrary coefficients. We want to find conditions on the coefficients of the
polynomial under which it has at least a pair of roots t;,t; satisfying the relation g(t;) = t; and
investigate the structure of the algebraic variety in the space of coefficients possessing such property.

Here we consider a generalization of the classical discriminant of the polynomial. This general-
ization naturally includes the classical discriminant and its analogs emerging when the g¢-differential
and difference operators are used. The aim of this research is to propose an efficient algorithm for
calculating the parametric representation of all components of the g-discriminant set Dg4(f) of the
monic polynomial f,(x) of degree n.

Define the g-bracket [a];, ¢-Pochhammer symbol (a;q),, ¢-factorial [n],!, ¢g-binomial co-

a_1
efficients (Gaussian) coefficients [Z]q, g-binomial {xz;t},., as follows: [a], = qq — (a;q)n =
n—1 n ( . ) ko i
o k A o 1 o q;9)n n _ [n]q! o q .+ —1
kl;lo (1 aq )a (CL, Q)O - 17 [”}q - kl;ll[k]q - (1 o (])n’ q 5& 1’ [],7](1 - [nfk]q(f k]! — z’l;ll -1

{z;ttng = [ (= - g'(t)), {z;t}o,q = 1. Here g¥ is the k-th iteration of the diffeomorphism g, k € Z.

As g — 1, all these objects become classical.

Let f,(x) be is a monic polynomial of degree n with complex coefficients defined by f, () def
2" +a12" ' +asx™ 2+ - 4a,. Let P be the space of polynomials over R andlet g : R — R : 2 — gz 4w,
¢, w € R, ¢ # {—1,0}, be a linear diffeomorphism on R that induces a linear Hahn operator A, on P,
satisfying the following two conditions: (1) the degree reduction: deg(.Agf,)(z) = n —1; in particular,
Agz = 1; (2) Leibnitz rule analogue: (Agzfy)(z) = fu(x) + g(x)(Agfn) ().

The Hahn operator A, called below g-derivative has the form

(flaa+) — f(@)

(Agf)(z) = (¢—Dr+tw ~
[ (wo) T = wo,

T # wo,

o

where wy = w/(1 — q) is the fixed point of g. Parameters ¢ and w are satisfied the following conditions
¢weR, ¢g#{-1,0} and (¢,w) # (1,0). The g-derivative A, can be considered as a generalization of
the g-differential Jackson operator A, at w =0, ¢ # 1, as the difference operator A, at ¢ =1 and as
the classical derivative d/dz in the limit ¢ — 1 and w = 0.

The g-calculus has became a part of the more general construct called quantum calculus [1, 2]. Tt
has numerous applications in various fields of modern mathematics and theoretical physics. The pair
of roots t;, t;, i,j = 1,...,n, i # j of the polynomial f,(x) is called g-coupled if g(t;) = t;.
Problem 1. In the coefficient space IT = C" of the polynomial f,,(x), investigate the g-discriminant

set denoted Dy( f,) on which this polynomial has at least one pair of g-coupled roots.

The sequence Squk)(tl) of g-coupled roots of length k is defined as the finite sequence {t;}, i =
1,...,k in which each term, beginning with the second one, is a g-coupled root of the preceding term:
g(t;) = tit1. The initial root ¢; is called the generating root of the sequence Squk) (t1) .
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For each fixed set of parameters ¢, w, the g-discriminant set Dy( f,,) consists of a finite set of varieties
Vi on each of which f,(x) has k sequences Squi)(ti) of g-coupled roots of length ; with different
generating roots t;, ¢ = 1,...,k. To obtain an expression for the generalized (sub)discriminant of
the polynomial f,(z) in terms of its coefficients, any method available in the classical elimination
theory can be used. If we replace the derivative f, (x) by the polynomial A, fy,(x), then any matrix
method for calculating the resultant of a pair of polynomials gives an expression of the generalized
k-th subdiscriminant D!(,k)( fn) [3)-

Theorem 2. The polynomial f,,(x) has exactly n—d different sequences of g-coupled roots, iff the first
nonzero element in the sequence of i-th generalized subdiscriminants Dgl)( fn) is the subdiscriminat

Déd)(fn) with the index d.

Consider the partition A = [1™12"23™ ... ] of a natural number n. Every partition A of n deter-
mines the structure of the g-coupled roots of the polynomial f,(x), and this structure is associated
with the algebraic variety Vli, i =1,...,p(n) of dimension [ corresponding to the number of dif-
ferent generating roots t; in the coefficient space II. The partition [nl] corresponding to the case
when there is a unique sequence of roots of length n specified by the generating root t;. Then, the
polynomial f,(z) is a g-binomial {x;%;},., and its coefficients a; can be represented in terms of the
elementary symmetric polynomials o;(z1, 22, ..., 7,) calculated on the roots ¢/ (t1), j = 0,...,n — 1,
a; = (—1)i0'i (tl,g(tl), C.. ,gn_l(t1>), i=1,...,n

Theorem 3 ([4]). Let there be a variety V;, dimV;, = | on which the polynomial f,(x) has different
sequences of g-coupled roots and the sequence of roots ch_gm(tl) has length m > 1. The roots of

the other sequences are not g-coupled with all roots of the sequence Seqém) (t1). Let ri(t1,...,t;) be a
parameterization of the variety V;. Then for 0 < k < n, the formula

I‘l(tl, .. tlytl—i-l) =1y tl, $ . + Z [ ] m ']q (.A I‘l) (tl){tl+1§t1}i;g (1)

specifies a polynomial parameterization of the part of Vix1 on which there are two sequences of roots

Seq(m B (g*(t1)) and Seq(k) (9(tiy1)). and the other sequences of roots are the same as on the original
vamet'y V.

The structure of singular points of each variety V41 can be described in terms of varieties Vj,
connected with it by (1).

The same results on the structure and parametrization of the g-discriminant set Dy(f,) can be
obtained for other variants of g-derivative, e.g. for the case of Hahn symmetric derivative [2]

Lo 2 Hat ) = fla7H (- w))
Aguf(t) = (q—q Ot+ 1+ ¢ Hw

as well.
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Derivative Thomae formula for singular half-periods

Julia Bernatska
(National University Kyiv Mohyla Academy, 2, Skovorody vul., Kyiv, 04070, Ukraine)
E-mail: jbernatska@gmail.com, bernatska.julia@ukma.edu.ua

A complete generalization of Thomae theorems [1] in hyperelliptic case is obtained, that is values at

zero of the lowest non-vanishing derivatives of theta functions with singular characteristics of arbitrary
multiplicity are expressed in terms of branch points {ei}?ﬂ_Z and period matrix w.
Theorem 1. Let T, U Jn with Iy = {i1, ..., igr1—2m} and Ji = {j1, ..., Jg+142m} be a partition
of the set of indices of all 29 + 2 branch points of hyperelliptic curve, and [Ly] denotes a singular
characteristic of multiplicity m corresponding to A(Zy) — K. Let A(Zy) and A(Jm) be Vandermonde
determinants built from {e; | i € I} and {ej | j € Tu}. Then with a set K C Ju of cardinality
t =2m — 1 or 2m the following relation holds

0 0

Ovn, Ovn,,

det w
w9

1/2
0[Zn] (v)],_, = e( ) AZn) YA (T) A
o (1) sy 1 (T UK®D gy,
X Z H =t iy
D1, Pm €L i=1
all different

(1)

erlC\{p1,...,pm} (ep; — ek)

where sj(Z) denotes an elementary symmetric polynomial of degree j in branch points with indices
from T, and K®) = K\{p;}, and € satisfies €8 = 1.

Theta function with characteristic [¢] is defined by the formula
0e](v; 7) = exp (in(e"/2)7(/2) + 2im(v + £/2)' /2)0(v + /2 + 7€' /2; 7). (2)

All half-integer characteristics are represented by partitions of 2g + 2 indices of the form Z,, U 7, with
T = {i1, ..., ig+1—2m} and Jp = {Jj1. ..., Jg+1+2m}, where m runs from 0 to [(g + 1)/2], and [/]
means the integer part. Number m is called multiplicity. Infinity with index 2g 4 2 is usually omitted
in the sets. The characteristic [Z,,] corresponds to partition Z,,, U 7, in the following way

D Ale) — K = e(Zm)/2+ 7€' (Tn) /2,
1€ELm
where K denotes the vector of Riemann constants. According to Riemann theorem 0(v + A(Z,,) — K)

vanishes to order m at v = 0, Characteristics of multiplicity 0 and 1 are called non-singular even and
odd, respectively. All other characteristics are called singular.

Some further results are derived from Theorem 1.

Corollary 2. Let Io U Jo with Iy = {i1, ..., ig—¢} and Jo = {j1, ..., jg+14+¢}, where € =3 or 4, be
a partition of the set of 2g + 1 indices of finite branch points, such that singular characteristic [Zs],
corresponding to A(Zz) — K, has multiplicity 2. Let A(Zy) and A(J2) be Vandermonde determinants
built from {e; | i € Iy} and {e; | j € J2}. Then

g 0 det w
I =
OUn, avnze[ 2](U)|”=0 6( w9

1/2 g
) A@) AT S (SUD ) wimsing 3)

ij=1
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with g X g matrix

(S[Za])ij = (=1)" (28i—s+1(12)81—8+1(12) — si-t+2(Z2)sj—e(T2) — Si—é(I2)8j—E+2(I2)>a (4)
where € satisfies €& = 1, and elementary symmetric functions s;(Zz) are replaced by zero when | < 0.

Theorem 3. For hyperelliptic curves of genera g > 3, when characteristics of multiplicity 2 exist,
rank of every matrix of second derivative theta constants equals three, that is
rank(920(I,)) = 3.
Therefore, det (026[I5]) = 0 in genera g > 3.
Conjecture 4. With a characteristic Iy of multiplicity m corresponding to a partition Ly U Ty with

T = {i1, ooy ig—¢} and Tm = {j1, ., Jg+1+¢}, where € = 2m — 1 or 2m, of indices of 2g + 1 finite
branch points the following holds

_ detw /2 A
O[T (w ™ )|,y = e< g ) A (L) YAA(Fin) VA S [ Tn), (5)
where u are non-normalized variables, and order m tensor 5’[211] belongs to the m-th tensor power SSi |
of the vector space Som—1 spanned by 2m — 1 wvectors sg, S1, ..., Som—2 Such that sq = (sj_g+d(Im))?:1.

The basis spanning S(Iy) could be found from partitions of m(m—1) of length wm formed from numbers
{0,1,...,2m — 2}.

As a byproduct a generalization of Bolza formulas [2| are deduced.

Proposition 5. Let Ty, be a set of g—t indices, and m = [(¢+1)/2]. Elementary symmetric polynomials
in branch points {e; | i € In} of genus g hyperelliptic curve with period matriz w are defined by
-1
$j(Zm) = (—1) 8&;74“71)—1v~~-a“28—5vu2é+2y‘—1Q[I‘“] (W™ u)

8“2Q—4(m—1)—1:---7U2975,U2e719[zm] <w71u)

u:O.
In particular,
2 _
AR 13| )

O s sing gy OL{1}] (W 00)

Here uw = wv are non-normalized coordinates of Jacobian of the curve.

€, = —

u:O'
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13

Kuratowski limits of subsets of real line and their applications to
pretangent spaces

Viktoriia Bilet
(Institute of Applied Mathematics and Mechanics of the NAS of Ukraine, Sloviansk)
E-mail: viktoriiabilet@gmail.com

Oleksiy Dovgoshey
(Institute of Applied Mathematics and Mechanics of the NASU of Ukraine, Sloviansk)
E-mail: oleksiy.dovgoshey@gmail.con

Let (X,d) be an unbounded metric space and 7 = (r,,)nen be a scaling sequence of positive real
numbers tending to infinity. We define the pretangent and tangent spaces Qg(oi to (X, d) at infinity
as metric spaces whose points are equivalence classes of sequences (z,)neny C X which tend to infinity
with the speed of #. The detailed description of constructions of these spaces and their basic properties
see, e. g., in [2].

Let (Y,0) be a metric space. For any sequence (A, )nen of nonempty sets A, C Y, the Kuratowski
limit inferior of (Ap)nen is the subset Li A, of Y defined by the rule:

n—oo
(ye Li An) o (Ve >03ng € NVn>no: Bly,e) N An # 92),

where B(y,¢) is the open ball of radius € > 0 centered at the point y €Y,
B(y,e) ={z €Y : d(z,y) <e}.

Similarly, the Kuratowski limit superior of (A, )nen can be defined as the subset I;S A, of Y for
n oo
which

(ye gs An)¢>(V5>0Vn€NElnozn:B(y,E)ﬁAno#Q).

The Kuratowski limit inferior and limit superior are basic concepts of set-valued analysis in metric
spaces and have numerous applications (see, for example, [1]).

We denote tA := {tx : x € A} for any nonempty set A C R and t € R, and, vy := Xgof € Qg(on’ for
any pretangent space Qfo - of an unbounded metric space (X, d). Moreover, for every scaling sequence
7, we denote by &gg + the set of all pretangent at infinity spaces to (X, d) with respect to 7. Write

Sp (Qfoi) = {p(vy,v): v € Q‘;(Oi} and Sp(X) :={d(p,z): z € X}.

Proposition 1. Let (X, d) be an unbounded metric space, p € X, 7 = (rn)nen be a scaling sequence
and let R be the set of all infinite subsequences of 7. Then the equalities

U sp(eXs)= Li (:nSp(X)) ,

X X
Qoo,felzoo,i‘

U sede= s (sen)

- Tn
Qi %,eﬁii #+ T ER

hold.
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Corollary 2. Let (X,d) be an unbounded metric space, T be a scaling sequence and let ng(Of be
tangent and separable. Then we have

Li<1SMX0:3£§<;SMX0:;%CQQQ.

n—00 \ Tp,

Corollary 3. Let (X,d) be an unbounded metric space, 7 be a scaling sequence. Then the sets

U sp@X;) and U Sp(Q )

X X =~/ -
Q7 ~eXE - Qiij, e&i‘oyf,,r’eR
are closed subsets of [0, 00).

Recall that a metric space (Y,0) is said to be strongly rigid if for all z,y, z,w € Y the conditions
d(z,y) = d(w, z) and = # y imply that {z,y} = {z,w}. Let us consider a strongly rigid metric space
(Y, 6) such that:

(i1) d(x,y) < 2 for all points z, y € Y (i2) sup{d(z,y) 1 x,y € Y} = 2;

(i3) The cardinality of the open ball B(y*,r) = {y € Y : §(y,y*) < r} is finite for every r € (0,2)
and every y* € Y.

Corollary 4. Let (X,d) be an unbounded metric space, 7 be a scaling sequence, Qéi be tangent and
let (Y, 9) be a strongly rigid metric space satisfying conditions (i1)-(i3). If Y1 CY and f : Qii -V
is an isometry, then QX - is finite.

oo,

Example 5. Let (Y,0) be a metric space with Y = N and the metric ¢ defined such that:

1

1,2) =1+

6(1,2) = 1+ 5;

&L$=1+; Mgm:1+%
4
0(1,4) =1+¢, MZ®:1+% M&®:1+%

7 8 9 10
1 =14+ - 2 =14 = -1+ 2 4 — 14 .
6( 75) +87 6( 75) +9, (5(3,5) -+ 10’ 5( ’5) + T

Then (Y, 6) is a countable, complete and strongly rigid metric space satisfying conditions (i1)-(i3). By
Corollary 4 no tangent space Qé(of is isometric to (Y, 0).

Corollary 6. Let (X,d) be an unbounded metric space and let ¥ be a scaling sequence. Then the
following statements are equivalent:

X

(i) There is a single-point pretangent space QOO’F;

(ii) All Qc)fon: are single-point;

(iii) The equality

u(é%ug_m}

n—oo

holds.
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Algebraic and geometric questions about a FTL physics

Enzo Bonacci
(Liceo Scientifico Statale “G.B. Grassi”, Latina, Italy)
E-mail: enzo.bonacci@liceograssilatina.org

The recent proposal of a negative mass fluid to explain both the dark matter and energy [7] has
renovated the interest for cosmological solutions based upon non-ordinary masses. Challenging the
A-CDM paradigm, some fringe models are grounded on hypothetical interactions with antimatter [5]
whereas others suppose the influence of faster than light (FTL) imaginary mass ([4], [6], [8]). More
than a decade ago (|1, 2, 3]) we supplied an organic description of all the possible states (positive,
negative and imaginary mass) subsequent to modified Lorentz’s equations giving physical significance
to the energetic condition absE < moc?. Namely, we assumed that a fermion could pass from negative
energy (identified as antimatter) to positive levels (i.e., the ordinary matter) through the interval
between —mgc? and +moc? where it would behave like a luxon (v = ¢)or a tachyon (v > ¢) keeping its
half-integer spin. We wish to illustrate the algebraic and geometric questions behind a so formulated
FTL physics, included a falsification test currently being assembled at CERN’s Antiproton Decelerator.
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Algorithms for solving an algebraic equation

Alexander Bruno
(Keldysh Institute of Applied Mathematics of RAS (Moscow))
E-mail: abruno@keldysh.ru

For finding global approximate solutions to an algebraic equation in n unknowns, the Hadamard
open polygon for the case n = 1 and Hadamard polyhedron for the case n = 2 are used. The solutions
thus found are transformed to the coordinate space by a translation (for n = 1) and by a change of
coordinates that uses the curve uniformization (for n = 2). Next, algorithms for the local solution of
the algebraic equation in the vicinity of its singular (critical) point for obtaining asymptotic expansions
of one-dimensional and two-dimensional branches are presented for n = 2 and n = 3. Using the Newton
polygon (for n = 2), the Newton polyhedron (for n = 3), and power transformations, this problem
is reduced to situations similar to those occurring in the implicit function theorem. In particular,
the local analysis of solutions to the equation in three unknowns leads to the uniformization problem
of a plane curve and its transformation to the coordinate axis. Then, an asymptotic expansion of a
part of the surface under examination can be obtained in the vicinity of this axis. Examples of such
calculations are presented.

Jlia HAXOXKIeHUs TJI00aIbHBIX MPUOJINKEHHBIX PEIIeHUil aJIredpandecKoro ypaBHEHUs C 7 HEU3-
BECTHBIMU TIpu . = 1 mpemyraraercs JoManast Ajgamapa, a mpu 7 = 2 — MHOIOIDAHHUK A mamapa.
Haiinenubie perenns mepeBoasaTCsd B KOOPAUHATHOE TIOIIPOCTPAHCTBO: Jjid 1w = 1 — caBUTOM, a Jjid
n = 2 — 3aMeHON KOOpAWHAT, MCIOJB3YIOIeHl YHUDOPMU3AI0 KPUBOH. 3aTeM M3IaratloTCs airo-
PUTMBI JIOKAJILHOT'O PEIIeHUsI aarebpandeckoro ypaBHerHusi BOJIn3u 0coO0i (KPUTUIECKON) TOUKK JJist
n=2wumn =3 1Id NOJYyIeHUs ACUMITOTUIECKUX PA3JIOKEHUI OJHOMEPHBIX U JByMepHbIX BerBeit. C
HOMOIIBI0 MHOTOYTOIbHIKa HbloTona (npu 7 = 2), muororpannuka Heiotona (npu n = 3) u cremnen-
HBIX [IPe0bpPA30BaHUIl 3Ta 33/1a9a CBOJINTCS K CUTYAIUAsIM, AHAJJOTUIHBIM TeopeMe O HeSIBHON (DYHKIUH.
B wacTtHOCTH, TTPM JIOKAIBHOM aHAJN3E PEMIEHU OJIHOTO YPABHEHUS OT TPEX HEU3BECTHBIX ITPUXOINM K
3ajiate 00 yHIUMOPMU3AIUH IIJIOCKOH arebpanieckoil KpUBOi 1 peobpa30BaHnn €€ B KOODJIUHATHYIO
och. Ilocse aToro BO6IIM3M 9TON OCK MOXKHO MOy IUTh ACHMITOTHIECKOE PA3JIOKEHIE KYyCKa, U3y TaeMOii
moBepxHOCTH. [IpuBeIeHBI TPUMEPHI TAKUX BBIYACICHUN.
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Around the homologous sphere of Poincare and its applications

V.S.Dryuma
(IMI «Vladimir Andrunachievici», Moldova, Kishinev )
E-mail: valdryum@gmail.com

Topology of a 3-dim manifolds defined by the system of equations
|2 + |22 4 |z —1=0, 244200428 =0, (1)

where z, = x) + iy are the complex coordinates, depends from the values of the parameters [, m, n.
In the case [ =2, m =3, n =25 the manifold defined by the conditions (10) is a famous homologous
sphere of Poincare, which has a set of homologies same with standard 3D-sphere |z;|? + |22|? =

but differs from it by self fundamental group. It has an important applications in various branch of
modern algebraic topology (J.Milnor,1968).

In this report will be told how to represent the homologous sphere defined by intersection of the
fife-dimensional sphere with singular manifold (I =2, m =3, n=75)

2112 + [z + 28> =1, 2 +25+23 =0 (2)
in the form of an explicit expression for one function between of the four variables H(x,y,u,v) = 0.
Theorem 1. In the Fulerian coordinates

21 = cos (0) e /3139 4y — _gin (0) sin (1/2 B) e~ V/2i(0—0+4/330),

23 = sin () cos (1/2 B) e/ 2i(ati=4/3V36) 3)

the equation of the unit five-dimensional sphere is identically satisfied and the equation of the orbifold
22 + 23 + 25 = 0 takes the form

(cos(6))? e~ /3139 in(9) sin(1/2 B)e~1/2V3(Via—vBitae) |
+sin(6) sin(1/2 f)e /2 V3(V3a=VEII9) (cos(1/2 )2 +
+sin(0) sin(1/2 B)e1/21V3(V3a—VBi+46) (005(9))? —
—sin(6) sin(1/2 f)e /2 V3(V3a=VE19) (cos(9))? (cos(1/2 5))* +
+sin(0) (cos(1/2 B))® ?/01V3(V3atv3i—10)

—2 sin(0) (cos(1/2 B))? /6 1V3(VBatvBI—19) (co5(9))2 +

+sin(6) (cos(1/2 B))° 2/61V3(VBatvBI-16) (co5(9))* = 0. (4)

Using then the variable x, defined by the condition ¢5/21a+5/2i6-10/3iv/3¢ _ ¢5x — 0, we express the
variable ¢ as ¢ = —1/4i (ia +i6 — 2x) /3 and after separation of the real and imaginary parts of
complex equation ((4)), are obtained two equations into the five variables o, 0, x and 6, (3 .

As result of elimination of the variable x from both equations is derived equation of homologous
sphere of Poincare in the form of one function of the four variables. The equation is the summa of
the functions sin() and cos() with linear arguments. It contains more than 200 items.
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By analogy can be considered the case of tetrahedral space which corresponds to the intersection
of the fife-dimensional sphere with singular manifold (I =2, m =3, n=4)

|21 + |z + |2s* = 1, 2+ 25 + 23 = 0. (5)
and the octahedral space defined by the condition
|21)? + |22 + 23> = 1, 2] + 25 + 2023 = 0. (6)

Proposition 2. The relation between a four variables F(x,y,a,b) = 0 which defines some 3D-variety
can be considered as General Integral of the par of the second order ODE’s f(x,y,y',y") = 0 and
g(a,b,b;,b") = 0.

v F(x,y,a,b) =07

y'=flz,y,y) <= ' =h(a,b})
The Liouville-Tresse invariants of both equations with respect to non degenerate transformations
of the variables © = X (u,v),y = Y(u,v) or a = A(p,q),b = B(p,q) can be used for the studies of
topological properties of the manifold F(x,y,a,b) = 0.

Theorem 3. Spatial homogeneous the first order system of the equations

d
220 = 4ap2® + (dagy + (3ar — bo) x) 2 + dagy y*+

+ (3 aio — 2()22) Ty + (2 all — b12) .TZ,
d
—y(s) =4 bo2% + ((3by— ar)y +4b1x)z+ (2bay — a12) y>+

ds
+(—2a11 + 3b12) 2y + 4 b1y 2%,
d
£Z(S) = (—bg — a;) Z2 + ((—2 bgg N a12) Yy — b12 T — 2(111 x) z, (7)
is projective extension of planar polynomial differential systems
dx 5 d
=5 a0 + a1z + agy + anz? + arxy + azny’, di; = by + b1x + boy + bi1x? + bioxy + by (8)

with the parameters a;,a;; and b;, b;;.

After eliminating of the variables (y(x) or z(x) it is reduced to the second-order differential equations
F(z,y,y',y") = 0.

As a result of the exclusion of the function y” from the system

oF
F($, Y, y/v y”) = 07 w = 07
a first order differential equation is arised C(z,y,y’) = 0. Through each point M of integral curve
C = Q(z,y) passes the integral curve of the equation F(x,y,y',y’) = 0, for which the point M is the

return point of the second type and this allow to study the limit cycles of the system (6).
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On the generalization of the Darboux theorems

Kaveh Eftekharinasab
(Institute of mathematics of NAS of Ukraine)
E-mail: kaveh@imath.kiev.ua

We refer to [1] for the definitions concerning the category of M C*-Frechet manifolds.
We prove that vector fields have local flows.

Theorem 1. Let F be a Fréchet space, X an MC*-vector field on U C F, k > 1. There exists a real
number o > 0 such that for each x € U there exists a unique integral curve €;(t) satisfying €;(0) = x
forallt € I = (—a,a). Furthermore, the mapping F : I x U — F given by Fy(x) = F(t,x) = £,(t) is
of class MC*.

Therefore we are able to apply Moser’s approach, that is constructing an appropriate isotopoy
generated by a time dependent vector field that provides the chart transforming of symplectic forms
to constant ones to prove the Darboux theorem in the category of MC*-manifolds.

Definition 2. Let M be a bounded Fréchet manifold. We say that M is weakly symplectic if there
exists a closed smooth 2-form w such that it is weakly non-degenerate i.e. for all x € M and v, € T, M

Wz (Vg, wz) =0 (1)
for all w, € T, M implies v, = 0.
Let F} be the strong dual of F' and define the map wy  F F} by
(w,w? (v)) = we(w,v),

where (-, -) is a duality pairing. Condition 1 implies that w” is injective.
Let € U be fixed and define H, = {w,(y,.) | y € F'}, this is a subset of F} and its topology is
induced from it. We assume that all Fréchet spaces are reflexive.

Lemma 3. wj : F — H, is an isomorphiam.
Theorem 4. Let (M,w) be a weakly symplectic smooth bounded Fréchet manifold modeled on F. Let
wh = wo + t(w — wp) fort €[0,1]. Suppose that following hold
(1) There exits an open star-shaped neighborhood U of zero such that for all x € U the map
wiﬂ : F'— H, is isomorphism for each t,
(2) for x € U the map (w )~': Hy — E is smooth for each t.
Then there exists a coordinate chart (V,¢) around zero such that ¢*w = wy.
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Discrete sets, discrete measures, quasicrystals Fourier, pure
crystals

S. Favorov
(Karazin Kharkiv national university)
E-mail: sfavorov@gmail.com

Let 11 be a measure in R? which is a tempered distribution, let j be its Fourier transform, in a
general case it is a tempered distribution. If p and i are measures with closed discrete supports, then
p is called Fourier quasicrystal. For example let = > 74 6(x — n), where ¢ is Dirac’s measure. By
Poisson’s formula, we get i = p. If the support of i is a finite union of translates of a single full-rang
lattice, then p is called a pure crystal. If the support of u is a finite union of translates of several
full-rang lattices, then p is called a comb.

In our talk we show some well-known and new results when Fourier quasicrystal is a pure crystal
or a comb. Some of these results we expand to the class of tempered distributions.
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Algebraic-geometric aspects of function field analogues to abelian
varieties

Nikolaj Glazunov
(NAU, Kiev, Ukraine)
E-mail: glanm@yahoo.com

This communication is a continuation of [6, 7, 8, 9].

Let p be a prime number, ¢ = p", F, be the field with ¢ elements and characteristic p, F be a finite
field extension of a finite field F,.
We extend the case of algebraic number fields [6, 7| to the case of function fields in characteristic
p > 0 and construct function field analogues to abelian varieties of elliptic and hyperelliptic curves
appeared in [8, 9]. In the last case we investigate function field analogues to abelian varieties which are
Jacobian varieties of hyperelliptic curves in characteristic p > 0. Recall that for hyperelliptic curves
the function field analogues to abelian varieties are function field analogues to Jacobian varieties of
the curves. For Jacobians it is possible to define corresponding p—divisible groups. We plan to present
results on function field analogues to p-divisible groups of the Jacobian varieties.

Moduli and estimates for hyperelliptic curves of genus g > 2 over F), .

Let

C:y* = f(z)

be an algebraic curve and let Disk(C') be the discriminant of f(x). Consider hyperelliptic curve of

genus g > 2 over prime finite field F,,

Cy :° = (@), D(f) #0.

For projective closure of C, the quasiprojective variety

Sgp = {P¥7(Fy) \ (Disk(Cy) = 0)}

parametrizes all hyperelliptic curves of genus g over F,,. By well known Weil bound (affine case)

[#Cy(Fp) — pl < 2gy/p.
where #C' is the number of points on the curve C' over ground field. As we can see from Weil
(and some more strong) bounds, for p > 17 any hyperelliptic curve of genus g = 2 has points in
[, for these prime p. Also for g = 3 every hyperelliptic (h) curve of genus 3 has points in F, for
p > 37. For p = 2,3,5,7,11 there are examples of h-curves of genus 2 that have not points in IF,.
By author’s computations any h-curve of genus 2 over Fi3 has points in the field. Similarly, for
p=2,3,57,11,13,17 there are examples of h-curves of genus 3 that have not points in [,

Theorem 1. [8|. Let p =3 mod 4. Under p > 11 there is such a € IF,, that the equation
2 p—1
Yy - =x 2 +a
has no solutions in .
Global &-shtukas and local P-shtukas [1, 2, 3, 4].

Definition 2. (Hartl, Rad [1, 2]) Let C' be a smooth projective geometrically irreducible curve over
F,. A global &-shtuka G over an F,-scheme S is a tuple (G, s1,..., Sy, 7) consisting of a &-torsor
G over Cg := Cxp,S, an n-tuple of (characteristic) sections (s1,...,s,) € C™(S) and a Frobenius
connection 7 defined outside the graphs of the sections s;.
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For Jacobian varieties it is possible to define corresponding p-divisible groups and their function
field analogues.

Definition 3. (Hartl, Rad [1]) Let PP be a flat affine group scheme of finite type over Spec F|[z]] and
® is a flat affine group scheme of finite type over a smooth projective geometrically irreducible curve
over F,

Recall that local P-shtukas are the functional field analogs of p-divisible groups with additional
structure and moduli stacks of global &-shtukas are the functional field analogs for Shimura varieties.
In some cases P is a paraholic Bruhat-Tits group scheme by Pappas, Rapoport [5] and & is a
parahoric Bruhat-Tits group scheme over a smooth projective curve over finite field I, with g elements
of characteristic p. Investigations by U. Hartl [3|, by Hartl, Arasteh Rad [1, 2], by U. Hartl, E.
Viehmann [4] continue works of V. G. Drinfeld , L. Lafforgue, G. Faltings.

If will sufficient time we plan to give a short review of history of these research.
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Let EF ,F and G be vector lattices. We say that a linear operator T': E — F is a lattice homomor-
phism if T'(z Vy) = Tx V Ty for every z,y € E. A bilinear map ® : E' X F — G is said to be positive
if |®(x,y)| < ®(|z|,|y|) for all z € E and y € F. The bilinear map ® : £ x F — G is said to be
lattice bilinear map (or lattice bimorphism) whenever it is separately lattice homomorphisms for each
variable or equivalently, |®(x,y)| = ®(|z|, |y|) for all z € E and y € F. Let E and F be Archimedean
vector lattices. A bilinear map T : E x E — F is called an orthosymmetric if 2 A y = 0 implies
T(x,y) =0 for all x,y € E. A vector lattice E is called Dedekind complete if every non-empty subset
of E which is bounded from above has a supremum. A Dedekind complete vector lattice M is said to
be a Dedekind completion of the vector lattice £ whenever F is Riesz isomorphic to a majorizing order
dense Riesz subspace of M. Denote by E° the Dedekind completion of E. Every Archimedean vector
lattice has a unique Dedekind completion. A vector lattice F is said to be universally complete if £
is Dedekind complete and every pairwise disjoint positive vectors in £ has a supremum in E. Every
Archimedean vector lattice E has a universal completion E*. It means that there exists a unique (up
to a lattice isomorphism) universally complete vector lattice E* such that E is Riesz isomorphic to
an order dense Riesz subspace of E".

Definition 1. Let E and F’ be Archimedean vector lattices. A bilinear map T : F x E — F' is called
an almost orthosymmetric if z Ay = 0 implies T'(z,y) A T(y,z) = 0 for all z,y € E, [13].

Every orthosymmetric bilinear map is an almost orthosymmetric, but the converse is not always
true.

Let E be an Archimedean vector lattice and F' be a Dedekind complete vector lattice.

In this talk, we show that if T': F x £ — F' is an almost orthosymmetric lattice bimorphism, then
extension of T , T™ : E% x E% — F, is an almost orthosymmetric lattice bimorphism.

Theorem 2. Let E be an Archimedean vector lattice and let E° be its Dedekind completion and
let F' be a Dedekind complete vector lattice. If ® : E x E — F is an almost orthosymmetric lattice
bimorphism, then ® can be extended to an almost orthosymmetric lattice bimorphism U : ESxE% - F.
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The properties of the surface of the Euclidean space, which determine the values or boundaries of
the values of the curvature of the Grassmann manifolds along planes tangential to the Grassmann
image of the surface have been investigated [1], [2], [3]. The results of solving the similar problems
for the surfaces of the Minkowski space depend on the type of their Grassmann image. In this paper,
the properties of the surfaces of different types that determine the type of their Grassmann image are
investigated.

In Minkowski space 'Ry (with metric ds? = —da? + dz3 + dx3 + dz}), the submanifolds of the
space-like and the time-like planes of the Grassman manifold PG(2,4) are pseudo-Riemannian four-
dimensional manifolds of the pseudo-Euclidean space >Rg. The tangent space for each of these sub-
manifolds is the space with a signature metric (— — ++) [4].

The Grassmann image of the space-like (time-like) two-dimensional surface of the space 'Ry is a
two-dimensional submanifold of the manifold of time-like (space-like) planes [4]. The induced metric of
the Grassmann image may be sign-definite, sign-indefinite or degenerated, and, hence, the Grassmann
image can be a two-dimensional space-like, time-like or isotropic surface.

Proposition 1. If the time-like surface V2 C' Ry has a flat normal connection, then its Grassmann
image is a time-like surface.

Proposition 2. If the time-like (space-like) surface V? C' Ry is minimal (mazimum), then its
Grassmann image is a space-like surface.

Proposition 3. If the surface V2 ' Ry is a hypersurface of a some three-dimensional subspace, then
the type of its Grassmann image coincides with the type of the surface.
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We follow the terminology of [1, 2.

We shall introduce the notion of a star partial homeomorphism of a finite dimensional Euclidean
space R™. By Sto(R™) we denote the set of all stars at the origin 0 of R™.

We describe the structure of the semigroup PStHgn of star partial homeomorphisms of the space
R”.
Proposition 1. PStHg~ is an inverse submonoid of the symmetric inverse monoid .%.

Proposition 2. (1) An element o of PStHgn is an idempotent if and only if a: S — S is the
identity map for some star S € Sto(R™).
(13) The band E(PStHgn) is isomorphic to the semilattice (Sty(R™),N).
(t3i) € < ¢ in E(PStHgn) if and only if dome C dom ..
(iv) a < B in PStHgn if and only if Blaoma = «.

Proposition 3. Let be o, 5 € PStHgn. Then the following statements hold:
(1) aZB in PStHgn if and only if rana = ran 3;
(17) a.ZB in PStHgn if and only if dom o = dom 3;
(1i1) a B in PStHgn if and only if ran o = ran 8 and dom o = dom /3.

Proposition 4. PStHg~ is a bisimple inverse semigroup.

Corollary 5. Every two mazimal subgroup in PStHgr are isomorphic. Moreover every maximal
subgroup in PStHgr id isomorphic to the group of all star homeomorphisms of the unit ball By in R™.

Theorem 6. FEvery non-unit congruence on PStHgn is a group congruence.
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We study the semigroup extension .#*(S) of a semigroup S by symmetric inverse semigroups of a
bounded finite rank.

Definition 1. An subset D of a semigroup S is said to be w-unstable if D is infinite and aBUBa € D
for any a € D and any infinite subset B C D.

Definition 2. An subset D of a semigroup S is said to be strongly w-unstable if D is infinite and
aBUBb ¢ D for any a,b € D and any infinite subset B C D.

It is obvious that a subset D of a semigroup S is strongly w-unstable then D is w-unstable.
Definition 3. An ideal series (see, for example, [1]) for a semigroup S is a chain of ideals
hchchc---Cl,=85.

We call the ideal series (strongly) tight if Iy is a finite set and Dy, = Iy, \ I is an (strongly) w-unstable
subset for each k=1,...,n.

A finite direct product of semigroups with tight ideal series is a semigroup with a tight ideal series
and a homomorphic image a semigroup with a tight ideal series with finite preimages is a semigroup
with a tight ideal series too [2].

Proposition 4. Let S be a semigroup which admits a strongly tight ideal series. Then the direct
power (S)™ admits a strongly tight ideal series too.

Theorem 5. Let \ be an infinite cardinal and n be a positive integer. If S is a finite semigroup then
Iy ={0} C Iy = F{(S) C o = FZ(S) C --- C I, = I{(5)
is the strongly tight ideal series for the semigroup #\'(S).

Theorem 6. Let S be a semigroup which admits a strongly tight ideal series. Then for every non-zero
cardinal A and any positive integer n < X the semigroup J\'(S) admits a strongly tight ideal series
too.

Definition 7 (|2]). An algebraic semigroup S is called algebraically complete in the class of semitopo-
logical semigroups &, if S with any Hausdorff topology 7 such that (S, 7)eS is H-closed in &.

Theorem 8. Let S be an inverse semigroup which admits a strongly tight ideal series. Then for every
non-zero cardinal X and any positive integer n < X the semigroup #3'(S) is algebraically complete in
the class of Hausdorff semitopological inverse semigroups with continuous inversion.
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Let (F;u1,ug;v1,v2) be a genus 2 Heegaard diagram of a closed 3-manifold M. Here F is a closed
surface which decomposes M into two handlebodies Hy, Ho of genus 2, uj, uy are meridians of Hy,
and v, v9 are meridians of Hs.

Assume that all crossing points of the meridians are transversal and that the diagram is normalized
(the latter means that among the regions into which the meridians split F' here are no biangles).
The total number of those crossing points is called the Heegaard complezity of the diagram.

Let us cut F along uj, ug. We obtain a sphere with four holes D", DF which are conveniently
interpreted as distinguished disks on the sphere. The meridians vy, vo will then be cut into arcs which
join the holes. We agree to depict k parallel arcs as one arc marked by the number k£ > 0. We also take
into account the orientations of the glued boundaries 8DZTJE by assigning (+1) for orientable gluing and
(—1) for non-orientable one. Therefore we get (+1,+1), (+1,—1), (=1,+1) and (—1,—1) for pairs of
holes.

It is well known that the set of all genus 2 Heegaard diagrams can be decomposed into three types.
Each such diagram can be determined by a 7-tuple (a,b,c,d, e, f,g), where a, b, ¢, d are the arcs
joining the holes, e, f determine the gluing maps ¢;: 0D, — 8Di+, i =1,2, and g is defined to be 0,
1, 2 and 3 for (+1,+1), (+1,-1), (=1,+1) and (—1, —1) respectively.

In order to give exact descriptions of ¢1, we introduce topological symmetries s;: 0D, — 8DZT" and
topological rotations r;: 9D; — dD; by the following results:

(1) si: OD; N (v1Uve) — OD; N (v1 Uve) such that the endpoint of each b-arc (respectively, c-arc)
is taken to the other endpoint of the same arc.
(2) r; shifts each point of DI N (v; Uwvs) to the next point of D N (v1 Uwvg).

Now we define 1, @9 as follows: ¢1 = r{s;, and 9 = 7{32.
A Heegaard diagram (F';ui, ug; v, v2) of genus 2 has type I, IT or IIT if it can be described as follows:
Type 1
e Each a-arc joins D and Dy as well as D] and Dj .
e Each b-arc joins Df and Dy .
e Fach c-arc joins D;r and D, .
e Each d-arc joins Df and Dy as well as D; and D; .
Type 11
e Each a-arc, b-arc and d-arc can be described in the same way as type I while each c-arc joins
Df and Dy.
Type IIT

e Each a-arc, b-arc and c-arc can be described in the same way as type II while each d-arc is a
loop with ends at D" and D] embracing Dy and D, respectively.

Theorem 1. If the Heegaard complexity of a non-orientable 3-manifold M is no more than 5, then
M is homeomorphic to Lpﬂ#Slez.
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There exists a manifold of complexity 6 that is not homeomorphic to prq#SlgSQ. Its diagram can
be represented by the 7-tuple (1,1,1,1,0,0,3).
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The talk deals with many-dimensional analogs of some classical two-dimensional and three-dimensional
geometric problems on an extremum. The asymptotic behavior of parameters of extremal geometric
objects with increasing dimension of the space is studied.

It is shown that in some extremal problems (such as in the problem of a cylinder of fixed volume with
a minimum total surface area and the problem of the shape of a right circular cone with a maximum
volume of an inscribed ball in it) these parameters do not depend on the dimension of the space.

REFERENCES

[1] V. Alekseev, E. Galeev, V. Tikhomirov. Collection of optimization problems. Theory. Examples. Tasks. (in Russian)
Moscow, Physics and mathematics literature, 2011.
[2] F. Vasiliev. Lectures on methods for solving extremal problems (in Russian). Moscow, MSU, 1974.



31

On a regularized solution of the Cauchy problem for matrix
factorizations of the Helmholtz equation in m—dimensional
bounded domain

Juraev D.A.
(Karshi State University, Karshi city, Uzbekistan)
E-mail: juraev_davron@list.ru

In the paper it is considered the problem of regularization of the Cauchy problem for matrix fac-
torisations of the Helmholtz equation in m—dimensional bounded domain of the type of a curvilinear
triangle. Using the results of works [1]-[2], is constructed explicitly Carleman matrix and, based on
the regularized solution of the Cauchy problem.

Let R™ be a m—dimensional real Euclidean space,

x=(x1, .., Tm)ER™, y = (y1, ..., Ym)E R™.

Let G, C R™ be a bounded simply connected domain whose boundary consists of the surface of a
cone
s
2p
and a smooth piece of the surface S lying inside the cone, i.e. 0G, = SUT, T = 0G,\S.
We consider in the domain G, a system of differential equations

Y| = Tym: T=tg95=, ym >0, p> 1,

D (;) U(z) =0, (1)

0
where D (8) is the matrix of differential operators is of the first order.
x

We denote by A(G),) the class of vector functions in the domain G, of continuous on G, = G, |J G,
and satisfying system (1).

Problem 1. Let U(y) € A(G,) and
U)ls =fy), yeS. (2)

Here, f(y) is a given continuous vector function on S.
It is required to restore the vector function U(y) in the domain G, based on its values f(y) on S.

Theorem 2. Let U(y) € A(G,) on the entire boundary of 0G, satisfy the boundary condition
U(y)| <1, yeT.
Then we have the estimate
U (z) = Uys) (@) < Cp(A, 2)06(2)", 6 > 1, 2 € G,
Corollary 3. The limiting equality
lim Uy 5) () = U(2),
holds uniformly on each compact set in the domain G ,.

Thus, the functional U, s)(z) determines the regularization of the solution of problem (1)-(2).
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A combinatorial tree is a finite connected acyclic undirected graph. For a self-map o : V(X) — V(X)
on the vertex set V' (X) of a combinatorial tree X, its Markov graph I' = I'( X, 0) is defined as a directed
graph with the vertex set V(I') = E(X) and the arc set A(T") = {(uqv1, ugv2) : ug,v2 € [o(u1),0(v1)]x}
(here [a,b]x denotes the metric interval between a,b in X).

A map o : V(X) — V(X) on a tree X is a neighborhood map provided o(u) € N¢[u] for all vertices
ue V(X) (ie. if o(u) = u or uo(u) € E(X) for all u € V(X)).

Denote by dg(u) the vertex degree of u in a graph G and by L(G) the set of all leaf vertices (i.e.
vertices u with dg(u) = 1) in G. Also, let fixo denotes the set of o-fixed points.

Theorem 1. For any neighborhood map o on a tree X with |V (X)| > 2 the number of weak components
in the corresponding Markov graph T'(X, o) equals ) dx(u) — |fixe| + 1.

uefixo

Corollary 2. A neighborhood map o on a tree X with |V (X)| > 2 has a weakly connected Markov
graph if and only if fixc C L(X).

For a map o on a tree X an edge uv € F(X) is called o-positive (o-negative) provided dx (o (u),u) <
dx(o(u),v) and dx(o(v),v) < dx(o(v),u) (dx(o(u),v) < dx(o(u),u) and dx(c(v),u) < dx(c(v),v)).

Let p(X, o) and n(X, o) denote the number of o-positive and o-negative edges in X, respectively.

Theorem 3. For any neighborhood map o on a tree X the number of arcs in the corresponding Markov
graph T(X, o) equals |E(X)] + 2p(X, 0) — 3y dx (1).

For a number a € R — {0, 1} the first general Zagreb index [4] of G is defined as the sum Z{(G) =
>_uev(c) d¢:(w). Similarly, for every number a € R — {0} the general Randic index [1] of a graph G is

the sum R*(G) = X, e p(q) (da(uw)da(v))®.

Theorem 4. For every n-vertex tree X the average number of arcs in Markov graphs for neighborhood

maps on X equals
2 2 3
3 2)-Z7H K+ X) 2RV (K + X))+ = - = 3.
B=2) Zy (K +X)+ (K1 +X)+ 5 -
Given a graph G, its Narumi-Katayama index [5] is the product NK(G) = [[,ev(q) dc(u) of degrees

over all vertices in G.

Proposition 5. For every n-vertex tree X the number of its neighborhood maps equals %-NK(Kl +X).
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Let G be a minimal class of groups satisfying the following conditions: 1) 1 € G; 2) if A,B € G,
then A x B € G; 3) if A€ G and n > 1, then the wreath product A, Z € G.

In other words a group G belongs to the class G iff G is obtained from trivial group by a finite
number of operations x, !,Z. It is easy to see that every group G € G can be written as a word in the
alphabet A = {1,Z,(,), X,,, U, ... +. We will call such word a presentation of the group G in the
alphabet A. Evidently, the presentation of a group is not uniquely determined.

Denote by Z(G) and [G, G| the center and the commutator subgroup of G respectively.

Theorem 1. Let G € G, w be an arbitrary presentation of G in the alphabet A, and (1(w) be the
number of symbols Z in the presentation w. Then there are the following isomorphisms:

Z(G) = G/[G,G] = 7w,
In particular, the number B1(w) depends only on the group G'.

The groups from the class G appear as fundamental groups of orbits of Morse functions on surfaces.
Let M be a compact surface and D be the group of C"°°-diffeomorphisms of M. There is a natural right
action of the group D on the space of smooth functions C*° (M, R) defined by the rule: (f,h) — foh,
where h € D, f € C®(M,R). Let O(f) = {f oh | h € D} be the orbit of f under the above action.
Endow the spaces D, C*°(M,R) with Whitney C>°-topologies. Let O (f) denote the path component
of fin O(f).

A map f € C°(M,R) will be called Morse if all its critical points are non-degenerate. Homotopy
types of stabilizers and orbits of Morse functions were calculated in a series of papers by Sergiy
Maksymenko (3], [2], Bohdan Feshchenko [4], and Elena Kudryavtseva [1]. As a consequence of
Theorem 1 we get the following.

Corollary 2. Let M be a connected compact oriented surface distinct from S% and T?, f be a Morse
function on M, G = mO(f) € G, w be an arbitrary presentation of G in the alphabet A, and [ (w)
be the number of symbols Z in the presentation w. Then the first integral homology group Hi(O(f),Z)
of O(f) is a free abelian group of rank (1(w):

Hi(O(f),Z) ~ 7P,
In particular, 51(w) is the first Betti number of O(f).
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Let M be a smooth compact manifold and F be a codimension one foliation on M having singular
leaves of Morse-Bott type. This means that there the set X of singular leaves of F is a disjoint union of
compact submanifolds Let also D(F) be the group of diffeomorphisms of M leaving each leaf invariant,
and D(F,X) be the subgroup of D(F) consisting of diffecomorphisms fixed on 3.

Theorem 1. [1| The “restriction to ¥ map”
p: D(F) = D),  p(h) = hls,,
is a locally trivial fibration with fibre D(F,X).

This result can be regarded as a “foliated” variant of the well know results by Cerf and Palais on
local triviality of restrictions. In particular, the map p has a path-lifting property, and so it contains
a “foliated” variant of isotopy extension theorem:

Corollary 2. [1] Let H : ¥ x [0,1] — X be a C* isotopy with Hy = ids. Then it extends to an
isotopy H : Mx — M such that H; € D(F,X) for all t € [0, 1].
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Singular monotonic functions defined by a convergent positive
series and a double stochastic matrix
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Let
2

o0
H1=2+ 21 ﬁ =2-14 2% - 2% + ... be normalized alternating binary series that defines a
n—=

binary negapositional image of the number of the segment [0;1]:

2 ai(x)  ag(z)  az(x) -2
r=_+ + + .+ = AL @)as(@)an (@)

3 (=29 (=22 (=2

2) |lpixll = (ggg gi) be a positive double stochastic matrix i.e. p;; > 0, pio+pi1 = 1, poj +p1j =

1,i=0,1, j=0,1;
_ 1 1
3) p= (po;pl) be a vector po = Poﬂ-(;i?lo —2 and py = Pof—?—lpw ek
It is known that a binary negapositional number representation is a recoding of a classical binary
representation:

AL, s =A

2 22 on a1 (z)az(x)...an(x)...7 anE{O,l}

Considered in the talk is function F', defined by equality

¢ ANTR 5
(x) ( al(x)az(m) .an(z).. ) : edoq(m) -+ 5 Z (‘Bak(iv)ak+1(:v) Hpai(x)ai+1(x))7 where (1)
=1

k=1
3 0, if a(z)=1,
ai(z) — %’ if Oél(f) =0,
0, if agn(z)=0,
2n—1 1 .
’3(22:7121)042"(1') =~ Bi;nil(z)a2n(x) = poo, if aop— 1(%) 7é a?n(x) =1,
pro, if aop_1(z) = aop(x) =1,
@n) 0, if 2n41 (I’) = 1,
B =Y por, if g (z) = agnir(z) =0,
oo (z)azn41 (T aon(@)azni1(z) L " "
" poo, if aza(x) # azep(z) =0,

and oy (x) is k negapositional digit of representation of the number x.

Definition 1. Let (c1,co,. . cm) be a orderly set of positive integers. The Cylinder of m rank with
basis c1¢y . .. ¢y, is called a set ACICQ «,, of numbers of z € (0;1] that is first m negapositional digits
of which are ¢y, co, ..., ¢y, respectively, i.e.

Zz :{.Tf.’L’:ZZ am+i€N7i:172737"'}'

C1C2...Cmy.-- C1C2...CmaAm+4+1am+2...7
Lemma 2. For a function F defined by the equality (1) the mapping of the cylinder ACICQ o, 18 a
segment [a; b], where

m—1 m—1

1 k
@ = fe, + 9 Z gkf)fk+l H Qejejr | » b=a+; H Qejejvns

k=1 J=1
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Theorem 3. Images of different cylinders of the same rank with the mapping F do not overlap and
in the union give the whole segment [0, 1].

Theorem 4. The function F(x) denoted by the equality (1) is:

1) correctly identified,

2) continuous,

3) strictly increasing,

4) linear for poo = 0.5 and singular for poo # 0.5 (has a derivative equal to zero almost everywhere
in the sense of the Lebesgue measure).

The report proposes the results of studies of the above-mentioned functions.
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A Flat (CHR)s-curvature tensor in a Trans-Sasakian Manifold

Koji Matsumoto
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E-mail: tokiko_matsumoto@yahoo.com

Recently, we defined a (C'H R)s-curvature tensor in almost contact Riemannian manifolds([3]) using
M. Prvanovic’s paper ([4]).

On, 2009, A. A. Shaikh and Y. Matsuyama considered a trans-Sasakian manifold which is a gener-
alization of a Kenmotsu and Sasakian manifold and got some interesting results(|[5]).

In this paper, we consider this tensor field in a trans-Sasakian manifold. Moreover, we define the
notion of the (CHR)s-flatness in an almost contact Riemannian manifold. Then, we consider this
notion in a trans-Sasakian manifold and determine the curvature tensor, the Ricci tensor and the
scaler curvature. Finally, we get a condition which the Ricci tensor becomes a generalized quasi- or
quasi-Einstein ([1], [2]).
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On some fractal-based estimations of subsidence volume for
various types of soils

Tatyana P. Mokritskaya
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Anatolii V. Tushev
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In [1, 2], the particle size distribution Ns(L > ds) was defined as the number of particles being of
any size L larger than ds, where dg runs over the real numbers. In the same way we can introduce the
particle size distribution by volume Vi(L > ds) (and by mass My (L > d;)) as the volume (mass) of
particles being of any size L larger than ds, where dg runs over the real numbers. Certainly, Ns(L > ds),
Vs(L > dg) and M(L > d,) are real functions.

The fractal dimension DV of the particle size distribution by volume is defined then as the following:

DV, = lim ~ In(Vi(L > dy))
ds—0 In(ds)

It implies that —DV; In(d,) ~ In(Vi(L > d)) hence In(ds ") ~ In(Vs(L > ds)) and finally
‘/;(L > ds) ~ "’dsiD‘”:S,

where v is a constant coefficient and the sign ~ means “approximately”.

On the basis of the fractal characteristics of the pore and particle structure, there were obtained
theoretical models describing diffusion, deformation of the compaction and the shift of the medium
[3], [4]. Under some additional conditions of fractal nature of the loess soil and developing methods
introduced in [5, 6] we obtained certain predictive estimations of the coefficient of porosity after the
disintegration of micro-aggregates. In this note we obtain some estimations of soil subsidence volume,
based on the introduced above fractal dimension.

The particles forming the ground may have only a finite set of sizes. We denote these sizes
di,ds, ...,dp—1,d, ranging in decreasing order from the largest. We assume that a = «o; = d;/d;j_1,
where 2 < 7 < n, does not depend on j. This assumption corresponds to the idea of the self-similarity
of fractal structures. In addition, all known mathematical fractals are constructed on this principle.
As the structures formed by particles of a fixed size are self-similar, we also assume that all these
structures have the same coefficient of porosity k, as well as the same porosity K, = kp/(1 + kp). We
discovered that under such conditions two different situations may occurred. Let &’ be the coefficient
of porosity and K’ be the porosity of the soil after after the disintegration of micro-aggregates.

Theorem 1. In the above denotations we have :
1 if Kp > PV then k' = Ukl =D g gy gt =1 (@

DV&:)n,l

@DV )@l )
. k —_a—DVs k _~—DVg
2. if Kp < aPVs then b = BU=0r) (5.48) and K' = i r—dpvyr

Since we estimate volumetric characteristics of soils subsidence, the introduced above fractal dimen-
sion of the particle size distribution by volume is more convenient and allows us essentially clarify and
simplify our calculations.

The results of our experiments and calculations show that on the basis of a new theoretical models
and the "Microstructure” technique, having the values of the fractal dimension of the particle size
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distribution by volume, it is possible to forecast the volume deformations after the disintegration of
the micro-aggregates. Depending on the type of soils and the specific experimental conditions, this
may be the amount of subsidence deformation, swelling or suffusion. The details of our experiments
and techniques are described in [6].
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The Shanin number and the predshanin number of N?-kernel of a
topological spaces

F. G. Mukhamadiev
(National University of Uzbekistan, Uzbekistan)
E-mail: farhod8717@mail.ru

A cardinal 7 > Ry is said to be a caliber of the space X if for any family p = {U, : o € A} of
nonempty open in X sets such that |A| = 7, there exists B C A, for which |B| =7, and ([{Uy : a €
B} # 0. Set k(X) = {7 : 7 is a caliber of the space X}.

The cardinal number min{7 : 71 is caliber of X} is called the Shanin number of X and denoted by
sh(X), where 7T is the least cardinal number from all cardinals strictly greater that 7.

A cardinal 7 > Ry is said to be a precaliber of the space X if for any family u = {U, : « € A} of
nonempty open in X sets such that |A| = 7, there exists B C A, for which |B| =7, and {U, : « € B}
is centered. Set pk(X) = {7 : 7 is a precaliber of the space X }.

The cardinal number min{7 : 77 is precaliber of X} is called the predshanin number of X and
denoted by psh(X), where 77 is the least cardinal number from all cardinals strictly greater that 7.

A system £ = {F, : a € A} of closed subsets of a space X is called linked if any two elements from
¢ intersect [1].

A.V. Ivanov defined the space NX of complete linked systems (CLS) of a space X in a following
way:

Definition 1. A linked system M of closed subsets of a compact X is called a complete linked system
(a CLS) if for any closed set of X, the condition
“Any neighborhood OF of the set F' consists of a set & € M”
implies F' € M|2].

A set NX of all complete linked systems of a compact X is called the space NX of CLS of X. This
space is equipped with the topology, the open basis of which is formed by sets in the form of

E = O(Uy,Us,...,Up)(V1,Va,...,Vi)={M € NX : for any i = 1,2,...,n there exists F; € M
such that F; C Uj, and for any j = 1,2,...,s, FNV; # @ for any F € M}, where Uy,Us,...,Up,
Vi, Va, ..., Vs are nonempty open in X sets [2].

Definition 2. Let X be a compact space, ¢ be a cardinal function and 7 be an arbitrary cardinal
number. We call an Ny - kernel of a topological space X the space

N X ={M e NX:3F € M : o(F) <7}.
Theorem 3. Let X be an infinity compact space and ¢ = d, 7 = Ry. Then:
1) sh(NFX) < sh(X);
2) psh(N¥ X) < psh(X).
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The effectiveness of the use of computer programs in the teaching
of mathematics in academic lyceums

J. Sh. Najmiddinov
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The article substantiates the role of mathematics in the general education system and reveals the
expediency and possibility of using a computer program in mathematics lessons in academic lyceums.

The use of computer in the learning process, in essence, is a formative experiment aimed at study-
ing and developing new personality traits. Important for the modern period of computerization of
education is the realization of the fact that the use of computer technology will make the learning
process more effective if they are used as a tool of knowledge, and not the transfer of knowledge.
The computer is able to realize the many benefits of technical training. Modern computer programs
allow you to create texts, various types of graphics, animation with sound, video. With their help,
you can simulate the objects under study and conduct experiments to study their properties, simulate
processes and phenomena, etc.

Interconnected training in computer science, mathematics and physics provides an opportunity to
acquaint students with the use of applied mathematical packages as a tool in solving typical problems.
Modeling is one of the difficult sections in the math course. The content-structural component of the
model and mathematical modeling is an important component of the discipline, which is constantly
being improved, as a result of which the study of the methodology for its study has not yet been
completed. At the moment there is a large number of methodical training in computer modeling,
which are actively used in the lessons of mathematics.

A model is a simplified resemblance of a real object or process. A key concept in modeling is
considered a goal. The purpose of the simulation is the purpose of the future model. The target
determines the properties of the original object to be reproduced in the model. You can model both
material objects and processes. An information model is a description of a simulation object. On the
basis of the presentation of the model are divided into tabular, graphical, object-informational and
mathematical.

One of the available modeling tools is the Microsoft Excel office application, since almost all com-
puter labs have MS Office. Microsoft Excel is a spreadsheet program that allows you to analyze
large amounts of data. This program uses more than 600 mathematical, financial, statistical and
other specialized functions, with which you can link various tables to each other, select arbitrary data
presentation formats, create hierarchical structures. Mathcad is an application for engineering and
mathematical computing, an industry standard for performing, distributing and storing calculations.
Mathcad is a universal system, i.e. can be used in any field of science and technology - wherever math-
ematical methods are used. Blender is a free program for 3D modeling. The trick in this program is
that during the creation of a 3-dimensional scene, the utility window can be divided into parts, each of
which will be an independent window with a certain type of 3D scene, a timeline ruler, object settings.

Thus, the construction of simple graphical models, such as solving simple mathematical problems,
is appropriate in the basic course of computer science. Independent development of graphical models
requires programming knowledge, and this applies to material of increased difficulty, which is studied
in a specialized computer science course or as part of an elective course [1].

REFERENCES
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Gromov-Witten invariants and identification of the energy levels
of solitonic states

Tetiana V. Obikhod
(Institute for Nuclear Research NAS of Ukraine, 03028 Kiev, Ukraine)
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Calabi-Yau manifold can be represented in terms of toric data [1]. Such presentation allows us to go
to the dual polyhedron, through which are defined the gauge groups. As an example, we can consider
Calabi-Yau manifold Xo4(1,1,2,8, 12)31’421;3 determined by Gromov-Witten invariants [2]|, presented in
table 1. Calabi-Yau manifold is defined by n - Gromov-Witten invariants, the analogue of the principal

Table 1
Gromov-Witten invariants for X ,,(11,28]12 )342{;)3
ab,c n a, b, c n a, b, c n a,b,c n
0,01 1 (©0L1) 1 (012 2 (013 3
(0,1,4) -4 (0,1,5) -5 (0,2,3) -3 (0,2,4) -16
(1,000 240 (1,01) 240  (1,1,1) 240 (1,12 720
(1,1,3) 1200 (1,1,4) 1680  (1,2,3) 1200  (2,0,0) 240
(2,02) 240 (2,22) 240  (3,0,0) 240  (3,0,3) 240
(400) 240 (500) 240  (6,00) 240  (0,1,0) 0

quantum number in physics and by (a, b, ¢) - the internal quantum numbers.
An embedding of Gromov-Witten invariants is presented by the formula

Nab,c = Z Nab,c,d - (1)
d

Such an embedding suggests the possibility of a phase transition between different manifolds charac-
terized by different n. In [3], for the case of an elliptic fibration representing Calabi-Yau manifolds,
the matter content of the charged fields of the effective theory is associated with divisors of the base
of the fibration. The representations of groups of these fields is determined by the of intersection
number of these divisors, in other words, gauge groups are associated with curves of singularities of
the manifold and intersecting singularity curves define charged fields classified by gauge groups. Table
2 from [3| represents such a set of fields and the corresponding groups. From table 2 it can be seen
that matter content presented by gauge groups can be embeded according to formula (0.1) through
transitions between gauge groups

E; — Eg — SU(6) — SU(5) — SU(4) — SU(3) — SU(2) ,

characterized by different sets of the matter content of the charged fields.
The presence of Gromov-Witten invariants, n signals about the presence of a central charge, Z or
mass, M of a solitonic object, [4]



44

Table 2

Matter content of Calabi-Yau models, characterized by gauge groups (for n=2,4,6,8,10,12)

Group Matter content
SU(2) (6n+16)2
SU(3) (6n+18)3
SU®4) (n+2)6+(4n+16)4
SU(5) (3n+16)5+(2+n)10
SO(10) (n+4)16+(n+6)10

Es (n+6)27
E; |5+4] 56

Here the holomorphic 3-form 2 is defined on Calabi-Yau X, (D is a cycle in X). Gromov-Witten
invariants, n; are connected with the cohomology classes, ¢; of rational curves in X into central
charge, Z.

Solitonic objects of instanton type are characterized by the condition on the action, S

7T2
S > <892>1Q| =L

Q=1 / d*zTr[F Fu)

Pontryagin’s homotopy index, defined by the Yang-Mills field strength, F,,, [5]. Consequently, the
central charge has an interpretation of a multiple topological quantum number or the number of
the Bogomolny-Prasad-Sommerfeld, corresponding to the multiplicities of degeneration of different
configurations of solitonic type in Calabi-Yau space.

where
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We consider certain perturbation of family of pairwise orthogonal isometries. Namely, we study
properties and representation theory of C*-algebra £] | generated by isometries ¢, s;, j = 1,n, subject
to the relations

sis; =0, 1#7j, t's; =qgs;t".
In recent paper [1] was studied the C*-algebra & ,,, with n,m > 2, generated by families {t;}72, and
{si}{_,. In particular, it was shown that for |[¢| < 1 one has &, ~ &), and for |¢| = 1 the C*-
isomoprphism class of quotient of &1 ,,, by the unique largest ideal is independent of ¢ and isomorphic
to the tensor product of Cuntz algebras O, ® O,,.
We show that the result for [g| < 1 remains true for £F .

Theorem 1. For any q € C, |q| < 1, one has an isomorphism Ei”, ~ Eﬂn.

Notice that the proof contains an explicit construction of the required isomorphism, which is similar
to the one given in [1].
For the case |g| = 1 we obtain the following facts.

Definition 2. The Fock representation, 77%, of &f s 15 the unique up to unitary equivalence irreducible
s-representation having the vacuum vector €2, ||Q2|| = 1, such that

Tp(s5) =0, 7L )N=0, j=1,n.
Theorem 3. The Fock representation of £, exists and is faithful.

Theorem 4. The C*-algebra £, is nuclear.

Also we prove an analog of Wold decomposition Theorem for such family of isometries, and study
irreducible representations corresponding to each of its components.
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Three-color graph of the Morse flow on a compact surface with
boundary
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We consider the Morse flows [1] (Morse-Smale flows without closed orbits) on the compact surfaces
with boundary. There was constructed a complete topological invariant of these flows — an equipped
three-colored graph.

The graph T will be called three-color graph, if all its vertices have a degree not bigger 3, and edges
are painted in three colors, so that edges of different colors converge at each vertex. Colors are denoted
by the letters s, t,u.[2, 3] The vertices of three-colored graph correspond to the standard areas on the
surface, that look like a curvilinear triangle or quadrilateral. There were found conditions in which a
three-colored graph generates a flow.

Theorem 1. For a connected tricolor graph having properties

1) each edge of the graph is marked with one of the three letters: s,t,u, and each vertex is white or
black;

2) two edges of the same type can not come out from each verter;

3) for each black inner vertex there is a su -cycle of length 4 that contains it;

4) if two black vertices are connected by a u— or s— edge and one of them is bounded, then the
other will be bound;

5) each white vertex is internal. And if it is connected to the black vertex u— edge (s— edge), then
this black vertex will be the limit.

there exists a Morse flow on a connected surface with a boundary, the three-color graph of which is
a given graph.|1]

The number of topologically non-equivalent flows with 2, 3, 4, and 5 standard areas was calculated.
For each of them, the surface on which this flow is set is determined. The distribution of the number
of flows on the surfaces is shown in the table.

2 stand.areas | 3 stand.areas | 4 stand.areas | 5 stand.areas
Disk (D?) 5 3 18 22
Myobius leaf 1 5 15
Myobius with a hole 2 2
Ring(S* x 1) 1 10 10
Ring with a hole 1 1
Klein bottle 3
Torus with a hole 1
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The Ricci Iteration on Homogeneous Spheres

Artem Pulemotov
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The Ricci iteration is a discrete analogue of the Ricci flow. Introduced in 2007, it has been studied
extensively as a new approach to uniformisation. In this talk, we will discuss the Ricci iteration on

spheres that are equipped with transitive Lie group actions. Joint work with Timothy Buttsworth
(Queensland), Yanir Rubinstein (Maryland) and Wolfgang Ziller (Pennsylvania).
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The paper contains the original method for the construction of squaring the circle, one of the famous
Greek problems more than 25 centuries old, known to be unsolvable by using only a ruler and compass.
The solution of the problem is possible if the diameter of the given circle is divided by a point using
the Thales theorem on proportional length in and the ratio of large real numbers. The process of
solving the above-mentioned problem relies on the Euclidean geometry and contains a description of
the construction, construction, proof, and discussion. The construction leading to the solution of the
problem is based on the assumption that the tools (instruments) are perfectly precise and that the
solution is completed if used a finite number of times.

The proof contains two derived formulas in accordance with the rules of Numerical analysis, com-
bined into a single (universal) formula which can be used in practice. In discussion the conditions on
which the problem can be solvable, as well as number of solutions are given.

1. Squaring the circle using only a straightedge and compass is possible

Description of construction:

A given circle with a central point O and radius r are denoted by k(O. ). The length AB is diameter
of an arbitrary circle k. (Fig.1) As shown by the previous method, when constructing of the length
X = /2, we divide diameter AB by the point C' in the ratio of integers 11000000 and 3005681, i.e.
AC : CB = 11000000 : 3005681,

in the following way:

On the arbitrary ray A, we determine point M by “transferring” 11000000 arbitrary unit lengths.
Then we determine the point N so that the length M /N equals 3005681 arbitrary unit lengths.

Then we construct a length NB. Through the point M we draw a line s parallel to the length N B.
The intersection of the line s and length AB is denoted by C'. Through the point C' we construct the
line I so that it is parallel to the ray A, and its intersection with the length NB we denote by the
point L. (Fig. 1) The length AB is divided in the above mentioned ration by the point C.

G
n
Ak *_Q
A
iy,

Fig.1
Triangles AMC and C'LB are similar, so we can form the proportion:

AC: AM =CB :CL...(3)



Based on relation (3), we replace:
AM = 11106 and M N = C'L = 3005681 = 3,005681-106
It follows that AC : CB = 11-10° : 3,005681 - 10, Q.E.D. (Quod erat demonstrandum)
After having it shortened with 106, we get:
AC : CB =11 :3,005681 = t...(4)
Based on relation (4) AC : 11 =t => AC = 11t and
CB :3,005681 =t => CB = 3,005681t....(5),

where t is a non-negative real number, i.e. t >0 and t € R.

Let us construct a line n through the point C' to be perpendicular to the diameter AB, and denote
its (one) intersection with the periphery of the circle by D. Then we draw lengths AD and BD. AD
represents the side of the square whose area is equal to the area of the given circle. Then we construct
the square ADGH (Figure 1).
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B. Riemann and F. Klein had laid different principles at the foundation of geometry: the length
principle which requires the possibility to measure the lengths of arbitrary lines no matter how they
are situated, and the equality principle which is established by coincidence of figures in the space by
miens of transformations belonging to a group of transformations of the space - the principal group
of the geometry under consideration. According to E. Cartan, there is an antagonism between these
principles owing to the absence of any homogeneity in an arbitrary curved Riemannian space.

In the work [1] was constructed the group of parallel translations DP, which realizes for a Riemann-
ian space the equality principle and has as a subgroup the group of Riemannian translations RT which
realizes the length principle. Therefore, the group DP unites the two approaches laid at the foundation
of geometry by B. Riemann and F. Klein, thus overcoming the Riemann - Klein antagonism.

In the present work the group of parallel translations DP is used for determination of energy-
momentum tensor of gravitational field.
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Topological Data Analysis (TDA) is a relative new branch of applied mathematics. It provides
some metric and topological structures for analyzing big data represented as point set in the euclidean
spaces or more general metric (topological) spaces.

The persistent homology is one of the most important topological tools in TDA (see [1]). In order
to visualize the persistent homology one uses the so-called persistence diagrams (see, e.g., [2] and
the references therein). The sets of persistence diagrams bear natural metrics or topology and the
studying of the metric and topological properties of the obtained spaces is important for understanding
properties of the data sets.

Following [3] we consider the generalized spaces of persistence diagrams. Let X be a set. A diagram
on X is a function D: X2 — Z = 0 such that D(p) = 0 for all but finitely many p € X2, and D(p) = 0
forallp € Ax = {(z,2) | * € X} C X2 In [4] it is remarked that the set D = D(X) of all persistence
diagrams can be naturally identified with the infinite symmetric product SP>(X?/Ax) (with the
base point * = Ax).

If X is a topological space and X = lian, where X C X9 C X35 C ..., then one can topologize D
as ligSP”(Xg/(AX NX2) having in mind a natural identification of [y, ..., x,] € SP"(X2/(AxNX2)
with [x1,..., 2., %] € SP”“(XELH/(AX N X72L+1)-

Our result is a generalization of one of the main results of [4]. Recall that R* is the direct limit of
the sequence R ¢ R? € R? € .... An R*®-manifold is a k,-space, which is locally homeomorphic to
R>.

An ANR-space is an absolute neighborhood retract in the class of metrizable spaces.

Theorem 1. Let X = liﬂXn, where (X,,) is a sequence of finite-dimensional compact metrizable
ANR-spaces. If dim X > 0, then the space D(X) is an R -manifold.

One can also find some sufficient conditions on X such that the space D(X) is a Q°°-manifold,
where @ is the Hilbert cube and @ is the direct limit of the sequence

Q=Qx{:x}=2>QxQ=0xQx{:}=>QxQ@xQ=...,
for an arbitrary * € Q.
The proofs are based on Sakai’s Characterization Theorem for R> and Q> (see [5]).
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The kinetic equation Boltzmann is the main instrument to study the complicated phenomena in
the multiple-particle systems, in particular, rarefied gas. This kinetic integro-differential equation for
the model of hard spheres has a form [1, 2]:

D) = QU ), )
(=03 2

2
n=15 [ don [ dalto = o ollf v, 2)s (00" )
R3 X

- f(t,’Ul,:E)f(t,’U,l‘)],

We will consider the continual distribution [3]:

f= /gp(t,x,u)]\/[(v,u,x,t)du, (4)
R3

which contains the local Maxwellian of special form describing the acceleration and condensation flows
of a gas (is an analogue of vortices) [4]. They have the form:

M (v,u, 2, t) = poel (vt +2lwxal) (3> e~ Blo—u—lwxt])? (5)
77

The purpose is to find such a form of the function ¢(t, 2, u) and such a behavior of all hydrodynamical
parameters so that the uniform-integral remainder |3, 4]

A = Giip / D(f) = QUf, f)ldv, (6)

(t,m)ER4

or its modification "with a weight”:

A= ; 7
(tm)eR41+yt| /' Qf, f)ldv, -

tends to zero. _
Also some sufficient conditions to minimization of remainder A or A are found. The obtained
results are new and may be used with the study of evolution of screw and whirlwind streams.
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Let C and L,, 1 < p < o0, be the spaces of 27-periodic functions with the standart norms || - ||¢
and || - ||p. Further, let Wi .1 < p < 0o, be the sets of all 27-periodic functions f, representable as
convolutions of the form

i
ao 1

f(z) = 5 + p / o(x —t)Brg(t)dt, ao€R, ¢ L1, ||, <1, (1)

—T

where B, g(-) are Weyl-Nagy kernels of the form

B,s(t) =Y k™" cos (kt - 52”) , r>0, BER. (2)
k=1

The classes Wj , are called as Weyl-Nagy classes (see, e.g.. [1]). If r € N and 8 = r, then the
functions of the form (8) are the well-known Bernoulli kernels and the classes W} coincide with the
well-known classes W, which consist of 2m-periodic functions with absolutely continuous derivatives
up to (r — 1)-th order inclusive and such that |||, < 1 and f)(z) = p(z) for almost everywhere
x € R, where ¢ is the function from (10).

For arbitrary 91 C X, where X = C or L,, 1 < p < 0o, we consider the quantity

en(M)x = sup [ £(-) = Sn-1(f3 )l x, (3)
fen

where S,,_1(f;x) is the partial Fourier sum of order n — 1 of the function f.
In the case of Weyl-Nagy classes Wj  and X = C for the exact upper bounds (3) the following
asymptotic estimate holds

w2 nr

41 1
En(W/g’OO)C nn + O (W) y r > 0, 5 € R. (4)

For r € N and 8 = r this estimate was obtained by A.N. Kolmogorov (1935), for arbitrary » > 0
by V.T. Pinkevich (1940) and S.M. Nikol’skii (1941). In the general case the estimate (4) follows
from results, which were obtained in the works of A.V.Efimov (1960) and S.A. Telyakovskii (1961).
It should be also noticed, that a similar asymptotic equality holds for the classes Wé:1 in the metric
of the space Li. In these works the parameters r and § of the Weyl-Nagy classes were assumed to
be fixed, and the question about the dependence of the remainder term in the estimate (4) on these
parameters was not considered.

The character of the dependence on r and § of the remainder term in estimate (4) was investigated
by I.G. Sokolov (1955), S.G. Selivanova (1955), G.I. Natanson (1961), S.A. Telyakovskii (1968, 1989)
and S.B. Stechkin (1980). In the work of S.B. Stechkin [2] the asymptotic behavior, as n — oo and
r — 00, of the quantities sn(ng)o was completely investigated. Besides, S.B. Stechkin [2, theorem
4] proved that for rapidly growing r the remainder can be improved. Namely, for arbitrary r > n + 1



and 8 € R the following equality holds:

en (W5 )e = ni (j: +0(1) (1 + i) ) , (5)

where O(1) is a quantity uniformly bounded with respect to n,r and 8. If r/n — oo, then the estimate
(5) becomes the asymptotic equality. It also follows from [2] that for the quantity e,(Wj,)r, the
analogous estimate to (5) takes place. S.A. Telyakovskii (1989) showed that the remainder in formulas
(5) can be replaced by a smaller one, namely, write O(1)(1 +2/n)™" instead of O(1)(1+ 1/n)™".

We establish generalized analogs of estimates (5) for quantities &, (W3 )¢ and en(W§ )1, respec-
tively, for arbitrary values 1 < p < oo.

Theorem 1. Let 1 <p<oo, n € Nand S €R. Then for r > n+ 1 the following estimates hold:

en (W) = ni <”C°7srt”p +0(1) (1 + i) _T> , (6)
W (Wh)s, = — (”W” o (14 ;)) , @

where 1/p+1/p" = 1 and O(1) are quantities uniformly bounded in all analyzed parameters. The
estimates (6) and (7) are the asymptotic equalities, as r/n — oo.

Let f € C. By S’n,l( f;x) we denote a trigonometric polynomial of degree n — 1, that interpolates
f(x) at the equidistant nodes x,(cn_l) = 2kn ke Z, ie., such that S,_1(f; x,(gn_l)) = f(;v](cn_l)), k€

- 2n—1>
Z.
For Mc Cand X =C or X = L,,1 <p < oo, consider the following approximative characteristic
E(M)x = sup [ £() = Sn-1(f3)llx (8)
fen

The problems of finding of asymptotic behavior for quantity of the form (8) in important functional
classes 91 was investigated by S.M. Nikol’skii, V.P. Motornyi, A.I. Stepanets, A.S. Serdyuk, and others.
The following statement is true [3].

Theorem 2. Let 1 <p<oo, n €N and  €R. Then for r > n+ 1 the following estimates hold:

1 (2 1\ "
e 3 = |\ = / 1 1 — ,
S Wh e = <W||cost||p+0< )(1+3) ) )
y & 1 (2 ) 1 1\~
Wi, = o (Sl o [+ (1+5) ). (10)

wherel/p + 1/p" = 1 and O(1) are quantities uniformly bounded in all analyzed parameters. The
estimates (9) and (10) are the asymptotic equalities, as r/n — 0o, n — 0.

Comparing formulas (6), (7), (9) and (10) we see that
En(Wg o ~ 2en(Wg ),

1—1
P

- 2
En(Wi1)r, ~ — | costllp en(W5 1)L,
TP

as r/m— oo, n — o0.
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Let Ly, 1 < p < oo, be the space of 2r—periodic functions f summable to the power p on [0, 27),
1

2
in which the norm is given by the formula | f|, = ( J |f(t)|pdt> s and C be the space of continuous
0

2m—periodic functions f, in which the norm is specified by the equality || f||c = max |f ()]

Denote by Cg’TLp, a >0 7r>0 BecR, 1<p< oo, the set of all 2rperiodic functions,
representable for all x € R as convolutions of the form (see, e.g., [1, p. 133])

™
ag 1

f(.’l?) = 5 + ; /Pa,r,ﬂ(x - t)gD(t)dt, ap € R7 2 L 17 2 & Lp7 (1)

—T

where P, , 3(t) are generalized Poisson kernels
P s t)—Ze ak COS kl‘—%ﬂ), a,r>0, BeER.

If the functions f and ¢ are related by the equality (1), then function f in this equality is called
generalized Poisson integral of the function ¢. The function ¢ in equality (1) is called as generalixed
derivative of the function f and is denoted by f;"

Let E,(f)r, be the best approximation of the function f € L, in the metric of space L, 1 < p < oo
by the trigonometric polynomials t,_; of degree n — 1, i.e.,

Eaf)1, = inf 1 = oz,

Our aim is to obtain of asymptotically best possible Lebesque-type inequalities, for functions from
the class Cy" L, where norms || f(-) — Sp—1(f;-)||c are estimated via best approximations En(f3" )z,
for 0 <r <1land 1< p< oo. Here S,—1(f;-) is the partial Fourier sums of order n — 1 for a function
f. For r > 1 such inequalities were established in [1]-[3].

For arbitrary o > 0, 7 € (0,1) and 1 < p < co we denote by ng = no(«, r,p) the smallest integer n
such that

11 arp

N
< 1 -
arn”  nl-T (37r)3~pp, 1<p<oo.

We use Gauss hypergeometric function F'(a, b; c; d) of the form
(b k Z
F(a,bje;2) =14+ )i
( Z 9

where () is the Pochhammer symbol, defined by (x)k =xz(z+1)...(z+k-1).
We showed that the following theorems hold.
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Theorem 1. LetO<r<1,a>0,8€R,1<p<oo, andn € N. Then for any function f € C’g’TLp
and n > no(a,r,p), fthe following inequality is true:

ro1=r cost|,y 1/1 3—p 3
176 = Suatriolle < emorn's (g (1220 )
T

1+F(O{7’)p 2
@)\ 1 (1 1o
ar p pp a,T - I
ﬂ"’p((“r p—1 )nlij(ar)l*é n">>E"(f6 Jop Ty =t @)

where F(a,b;c;d) is Gauss hypergeometric function.
Moreover for any function f € C’g’TLp one can find a function F(x) = F(f;p;n;x), such that

En(Fg" )1, = En(f3" )1, and for n > no(a,r,p) the following equality is true

rolor tpy ~1/,1 3-p 3
IF0) = Spa(Fiollo =eon's (LS pd (3 258 L) 4
T

1 ) a0
1+?(CM7’)% 2 2 2
( )L/_1 1 ()7 1 11
ar) »p pb)? a,r
1 ) 7) E, (7 e — 1. 3
ﬂ"’p(( T nr +(ar)1+% nr ) nfg" )Ly p P )

In (2) and (3) the quantity Ynp = Ynp(o, 1, B) is such that |y, | < (147)2.
Theorem 2. Let 0 <r <1, a>0, € R, neN. Then, for any f € C’g’rLl and n > no(a,r, 1), the
following inequality holds:
1760 = Saa (il < e (L tna (g + e B3 D @
Moreover for any function f € Cg" Ly one can find a function F(x) = F(f;n,x) in the set C3" L1,
such that En(Fg™" )1, = En(f3" )1, and for n > ng(a,r,1) the following equality holds

PO = Sl =l (2 b (e + ) B 6)

Ta nt=r
In (4) and (5), the quantity Ynp = Ynp(e, 1, B) is such that |y,,| < (14m)2.
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Let i; be the orders of C;;. In this work the previous result of the author [1] is strengthen also there is
considered new class of wreathcyclic groups S (let G € ) which constructed by formula:

no
G:( ZOCkJU)X(

ni ny
U Gy, ) %o x (0 Cyy ), 1 < kj, < oo,n; < o0
Jo= j j1=0

2
Jj1=0 Jiu

Theorem 1. If orders of cyclic groups C,,, C,, is mutually coprime i # j then the group G = C; 1Ci,0 ... 10y,
admits two generators By, B1-

The subtree of X* induced by the set of vertices U¥_, X* is denoted by X [l

21 22 2n/f 2n+1 N+2 2,2n 2,k(n-1)+1 2kn

3,nm+1 3,nm+2 3.nm+m+1 3,nm+2m

4,nml+ml+1 4, nml+ml+|

FIGURE 1.1. Directed automorhism

2122 2n 2n+1 22n 2,kn
FIGURE 1.2. Rooted automorhism

n
We construct the gencrators of ¢ Cj, as a rooted automorphism Sy in Figure 2 and a directed $; along a
=0

path [ in Figure 1.1 on a rooted labeled truncated tree X ¥,
Let | = z1xox3...x; be an finite ray in XK

Definition 2. We say that the automorphism g of X is directed along [ and we call [ the spine of g if all vertex
permutations along the ray [ and all vertex permutations corresponding to vertices whose distance to the ray [
is at least 2 are trivial (Figure 1).

Definition 3. An automorphism of X is rooted if all of its vertex permutations that correspond to non-empty
words are trivial.
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Corollary 4. A center of the group Zx 4(Z)" ~ (Z, X) V7 consists of normal closure of diagonal of Z", trivial
an element, and kernel of action by conjugation that is nZ. Other words

Z(H)=(1; h,h,...,h), e, (nZ, X)1E) ~nZ X Z,
——

n

where h, g € Z, Z(H) ~nZ X Z.

Corollary 5. A center of a group of form Zx s(B)" ~ (Z,X)1 B generates by normal closure of: diagonal of
B™, trivial an element, and nZ1E.
X

In our case the Morse function [2] f on M that has the following properties:
(1) f is constant on the bound M,
(2) it has 2 points of maximum at a saddle point,
(3) at these 2 points of maximum, the values of the function are equal; in every critical point of f the germ
of f is C'*° equivalent to some homogeneous polynomial of 2 real variables without multiple factors.
Consider a group H of automorphisms of M which are induced by the action of diffeomorphisms & of a
group D(M) such that preserving the Mebius function f, that is, such h are from the stabilizer S (f) < D(M).
Generators of their stabilizers by right action by diffeomorphisms 7o S(f|x, 9X;) are 7.
The first generator p of cyclic group Z realizes shift of Mebius band and second 7 realize rotation of domains
X; of simple connectedness on Mebius band when passing through the twisting point of Mebius band (M).

Proposition 6. The group H ~ Zx(Z)" = (p, 7) with defined above homomorphism in AutZ™ has two
generators and non trivial relations
plrp =17t plrp Tl = plrp pitp T, 0<i,j <n.
Also this group admits another presentation in generators and relations
<P7 T15 3 Tn ’pTz( mod n)pil = Ti+1( mod n) » TiTj = T;Ti, i, j < n> . (1)
Proposition 7. The commutator of Sylow 2-subgroup (SylaAgr)' has order 92" —k-2

Proposition 8. The second commutator of Sylow 2-subgroup (SylaAsk) has the order 92" =3k+1,

Corollary 9. The Frattini factor of (SylaAqr)’ is isomorphic to elementary abelian subgroup (Co)?*=3.

Any minimal generator set of (SylaAsr)'. has 2k — 3 generators.

Example 10. The minimal generating set of Syl5(Asg) consists of 3 generators: (1,3)(2,4)(5,7)(6,8),
(1,2)(3,4), (1, 3)(2,4)(5,8)(6,7). The commutator Syls(Ag) ~ Cj that is an elementary abelian 2-group of order
8. Minimal generating set of Syly(Ais) consist of 5 (that is 2 -4 — 3) generators:

(1,4,2,3)(5,6)(9.12)(10, 11), (1,4)(2,3)(5,8)(6,7), (1,2)(5,6),

(1,7,3,5)(2,8,4,6)(9, 14,12, 16)(10, 13, 11, 15), (1, 7)(2, 8)(3, 6) (4, 5)(9, 16, 10, 15) x

x (11,14, 12, 13).
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I present a way to generate all primitive elements PB(n) in B(n) = (A(n — 1)/A(n))* modules over A*
dual Steenrod algebra, where A(n) are annihilator modules over Steenrod algebra A. This work began in [7].
For useful notions see also [1, 2, 3, 4] and references summarized in [8, 5, 6, 7]. The filtration described in [6]
Theorem 1 property 2 and 3 yields PB(n) = |J, PB(n); and PB(n); = @, PB(n);j, where s is the number of
7 operations and t is the biggest index of such operations. From Theorem 1 [7] property 5 and 1 it is known
dimPB(n)?*? < 1 and the following diagram is exact

0 — PC(n)y_1 > PC(n)y 25 PC(n — 1),

For given « € PB(n — 1);—1 how to find a primitive o’ € PB(n); such that m(a/) = a? Properties 2 and 6

state for even n that PB(n)_1 = PB(n)y = ( ?/2>; and for odd n: PB(n)y = (5171%7@ and for s > 1 that
aTg is also a primitive. And we can generate new primitives taking products of primitives. Do all primitives
in PB(n);\PB(n)} also have form aty ? So ar € B(n) yields coproduct ¢*(a7) = ¢*(a)(& @ 10+ 1@ 1)

and hence a7 is primitive if and only if @« = o/ € PB(n — 1). If « € PB(n)_y then ar = gfn is not
n—1 n—1

primitive. But for example product of not primitive a = &, 2 + &, 2 € B(n)} with primitive 7o is primitive.

The primitivity condition in B(n) leads to the following inductive definition of transformations R; generating

primitives, preserving primitivity.

Definition 1.

k—1
p —

k—1 )
pF—1-1 pl i1
Ri(a) =71 ma—Y & 71 & Ri(a)
1=1

for k> 1 and Ro(a) = ar , Ri(a) = an
These maps have the following properties.
Theorem 2. (1) Yi,k € N,Va € B: Ri(at;) = —Ri(a) Tk
(2) Vi,k € N,Va € B: Ri(a&) = Ri(a)é
(3) Vi,j € N, Va € B: RZR](CV) = —RjRi(Ck)

(4) Yo € PB(n) N ImRy: Ri(«) € PB(n+ 1+ 2”;:171

Remark 3. From the definition 1: R;(«) = aR;(1). Therefore by induction R;, R;, - - - Ri, (@) = aR;, Ry, - - Ry, (1).
And for example Ry(1), R3(1) e.t.c. are primitives in B(n)?.

Therefore all primitives have form ary except PB(n);\PB(n){. Induction arguments based on Theorem 1
[7] lead to the general form of primitive elements.

Definition 4. «;, i, i, = 7,7, ... 7, + B is a primitive in PB(n)fk associated with (i1,40,...4;), ix >

i—1 > ...> iy = 0if it has projection on J(n)*4°9 = B(n)*9 /(I N B(n)*49) equal a&lr;, 7, ... 75, | = 5%,
a€Z/p.

Corollary 5. There exists the primitive o, 4, s, associated with (i1,ida,...05), ik > ik—1 > ... >4 =0 and
it is satisfied c, i, i &8 = RiyRiy -+ Ry, (1) .

Remark 6. Corollary 5 also presents a way to calculate all associated primitives.

The following theorem is a result of construction of all primitive elements in B(n).
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Theorem 7. All PB(n)*%9 in PB(n) = UyPB(n);, where PB(n);, = ®PB(n); are zero or one dimensional
spaces. PB(n)*%9 has dimension one if and only if there is a sequence (iy,dg,...1z), is > is_1 > ... > i3 =0
with conditions

(1) n— s is even,

(2) degree of PB(n)*%9 is deg = (p —1)(n — s) + >y dim(Tiy),

(3) "5 > 1, where l is calculated below:

il g —1 phi—1
(4) 1= o — 2 s

When 252 =1
PB(n)*% = (a;, 4y, .4.)
When "5 > 1
PB(n)*™ = (&,* ~ai i)
where oy, iy i, = T, T, + B is the primitive in B(n);. associated with the sequence (i1,ia,...1t),
is >ig1 > ... > 11 = 0 with conditions 1,2,4 mentioned above and "5* = 1.

Knowledge of primitive elements on B(n) = (A(n — 1)/A(n))* make a feasible to find all indecomposable
elements of (A(n —1)/A(n) [8, sec 4] .
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A Geometrical Version of the Maxwell-Vlasov Hamiltonian
Structure

Michel Vittot
(Centre de Physique Théorique (CPT), CNRS, Aix-Marseille Université, UMR, 7332, Luminy, 13288 Marseille
cedex 9, France)
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P. J. Morrison
(Department of Physics and Institute for Fusion Studies, The University of Texas at Austin, Austin, TX,
78712, USA)

E-mail: morrison@physics.utexas.edu

We present a geometrization of the Hamiltonian approach of classical electrodynamics, via (non-canonical)
Poisson structures. This relativistic Hamiltonian framework (introduced by Morrison, Marsden, Weinstein) is
a field theory written in terms of differential forms, independently of the gauge potentials. This algebraic and
geometric description of the Vlasov kinetics is well suited for a perturbation theory, in a strong inhomogeneous
magnetic field (expansion in 1/|B|, with all the curvature terms...), like in magnetically confined plasmas, and
in any coordinates, for instance adapted to a Tokamak (toroidal coordinates, or else...).
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Marek Wojtowicz
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E-mail: mwojt@ukw.edu.pl

A positive integer A is said to be a congruent number if A is the area of a right triangle with rational sides.
One may consider only A square-free.

In 1998, F. R. Nemenzo [3] listed all congruent numbers less than 40 000, and non-congruent numbers were
studied by F. Lemmermeyer [2] and W. Cheng and X. Guo [1] among others.

I will present short proof of the following
Theorem 1. Every positive integer A fulfilling the Diophantine equation
A2 — .2?2 + y4
is a congruent number.
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HpO YKCJIO TOIIOJIOTiYHO HeeKBiBaJIEHTHUX I‘JIa,Z[KI/IX (bYHKHII/I 3
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Kany6oschkuii O.A.
(IBH3 «/oubacbkuii nepkapHuil negaroriunmii yaisepcurers, CioB’siHCbK, YKpaiHa)
E-mail: kadubovs@ukr.net

Hexait M, — 3aMKHeHa [VIaIka Opi€eHTOBHa IoBepxHs poxry g > 0, a Cy (M) — kinac rmankux dbyHkiit Ha M,
(3 TPPOMA KPUTHIHUMIE 3HAYCHHAMM), SKi MAIOTh TOYHO K JIOKAJBHUX MiHIMyMiB (MaxcuMyMiB), | JIOKQJIBHEX
MakcuMyMiB (MiHIMyMiB) Ta OfHy (B 3araJbHOMY BUIAJKY 6UPOOXHCEHY) KPUTHYIHY TOUKY THITY Ciija, HJIEeKc
ITyankape skol cranoButh 1 —n =2 — 2g — k — [ (manp. [6], [7]).

Yepes Cp (M) mosHaunmo Kirac MIagxkux GyHKiii Ha My (3 TppoMa KPATHIHUME 3HAYCHHAME), dKi OKpPiM
JIOKAJIbHUX MIiHIMyMiB Ta JIOKAJBHAX MAKCHMYMIB MAalOTh JIWIIE ONHY (B 3arajbHOMY BUIIQJKY 6UPOOHCEHY)
KPUTUYHY TOYKY THUIy cimta, iHjaekc [lyankape kol craHoBuTh 1 —n = 2 — 29 — A\, 1e A > 2 — cyMapHe 9ucJio
JIOKAJIbHUX MIiHIMyMiB Ta MaKCHMYMIiB.

Dyukuil f1 1 f2 3 kiacy Cp, (M) HA3UBAIOTH TOLOJIOTIYHO €KBIBAJIEHTHIMH, SAKIIO ICHYIOTH roMeoMopdizmu
h:My,— Myih': R* - R' (I 36epirae opienTaniio), taxi mo fo = h'o fi o h™'.

Skumio h 36epirae opienranio, To GyHKUiT f1 Ta fo HA3MBAIOTH TONOJIOrIUHO cipskenumu (Hanp. [6]) abo x
O-ronostorivno exBiBasenTHuME (Hanp. [7]).

B zarambHOMY BUNAJIKY, IS JIOBLIBHAX HaTypaabHux ¢,k,l (a6o x k, lin = 29+ k+ 1 — 1, To6ro mnus
dbyHKIiil 3 GIKCOBAHMM CHHIY/ISPHAM THUIIOM), 3aJ1a4a PO MiJAPAXyHOK YHCJA TOIMOJOrYHO HEeeKBIBATEHTHUX
dbyukuiit 3 kxacy Cy(M,) BEABMIIACH JOCHTD BazKKOIO Ta HEPO3B’S3aHOIO JI0 CHOIOAHI IPOBIEMOIO.

Cepe1 HAHOIIBIN CyTTEBUX MPOCYBAHD B IOMY HAIPSMI CJIiJT BI/IBHAYNTHA HACTYIIHI.

Bazady mpo miIpaxyHOK YHCIIa TOLOJOriYHO HeekBiBateHTHuX (ynxkuiil 3 kmacy Ci1(My) (mis nosimbHOTO
poxy ¢ > 1) mosHicTIO po3B’a3ano B pobori [7].

Ounepzxani B po6ori [2] Touni popMyIH 1iIKOM BUPINIYOTH [IMTAHHS IIPO MiZAPAXyHOK YuCIa stk O-TONOIOrMHO
HEEKBIBAJIEHTHUX, TAK | IMCJIA TOMOJIOTIIHO HeeKBiBaseHTHnX Qyrkii 3 knacy Cp,(My).

B pobori [8] miust nosinbHUX HaTypasbHEX k 1 | MOBHICTIO PO3B’s3aHi 3aga4i mpo migpaxyHoK uuciaa O-
TOIOJIONIMHO Ta TONMOJIONiYHO HeeKBiBaseHTHUX yHKIiil 3 Kiacy Cr (Mo).

Sk 3’sacysasnocs ([1] 3 mocunanusam na podory [4]), 3aaua npo nepepaxyBaHHs OQHOKJIITHHKOBHUX JIBOKOJIBOPOBHX
Kapr 3 n pebpamu (ozHe 3 KUX € moMivernMm ), k GismMu Ta | TOPHUME BEPITMHAMY TICHO OB A3aHA 13 33/1a9€T0
PO MiIPaxyHOK YHCJIa TOLOJIOTYHO HeeKBiBaseHTHIX dyHKI{i 3 Kiacy Cy ;(My). Bigomocti npo kapru MoxKHa
3uaiiTy, HaIpuKiIai, B orsl [4] Ta pobori [1].

Tak, HAIPHUKJIAJ], 3 ypaxyBaHHsM De3y/braris poboru [1], jus nosBlibHOro pory g > 0 ta HarypajabHux k i
l, upu skux n = 2g + k + 1 — 1 € upocrum uncioMm, B [10] HaBegeHo TowHi hopMynIn i MAPAXyHKY THCIIA
O-rononorivno weeksiBasenrinx Gyukuii 3 kiaacy Cy(Mg).

s iBoBUMipHOTO Topy T? = M, 3amadi npo migpaxyHoK umciia O-TONOJOrMHO Ta TOMOJIOr HO HeeKBiBaICHTHIX
dbysKuiit nosicTio poss’asani suuie Ha kiaacax Cq(1?) (Cy1(T?)) B pobori [9] Ta Co 1 (T?) (Ck2(T?)) B poboti
[11].

B zaragpromy Bumaky — 11s dikcoBaHUX HATYpaabHUX k i [ — 3a/1a1a Mpo miApaxyHOK YUC/Ia TOMOJIOTITHO
HeeKBiBaJIeHTHUX (DYHKIIN 3 Kiacy Ck’l(Tz) TaKOK 3AJIUIIAETHCS HEPO3B SI3aHOIO.

SIkmo x posraanyTn (6inbm emumit) krac dynxmiit Cp,(T?), To, 3 ypaxysanusM pesymbraris pobit [1], [5] i
[3], MokHA BCTAHOBUTH CTIpABEIMBICTD HACTYITHOTO TBEPIZKEHHS

Theorem 1 (ocrosHa). Yucao O-monosoziuno neexsisarenmuux Pyrryit 3 xaacy Cp(T?) modicra obvuciumu
3a popmy.aoto

) = & (GO ol + 20 (3) + 20 (5) +20(3) ) o
den >3, ulp) = pp, =Cy,,
a(2p+1) =0, a(2p) = HE=L - CF, = RIS - u(p);

c(2p+1)=0, c(2p)=p-Ch =p-u(p);
d2p+1)=0, d(2p)=p-C5, =p-up);
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b2p+1)=0,  b(2p)=(2p—1)-Chl =(2p—1)-ulp-1).

n |3[45 6|7 8 9 10 11 12 13 14
t*(n) |14 |14 761|330 | 1522|6680 |29 256 | 125 970 | 539 292 | 2 288 132 | 9 659 416

TABLE 1.1. ITouaTkoBi 3HaueHHs 4ucia (J-TOMOJIOTIYHO HEeeKBIBaJEHTHUX (DYHKIHH 3
kacy Cy,(T?)

Ha aymky aBTopa, IIIKOM JOCSKHUM € OfEpKAHHS TOYHUX (DOPMYJI MU MiAPaxXyHKY # TucJia TOMOJIOTITHO

HeexBiBasenTHEX bymKMiit 3 Kmacy Cp(T?).

(1
2]

B3l
(4]

(5]
6
[7]

18]

9
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IITogo reoMeTpUYHOI XapaKTEPUCTUKH CIIEI[iaJIbHUX Mal>Ke
reoIe3NYHNX IIepPEeTBOPEHDb IIPOCTOPiB adiHHOrO 3B 43Ky 3i CKpyTOM

Jlaguunenko JIaga ITaBaiBaHa
(I3 «IIHITY imeni K./. Yumucsroro», Oneca, YKpaina)
E-mail: kolyalada74@gmail.com

Posrnsnatorsest mpocropu A™ kmacy CT (n > 2, r > 1) adinnoro 38’a3Ky 3i ckpyrom. Kpusa L HazuBaeTbcs
Maiizke reoJIe3UIHOI0 JIiHiE npocTopy A”™, sKIo icHye Takuii KOMILIAaHAPHUH B310BXK L JIBOBUMIpHUIT PO3IIOIIII,
AKOMY y KOXKHIH TOUI HAJIeXKUTh AOTUYHUI BeKTOp Ii€l Kpusoi, [1]. 3 Touku 30py Teopil KPUBUHU KPUBHX Y
npocTopax adiHHOTO 3B’sA3KYy, Mail’Ke Te0o/Ie3UdHi JIiHil XapaKTepPU3yIOThCs SIK KPHUBi, Iepina KPUBUHA SIKUX €
JIOBIJIBHOIO, & JIpyra i BCI HACTYIHI KPUBUHHU TOTOXKHO JOPIBHIOIOT HYJIIO.

Heckinuenno mase neperBopeHus

= ah peth(at 2?2
npocropy A" Ha3MBAETHCS MaiizKe Te0Ie3MIHUM IIEPETBOPEHHSM, SKIIO Y HACJIIOK TAKOrO IEPETBOPEHHS KOXKHA,
reojie3nydHa JiiHis npoctopy A™ nepexomurh y KpUBY, siKa, HEXTYIOUU JIOJAHKAMU JIPYroro i OlibIl BHCOKUX
MOPSAIKIB MaJIOCTI BiIHOCHO TTapaMeTpy &€, € Maii’Ke TeoIe3nTHOI0 JIiHie mpocTopy A™.

IcHyOTH TpM THIM MaiizKe re0e3MIHUX MEePeTBOPEHb IPOCTOpiB adinHoro 3B's13ky 31 ckpyrom, [2]. Ilepe-
TBOpeHHs1 Apyroro tuiy Iy xapakrepusyerbcsd THUM, IO y Pe3YyJIbTaTi TAKUX IEPETBOPEHDb TeOJE3UYHI JIiHIl
IIePEXONIATh Y KPUBI, fKi, Yy TOJOBHOMY, € MalizKe T'€0JIE3UTHIMU JHHISIMU CIICIaJIbHOIO BULY, TaK 3BaHuMu F-
KPUWBUMH, BU3HAUeHUME crerjanabanmM adbdinopom F, [2].

Hocmimkeno nmeperBoperts tuily Iy, siki 3a0BOJIBHAIOTH YMOBY B3aEMHOCTI, Y TOMY PO3YMiHHI, 1110 0OepHEH]
JJ1s HUX TIEPETBOPEHs TaKOXK € MaiiKe I'e0JIe3MYHUMU nepeTBopeHuamu tuity Ilo, mo Biamosimarors ToMy 2K
camomy addinopy. lna cneniampbuux meperBopenn Tumy Il 3uaiigeni mudepeHIiaabHO-aaredpaitHoro xapa-
KTepy obMmerkenusa Ha addinop F, gKi BU3HAYAIOTH TaKi NEPETBOPEHHS, 9K MMEPETBOPEHHS, 110, y TOJOBHOMY,
36epirarorh Kjaac Bianosinaux F-kpusux. Hasemeni HeoOXiaHI NPUKIAIH.
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2KurreBuii Ta HaykoBuil nuigax Mapka I'puropoBuya Kpeitha

Osuapenko Osena BanepiiBua
(Hamjonanbauit Texuiuamit ynisepcurer Yrpaian «Kuischkuil nomitexuivanmii incturyt im. Iropst
CikopchKoroy )
FE-mail: 1ena_rum@ukr.net

Hapomuses M.T'. Kpeita 3 ksiTas 1907 poky B Kueri B 6araromiThiii (MaB Tppox GpaTiB Ta JBOX cecTep) pe-
MicHU4IN pojuHi. 3allikaBJIeHHs MATEMATHKOK IIPOsIBUJIOCH 3 PaHHIX POKiB. B TpuHasmgaTupiuHoMy Bini nodas
CJTyXaTHU JIEKIT1 OTHOTO 3 MOJIOAWX TOJi BUXOBAHIINB 3HaMeHUTOI KHiBCHKOT asrebpaldHol MmKoaum — mpodecopa
Bopuca Muxomnaiiopuua demone (3romom wiena-gopecrnongenta akaaemil nayk CPCP). 3 14 pokis moumnae
6patu yaacTh y pobori KuiBebkoro asmrebpaitmoro cemimapy mpodecopa Imurpa Onexcanaposutda I'pase. B
ciMuaaugaTHpiTHOMY Biri mepeizauth 10 Oxecn. 3a oHIiE0 3 Bepciit mpuauHOIO Tepeiry 6y10 GayKaHHs TOYATH
caMocTiiine gopociie KuTTd i BTyl A0 OeChbKOro MUPKOBOr0 yumaniia. Ajie TyT UekaJa BiIMOBa 1 I0HAK I10-
JaB 3aMUCTIOBATUACA HaJ Kap €poio Mopsika. BibIn fiMoBipHOIO mpuanHoo mnepeidmay g0 Omecu Gyimo Te, mo 3a
JBa poku 10 1poro y 1922 poni go Ozmecu mepeixap mpaioBaTi BUXOBaHEb KHUIBCHKOI ajiredpaldHol KO —
Muxkoga ['puroposut Yeborappos. Ilicns sucrymy M.I'. Kpeitna na ceminapi M.I'. HeborapnhoBa 3 HOMOBIIIIO
IIPO CBOI HAYKOBI pe3ysibTaTu OyJI0 MPUHHATO PIllIEHHd BiJpaldy 3apaxyBaTil I0HOTO JTOCTIiHIKA JIO acIipaHTypH,
6e3 mumtomy mpo Buity ocBity. HaykoBum kepiBaukom Kpeitaa cras mpodecop M.I'. Yeborapnos. 3 11boro gacy
PO3IOYMHAETHCA CTPIMKA HAyKOBa Kap’epa MOJIOJOTO MaTeMaTHKa: MiCJIs 3aKiHIeHHS aclipaHTypu, B 22 POKH,
BiH cTae porerToM, a B 26 pokiB — nmpodecopom. B 32-piunomy Bimi itoro obUpaoTh WIEHOM — KOPECIOHIEHTOM
Axkanewmil nayk Ykpainu. IIpamfoBas B HaB9aJbHUX Ta HAyKOBO-mociaianux sakiagax Omecu, Xapkosa, Kuesa.
Ha mouarky 50-x pokiB MHUHYJIOrO CTOJITTsI, HicJsi Tak 3BaHOl cupasu Jikapis, B Pagsacbkomy Corosi posmo-
Jajiacsd aHTuceMiTchbKa kommanig. Ile me mormo we Bimbmrmes ma mosmi Mapka ['puroposuaa. B 1954 porii Bin
3aifHgaB moca Iy 3aBigyBada kadeapu Teopernyunol MexaHiku B OJ1eCbKOMY iH2KEHEPHO-Oy/iBeJILHOMY IHCTHTYTI,
0 OYEBMJIHUM YWMHOM He Bimnorimaso Suaummocti M.I'. Kpeitra sk maremaruka. [IpamfoBas BiH Ha Il 1mo-
cami ax 20 pokis. B 1974 pori kepiBuuirrBo supimmiao Bianpasutu M.I. Kpeiina Ha neHciio, aje BTpyTHiIacs
MaTeMaTUIHa rpoMajchKicTh Kpainu i BiH OyB 3apaxoBaHuii Ha Mocajy MPOBIIHOTO HAYKOBOTO CIIiBPOOITHUKA
Ilisaernoro Bigaitenus AH Ykpaiau. Ha it mocasi mpamosas g0 camol cMepti 17 koBTHs 1989 poky. Haykosa
cnaamuua M.I'. Kpeitna Besuka ta 3uadnma. Bin € aBropom 6;1m3pK0 300 HAyKOBUX Mpallb, B TOMY YUCJI 8 MO-
morpaddiit, IKi mepeKIATANNCS I BUIABAINCS B HAKOITHIT TPECTIKHIX BUAABHUIITBAX CBiTy. CIEKTp HAyKOBUX
inTepeciB Kpeitaa jy»xe mupoxuii: ajredpa, QpyHKIIOHAJIBHUI aHAJI3, Teopiss QpyHKIIiH, Teopid iHTerpajbHUX
Ta audepeHIiiajJbHIX PiBHAHE, MaTeMaTudHa (isnka, aHaJ iTuaHa MexaHika. OcobmBO BiJoMUiT CBOIM BKJIAOM
Yy PO3BUTOK METO/IiB (DYHKITIOHAJIBHOTO aHaJsi3y, Teopil ornepaTopiB B (pYHKIIOHAJIBHUX IIPOCTOPAX, MOB’A3aHUX
3 KOHKpeTHnMu mpobsevamu Maremarnanol ¢isuku. Hanesue, He Oyme mepebiIbIIeHHIM CKa3aTH, 10 3HATHA
YaCTUHA CydacHOI MaTeMaTUKU Ma€ CBOI KOpeHi B Jociimkenasx KpeitHa.
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(Opnecrka meprkaBHa akaeMist Oy iBHUIITBA Ta apXiTEKTypH)
E-mail: tatyanal985top@gmail . com

Bammanosa H.B.
(Ozecbka HaliOHAJIBHA aKa/eMis XapIOBUX TE€XHOJIOTIH)
FE-mail: vasha_nina@ukr.net

Bigomo [1], mio 6yup-sikuii HeHyIb0BuUil po3B’a30K T HacTynHol cucreMu nudepeHIiaabHIX PIBHAHD

i 5 Bipa
ury N, (K (e aiTy)
2H? — K 2(2H? — K)

+ 081 =0 (1)
yes
BU3HAYATHME HETPUBIATBHY apeasbHy HeCKiHueHHO Mauy (H.M.) gedopmario (A-medopmailio) 0qHO3B A3HO!
peryaapuoi nosepxni S kaacy C* HemymboBol raycoBoi KpuBuaY 6€3 OMOLTITHIX TOUOK, roMeoMopdHOT obacTi
G mnonman y Es- mpocTopi, 3i cTamioHapHIMH JTiHISIME Te0Ie3UIHOTO CKPYTY (LGT-ninisivn).

Bynemo mykarn po3s’si3ok (1) y Bumajaky, koau S-minimanbHa nosepxus (2H = 0).

CupaseyiuBa

Teopema 1. Kootcha minimasvHa noseprhsa donyckae Hempusiasvny A-dedpopmaniio 3i sbepescernam LGT-
ATHIG 68 docmamivo manit obaacmi G. Tensopu dedopmanii’ maroms npedcmasieria

T8 = % (d‘“T? + dﬂlT‘f) , T = —g%u,,
de ynwuia u(xl,z?) € C? € poss’askom dudepenyianvroeo pieHAHmA
u11 + U22 + pus + quz +eu =10
i sanesicumy 610 dosinvnoi dynruii v(zt, 1?) € C% u, = %, Uap = m‘fﬁ, p,q,e € CHQ) - 6idomi pynxuii
mouky S.

Hexait - wactuna nosepxHi S, ska romeomopdua obacti D C G. Iloznaunmo rpamuitio () depe3 L, a 11 obpas
Ha 1tomuHi - yepe3 . BpaxoBytoun 3uaiieHuit reoMmerpudnnii 3micT pyHKIIl u(acl7 m2), OTPUMAHO HACTYIHUN
pe3ysIbTaT:

Teopema 2. Bydv-aKa MiHIMAALHA NOGEPTHA NPU KONHCHIT 18 HACTRYNHUT 2PAHUNHUT YMOB
1)c*Prp (6n) , = 2Kw(z',2?), (a',2%) el

Q)Gt)zﬁpaﬁ = —Kw(zl,x2)7 ($1:$2) el
de w(zt, 2%) # 0 - naneped zadara Pynxyia vaacy CH(T), donyckae eduny mempusiarvny A-dedopmauito 3i
sbepeorcennam LG T-ninit.

Caig BimsnaunTu, mo y sunagky w(zt, 22) = 0 ma I' nosepxua @ Gyze KOPCTKOIO BiJHOCHO BKazaHUX A-
nedopmMmarrii.

JIITEPATYPA

[1] T. FO. ITomoycosa, H. B. Bammnaxosa. Maremarndsa MoJesb 3a7a4i IPO iCHyBaHHs JeSKUX HECKIHUEHHO MaJuX j1eop-
mariit. Mamep. Bceykp.nayx.-memod. xond. “IIpobaemu mamem. modearosanna’ M. Kam’sueobk, @ 123-127, 2018.

[2] A. B. Bunagze. Kpaesble 3a1a4n /1 9/IMITHMECKUX YPABHEHUH BTOporo nopsaaka, Mocksa, Vza-Bo "Hayka 1966, 202
c.
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Anroputm nmodymnoBu YHITAJBHOTO JdiJIbHUKA JIJIS MHOTOYJIEHHO1
MAaTPUILi

Bomoaumup Ilpokin
(ITITIMM HAH VYxpaiuu, Bya. Haykosa 36, m. JIbsiB, Ykpaina, 79060)
E-mail: v.prokip@gmail.com

Hexait Frxpn 18 Frxn[z] — xizbus (n X n)-marpuns #an noaem F ra xigbiem muorowenis Fx] siamosinHo.
IMosuauumo: I, — opuauuna (n X n)-marpuig i O — HyaboBa (1N X N )-MaTPUIL.

ar (z) 0 e e 0
. . . . _aa(z)  ax(x) 0 e 0
st HeocobBOT HIKHBOT TPUKYTHOT Marpuni A(x) = , e a;(z) €
an1 ()  an2(x) ans(z) ... an(x)

Flz] — yuiransni muorowrenu i dega;;(x) < dega;(z) mns Beix ¢ > j, BKazKeMO yMOBH 1T 306pazKeHHs y BUIVIAM]
no6ytky A(z) = B(x)C(z), ne B(x) = I,a" + Y., Biz"™" € F, ,[z] — yuiransna muorounenna mMaTpus
crenens r > 1 i3 Busnaunukom det B(z) = b(x).
dxmo marpuug B(z) = I,a" + >, B;x"" € F, ,[z] € niBum ainsamkom tpukyTHOi Marpuni A(z), To 3
pisrocti A(z) = B(x)C(z) orpumyemo A(x) = D(2)G(x), ne D(z) = [di(x)] — nuzkns TpukyTHa MaTpuis
3 HaCTyHHI/IMI/I BrnacruBocTaMu: di;(x) € Flz] — yuitambui muorownenu, degd;;(z) < degd;;(x) mnst Beix ¢ > j,
deng 1 dii(x) < kr, [T, dis(x) = det B(z) = b(z). Orxe, a;(x) = dii(x)g;; () s Beix 1 < 4 < n. Huxue
BKarKEMO aJITOPUTM Ho6y,q0131/1 yHiTaspHOro ninbHuka B(x) i3 Heocobmmsol TpukyrtHol Marpuni A(x) € Fy, ,[x].
1). Hexaii BusHAYHUK HeocOOMBOI HIZKHBOI TpUKyTHOI Marpuui A(x) € F,, ,[z] 306paxennii y Burusni mo-
oyrxy [[i; a;(z) = b(z)e(x), ne b(z) € Fla] — ynitanpauit Muorounen crenens nr, r < deg A(z).
2). Hiaronambhi enementn a;(x) marpuri A(zr) sanumemo y Burmsi ai(a:) = dglznl (a;)gl(ly)nz (), me dglgnz (z) €
Flx] — yuitanpui MHOrowienu abo esementu moad F g Beix m; = 1,2,...5 1 = 1,2,... . 3a eqemenTamu

d( ) m, (T) TOOYIyeMO MHOXKUHY JTHarOHATBHUX (7 X 11)-MATPHIb HACTYITHUM THHOM:

D, =

{Dm(x):diag(di{lm( ), d (@), dD (), me deng“> <kad£% = >}.

3). Tt xkosuoi marpuri DU (z) € Dy, g A(x) Gymyemo dakropusarnii A(x) = Tb(l)(m)G(x), e Ty(x) =
d (z) 0 0

1,m1q
0) )
tmg1 (@) dm,(2) 0 .. 0 — TPUKYTHA MATPHUIS TAKa, 10 degt (@) < deg d(l) L (z) ms eix
! ! 1
W@ 10 @
7 <.
Ouesnyino, mo s jgesknx marpuns DU (z) dbakropusaniit marpumi A(z) = l)(a:)G (z) moxe i He icuyBa-

tu. Ilomyk enementin t(> j () Gasyerbesa na snaxokenni poss’askis {u;;(z), vij(z)} pibuannsa b;(z)u;(z) +

¢j(@)vij(z) = ai;(x) Takux, mo degv;;(z) < b;y(x). fxmio K ni po3s’d3Ku iCHYIOTH, TO OCTAHHA HEPIBHICTD ra-
0
t

PaHTY€ 1XHIO €IUHICTD. BayBa)KI/IMO, 1o KOGd)lIllSHTaMI/I MHOI'O4YJI€H1B mi,j

F. MHO)KI/IHy TaKUX TPUKYTHUX MaTPUIIH IIO3HAYUMO YI€peE3

.(x) MOXKyTB 6yTH TapaMeTpH i3 moss

t(l)( ) =0, AKIIO Jj>i
o100 [ e |l =, o ke

7, M

degtml (@) < deg d(l) (x)  mamcix  j < my.

3po3yMiJIo, SKINO OJIHA 3 HABEJIEHUX BUINE YMOB HE BHUKOHYEThCs, TO s A(r) He icHye JiBuX yHiTaIbHUX
JnbHEKIB 13 BusHaunukoMm det B(x) = b(z). BpaxoByroun teopemy 2 i3 [1] Ta HaBeleHi Buine MipKyBaHHHS
OTPUMYEMO.
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Teopema 1. Jlasa mpurkymnoi neocobausoi mampuui A(z) icnye gaxmopusayia A(x) = B(z)C(x), de B(z) €
Fo nlz] — ynimasvna mrozousernna mampuys cmenens v > 1 i3 susnaunurom det B(x) = b(x), modi i miavku
modi, xoau 6 muoowcuni Try, icnye mampuuya T(x) = S i Tix*~", dan axoi

T, O - O ] o, O ... ... O]
T, Tp : T, Tp : :
T2 Tl 0 T2 T1 O O
rank | . . =rank | . . .
: : TO : : TO
. . 0
L Ts Ts—l Ts—r J L Ts Ts—l Ts—r In J
224z 0

Hpuknan 2. g marpuni A(x) = ) € Q22]x] Braxkemo pinsiuku la + By i3 Bu3HA-

2+1 w@®+a+1
grukamu 2 + z, 2 i 2 + z + 1 Bignosigmo ta mineavku 1,22 + Biz + By i3 BU3HAUHEKAME xz(:er +x+1)i
(2% + 2) (2% + x + 1) BinmosigmO. PesymbraTn ob6uncIeHb HABEEHO y TAGMTI.

2

b(x) 2%+ 22tz x? 2 +a+1
diag(dy (), d2()) | diag(z? + z,1) diag(z + 1,2) | diag(zx, z) diag(1,22 +z +1)
22+x 0 z 0 1 0
Tro me—ﬁ—b b - 1 =z r ?+z+1
- - z 0 z+1 1
La+ Bo L z} { -1 azw
b(z) 22?2 + 2+ 1) (22 +2) (22 +2+1) (22 4+ 2) (22 +2+1)
diag(d (), da(x)) | diag(z, 2% + 22 + ) diag(2® + x, 22 +x +1) | diag(z+1, 23+ 22 +12)
Tr [ T 0 (22 + 0 ] i
b 222 +z+1 2+ 224z 241 22+ax+1
M2 , ) 1
9 x° 4+ 0,5x 0, 5x T+ 0 )
La”+ Bz + Be 0,5(1 —x) z*+0,5(z+1) -z 2*+ax+1

JIITEPATYPA

[1] Bell J.H. Left associates of monic matrices with an application to unilateral matrix equations. American J. Math., 71(2)
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IIpo reoae3nydni Bimobpa>keHHsI MMOCTOPiIiB JOTUYHUX PO3INapyBaHb
31 cIeriaJbHOI0 METPUKOIO

CuniokoBa Osiena MukosaiBaa
(3 «ITHITY imeni K./, Ymuucsroroy, Omeca, Ykpaina)
E-mail: olachepok@ukr.net

Hocmimkenns y Mexkax iHBapianTHOI Teopil HaOJMKEHb reoMeTpuaHUX 00’€KTiB pimanoBa mpoctopy V7,
n € N, 103BOJIAIOTH NOOYLyBaTH Ha JOoTUIHOMY posmapysarai T (V™) pisui meTpukm Ta pisai 06’ektn adinHOTrO
3B’s13Ky [1]. KoxkHa 3 Takux meTpuk nopokye Ha T'(V"™) neBHy reomMeTpiro, cX0xKy Ha (DiHCIEPOBY, ajle BiAMiHHY
Bz mel [2].

Y pobori posrustayTo npoctip 17'(V"™) 3 MeTpukoro

ds? = 3ga5($)dxadxﬁ — Gop(z; y)dz® Dy, (1)

Jie gos (%) — KOMIIOHEHTH METPHYHOIO TEH30py 6a30BOro piManosa mpocropy V",

1

5 Riag; (2)y'y’;

Eaﬁ(x§ y) = gaﬁ(x) =+
Dy® = dy® + T, (z; )y’ dz";

~ 1

Fﬁw(w;y) = %v(w) - gR?ﬁy)(T(m)ygf
ne g (z), RE, (), Riapj(x) — Bianosiamo, komnonenty adinnoro ss'43Ky, Tensopa Pimana i Tensopa Kpusunu
6azoBoro pimanoBa npocropy V.

Kowmrnonenru g;;(«; y) Merpudsoro Tensopy Merpuru (1) minpaxosamni y ssromy Buriigl. Crupaoduch Ha HUX,
3a popMyIaMu, AaHAJOTTIHIMHE JI0 CTAHIAPTHUX (OPMY/T PIMAHOBOI TeoMeTpil, mobymoBani cumBosm Kpucrodes
JAPYTOro pojy, OTPUMAaHi PIBHSHHS, 110 BU3HAYAIOTH KPUBI, IKI HA3UBAIOTHCS I'€OAE3MIHUMU JIIHIAMU IIPOCTOPY
(V™).

Jai npuposHM YMHOM BBEJIEHO HOHSITTS TEOJE3WIHOro BinobpazkerHsi mpocropy 1'(V'™), y nokaabHOMY
acCMeKTi MpoaHAI30BaHO MPOOIeMy iCHYBaHHS TaKUX BiI0OAKEHD, 3HAWICHO KpuUTepiil iCHyBaHHS TaKWX BiJi-
obparkeHb y BUIAJKY, KOJIU 0azoBwuii rpoctip V™ € npocropom Eituinreitna.

JIITEPATYPA

[1] H. C. Cumokos., E. H. Cunioxosa., 0. A. Mosuan HexoTopble akTyaIbHbIE ACHEKTHI PASBUTHSI TEOPUN T€OIE3UICCKIX
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pueit npubsmkennii 6azororo mpocrpancTsa. Coopruk mpydos Meostcdynapodnots nayunot xoudepernyuu "Cospemerrasn
2eomempun u €€ npuaodicerus” Kazaub, Nzn-so Kazan yu-ra.: 125-127, 2017.
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IToToukoBa omiHKa BigxmuijieHHs moJiiHoMa KpsikiHa Bif
HellepepBHOI Ha BiApi3Ky YyHKIIIT

M. B.IIleruoB
(Kuisebkuii Harjonanbauit yuiBepcurer imeni Tapaca Illepuenka, Bys. Bomogumupebka 64/13, 01601)
E-mail: santa-krus@ukr.net

Hexait C' - npocrip Henepepsuux dyukuiil #a Biapisky I := [0, 1] 31 crangapTHOI HOPMOIO
11} == max | f ()]

Hexait k£ € N, Busnaanmo
k

Ajf(@) =) () f(x + ih)
§=0
k—wuit Mmoxynb HenepepprocTi dyHKIGI f B Touni 1/k BU3HAYAETHCS HACTYITHUM YHHOM:
we(f.1/k) = sup  [Ajf()]
z,x+khel

Posriisinemo MHOrO4WIeHH, siKi iHTerpajbHO HAbIMXKaOTh GyHKIiIO f Ha I, TOOTO

i/k
/0 (f(t) — Qrr(f,1)dt =0, i = 0,1..k

ae degQr—1(f,t) < (k—1)
3 [1] Bizomo, mio
If = Qr—1l] < W(k)wr(f,1/k)

nme W(k) =2 npum k < 820001 W(k) =2+ exp(—2) npu k > 82000.

OnHak Taka omiHKa “nocaraeTbes JIHIIe Ha KiHugx Binpizka [ (axumo Togno, To Ha Bigpizkax [0;1/k] 1 [(k —
1)/k, 1]. Tomy mocTae 3amuTanHs, 91 MOXKHA I[F0 OIHKY [OKDAIUTH BCEPEIUHI BiIpi3ka, TOOTO OTpUMATH, M0
st © € [1/k; (B — 1)/k] BukoHyeThCst HEpiBHICT

|f(@) = Qu-1(2)] < pla)wi(f,1/k),
ze p(x) - dyHKuig, gxa 3a1eKUTh Big © (MOKIIMBO, € KOHCTAHTOIO), ajle 3HAYCHHS AKOI MEHIII 38 2, OIiHKH, dKa
BXKe € BiZOMOIO.
OCHOBHUM PE3y/ITATOM € HACTYITHA T€OPEMAa:

Teopewma 1.
dmlink

oy

lg(2)| <
dexem/k,(m+1)/kl,m<k/2,ag:=f—-Q.

Oujnka Ha Binpisky cuverpuana (Q(f(1—x),t) = Q(f,1—1)), Tomy juig Tux x, y akux m > k/2, orpumMaemo
aHasoriuny dbopMysIy, IMOMIHSBIIN B Hilt M Ha k — M.

Heit Bupas yzxe mpu m > 1 Oyme MauM 3a paxyHOK Toro, mo C}' > k mpu m > 1 i € HabaraTo MEHIINM 38 2
(Bimomy piBHOMIpHY OI11iHKY ). KpiM Toro, unm 6isbiie 1m, THM I OIiHKa KPallla 38 [IOIEePETHI0 OTPUMAHY OIHKY.

Otke, TakuM uuHOM Ha Binpisky [1/k;(k — 1)/k| nokpameno pasinie orpuMaHy OLIHKY IJIsi MHOIOYJIEHA

inTerpasbHOro Habmmzkenns. Orpumana B poGoTi onjnka pubM3HO Jopisrioe O( ™) Ha inpisky [m/k, (m+
k

1)/k]. e me pa3 migkpecsroe, Mo MHOTOYIEH IHTErpaJbHOTO HAGMKEHHS "HANTIpIe MOBOIUTD cebe GIM3bKO
JI0 KiHIIB Bizpiska, a Bcepeauni Habmzkye oro Habararo kpaie. OCKUJIBKE 1€ HE € JOCUTH TPUPOIHUM, TO JIA€
MiICTABYU s TIOJAJTBIIIOTO TOC/TIIZKEHHST HETIePEPBHOI Ha BiAPI3Ky (DYHKIIT Ta MOTIHOMIB, K 1X HAOJIHMKAIOTD.

Kpim Toro, 3a ymoBu, 1mo MakcuMmyM i Minimym Ha Bigpiskax [0,1/k] i [(k — 1)/k, 1], To 3a paxyHOK 3MiHu
MmoJIiHOMa Ha CcTajy abo JiHiiHY (DYHKI0, MOXKHA IMOKPAIUTHA OIHKY HAWKPAIIOro HAOJUXKEHHsS Ha BCbOMY
Bimpisky. lle mokpamenus Oyzae Tum Oinmbime, 9uM Oibina Oyae pisHUIA aOCOMIOTHUX BEIUINH MAKCHMyMa i
MiHIMyMa Ha KIiHIFIX Bigpi3ka.
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IIpo P-medopmarliil moBepxoHb obepTaHHS

®deguenko FO.C.
(Onechka HAIIOHATBHA aKaIeMisl XapIOBUX TEXHOJIOTIH)
E-mail: fedchenko_julia@ukr.net

Panimnte y po6orax [1], [2] Busuanucs seckinueno maui reogesuani nedopmarii (P-medopmartii) nosepxoss B
eBKJtitoBoMy mpocropi E3. Jlng rakux gedopMariii 3HaIeHO HOBY (POPMY OCHOBHHX PiBHAHB, SKY IIPEICTABIICHO
o] — e}
aepes TenzopHi moss T, T Ta dbyHKIIio ¢ moximHol BekTopa 3miments U; = ¢jq (T“ﬂ — %wco‘ﬁ + 1P ) g+
Cio 1T, ButiHCcano o3uaku adinaux medopmariit. ¥ pe3yabTaTi JOCTi KEeHHS OCHOBHUX DIBHSHB OTPUMAHO HAa-
CTYIHI pe3yJabTaTu.

Teopema 1. Jas mozo, wob neckinuernno mara dedpopmayis noseprni S (henyavosoi nosnoi xpusunu K #
0 ) xaacy C3 6yaa 2eodesuunoto, meobTiono i docmammunbo, wob Mo MOGEPTHI iCHYSaI PynKuii b, ¢, AKi
3000804DHAIOMD HACTMYNHT DIGHANHA:

K; 1
3K2 (BVatm + Agmn) — 3K BV hitm + Aigmn) = YrGim — ViGhm + OmGhis
af
YT Kb, — 2K 5 H) + Vs(pad™) + 2Hp = 0,

de A= —%Vﬁ¢a9a57 )‘1 = az>\7 vhi = Vivh-

o
Todi mensopii noas TP, T, wo npedcmasasoms NOTiOHy GEKMOPA 3MIULENIA, MAOML GULAL)

° 1 (oK 1 1
af af il v hB ka i v ha kB 1
T I ( 5 9 1 hKg T C 1 hPrg e )7 (1)
1
T = 3 (—d);Lchkdg + @kdko‘) . (2)

Tym K; = 0;K, H - cepednn wpusuna nosepzii, A = 4¢Py, d'bjo = 6.

Teopema 2. [loseprni obepmannaT = (ucosv, usinv, f(u))(K # const) donyckaromo nempusiarvri P-depopmanii

npu ¢ = 0. IIpu yvomy
Cu

41+ f2

2
Y = C% + Cy,C, Cy — const.

P 722 o 2

_Cu
2f"

Teopema 3. /Jaa moeo, wob noseprns S kaacy C° cmanoi noenoi xpueuny (K = const # 0) donyckanra
P-depopmasirto, neobxiono i docmammvo, wob ichysasu Gynkyii ¥, @, wo 3a0060AbHANOMY DIBHAHNA

Vii¥m = —K(20igmh + UnGim + VmGhi),
Vs(ad™®) +2Hp = 0.

T'=0,7%2 =

e} —
Todi menzopri noas TP, T* noxidnoi eexmopa smiwenna U; maromv eueand (1), (2).

Cepen oBepxoub K = const # 0 Bubpano cdepy Ta posrisinyTo Bunagok ¢ = 0.

JIITEPATYPA
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QA-nedopmariig 3i crarioHapHIM OPTOM HOPMAJIi €JIiNTUYIHOTO
napaodoJioiga

FOxaia Xomua
(Opecvkuit HamionasbHuit yHiBepcuTer imeni 1. I. Meunukosa)
E-mail: khomych.yuliia@gmail.com

Hexait BekTOpHO-TTapaMeTpUYiHe PiBHAHHS €TIITUIHOTO MapabosIoiia 3a/IaH0 ¥ BUTIS
2
_ . u
7(u,v) = {ucosv,usinv, ?}

B poboti mocmimkyerbes #ioro kBasiapeanbaa HeckiHueHHO Masa medopmaris (a6o koporko QA-nedopmartis)
BUIJISIY

7™ (u,v,t) = 7(u,v) + tU (u,v),
ae U(u,v) — mome smimenns, t — 0, Ipw AKiif 3aJIHMAETHCA CTAIIOHAPHAM OPT HOPMAJi MOBEpXHi.

Samada npo QA-medopmariito 3i crarioHapHIUM OPTOM HOPMAJI IIOBEPXHI Biji'€eMHOI rayccoBol kpusuHa K pos-
risHyTa B crarti [1]. B mamiit po6oTi mocrimKyeThest Taka medopmariisi TOBEPXHI JOJATHOI rayCCOBOT KPUBUHMY,
3a3HAYMMO, IO IOBEPXHS EJINTUYHOIO IMapadosIoiia 33/ I0BOJIbHSIE il YMOBI.

IIpencraBumo mosie 3mirnenHs Yepe3 HOro KOMIOHEHTH

U(u,v) = U, + U°R.

PosriisinyBana 3a1ava 3Besiach J10 BiJIIyKyBaHHsT PO3B’sI3KiB HEOTHOPITHOTO TUdEPEHIATbHOIO PIBHAHHS 3
JACTUHHUMU MOXITHUMHA JIPYTOTO MOPSAIKY BiTHOCHO HeBimomol dyuxil U° :

o e} KOé e o o
US pd — S2d*PUS + 2HU® = 2, K #0.

Ile piBHSHHS y3arajbHIOE BiZloMe OTHOPiHE XapaKTepucTuIHe PiBHsHHS BelHrapTeHa i HeCKIHYEHHO MaJIUX
sruHaHb [2]. 3aKOH 3MIHIOBAHHSI €JIEMEHTA, TLIONI [I0BEPXHI TpH 11 HECKIHYeHHO MaJIiii JedopMariil BUParKAEThCs
4epe3 byrkuio 4 [1].

Mae micrie Teopema.

Teopema 1. [loseprha eainmuunozo napabosoida donycrae QA-dedpopmanito 3i cmayionapHum OPMOM HOPMANT,
nPU AKI KOOPOUHAMU NOAA 3MIUEHHA MAIOTNG BU2AAD

Tu,v) {c((1+u2)sinv—u2vcosv) —c((1 4 u?) cosv + u?vsinv) cv !
u? v = ) ) )
uy/ 1+ u? uyv1+ u? V14 u?
. _ cv(24u?)
de cmana ¢ # 0. Hpu yvomy dyrruia p = s/
JIITEPATYPA
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KoundopmHbIEe 1 reoe3andecKne oToOOpa*keHnud Ha
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(Yuamsepcurer [ananxoro 8 Onomoyme, yi. 17 Jlucronana, a. 12, r. Onomoym, 77147, Yermckast pecrmybinka)
E-mail: josef .mikes@upol.cz

E. B. HUepesko
(Opecckmii HAMOHATBHBINA IKOHOMUYIECKHi yHUBepcuTer, yi.llpeobpakenckas:, 8, m.Omecca, 65082, Ykpaunna)
E-mail: cherevko@usa.com

Koudopmubie 0TOOpazkeHusT PUMAHOBLIX MPOCTPAHCTB PACCMATPUBAJINCH BO MHOIUX paboTax. DTU OTOOpa-
2KEHUSI UMEIOT CYIIEeCTBEHHOE MPUJIOKEHNE B OOIIENl TEOPUN OTHOCUTETHHOCTH.

Bormpoc o Tom, gomycKaer wiu He JO0MYyCKAeT PUMAHOBO MTPOCTPAHCTBO KOH(POPMHOE OTOOPaYKEHNE HA HEKOTO-
poe pocTpaHcTBo DitHireitna 6611 cBesen I'. Bpunkmanowm [1] k mpobiieme cynecTBoOBaHUs PEIEHUs HEKOTOPOii
HEJIMHEHHON crcTeMbl T depeHITNATbHBIX ypaBHeHnii Tumna Kol OTHOCUTETHHO Hen3BeCTHBIX (DYHKIHA. DTa,
3a/1a9a eTajIbHo u3joxkena B Monorpaduu A. 3. Ilerposa [2].

B paborax [3, 4] oCHOBHBIE ypaBHEHUS] YKA3AHHBIX OTOOPA’KEHMII CBEJIEHBI K JIMHENHHOM cucreme nuddepen-
[UAJIbHBIX YPABHEHUH B KOBAPUAHTHBIX MTPOU3BOIHBIX.

Teopust reose3nvaecKkux oTobpazkeHuit uieiHo Bocxoaut k patore T. Jlesu-Husura [5], B KOTOpOil OH TTOCTA~
BUJI Ml PEINJI B CIIEIINATLHON CHCTEMEe KOOPIMHAT 31Ty O HAXOKJICHUN COOCTBEHHO PUMAHOBDIX TIPOCTPAHCTB C
obmmMu reosesndeckumu. [IpumedaresibHO, 9TO OHa ObljIa CBA3aHA C U3YYEHUEM yPaBHEHUN JTUHAMUKYA MEXaHMU-
YEeCKUX CUCTEM. 3aTEM TeOPHs TeOIe3MIECKIX 0TOOpazkeHnil paspuBaiach B paborax Tomaca, Beitna, [llupokosa,
Cononosuukosa, CunrokoBa, Mukeria u Apyrux.

CaMbIMI M3BECTHBIMHU YPABHEHUSIMHU TE€OIE3NIECKIX OTOODAXKEHUI SIBAAIOTCH ypaBHenus Jlepu-usura. 3a-
Tem I'. Beitsib mosryaus 3Tu ypaBHEHUsT U TSI TeOJIE3MIECKUX 0TOOpaskeHuil apUHHOCBSI3HBIX MPOCTPAHCTB.

H. C. Cunrokos [6] q0Ka3aj, 9T0 OCHOBHBIE YPABHEHUS I'e0JIE3MIECKUX OTOOpayKeHui (IICEeBI0)-PUMAHOBBIX
MPOCTPAHCTB SKBUBAJECHTHBI HEKOTOPOH JIMHEHHON crucTeMe ypaBHeHnii Tuna Kol B KOBapHaHTHBIX TTPOU3BOJI-
HBIX.

B pa6ote [7] atu pesysbrarbl 0600IIEHBI Ha CIyYail Teoe3ndecKux OoToOparkeHHil skBuadGUHHBIX IPO-
CTPAHCTB Ha (IICEBJIO)-PUMAHOBBI IIPOCTPAHCTBA.

AdduHHOCBSI3HOE 1T PUMAHOBO IIPOCTPAHCTBO HA3BIBAIOT PUYYN-CUMMETPUYIECKUM, €CJIM T€H30p Pudun B
HeMm abcomoTHO mapasiesien. Takum obpazom, Puaan-cummerprdeckue poctpanctsa A, (V,) XapakTepusyior-
Csl yCJTOBUEM

Rijix =0,
rte cumpoa | oboznataeT kopapuanTHyio npoussonyo B A, (V,,), R;; — Tenzop Puaun npocrpancrsa A, (V).

B patore [8] pacemoTpensr KoHMOPMHBIE OTOOPAKEHNST PUMAHOBBIX TPOCTPAHCTE V;, Ha Puaun-cummerpraeckmne
PUMAHOBBI IIPOCTPAHCTBA, V,,. OCHOBHBIE yPABHEHMS TAKHX OTOOPAZKEHUIT IOJIYICHBI B BIIE 3AMKHYTOI CHCTEMBI
ypaBueHmii Tura Komn B KOBApUAHTHBIX IPOM3BOJIHBIX. YCTAHOBJIEHO KOJIMIECTBO CYIIECTBEHHBIX TAPAMETPOB,
OT KOTOPBIX 3aBHCUT 00Ilee pellleHre oIy YeHHOI cucreMbl ypapHenuil Turia Ko B KoBapruaHTHBIX IIPOU3BO/I-
HBIX.

B pabore [9] u3yueHbl reozjesnveckue 0TOOpaKeHHsi HPOCTpaHCTB adduuHOl cBsi3Hoctn A, Ha Pudun-
CHMMeTpUYecKHe TpocTpancTBa A,. OCHOBHbIC ypaBHEHNS YKA3AHHBIX OTOOPAKEHNMH MOy IeHBl B BUIE 3aMKHY-
TO cuCTeMbl ypaBHeHu Tria Komn B KOBAPHAHTHBIX MPOU3BOIHBIX. YCTAHOBICHO KOJIUIECTBO CYIIECTBEHHBIX
mapaMeTpoB, OT KOTOPBIX 3aBUCHUT O0IIee PelleHre MOy YeHHOH crucTeMbl ypaBHeHuil Turna Ko B KoBapuanT-
HBIX TIPOU3BOJIHBIX.
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KOMHI:)IOTepHoe MoAeJIMpoBaHMue YIIPDOYHAIOIIIEro (ba3OBOI‘O
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KpreiBuenko 10.B., Kupunios B.X., I'epera A.H.
(Hayuno-nipoussogcreennbii entp, Omecca, Ykpauna)
E-mail: aherega@gmail.com

CyniecrBeHHast 0COGEHHOCTD IUCIEPCHO-APMUPOBAHHBIX IT€TEPOreHHBIX MATEPUAJIOB — HAJMINAE B UX CTPYKTY-
pe KJ1acTepoB (pubpbl, KOTOPBIE IPU KPUTUIECKON KOHIIEHTPAINH 00Pa3yOT CBA3HYIO 00/I1aCTh IIEPKOJISIIMOHHOTO
tuna [1], [2], mposormpyst cTPYKTYpHBI (ha30BBIi IEPEXO, U, CIETOBATENHHO, CKATKOOOPA3HO H3MEHSIST CBOXCTBA
obpasia.

B 1peioxkeHHOi MOJiesIn yIPOYHSAIONIETO CTPYKTYPHOTO (ha30BOr0 IEPEXOa PeaTn30BaHa BO3MOXKHOCTD HC-
CJIEIOBaHUS B KOMIIBIOTEPHBIX IKCIIEPUMEHTAX PEe3yJIbTATOB ADMUPOBAHUS MATEPUAJIA CMECHIO (DHOPBI U ITOPOII-
ka. s sroro cchopmymmpoBaHa HOBasg KOHTUHYAJIbHASA MEPKOJISIIMOHHAS 33/1a9a, OMUCHIBAIOIIA KIACTEPHYTO
CHCTEMY C KBAa3WTOYEYHBIMU U KBA3WJIMHEHHBIMH SJIEMEHTAM.

Banawa pemraercs meromoM Moute-Kapio B xy6e pazmepom 108 ycloBHBIX emuuum mIuHbl. DJIeMEHTEI, U3
KOTOPBIX (JOPMHUPYETCs MOAETBHBIN KJIACTED, CO3IAI0TCA TeHEPATOPOM carydaitabrx unces (I'CH) ¢ paBHOMepHBIM
pacmpeiesienneM. B kaxom sxcnepumente ¢pudpa umeer bUKCHPOBAHHYIO JJIMHY, U €€ [TOJIOKEHUE OIIPE/IETISeT
I'CH: om 3amaéT KOOpAMHATY €e Hadaja W BBIOMPAET yTOJ TMOBOPOTA OTHOCUTEIBHO pebep Kyba. Emmnuanbre
ubpbI cUnTAIOTCH COEAMHEHHBIMU, €CJIU Y HUX JHOO €CcTh 0obImas TOUKa, JMOO PACCTOSHUE MEXKy HUMHU He
TIPEBBINIAET HEKOTOPOE 33IAHHOE, UTPAIOIIEE B MOJIEN, KAK U JyInHA (DUOPLI, POJIb YIIPABJISIONIETO TAPAMETPA.

D10oT heHoMeH 0OHAPYKUBAET WHTEPECHYIO OCOOEHHOCTH HMEPKOJIAIMOHHON 381491 ¢ HEOOBIYHBIM COCTABOM
3JIEMEHTOB, & 3HAYNT, ¥ CAMOIl TEXHOJIOTUU — HEBOZMOXKHOCTH 0DECIIEYUTh CTATUCTHIECKYIO YCTOWYUBOCTD SIBJIe-
Hus. [Torepsa crabunbHOCTH TIpU (PUKCUPOBAHHOM 3HAYEHUU MAKCUMAJIBHOI'O YIjia 0BOPOTa (hUOPHI U €€ JJIMHBI
CBsi3aHA C 3aBUCUMOCTBHIO WHTEPBAJIOB Dsifla 3HAYEHUN MAPAMETPOB 3a/la9M, B YACTHOCTHU, [TOPOra IMPOTEKAHUS
u (PpakTAIbLHON Pa3MEPHOCTU OT CTEIEeHU BAPUATUBHOCTU IIADAMETPOB KOHKDETHBIX DEAJIU3aliil IepKOJIsIy-
OHHOI'O KJIACTEpA, KOTOpas, KaK OKa3aJjoch, majurine peauka. OOCyXKII€HMe CUTyaluyd BO3MOXKHO B DPaMKax
[PEeCTABJIEHUs] O TUIEPCIYYaiHbIX BEJIMUYUHAX, JJisi KOTOPBIX «CTaTUCTUIECKUE OIIEHKHU B ODIIEM CJiydae He siB-
JIFIOTCS COCTOSATEJILHBIMY, T.€. IPU yBeJUUeHUn 00beMa BBIOOPKH MX IIOIPEIHOCTh He CTPEMHUTCH K HyJo» [3].
[Ipu 5TOM KaXKIblii U3 PE3yJILTATOB, [OJIyYeHHbIH 11PU (PUKCUPOBAHHBIX 3HAYEHUX YIIPABJISIONINX APAMETPOB,
MMEET CTAHJIAPTHYIO JJId TaKUX 3aa9 [MOrPENIHOCTL, PABHYIO, IIPUMEPHO, 12 <+ 15 npoueHToR.

W nest 07HOBpEeMEHHOIO UCIIOJIb30Ba st GUOPHI U MOPOIIKA JJIsi YIIPOYHEHUs MaTepraJsia IPUHAIJIEKUT aBTO-
pam paboTsr [4], KOTOpBIE YCIENTHO MCIONB30BAJN €€ TIPU CO3AaHIN GETOHA, OBJIAIAIONIErO TOBBIIEHHON TPOY-
HOCTBIO IIPY PACTSAKEHUU.
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Paccmarpusaem rpynmy Tanya Aut(C(z)/C), koropas uzomopdua rpynme Jlu PSLy(C) u npeobpasobanus

Mébuyca nmeror Bu,
az+b
Fem s (E57),

rae a,b,c,d € Cuad —bc=1.

TIpeacrasaerne anre6pnt Jlu sl (C) B BekTopHBIX monsax wa CP! mmeer sum: sly (C) = (9, 20., 220.).

Iycts X € sly (C) - BexToprOe mose u3 amre6psr. O6ozmaxmy gepes X *) mpomosnenie 5T0ro BeKTOPHOro
moss Ha MHEOTOOGpasny k-mxeros J¥ dymkmmit. Torna coorsercreme X — X (k) naér upencrasicnue agreGpol
JTu sl (C) B BekTOpHBIX TOMaAX Ha JF.

Hanpumep, B3sB kK = 3, MBI TIOJTy9aeM CJIEYONLY0 peamu3armmio anrebpsr Jlu sly (C):

0,20, — U100y, — 2u20y, — 3u30y,,

220, — 22u1 0y, — (42ug + 2uq)0y, — (62uz + 6u2)d,,

B CTAHJAPTHBLIX KOOPJUHATAX.

MpsI roBopuM, UTO pamnmoHaJbHas GyHKIus F #Ha MHOr0OOpasun J k gBJIseTCS TPOEKTUBHBIM
nubdepernmuampubiv uapapuantom mopsika < k ([1], [2], [3]), e X ) (F) = 0, nas Beex BekTopHBIX TOJTCH
X €sly ((C)

Teopema 1. (1) Cywecmeyem dsa HE3ABUCUMBLL NPOEKMUBHHIT OUPHEPEHUUANLHOIT UHBAPUAHMA NOPAJKG < 3

—4,2
Uy Ug,

2

U 6CE OCNMAALHDIE UHBAPUAHMLL NOPAOKG < 3 AGAAOMCA PAUUOHAALHOMU dyrkyuamu Jy u J3.
(2) Omu unsapuarmos pazdenstom pezyasaprve opbumol, m.e. sla (C) - opbumu mouex, 2de uy # 0.

Jo=u,J3 = U;SUQ, —

OrmeruM, 9TO

(1) Buavenwme wuBapmanTa J3 Ha parmoHanbHON dyHkun f (z) paBHO mpomssommoi [Bapra dyHKIWMN,
obpaTHoii K f (2).

(2) Perynsapnbie sy (C) - opbutst 5 J3 umeror pasmeprocts 3. EcTh Taxske 0cobble opOUTBI Pa3MepHOCTH 3,
ont sly (C) - opbursr B obnactu uy = 0, ug # 0.

(3) Cunrynsipasie opbutbl pazmeproctu 2 sipysitorces sls (C) - opburamu B ob6mactu u1 = ug = 0, uz # 0.

(4) Cunrynspubie opoursl pazmeproctu 1 sBisores sl (C) - opburamu B obmactu uy = ug = ugz = 0.

(5) Cunrynsipable opouThl pazmepHocTeii 3, 2 u 1 COOTBETCTBEHHO 3aIa10TCsl Y PABHEHUAMM:

U =c, u1:07 u27é0a
u=c¢, u =0, ux=0, US#Ov

u=c, u1 =0, uy=0, uz=0,
rae ¢ KOHCTaHTa.

Teopema 2. (1) Ilose npoexmushoiz JuPBHepeHyuarvroil UHBAPUAGHMOE NOPOHCIGEMCH UHBapuarmamu Jo,
J3 u npouseodnoti Tpecce V = u%d%, m.e. 1100600 NPoexkmueHvlli JuPHeperyuarvrvili UHBAPUAHM, ACAAECTCA
PAYUOHANDHOT PYyHKUUed uneapuarmos Jo, J3 U uT uH8aPUAHMHBLIT NPOUIBOOHVIT.

(2) Omo noae pasdeasem pezyaspuuie sla (C) - opbumor 6 npocmpancmeax 0xrcemos, 20€ Pe2yAAPHOCTID

opbumv, 6 J¥, k > 3, ozuavaem, wmo ee npoexyus 6 J3 pezyaspras opbuma.
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Yrobst onucars sl (C) - opéurer B C(z) ormerum, uro suavenus Jo (f) u Js (f) 6asucubix nuddepennnas-
HBIX UHBAPUAHTOB Jy, J3 Ha paruoHaabHOil dyHkmu f (2) Takzke palgoHaIbHbIe QYHKIHUN.
Crenens tpanciennentaoctr mosst C(z) paBra 1, u H09TOMY HJIeal IOJHHOMUAIBLHBIX COOTHOIICHHI

P(Jo(f),J5(f))=0 (1)
MEXKJIy HUMU TIOPOXKIAETCSA HEIPUBOIUMBIM [OJAHOMOM.
KoaddunpenTs mocieHero moauHoMa 3aBUCAT OT f, M09TOMY Mbl OyeM 0H603HAYATH COOTBETCTBYIOIIUI
nenpuBogumblit Muorounen Py(X,Y). Torma coorsomrenue (1) MOXKHO pacCMAaTpHBATH KAK yTBEPXKJICHHE, UTO
[ aBasiercsa pemenreM OOLIKHOBEHHOrO AuddepeHuaabHoro ypaBHeHus: 3-T0 MOPSIIKA.

: 3
ef = {Pf (u7u1_‘SU3 — 2u1_4u§) = 0} - J3.

ITpoekrusnas rpynna PSLy(C) asiserca rpymmoii cuMmmerpuit tud depeHnnanbHoro ypasrenus £ U, CIe0-
BaTEIbHO, JIEHCTBYET Ha €ro MPOCTPAHCTBE PEIICeHUIA.

Teopema 3. Cmabususamop payuorarvhol gynryuu h(z) das PSLy(C) - deticmeusn duckpemen, ecau h #
const.

Meb1 roBopuMm, 4ro panuoHaibHas dbyHKms h (z) sBasiercs peeyaaprot, ecin h # const.
2 . o
Hanpuwmep, crabummsarop dynknun 2Kykoeckoro f (z) = £ ‘;1 SABJISIETCS TPYIIION Zg, IOPOKIEHHON NHBED-

2
cueit z — z7 1.

Teopema 4. /Jlse pezyasprvie payuorarvrve gynkyun f u g asamomea PSLy(C) - sxsusasernmmuovimu moada
u moavko moada, koeda Py = AP;.

OTMeTuM, 49TO JIJIsT TPaHCIEHIeHTHBIX paciupennii moss C muddepeHiinabHble HHBAPUAHTBI, 8 TaK¥Ke CO-
oTBeTCTBYONME JnddEPEeHITHATbHbIE YPABHEHUsSI UTPAIOT POJIb HENPUBOJUMBIX MHOTOUJIEHOB JIJIsI KOHEYHBIX
pacmupennii [asya.

Tax manpumep s dyakmun 2Kykosekoro f (z) = z
3
Pr(X,Y)= (X2 1)’V + i

a COOTBETCTBYIOINEE OOBIKHOBEHHOE nudepeHImaibHoe yPABHEHNE NMEET BUT,

3 3
(u2 — 1)2 <U1U3 — 2u§> + gu‘f =0.

Bce perysisipHbIe pellieHnst 3TOr0 YpaBHEH s SIBJISIFOTCS PAIMOHAIbHBIME DYHKIHsiME, KOTOpble PSLo (C)-sxBUBaI€HTHBI
dyuknun 2Kykosckoro.
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II. A. lupokosem ([1]) 6BLI0 H3y9IEHO CUMMETPUYECKOE PUMAHOBO MTPOCTPAHCTBO 1-10 Ktacca Vy,. dnsan = 4
METPUYECKUI TEH30P TAKOTO IIPOCTPAHCTBA V;, UMeeT BU/I:
1
3

9ij () = 945 + ljmﬁjl’%ﬁ

Riapj = bajbip — bijbags

0010 et 00 0
~]0o o0 01 |0 e 00 o
(g”> 1ooo |"®)=fg g oo [(&=F (1)
0100 0 0 0 0

s (10) cremyer, aro mpoctpanctso 2-ro npubmxenus V,2 ([2], [3]) mna cuvmerpuanoro V,, 1-ro xmacca
n30MeTprdHO ucxoaHomy Vi,. Iostomy rpymma Jln G, nndunnTesnMababx mpeobpasosanuii B V,2 nzomopdna
rpymrne JIln G, ucxomaoro V,,. Mcmonb3ys 370 06CTOATEIBLCTBO, JOKA3AHDBI CJIEIYIOIINE YTBEPK ICHUSI.

Teopema 1. Cummempuueckoe pumarogo npocmpamncmeso V, 1-20 xaacca donyckaem epynny Jlu deusicenud
Gs.

Haiinen 6a3uc 9Toi rpynnsl U €€ CTPYKTYPHbIE KOHCTAHTHI.

Teopema 2. Hupunumesumarvhvie Konpopmmvie npeobpadosarus 2-ot cmeneny 6 CuMMEMpPUIECKOM PUMa-
HOBOM npocmparcmee Vi, nepeozo KAacca ABAAOMCA 20MOMEMULECKUMY NPEOOPA3OBAHUAMU.

Haiinennr £ ZI’ (p = 10) - nuHeitHO HE3ABUCUMBIE C TIOCTOAHHBIMU KO3GbDMUIMEHTAMI TOMOTETHIECKHAE BEKTOPBI
Kunnunra.
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O mekoropbix nuddeomopduamMax MMCeBJOPUMAHOBBIX
MIPOCTPAHCTB co cTpykTypoit Adno-Xoy-Hena

Kyp6arosa N.H.
(OHY, Ozecca, Ykpauna)
E-mail: irina.kurbatova27@gmail . com

Xaggag M.
(r.Xome, Cupust)
E-mail: akkad@ukr.net

Crpykrypoit fduno-Xoy-Uena mbl HasbiBaeM ah@UHOPHYIO CTPYKTYDPY, CTPYKTYpHBIH addurop F KOTOPOi
yaoBJIeTBOpseT ypasHenuio 4-ii crenenu F4 + F?2 = (. K nonaruio Taxoi xsagpucrpykrypsl K.no,C.Xoy u
B.Yen upumiv npu u3ydeHun IOAMHOr000Pa3nii B OYTH KOHTAKTHBIX MHOMOOOpasugax [2|.

Crpykrypa Auo-Xoy-Uena siByisiercsi €CTECTBEHHBIM 000OOIIEHNEM e-cmpykmypui [3], Koropast onpenessiercst
HaJIIIHeM Ha MHOTO0Opasnn X, TersopHoro mons tuma (1,1) FJ, ynosaeTsopsionero yciosus

F'F =esl, e=+1,0, i,ha,B,...=1,2,...,n,
a takxke f-cmpyxmypu (2], mia xoropoit
F'FSF + Fl =0,

MEe! paceMaTpUBaeM IICEBIOPUMAHOBO IPOCTPAHCTBO (V,, i), Ha KOTOPOM OnpeesieHa cTpyKTypa fIHo-Xoy-
Yena, coryiacoBaHHast ¢ METPUKOW B BHJIE
j— — [e3
Fij+ Fji =0, Fij=giaF},
¥ KOBAPUAHTHO MOCTOSIHHAS, TO €CTh
h _
F; =0.
3mech «,» - 3HAK KOBAPUAHTHONW MPOU3BOIAHON B V,.
Nsy1amucsh pasnuanbie nuddeoMopdu3Mbl TaKIX MPOCTPAHCTB. B qacTHOCTH, TOKA3aHO, ITO Takue V;, He 10~
[IyCKAIOT HETPUBUAIBHBIX Teojie3ndeckux 3], F-ianapubix u 2 F-miaHapHbIX orobpazkenuil [1] ¢ coxpaneHnem
addrHOPHOI CTPYKTYPHI HA (Vn,gij), B KOTOPOM

?ij + Fﬂ' =08 Fi]' = giaFja.

Or1or dakT mpejcTaBisier coboit 0OOOIIEHHBI AHAJIOI W3BECTHOW B TEOPUHU TIeOJIE3NYECKUX OTOOPaYKEHUN
KeJIEPOBBIX MMPOCTPAHCTB TeopeMbl fHo-Bectieiika.
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3aKOHOMEPHOCTH TEOPUU KBA3U-Te0de3UYeCKNX OTOOparKeHUit
PEKYyPPEHTHO-TapaboJIMYeCcKX MTPOCTPAHCTB

JIozuenko J1.B.
(OHY um.M.M.Meunukosa, Onecca, Ykpansa)
E-mail: lozienkodv@gmail . com

Kypb6arosa N.H.
(OHY wum.M.M.Meunukosa, Onecca, YkpanHa)
E-masl: irina.kurbatova27@gmail.com

Paccmorpum pumarnossl npocrpasctsa (V,, gi;) 1 (Vn,3;5), Haxongmuecss B KBa3u-reojIe3MIecKOM oTobpa-
JKE€HNW, OCHOBHBIE YPABHEHUsSI KOTOPOTO B 00MmIell 0 oToOpaxkenunioo cucreme koopamuar (x*) mmeror Bug [1]:

Ty (@) = Tl (@) + ¥ (@)% + o (@) Fly (@)
Fuj(x) =0,  Fij(z) = F{(2)g(x),
h

rae I, Ffj - KOMITOHEHTBI O0'beKTOB CBAZHOCTH TIPOCTPAHCTB V,, 1 Vj,, COOTBETCTBEHHO; ;, (0; - KOBEKTOPBI; FJ*

- adpduHOD.
B [2] 6bu10 BBEIEHO HOHATHE PEKYPPEHMHO-NAPAOOAUECKOT, CTPYKTYPBL Fih (x) ma (Vp, gij) , 1l KOTOPO#
FAFr =0, F+F;=0, Fj=Fga,
Fl', = pj(@)F'(x), i hj,aB,...=12..n,
TJie p;j - KOBEKTOP, «,» - 3HAK KOBAPHAHTHON Ipou3BoHOM B V;,. Camo V;, Ipu 9TOM TaKzKe HA3BAHO PeKypPeHmHo-
napadboONULECKUM.

MBI TOCTPOUIU TI0 AHAJIOTUHU C TE€M, KaK 9TO CJIEJIAHO B TEOPUH T'€OIE3MIECKUX OTOOPAYKEHU PUMAHOBBIX TIPO-
cTpaHCTB [3|, nHBapnanTHOE MpeobpasoBaHMe, KOTOPOE M3 Mapbl PEKYPPEHTHO-NAPAbOJINIECKIX TPOCTPAHCTB,
COCTOAIMX B KBa3WU-TEOJE3UIECKOM COOTBETCTBHE, MMO3BOJISIET IMOJYYUTH HOBYIO MApy TaKyKe PEKypPPEeHTHO-
MapabOTMIECKUX KBA3U-T€OIE3MIECKN COOTBETCTBYIONINX MPOCTPAHCTB. Bojee TOro, mpuMeHeHne 3TOr0 MHBA-
PHUAHTHOTO MPeoOpa30oBaHrsi MHOTOKPATHO JAeT BO3MOXKHOCTBH MOCTPOUTH GECKOHETHYIO IMTOC/IEIOBATEIHLHOCTD
map peKyppeHTHO-TIapabOInIeCKUX TPOCTPAHCTB, HAXOJAIINXCS B KBA3W-Ie0/Ie3UIECKOM OTOOparKEeHUH.
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MeTonp! rpyNIOBOrO aHAIN3a MIKPOKO HCIIOIb3YIOTCS ISl MCCAEJOBAHIS yPAaBHEHUIl B YACTHBIX IIPOU3BOJI-
HBIX U JIsi UHTErPUPOBaHUs OObIKHOBEHHBIX Auddepeniuabubix ypasuenuii B paborax [1], [2],[3], [4].[5][6]-
PaCCMaTPUBAETCs BOIPOCHI HHTEIPHPOBaHNe OOBIKHOBEHHBIX M depeHInaIbHbIX yPaBHEHNIT i INHEHHbIX -
(bepeHIMAIIBHBIX yPABHEHNUIT B 4ACTHBIX IIPOM3BOJHBIX, HA OCHOBE H3BECTHBIX HH(DUHUTE3UMAILHBIX CHMMETPUIL.
B pa6ore [3] pazpaboran BbIUUCIUTENBHBIA METOJ, ABHO OLPEIEJSIONMI IOJHYIO TPYIIY CUMMETPUHA [POU3-
BOJILHOTO i depeHINaIbHOrO ypaBHeHNs B YaCTHBIX IPOM3BOAHBIX. B pabore [4] paccmarpuBaroTcs BOIPOCHL
rpymnoBoit Kiaaccudukanum quddepeHmantbHpIX ypaBHEHNH 1 nx pernennii. B pabore [2] maiinena anrebpa Jlun
MHDUHATE3NMATILHBIX 00Pa3yIOINX TPYIIIILI CHMMETPHUIl [IsI [BYMEPHOIO ¥ TPEXMEPHOIO ypPaBHEHMUS TEILIOIPO-
Boguocru. Asrebpa Jlu nndunnTe3nMANBHLIX 06PA3YIONMX IPYIIILL CUMMETPHI JJisi OZHOMEPHOIO yPABHEHHUS
TEeIJIONPOBOHOCTU UCIIOJIb30BaHa B padore [6].

Paccmorpum nByMepHOE ypaBHEHHE TEILIONPOBOIHOCTH

w= 30 (i) o) + Q) o

e v = u(wy, T2,t) > 0 — remmeparypuaga byuxmuys, k;(u) > 0, Q(u) — dbynxmun ot Temueparypbl u. OyHKIHS
Q(u) onmchIBaeT IPOIECC TeIoBbLIeerust, ecu Q(u) > 0 u mporiecc rertonoriomenusi, ecan Q(u) < 0.

Uccnenosannst mokaseiBatoT, KosdbdumenTsl TermmonpoBoaHocTu ki (u), ke (u) B ZOCTATOYHO MUPOKOM Iua-
Na30He M3MEHEHUs IIapaMeTPOB MOXKET ObITh OIUCAH CTCIeHHON (yHKIuell TeMIepaTypbl, T. €. UMeeT BU
E(u) = u’.

Pacemorpum coyqaii kq(u) = ko(u) = u°, Q(u) = u. B arom cayuae ypasaenue (1.1) umeer ciemyrommit B

ug = u’ Au+ ou’ N (Vu)? +u (2)
2 2
rae Au = 27? + ng — omneparop Jlamwraca,Vu = {597“1, 86—;‘2} —TpaauenT MyHKIUN U.

Kaxk nokazano B patore [2] csejyionpe BeKTOPHBbIE HOJIs ABJIAIOTCH MHOUHATE3UMAJBHBIMU 00pa3y OIMME
IPYIIbI CAMMETpuil jyist ypasrerusi (1.2):

0 0 0 0 0
X, = 011% + axga—@ + 2u%,X2 = exp(—at)a + exp(—at)u%. (3)

IToroku BeKTOPHBIX moJieit X7, Xo MOPOKIAIOT CJeAyIONMe IPYIIIbI IPEOOPA30BaHUil COOTBETCTBEHHO

(t, 1, T2, u) — (t,x1€°, 20e%, ue®®), s € R (4)

1
(t,z1,22,u) — (; In(e”" + os), z1, 72, u(e”" + as)%,s eR (5)

Mp1 maiinem penrennst ypasaernst (1.2), MHBApMAHTHBIE OTHOCHUTENBHO Tpymn mpeobpaszosanmit (1.4), (1.5).
ljist 9TOro CHavYaJa HAXOJUM WHBApUAHTHIE (DYHKIMH TUX IPeodPa30BaHuUil.

Useectro, uto [3, ¢. 117] rnankas dbyaxmus f : M — R aBiasieTcs MHBAPMAHTHON (DyHKIMEH TPYIIIBI IPEOs-
pazoBanuii G, neficrByoleil Ha MHOroobpasuu M Torja u ToJbKO Torma, Korga X f = 0 i Kaxk ot nnduHU-
Te3uMaabHOM obpasytorieit X rpynmst G.

# _ (z1t=z2) exp(ot/2) _ oz
Wcnosib3yst 10T KpUTEpHii Mbl HAXOIUM, 9TO (pyHKIuU [; = B a— I, = 2! aBnsorcs uHBapU-

anTHBIME (DyHIMAMU Tpynmbl peobpasosanuii (1.4),(1.5), uro BbITekaer u3 caemymux pasercts Xp([;) = 0,

X1 (L) = 0, Xo(L) = 0, Xo(I) = 0.
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Teopema 1. Pewenusn ypashenus (2), un6apuarmmvie OMHOCUMENbHO 2pynn npeobpadosanuts (4),(5) umerom
sud

o ,(x x9)2/0
5et( 1+22) V(e) (6)

20e V(§)— obwee pewenue duddeperyuaivhoe ypasrerue 6mopozo nopaoka:

u(t, 1, 22) =

FOVV" + JOV? +40(€ + DIS(E +6) — % +2VV 442 +2(> ~ D]V =0, (7)
2de f(§) = (E+D*E + 1), 9(6) = o(E+ D[F(E + &) -2+ 2].
Tereps paccMOTpuM CiIy9aii, Koraa ectsb noryomerne remna: ki(u) = ko(u) = u, Q(u) = —u. B aTom caygae

ypasaenue (1.1) umeer cieayomuit Bu:
up = u” Au+ ou” " H(Vu)? —u (8)

Kaxk nokazano B pabore [2] ciremyionye BEKTOPHBIE HOJIS ABJIAIOTCA MHDUHATE3UMATLHBIMA 00pa3y IOIIME
Pyl CUMMETpUi 11 ypasaernst (8):

0 0 0 0 0
X1 = Jxla—xl + U:):ga—x2 + 2’[/,%, Xy = eXp(O’t)g + exp(at)u%. 9)

o " ) —ot/2
Wcnob3yst BLIMIENTPUBEIEHHDI KPUTEPUT MBI HAXOIUM, 9TO MYHKIMA [; = %a I, = % ABJIA-

I0TCsl MHBAPUAHTHBIMU ByHIMAME Ipynnsl npeobpasosanuii (1.5),(1.6), 9410 BhITeKaeT U3 CJIELYNIUX DABEHCTB
X1(I) =0, X1(I2) =0, X5(I1) =0, X2(I2) = 0.

Teopema 2. Pewenusn ypashenus (2), uH6apuaHmMHbIE OMHOCUMENLHO 2pYnn npeobpadosanuts (4),(5) umerom
sud y
o _(x1+39)%°
2o T Ty (10)

2de V(&) obwee pewenue duddeperyuanvroe ypasnerue 6mopozo nopsoka (7).

u(t, y,x2) =

BoiBoabl. B ypasaennn (2) ecTh MCTOUHUK TEIJIOBBIEICHAS, TTOSTOMY B KazKJI0H TOUKe O0JIACTH TIEPEMEH-
HBIX (21, 22), ormmunbix oT Touek (0,0), Temueparypras dyHkius (6) BO3pacTaeT SKCIOHEHIUATBHO TIPU BO3-
pacratomem ¢. B ypasaernn (1.12) ecTh HCTOYHUK MOTJIOMEHNs], B KAXKJIO TOUKE OOIACTH IEPEMEHHBIX (1, X2 ),
ormysbix or Touek (0,0), Temueparyprast pysKIws (10) yObBaeT 9KCIOHEHIUATIBHO DM BO3PACTAIOIIEM t.
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HoBblii Bu ycjioBuil HE2KECTKOCTU MHOTOTPAHHUKOB

N.X. Caburos
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M3BecTHO, 9TO HEXKECTKOCTH CUMILIUIIMAILHOIO MHOTOIpaHHUKA poia 0 ¢ n BepIIMHAME OIPeIesISeTCs TeM
$daKTOM, 9TO paHI MATPHUIILI JUHEAHON CHCTEMBI

AX =0 (1)

JIJIsT KOMITOHEHT BEKTOPOB TI0JIsT OECKOHEYHO MAaJIoTO M3TMOaHUsl HOJIXKEH OBITH MeHbIe 3n — 6. DJIeMeHThl MaT-
puribl A BBIpaskaroTcst Yepe3 KOOPAMHATHI COSTUHEHHBIX pebpaMy BEpIIUH MHOTOIPDAHHUKA W TOITOMY TIPH W3-
MEHEHHMH CHUCTEMbl KOODJUHAT WJIU IIPU JIBUKEHUU MHOTOIPAHHUKA KaK TBEPJIOI0 TeJia €€ 3JIEMEeHTHI JOJIZKHBI
msMernThest. Ho ecim Mbl ymuOzKIM ypashenue (1) ciesa na Tpancnonuposanmyio Mmatpuity AL momyamm ypas-
nenne Buga BX = 0, KOTOPOM 37IeMEHTBI MaTpuiibl B y2Ke Oy/IyT 3aBUCETh TOJIBKO OT KBaJPATOB JJIUH pedep
W JIMArOHAJIEH, M TEM CaMbIM (DOPMAJBHO MOATBEPKIAETCA, ITO, BO-TIEPBBIX, KECTKOCTD/HE?KECTKOCTH MHOTO-
rPAHHMKA HE 3aBUCHUT OT BLIOOpa CHCTEMbI KOOPJMHAT, BO-BTOPBIX, OHA 3aBUCUT HE TOJBKO OT JJIMH pebep, HO
TaK>Ke ¥ OT JJINH JIaroHaJjei.
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B monympocrpancTse Ei(O), ompejensemMom yciaoBuem x4 = 0, x3 > 0, Bo3bMeM JIyry 7y C KOHIIAMU HA
mwiockocT 7 : x4 = 0, c3 = 0. IoxynpocTpancTso Ei (0) 6yzem BpamaTh BOKPYT IJIOCKOCTH 7. I1pOCTPaHCTBO
E?3(0), nosepryToe Ha yrou ¢, Gysem obosnauars £ (). [Ipu Bpamennn na 360° TOUKH JLyTH 7, HAXOASAIINECS B
E3 (), sameryT MuOKecTBO S, romeomopdroe cepe S2. Tlomyuennas nopepxHocTs 3aysiena (e [1]). Tlosromy
9Ta ryIaJKas MOBEPXHOCTD HA3BIBACTCA 3ay3aenholi cdepoti. Pammyc-BeKTOD 3ay3JIeHHOl chephl MOKHO 3aITUCATH
B BUJIE

z1(u)
X(u,v) = z2(u) . , (1)
x3(u) cosv — z4(u) sinw
x3(u) sinv + x4(u) cosv
rie kpusas X (u,0) ects nmpodusbHas KpUBas 3TON MOBEPXHOCTH.

B macrosmeit paboTe paccMaTpuBaeTCs CIIyUai 3ay37eHHON cephl y KOTOPOiT MpoduIbHas KPUBAas TII0CKASI,

PAIyC-BEKTOP KOTOPON MMEeT BH/I

X(u,0) = (p(u) cos u, p(u) sinu, p(u) cos u, p(u) sin u). (2)

Hec102KHO MOJICUNTATE KACATEIBHYIO X . 1 HOPMATbHYIO X KOMIOHEHTEI Da/IAyC-BEKTOPA 3ay3JIeHHOMH cde-
pbt. Umeem

/)/
T . Ly —
X (X = =
P
Ecimm orHOmenune JJIMHBI KacaTeJIbHOU KOMIIOHEHTHI K JJINHE HOpMaJ’IbHOfI KOMIIOHEHTBI IIOCTOAHHO Ha IIO/-

MHOro6pasun F™ C E™T™ 10 roBopaT 0 IMOAMHOT000PasHI NOCMOAHH020 omHuoweHus. Takum o6pa3oM mMeeT
MEeCTO CJIEJIYIOIasl TeopeMa.

Teopema 1. ITycmv F? C E* ecmv saysaennan chepa, sadannan paduyc-eéexmopom (1). Tozda noseprnocmo
F? ecmb noseprnocms noCmoAHH020 OMHOULEHUSA eCAU U TOADKO €CAU NPOPUALHAA KPUSALA ASAALMCA KPUEOT]
nocmosntozo omnowenus u p(u) = c1e°2%, 2de ¢ U co ecmob JeTCNEUMENLHBIE TOCTNOANHDLC.
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O mocTpoeHnu MCEeBJOPUMAHOBBIX IIPOCTPAHCTB C f-CTPYKTYPOIi,

HAXOOAMNINXCS B KAHOHMYEeCKOM 2F'-mmmanapHom otobparkenuu 11
THUIIA

Cukayenko U.
(OHY, Ozecca, Ykpauna)
E-mail: inna.sikachenko@gmail.com
Kypbarosa U.H.
(OHY, Omecca, YkpauHa)
E-mail: irina.kurbatova27@gmail . com
Paccmorpum pumanossl mpocrpanctsa (Vi gij, Fih) u (Vmgij,ﬁ ), Ha KOTOPBIX omupesiesensl abduHOpHbIE

= —h
crpyxrypet. B [1] mokasano, aro 2F-nnanapnoe orobpaxenne (2FII0) (Vy,, gi;, F') na (V.. G5, F; ) mo neo6-
XOJTAMOCTH COXPAHAET CTPYKTYPY, TO €CTh B 0OIMeil TI0 0TOBParyKeH o cucTeMe KoopranaT (1°)

h -=h
F'(z) = F; (),
u ocHoBHble ypasHenus 2FTIO nmetor Buz
1

2
—=h )
T (@) = T3() + $adly + 6 Fjy + o k),

—h — ‘
rie Fﬁlﬁ I';; - xommonenTb 06beKToB cpaznoctu Vyy, Vi, 5 ¥(2), ¢i(x), 0i() - HEKOTOPBIE KOBEKTOPDI, & KPYTJIbI-
MU CKOOKamu 0bo3HateHa oneparusa cummerpupoBanus. 2F 11O cauraercs TpuBHAJIBHBIM TIpU ¥; = ¢; = o; = 0.

3aecs 06o3HATEHO
Fl’h:Fh F%,h:FhF»a.
Mpsr mokazasu, aro HerpuBnabubie 2F 11O MOTYT OBITEH JIHIIH OMHOTO U3 TPEX THUIIOB:
IT ¥ #0, ¢; =0, o;#0;
IIT 4 #0, ¢i#0, o;#0.
IIpu sTom 2 F-nimanapHoe orobpazkenne Hazsano xaronuseckum I(II) muna (obosuagaercs 2FTIO(1)(2FIIO(II))
B caygae I(IT)) u mpocro 2FTIO B ciyuae II1.

T'oBopgar, aro Fih onpegenser f-cmpykmypy [2] Ha ncesnopumanosoM npocrpancrse (Vi gij), €CIM HMEoT
MeCTO yCJIOBUA

FMESF+FM =0, iha,B,...=12,....n,
Ry||FM'| =2k (2k < n).
TTonaraem f-cTpyKTypy COrIaCOBaHHON C METPUKO B BHJIE
Fij+Fj; =0, Fj= gl
B manpueiiem mostaraem ad@uHOP KOBAPUAHTHO MOCTOAHHDBIM:

1
Fl'; =0,
rJe € ,» - 3HaK KOBapUAHTHON ITPOM3BOJIHOMN B V/,.

Mpur pacemorpesu 2FTIO(II) nceBroprMaHOBBIX IPOCTPAHCTB ¢ aGCOIOTHO HAPAJUICJBHON f-CTPyKTYypoii u
TIOCTPOMJIN TTPEOOPA30BaHIE, KOTOPOE JTAeT BO3MOXKHOCTD U3 OJHOHN Mapbl TAKUX MPOCTPAHCTB, HAXOIAUXCSI B
2FTIO(I1), nostyuuTh HOBYIO TIApY MCEBIOPUMAHOBBIX MTPOCTPAHCTE ¢ aGCOMIOTHO MApaJIIebLHONR f-CTPYKTYpPOii,
[IPUHIUIAAIBHO OTJIMIAIOIINXCS OT UCXOHON Haphbl U IPU 9TOM TakzKe Haxomsmmxcsa B 2FTIO(IT).
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