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Solutions of N-body harmonic oscillators and
Calogero-Moser model using ®* matrix model

Akifumi Sako
(Tokyo University of Science, 1-3 Kagurazaka, Shinjuku-ku, Tokyo, 162-8601, Japan)
E-mail: sako@rs.tus.ac.jp

The N-body harmonic oscillator system and its generalized system, the Calogero-Moser model,
are known as quantum integrable systems, i.e. their Schrodinger equations are solvable and eigen-
states of the Hamiltonians can be constructed. It has long been known that there is a connection
between these quantum integrable systems and certain kind of generalized matrix models. This
talk is concerned with the new correspondence of the quantum solvable systems with some matrix
models, which is discovered last year. These matrix models are given as the Grosse-Wulkenhaar
models, known as renormalizable scalar ®*-theories on Moyal spaces, which are non-commutative
spaces. The Moyal space has Fock representation, so field theories can be expressed by using
matrix representation. A scalar ®*-theory on Moyal space corresponds to a Hermitian ®*-matrix
model or a real symmetric ®*-matrix model. In particular, ®*-matrix model known as the Grosse-
Wulkenhaar models have kinetic terms Tr(E®?), where E-is a positive diagonal matrix without
degenerate eigenvalues. (These matrix models are also obtained by changing the potential of the
Kontsevich model from ®3 to ®*.) We show that their partition functions of these matrix models
correspond to zero-energy solutions of a Schrodinger type equation with the N-body harmonic
oscillator Hamiltonian and the Calogero-Moser Hamiltonian, respectively.

Let ® be a Hermitian or real symmetric N x N matrix. Let Z(E,n) be the partition function
defined by

Z(E,n) = /dcb e75B?] (1)

where Sp = N Tr{E®?+4®*} and 7 is a real number. The domains of integrations are the space of
Hermitian N x N-matrices and the space of real symmetric N x N-matrices, respectively. Let A(FE)
be the Vandermonde determinant A(E) := [],_,(E; — Ej). Using these, the theorem obtained can
be described as follows.

Theorem 1. Let W(E,n) be a function defined by

N

U(E, ) = e = AR

B
2

Z(E,n).
Then W(E,n) is a zero-energy solution of the Schrodinger type equation
HY(E,n) =0.

Here H s the Hamiltonian Hyo for the N-body harmonic oscillator system when we consider the
Hermitian matriz model with § = 2:
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When we consider the real symmetric matriz model with 5 = 1, then H is the Hamiltonian Hcng
for Calogero-Moser model:

N 2
_ N o 1 1 NS
How = 5 <28E3+4Z(E 7 >+2 ZE (2)

It is known that the N-body harmonic oscillator system or the Calogero-Moser model is associ-
ated with a Virasoro algebra structure. Using this fact, families of differential equations satisfied
by the partition functions are also obtained from the Virasoro(Witt) algebra representations:

(Lo, L] = (0 — m) L. (3)

The definitions of symbols and terms are left to the references [1, 2|, but the following theorem is
obtained

Theorem 2. The partition function defined by (1) satisfies
Lop(TnZ(E,m) = — 2m(E_nZ(E.4)) )

Here Lsp is a differential operator such that some Schwinger-Dyson equation for the partition
function given by

This means that L_,,Z (E,n) is an eigenfunction of Lgp with the eigenvalue —2m.

This talk is based on [1], in collaboration with H. Gresse, and [2], in collaboration with H. Grosse,
N. Kanomata, and R. Wulkenhaar.
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Partitioning problem and defensive alliances in the context
of zero-divisor graphs of rings

Brahim El Alaoui
(Mohammed V. University-Faculty of Sciences in Rabat, Rabat, Morocco)
E-mail: brahim_elalaoui2@um5.ac.ma

This is joint work with Driss Bennis

The partitioning of the vertex set of a graph is a well-studied problem in graph theory. It involves
dividing the set of vertices of a graph into disjoint subsets or partitions, based on specific criteria or
constraints. In this talk, we are interested in partitioning the zero-divisor graph of a commutative
ring into global defensive alliances. This problem has been well investigated in graph theory. Here,
we connected it with the ring theoretical context. We characterize various finite commutative rings
for which the zero-divisor graph is partitionable into global defensive alliances. We also present
several examples to illustrate and delimit the scope of the established results.
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On the connection between algebraic, geometric, and
topological methods in the classification of algebraic
surfaces and curves

Meirav Amram
(SCE, Israel)
E-mail: meiravt@sce.ac.il

The classification of algebraic curves and surfaces in a moduli space is a challenging subject in al-
gebraic geometry. Moduli spaces are spaces that parameterize families of algebraic surfaces. They
can be used to study the geometry of algebraic surfaces and to compare different surfaces. Classify-
ing algebraic surfaces and curves is an important task because of the comparison between different
objects that we study. The moduli space of curves for example, is a space that parameterizes
families of algebraic curves of a fixed genus.

The objects we study and classify can be algebraie curves (via fundamental groups and finding
Zariski pairs), algebraic surfaces, and gluing of algebraic surfaces (via deformations and projec-
tions).

There are methods that can assist in this classification, for example: topological classification,
intersection theory, singularities, cohomology, symmetric groups, etc. There are known algorithmic
methods as well, and the choice of a method depends on the specific properties of the surface or
curve in question and the desired level of detail in the classification.

From the geometric and topological point of view: we consider planar and non-planar deforma-
tions and projections tofind branch curves of algebraic surfaces. From the algebraic and compu-
tational point of view: researchers in the mathematical community use the computer programs
Magma, Singular, Maple, and so on. These are just a few examples of software packages that can
be used for classifying algebraic surfaces and curves. In our research we use Magma as well, because
we investigate fundamental groups and the Magma is a great tool for this goal. We have built
some computer softwares to overcome the complicated algebraic computations in the fundamental
groups.

Firstly, in order to understand the complexity of the computations in the classification of alge-
braic surfaces, let us look at the following figure. We can see a high multiplicity of singularities.
It happens especially when we glue two planar deformations or when we consider a non-planar
deformation. The following figure shows two planar deformations glued together along four edges,
and we get a non-planar deformation with multiplicity 4 in all singularities. In this case, the fun-
damental group of the Galois cover of the surface that has such a deformation is metabelian of
order 2% [1].

Now we explain how classification of algebraic surfaces works. We take an algebraic surface
embedded in a projective space and project it with a generic projection onto the projective plane.
We get the branch curve and then we are able to calculate G - the fundamental group of its
complement. A special software gives as an output all braids relating to the branch curve and also
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the presentation of G. We then find a certain quotient of G, which is going to be the fundamental
group of the Galois cover of the surface. This latter group is an invariant in the classification of
algebraic surfaces, and has a geometric significance because it is equal for all the surfaces in the
same connected component in the moduli space. We can define an isomorphism between our group
and some Coxeter quotient, and we can determine the fundamental groups, using the ideas in [2].

Details about the fundamental groups of Galois cover of an algebraicsurface and some interesting
examples can be found in our works [3, 4, 5, 6]. In these recent works, we study algebraic surfaces
with deformations that have Zappatic R, singularities (for any n) [3], and also their gluings [4], and
surfaces that have non-planar deformations, in which singularities with high complexity appear [6].
Moreover, we study deformations with Zappatic E,, singularities [5].

Theorem 1 (|5]). The fundamental group of the Galois cover of surfaces that have deformation
with one Zappatic E, singularity is trivial for n > 4.

Theorem 2. Galois covers of a union of two Zappatic surfaces of type R, are simply-connected
surfaces of general type, for any n.

As for algebraic curves, we can use the software that we constructed in order to produce braids
and presentations of fundamental groups and determine these fundamental groups. These com-
putations enable us to get Zariski pairs, see examples in |7, 8]. Moreover, the study of families
of curves is an inseparable part of the classification of curves because there we can also calculate
invariants, perform deformations, and check how these processes affect the classification [9].
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Nilpotent structures of oriented neutral vector bundles

Naoya Ando
(Faculty of Advanced Science and Technology, Kumamoto University
2-39-1 Kurokami, Chuo-ku, Kumamoto 860-8555 Japan)
E-mail: andonaoya@kumamoto-u.ac. jp

Let E be an oriented vector bundle over a manifold M of rank 4n and ~ a neutral metric of E.
We call a section N of End F a nilpotent structure of E'if on a neighborhood of each point of M,

there exists an ordered frame field e = (ey, ..., €opyConi1, - - -, €4,) Of E satisfying
hiei,ei) = —h(eapsi, eanti) =1 (i =1,....2n), h(ese;) =0 (1 # j) (1)
and Ne = eA,,, where
On _In On In
L, O, I, O,
A, = "

On n On _In ’
I,, is the n x n unit matrix and O, is the n X n zero matrix. Let N be a nilpotent structure of
E. We call N an e-nilpotent structure (e € {+, —}) if on a neighborhood of each point of M, there
exists an ordered frame field e giving the orientation of E' and satisfying (1) and Nel}, . = elj, A,
with

Iy O, O, O, £ 0 - 0
L = 0, O, I O, | Iy ==£1, Ig:= o (n>2).
On On On In,a 0 . 0 1

Let N be an e-nilpotent structure of E. Then such a frame field as e is called an admissible frame
field of N. For an admissible frame field e of N, we set £ = & A -+ - A &y, where

51 = €1 — €241, fz = € — €244, .
1=2,..
Ent1 i= €ny1 + E€3n11, Enti = €nyi T+ €3n4i
Then ¢ does not depend on the choice of an admissible frame field e of N ([3]). Therefore N gives
a section &y of the 2n-fold exterior power /\2"E of E. A nilpotent structure is characterized by

(i) Imn N = Ker N, and 7y :=Im N = Ker N is a light-like subbundle of E of rank 2n,
(ii) h(p, N¢) = 0 for any local section ¢ of £

., n).
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(2], [3]). In particular, N gives a null structure on each fiber of F and h is null-Hermitian with
respect to N (see [9]). The subbundle 7y is locally spanned by &, . .., &ap.

Remark Suppose n = 1. Then /\2E is a vector bundle over M of rank 6 and h induces a metric
h of A\’F of signature (2,4). In addition, A’E is decomposed as A\’E = /\iE ® N2 E by two
subbundles /\iE , A2 E of rank 3 and the restriction of i on each of them has signature (1,2). The
light-like twistor spaces associated with E are fiber bundles U (/\iE) in /\iE respectively such
that each fiber is a light cone. Each light-like line subbundle of /\iE or A%E corresponds to a
light-like subbundle of E of rank 2 and each e-nilpotent structure N of F corresponds to a section
of Uy (/\zE) given by (1/v/2)¢éy ([2], [3]). The space-like twistor spaces U, (/\iE) associated with F
are fiber bundles in /\iE respectively such that each fiber is a hyperboloid of two sheets. A section
of Uy ( /\?E) corresponds to a complex structure of E preserving h. See [1] [5] for the space-like
twistor spaces. The time-like twistor spaces U_ ( /\iE) associated with £ are fiber bundles in /\iE

respectively such that each fiber is a hyperboloid of one sheet. A section of U_ ( /\iE) corresponds
to a paracomplex structure of F reversing h. See [1], [13], [14] forthe time-like twistor spaces. See
[7], [10], [11] for the twistor spaces in the case h is a Riemannian (i.e., positive-definite) metric,

which are the prototypes of U, (/\iE), U_ (/\iE) and Uy (/\iE)

Let V be a connection of E satisfying Vh = 0. Let' N be an e-nilpotent structure of . We
say that N satisfies the Walker condition with respect to V if for any local section ¢ of my, V) is
a 1-form valued in 7y. See [6], [9], [16] for Walker manifolds. Let V be the connection of \*"E
induced by V. Then N satisfies the Walker condition with respect to V if and only if @f N=a®yN
for a 1-form a. If VN = 0, then Véy = 0 ([4]) and therefore N satisfies the Walker condition ([9]).

The main objects of research in this talk are special nilpotent structures, and they are called
H-nilpotent structures of (E,h,V), where H is a Lie subgroup of SO(2n,2n) related to neutral
hyperKahler structures. There exist a complex structure I and paracomplex structures .J;, Jy of £
such that h, V, I, J;, Jo form a neutral hyperKahler structure of E if and only if there exists an
H-nilpotent structure of (E,h, V) ([4]). See [5], [12] for paraquaternionic structures. See [8], [15]
for neutral hyperKéahler 4-manifolds.

This talk is supported by JSPS KAKENHI Grant Number JP21K03228.
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Multiplicative b-homogeneralized Derivations of
Associative Rings

Mehsin Jabel Atteya
(Department of Mathematics, College of Education, Al-Mustansiriyah University, Baghdad, Iraq)
E-mail: mehsinatteya880gmail. com

In this manuscript, we present multiplicative b-homogeneralized derivation on an associative ring
R and discuss certain differential (functional) identities having multiplicative b-homogeneralized
derivation. Investigating the centralizer of suitable subset over semiprime rings that admit mul-
tiplicative b-homogeneralized derivation enhances some outcomes in the literature. We refer the
reader to [4] and [2] for more details.

As is well known, the problem of linear mappings preserving fixed products is a very interesting
item in the field of operator algebra. Derivations that can be completely determined by the local
action on some subsets of algebra have attracted attention of many researchers. The Martindale
ring of quotients of a prime ring R was introduced in [6] as a tool for studying rings satisfying a
polynomial identity. The concept was extended to semiprime rings in [5]. Historically, the study
of derivation was initiated during the 1950s and 1960s. Derivations of rings got a tremendous
development in 1957, when [3] established two very striking results in the case of prime rings.
Named that R is a semiprime when R satisfy the expression r Rr; = 0 which yields r; = 0 and R
is prime if r; Rro = 0 which supply two options there either r; = 0 or 7 = 0. As a factual informa-
tion about the connection between the previous concepts a prime and semiprime ring mentioned
as following: A prime ring forms another kind of ring, which is a semiprime, while the converse,
unfortunately, is not always true.

When a ring R admits for all ry, 7y € R satisfying Leibniz’s rule, which is d(ryre) = d(r1)re+11d(12)
then a derivation is that an additive map d: R — R. Whenever for all 1,75 € R there exists an
identity D(riro) = D(rq)r2 + r1d(r2). Then, D is an additive mapping defined as D: R — R is
recorded as a generalized, 7.e. a generalized derivation, where d worked as an additive mapping
derivation over R.

In 2000, a classical definition of homoderivation posted in El Sofy’s article [1], where he was de-
scribed an additive mapping a homoderivation concerning a ring R like ¢ from R to R satisfying
Y(ry) = Y(x)Y(y) + ¥(x)y + 2¢(y) where x and y belong to R. Moreover, mapping F: R — Q.
associated with derivation (need not be additive) d: R — R such that F(o1) = F(o)7 + brd(T)
holds for all'o,7 € R and any fixed 0 # b € Qs C Q. If F is additive (not necessarily additive),
then F' is called b-generalized derivation (multiplicative b-generalized.

Definition 1. Suppose that R is an associative ring, mapping F: R — @), associated with
homoderivation d: R — R such that F(o7) = F(0)F(7) + F(o)T + brd(T) holds for all 0,7 € R
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and any fixed 0 # b € Q5 C Q- When F ( is not necessarily additive), then F is called b-
homogeneralized derivation (multiplicative b-homogeneralized).

Theorem 2. Let R be a semiprime ring and K be a nonzero dense ideal of R. Suppose F': R — Q.
18 a multiplicative b-homogeneralized derivation associated with derivation d: R — R satisfying the
condition [F(o),7] € Z(R) for all o,7 € K and any 0 # b € Qs C Q-

Theorem 3. Let R be a semiprime ring and K be a nonzero dense ideal of R. Assume F: R —
Qi 18 a multiplicative b-generalized derivation associated with derivation d: R — R such that
F(lo,7]) =0 for all o,7 € K and any 0 # b € Qs C Q. Then either d is commuting over R is
commutative or [o,b] = 0.
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Algebra in fields extended by infinity

Taras Banakh
(Ivan Franko National University of Lviv)
E-mail: £.0.banakh@gmail.com

Definition 1. A corpsis a set F' endowed with two binary operations +,-: F' x F' — F and two
distinct constants 0,1 € F' that satisfy the following eight axioms:

(1) Va,y,2 € F (24 (y+2) = (2 +y) +2);

ES§V$€FEIyEF(:E+y:0:y+x);
(4) Va,y,z € B (- (y-2) = (zy) - 2);
B)VeeF(z-1=2=1-2)
(6) Ve e F\{0}Fy e F (z-y=1=y-x);
(7) Va,z,y € F (a- (z+y)=a-z+a-y);
(8) Yo, y,be F ((z+y)-b=x-b+y-b).
A corps Fis called a field if x -y = y - x for all elements x,y € F.

Definition 2. A procorps' is a set F' endowed with two binary operations +,- : F x F — F and
three distinct constants 0, 1,00 € F' that satisfy the following nine axioms:

(1) Vz,z€e F¥y e F\{oo} (z+(y+2)=(z+y)+2);

(2) Yo,y e F (x+y=y+x);

B)VeelF (r+0=2=0+u2);

(4) Vo,z € F'vy € F\{0,00} (z-(y-2)=(z-y) 2);

B)VeeF(r-1=2x=1-x)

L Procorps is an abbreviation of a “projective corps”.
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6)Vee FIye F (x-y=1=y-x);

(7) Va€ F\{0,00} Vz,y € F (a-(z+y)=a-z+a-y);
(8) Vo,y e F¥be F\{0,00} ((z+y)-b=x-b+y-b);
(9)0-0=0,00-00=0cand 1 +00 =00 =00+ 1.

A procorp F'is called a profield if x -y = y - x for all elements xz,y € F.

Example 3. Let F be a corps and oo ¢ F. Consider the set F' := F U {oo}, and extend the
operations of addition and multiplication from F' to F' letting

Vo € F\ {oco} (z+ 00 =00=00+ 1),
Vz € F\{0} (z-00=00=00-1),

o+oo=0, o©0-0=1=0-00.

The set F endowed with the extended operations of addition and multiplication and the constants
0,1,00 is a procorps, called the projective oo-extension of the corps F. If F' is a field, then its
projective co-extension F' is a profield.

Example 4. The Riemannian sphere C = C U {oo} is the projective co-extension of the field of
complex numbers C.

The following theorem shows that procorps are exactly projective oo-extensions of corps.

Theorem 5. For every procorps (profield) F, the set F:=F \ {oo} endowed with the induced
operations of addition and multiplication is a corps (field) and F' is the projective co-extension of
F.

Variational problems in Nonsmooth Analysis

Giovanni Molica Bisci
(Dipartimento di Scienze Pure e Applicate (DiSPeA) — Universita degli Studi di Urbino Carlo Bo
—Piazza della Repubblica 13 — 61029 Urbino, Italy)

E-mail: giovanni.molicabisci@uniurb.it

In the last years, elliptic equations involving a nonsmooth term have attracted several outstand-
ing mathematicians and the interest towards this kind of problems has grown more and more,
not only for their intriguing analytical structure, but also in view of their applications in a wide
range of contexts. Motivated by this wide interest in the literature, the leading purpose of this
talk is to present some recent results on nonsmooth elliptic equations, mainly related to a wide
class of functionals defined through multiple integrals of Calculus of Variations. Applications to
quasilinear boundary value problems will be presented and some open problems briefly discussed;
see [1] and |2, Chapter 8| for related topics.
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On 2-convex embeddings of non-orientable surfaces in
four-dimensional Euclidean space

Dmitry V. Bolotov
(B. Verkin Institute for Low Temperature Physics and Engineering of the National Academy of
Sciences of Ukraine, 47 Nauky Ave., Kharkiv, 61103, Ukraine)
E-mail: bolotov@ilt.kharkov.ua

Let us recall the definition of k-convexity of a subset of a Euclidean space (see [1]).

Definition 1. A subset C' C E™ of Euclidean space is called k-convex if through each point
x € E™\ C there passes a k-dimensional plane that does not intersect C.

Note that the usual convexity corresponds to case k =n — 1.
We present the following result.

Theorem 2. The Projective plane and the Klein bottle do not admit a 2-convexr embedding in a
four-dimensional Euclidean space if the embedding is assumed to be C?-smooth or is a PL-embedding
such that the valence of the vertices does not exceed five.

REFERENCES
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Mixing optimization in the batch crystallization of CAM

Enzo Bonacci
(The Natural Sciences Unit of ATINER, Athens, Greece)
E-mail: enzo.bonacci@physics.org

The citric acid monohydrate (CAM) is an important organic substance but, until 1997, the sci-
entific literature covered mostly the kinetics of nucleation [4] and the crystal growth [5] rather than
its production via the crystallization by cooling in a stirred tank reactor (STR). The Department
of Chemical Engineering at the University “La Sapienza” of Rome decided to fill that sci-tech gap
through a meticulous investigation, with three STRs at the laboratories of San Pietro in Vincoli’s
district, on the crystallization in discontinuous (batch) of CAM from aqueous solutions. The au-
thor participated in that cutting edge experience, as experimenter and coder under the supervision
of Prof. Barbara Mazzarotta, in the years 1997-1998 [1]. Our specific tasks were to spot the main
operating conditions, to modify them until an optimal crystal size distribution (CSD), i.e., large-
sized homogeneous crystals of CAM, and to write a QBasic program predicting the outcomes of
any test in batch reactors [2|. Here we focus on the influence of the agitation, i.e., the role played
by the impellers in crystallizing the CAM thanks to their different shapes and speeds. All the
data, collected and simulated, show that the three-blade marine impeller performs better than the
Rushton turbine and that a low stirring rate gives the best CSD [3]. The homogenous distribution
of large crystals from a low agitated round-bottomed tank, stirred via a 3-blade marine impeller,
is due to the optimal suspension state that the axial flow provides for the dispersed phase of CAM
particles [6], as confirmed by the computational fluid-dynamics software VisiMix.
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On representation type of incident algebras of extensions
of positive posets

Vitaliy Bondarenko
(Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine)
E-mail: vitalij.bond@gmail.com

Maryna Styopochkina
(Polissia National University, Zhytomyr, Ukraine)
E-mail: stmar@ukr .net

In 1972, P. Gabriel introduced a quadratic form for finite quivers, which was called by him the
Tits quadratic form. He proved that a quiver () is of finite representation type over a field &
(i.e., has up to equivalence finitely many indecomposable representations) if and only if its Tits
quadratic form is positive. This result laid the foundations of a new direction in the theory of
algebras.

In 1974, Yu. A. Drozd showed that a (finite) poset S is of finite representation type if and only

if its quadratic Tits form
qs(2) = 23 —{—X:ZZ2 + Z 2i%; — zoz,zi
ics i<ji,jeS i€s

is weakly positive, i.e., positive on the non-zero vectors with non-negative coordinates (represen-
tations of posets were introduced by L. A. Nazarova and A. V. Roiter in 1972). In contrast to
quivers, the posets with weakly positive and with positive Tits forms do not coincide. Since the
connected quivers having positive Tits quadratic form coincide with the quivers whose underlying
graphs are (simply faced) Dynkin diagrams, the posets with positive Tits form are analogs of the
Dynkin diagrams. Such posets, which are simply called positive, were classified by the authors in
[1]. Up to isomorphism and duality, the positive posets consist of 5 series and 108 discrete ones.

Since the incidence algebras of positive posets are of finite representation type, it is natural to
study representation type of their element-extensions. We consider cases when “new elements” are
nodes (in the sence that they are comparable with all other elements). Here we formulate some
consequences of our investigation.

A positive poset T is called serial if there exists infinite consequence T' C 17 C 15 C ... such
that all posets T; are also positive. By definition, the incidence algebra Z,(T') of a poset T of order
n is the matrix algebra which consisits of all matrices M = (my;), 7,7 € T (over a field k) such
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that m;; = 0 if 4 > j. Finally, we write X > Y for subposets X,Y of a poset T"if > y for any
reX,yeY.

Theorem 1. Let S be a positive poset and S =SUX be an extension of S with chained X > S.

Then the incidence algebra Ty, (S) is of infinite representation type if the length [(X) of X is greater
than 5.

Theorem 2. Let S be as in Theorem 1 but S is non-serial. Then the incidence algebra I, (S) is
of infinite representation type if

(a) the width of S is equal to 2 and [(X) > 4;

(b) the width of S is equal to 8 and I(X) > 1.

In all statements the estimates are exact.
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A theorem on hypercohomology groups and singular
homology in field theory

Francisco Bulnes
(IINAMEI, Research Department in Mathematics and Engineering, TESCHA)
E-mail: francisco.bulnes@tesch.edu.mx

In this research we consider a theorem that relates the hypercohomology groups obtained with
the spectrum through the its singular homology taking components Z;.(k) and the A; -homotopy
in the action of the symmetric DM;{Z];_(k;) Then we can characterize in a projective vector bundle
the solutions of the field equations dda = 0 on singularities.
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Geometric and algebraic-topological structures in Schwartz
distribution spaces for relativistic Quantum Mechanics

David Carfi
(Department of Physics, University of Messina, Italy)
E-mail: dcarfi@unime.it

The classic Hilbert space methods cannot be used for the definition and resolution of the free
relativistic Schrodinger equation because the very fundamental solutions of this equation cannot
be framed in a Hilbert or Banach space context. We can justify the necessity to use distribution
theory, for many reasons. If we lock down ourselves in separable Hilbert space theory, we cannot



14

hope to solve satisfactorily (from a physical point of view) the relativistic Schrédinger equation
for free particles. The simple reason is that the very main (and generating) solutions of the
relativistic Schrodinger equation for free particles cannot be considered as elements of a separable
Hilbert Space. First of all, if we desire to consider the standard L? product, we immediately
observe that the de Broglie waves do not belong to the space of square integrable functions.
Moreover, the set of all harmonic waves is a continuous set (not a discrete one) and, if we select
its “naturally orthonormal®* subfamily (that generating the unitary Minkowsky-Fourier transform
as integral kernel), we are getting again a continuous family that should be orthogonal by right,
from a physical perspective, but cannot be as such in any separable Hilbert space (even different
from L?). We cannot find continuous orthonormal families in a separable Hilbert space, but only
discrete orthonormal systems! Furthermore, even forcing the matter and considering a Hilbert
space generated by all those “unitary orthogonal waves”, we would obtain a non-separable Hilbert
space, that would complicate enormously the matter, from a functional calculus point of view,
because we have no reasonable or natural spectral theory for non-separable Hilbert spaces. We
are not saying, here, that we have not to use nonseparable Hilbert spaces in Quantum mechanics,
but we see that they do not help in the formulation and resolution of the relativistic Schrédinger
equation.

Analogous problems we would risk to face if we lock down ourselves in separable Normed Space
theory: it is very hard to keep, in a unique functional theory, a reasonable and convenient separable
norm with a good spectral theory and the presence of the continuous family of de Broglie waves.
That is a general problem, in quantum mechanics‘and quantum field theory: when we consider
harmonic waves and related differential equations (or operatorial equations), theoretical phisicists,
actually, do not use Hilbert Space theory - and we know it - we use, instead, smooth function theory,
differentiable function theory, we work, essentially, with calculus techniques and distribution theory.
Then, we have another general problem of Hilbert space theory in QM: even when we solve the
classic Dirac free equation, the manipulations and resolutions proceed, essentially, in a differentiable
theory context; indeed, the basis solutions of the free Dirac equation are bispinors constructed by
harmonic waves and then, automatically, we work out of the Hilbert space theory. Moreover, when
we work out of the Hilbert space theory, we work also out of the spectral theory on Hilbert spaces.
Consequently, we cannot expect to find a correct and unambiguous definition of the square root
of an operator by Hilbert space techniques, if the domain of such operator should contain the de
broglie waves, because in this case we are playing outside of any separable Hilbert space. It’s
not a case (and do not surprise at all) that Dirac equation was solved by smooth calculus and
finite algebraic methods, rather than infinite dimensional Hilbert space techniques. In order to
define the square-roots of differential operators, in quantum mechanical context (where we need
to manage harmonic waves, eigenstates of position operator, continuous spectra, and so on...),
we need a spectral theory constructed elsewhere, not in Hilbert spaces. In some way, quantum
mechanics needs to coordinate and put together two apparently incompatible aspects: the state
space of a quantum system can be generated (simultaneously) by discrete and continuous bases, at
the same time: the position and momentum basis (|x >), (|p >) are continuous, while the Hermite
function basis is discrete. Very often we read “let’s solve the harmonic oscillator problem in the
position basis”, or “let’s solve the harmonic oscillator problem in the momentum basis”, which are
continuous basis (in some Radon-Pettis-Schwartz sense to be correctly defined) only to see, after a
while, that the harmonic oscillator is solved by the discrete Hermite function basis of L? (it would
be better to say of the Schwartz function Space S). How the position basis and momentum basis
(that completely stay out of L?) can generate the same state space generated by the L? Hermite
function basis? In what sense a continuous family of vectors can generate a functional space? The
position eigenstates are not even functions, they are measures. In what space are we moving? The
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state space is separable or not? What is its Hilbert dimension, Xy or 8;? How a separable Hilbert
(or Banach) space could contain “non-normalizable” vectors and continuous orthogonal families of
non-normalizable vectors that, from a physical point of view, represent simply the certainty to
observe a specific result? In tempered distribution spaces, we know that the Hermite function
family is a discrete basis in a rightful algebraic-topological sense, it is a total family, it is also a
basis in a generalized Hilbert sense (with respect to the tempered distribution topology). Moreover,
position and momentum basis lives in &’ and generate S’ in the Schwartz linear algebraic sense
S’ is a separable topological vector space, it is wonderfully generated by discrete and continuous
basis, in two different rigorous and operative meanings and, by the way, exactly the meaning used
practically by quantum physicists, in a more heuristic way. In addition to that, in the distribution
approach, any quantum mechanics observable is a continuous and everywhere defined operator,
while in the Hilbert space approach we almost surely face discontinuous (unbounded) operators
and very strange, unnatural domains, even for the most simple observables (position, momentum,
ladder operators, number operator and so on and so forth). Consequently, in Hilbert spaces, we face
any kind of difficulties, even to add or multiply two straightforward operators such as a derivative
operator and the position operator - which show different domains - that without, and well before,
coming to ask “what the principal square root of a discontinuous, non-everywhere defined, not-
properly hermitian, densely defined (or perhaps closable) operator is”. What our new Schwartz
linear Algebra theory clarifies compared to previous methods? The new theory clarifies definitely
where we are working, in quantum theories and quantum field theory, especially in relativistic
quantum mechanics. We clarify that the state spaces of quantum objects are not Hilbert spaces (if
we exclude the finite dimensional spaces that, anyway, are subspaces of the tempered distribution
space S'), but powers of tempered distribution spaces. Fortunately, tempered distribution spaces
contain a lot of good inner product spaces, useful in the evaluation of probabilities and expectation
values for quantum mechanics. By those inner products, we finally understand the possible way to
“normalize” properly the eigenvectors of the position and momentum operators (eigenstates that
should be normalizable because of their straightforward physical meaning: they simply represent
certainty). First of all, we solve the problem of evolution in the tempered distribution space. Then,
when necessary, we go to find the right inner product subspace, of tempered distribution space, in
which calculate probabilities and expectation values.
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Lie subalgebras of real order-three special linear Lie
algebra revisited

Yevhenii Chapovskyi
(Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine)
E-mail: e.chapovskyi@imath.kiev.ua

Serhii D. Koval
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The study of subalgebras within both real and complex Lie algebras presents a complex challenge,
which arises in many fields of mathematics and its applications. For instance, listing inequivalent
subalgebras of the maximal Lie invariance algebra of a system of differential equations could result
in constructing its “inequivalent” exact solutions. These classifications also serve as an efficient tool
in the realms of theoretical physics and the study of integrable systems. At the same time, they
themselves remain to be interesting algebraic problems.

In [1] we review the entire framework of the subalgebra classification problem following [2] and
references therein, and also suggest new points of view on these methods and rigorously present their
theoretical framework. We apply the developed enhanced methods for refining the classification of
subalgebras of the Lie algebra sl3(R) and as a byproduct we first obtain the complete classification
of the subalgebras of real rank-two affine Lie algebra affy(R). The real order-three special linear
Lie algebra sl3(R) is the algebra of traceless 3 x 3 matrices with the standard matrix commutator
as the Lie bracket and it is spanned by the matrices

00 0 10 0 0 —1 L[t 00
E=[100| #=-(0o-10], E:=[0 0 0|, D=={01 o],
00 0 2\0 0 o 0 0 0 6\0 0 —2
0.0 1 00 0 0 0 0 00 0
=00 ol pP=lo0o1]|, BR=(0o 0o o], R.={0 0 0
00 0 00 0 0 -1 0 100

In this way, the algebra sl3(R) is defined through its faithful irreducible representation of the
minimal dimension, which is exactly the vector space R3.

The best attempt in listing inequivalent subalgebras of sl3(R) was carried out in [2], however it
contains a number of misprints, mistakes and the major result is presented without proof. The
analogous subalgebra classification for the Lie algebras sl,(R), n > 4, remains to be a significant
open problem.

To classify Lie algebras of a simple Lie algebra sl3(R) modulo SL3(R)-equivalence we adopt the
approach detailed in [1, Section 2.1]. Specifically for sl3(R) we go through the following steps:

(i) using the defining representation R® of the Lie algebra sl3(R) determine all its maximal
reducibly and irreducibly embedded subalgebras;

(17) for each of the identified maximal subalgebras construct the lists of inequivalent subalgebras
with respect to the action of their corresponding inner automorphism groups;
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(74i) merge the obtained lists modulo the action of the group SL;3(R).

This analysis reveal that the Lie algebra sl3(IR) contains two irreducibly embedded maximal subal-
gebras: the special orthogonal Lie algebras so3(R) and so5;(R), as well as two reducibly embedded
maximal subalgebras a; = (Ey, Fy, E3, Ey, D, Py, P») and ay = (Ey, By, F3, By, D, Ry, Ry). Both of
the latter subalgebras are isomorphic to the rank-two affine Lie algebra aff,(R). According to
the step (i7), the classification of the subalgebras of affy(R) is an essential step in the course of
addressing the primary problem.

The Lie algebra affy(R) is the semidirect product gl,(R) x R?. Therefore, to classify subalgebras
of affy(R) we apply the approach for classifying Lie subalgebras of the semidirect products from [1,
Section 2.3] to the Lie algebra gly(R) x R?. Consequently, we present for the first time the complete
list of inequivalent subalgebras of the rank-two affine Lie algebra aff,(R) in'[1, Theorem 11|. In
fact, the classification of subalgebras of the algebra aff,(R) was initiated in [2, Section 3.3|, where
its inequivalent “twisted” and “nontwisted” subalgebras were listed, however this classification were
not completed. Moreover, the validity of these lists is questionable, since to construct them it
is essential to have the correct classification of subalgebras of gly(R), which in [2, eq. (3.11)] was
presented with a mistake and a number of misprints. This was‘an additional motivation for us to
thoroughly and comprehensively classify the subalgebras of affy(RR).

To combine the derived lists of inequivalent subalgebras a; and ag modulo the ST.3(R)-equivalence,
we specify the following general proposition to the case of the Lie algebra sl3(R).

Proposition 1. Let m C g be a Lie subalgebra, M C G the corresponding Lie subgroup. Choose
some subset C' C G such that MC = G. Then Lie subalgebras hy C m and hy C g are conjugated if
and only if there exists an element g € C such that Ad b, C m and moreover Adgh, is equivalent
to by up to Inn(m)-equivalence.

To this end, the merging procedure results in the next complete list of irredundant representatives
of equivalence classes of subalgebras.

Theorem 2. A complete list of proper SLz(R)-inequivalent subalgebras of the algebra sl3(R) is
erhausted by the subalgebras, where ¢ € {—1,1}, 6 € {0,1}, k > 0, p € [-1,3], i/ € [0,1] and
v € R:

ID: §, = (B +0P), fls= (By+ Es + D), fi's=(Ex+i/'D), fia=(E1+ D),
2D: fou =Py, Py), f‘%,g = (L1 +0P, Py), fos=(Ey+ D+ Py, P1), fou=(E1+ D, Py),
fos=(E1, D), fos = (P, D), for = (E1 + E3, D),
fo.8 =(E2 + 7D, En), 20 = (B2 — 3D, Ey + I1),
3D: fs1 = (B, Pi,By), fso=(D,P,P), fs;=(E2+ kD, P, P),
fou = (E1+eD, P, ), fi5 = (Ev+Es+yD, P, Pa), fi6 = (E1+E3+7D, Ri, Ry),
for = (Eo+puD, Ey, Py), f3s=(E2—3D,Ey+ P, P), f39=(E,Ey, D),
fa.10 = (&1, B, E3), fs11 = (B + E3, PL — Ry, P, + Ry),
fai2 = (B0 + E3, P + Ry, P, — Ry),
AD: §40 = (E1,D, P, Py), f40=(F2, D, P, P), fi3=(E+ E3,D, P, P,),
f44 = (Ey +7D, By, P1, Py, fus5 = (E1, By, D, Py), fa6 = (£ + B3, D, Ry, Ry),
= (E1, Es, E3, D),
5D: f51 = (E1,Ey, D, P, Py), f50= (L1, Ey,E3, P, Py), fs53= (L1, Ey, E3, Ry, Ry),
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6D: o1 = (E1, Eo, E3, D, P, Ps), fe2 = (E1, Ey, E3, D, Ry, Ry).
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It is convenient to use a holonomic coordinate systems and associated the so-called natural
frame if one explore conformal mappings of differentiable manifolds. But to study some physical
applications, in particular spinor fields, we have to use non-holonomic frame which sometimes
referred to as the vielbein formulation [1, 2| . In this formulation we introduce 4 independent
vectors ' (x), (a = 0,1,2,3) at each point of a spacetime (V3 g), which are orthogonal to each
other and have a unit length:

tZ(LE)ti(I)gu(fﬁ) = Nabs  Tab = dl(lg(l, _17 _17 _1)
Also there exists the inverse matrix ¢¢, which satisfies
()t ) = 5, t(@)t(x) = 6.
The field t¢(«) is called the vielbein [1]. Using such non-holonomic coordinate systems, we should
introduce the spin connection by the relation below

Wiy = (G0 + Oyt (1)
From (1) it follows that
Oty + Tht] —w bty = 0.

The covariant derivative of a spinor field ¢ (z) one calculates using the formula:

1
Vi) = Opp — Zwkawab@/) = O + '),

where 7_‘”’ = 1(7"7" —~"7") is the antisymmetrized product of two gamma matrices. For the adjoint
spinor ¥ = 1’7" we have

_ | _
Vi) = Opp + wzwkab’YQb = O — YLy,
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If we consider a conformal mapping f : (V13 g) — (V13,§), i.e. §i; = @ gy, then the vielbein is
transformed as
£f(2) = e#t (2). (2)
Here ¢(x) is some function. Under a conformal transformation the spin connection transforms as
Wrab = Wrab T tkaPs — trpPa-

Here ¢, = Opp = tiﬁjgo. Hence for the spin-affine connection ', we get:

- 1 1
D =T — 7 (tratps = trppa)y™ =Tk — §tka90b7ab- (3)
On the other hand, the stress-energy tensor for the spinor field (s = 3) in a spacetime (V'#, g) we
could calculate by the formula [3]:
i _
Ty, = §(¢7(jvk)¢ — (V) ), (4)

where v; = 7,t§(x). Taking into account (2), (3), (4) we obtain the transformed stress-energy
tensor:

T T L a N a N a e a
Ty = @) (Ty), — 7 (Writrapry Y + Vyitiaoey® + Wtrater s + Vo)),
However we have the scalar which is preserved under conformal mappings:
|A’2 = AigijAj = EV%Q@EVW%

where A’ = 17" is so called four-dimensional current of the spinor field .
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In this paper we shall follow the terminology of [2, 4, 5, 6].

A semigroup S is called inverse if for any element x € S there exists a unique x=* € S such that
2x 'r = v and @ 'zz~! = 27!, The element 27! is called the inverse of x € S. If S is an inverse
semigroup, then the function inv: S — S which assigns to every element x of S its inverse element
r~1is called the inversion. On an inverse semigroup S the semigroup operation determines the
natural partial order < on S: s < t if and only if there exists e € E(S) such that s = te.

A topology 7 on a semigroup S is called:
e a semigroup (shift-continuous) topology if (S,7) is a topological (semitopological) semi-

group;
e an inverse semigroup topology if (S, 7) is a topological inverse semigroup;
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e an inverse shift-continuous topology if (S, 7) is a semitopological semigroup with continuous
inversion.

The bicyclic monoid C(p, ¢) is the semigroup with the identity 1 generated by two elements p and
q subjected only to the condition pg = 1. The bicyclic monoid admits only the discrete semigroup
Hausdorff topology [3]. Bertman and West in [1] extended this result for the case of Hausdorff
semitopological semigroups.

We construct two non-discrete inverse semigroup 7i-topologies and a compact inverse shift-
continuous T}-topology on the bicyclic monoid C(p, ¢). Also we give conditions on a Ti-topology
on C(p, q) to be discrete.

Theorem 1. Every shift-continuous Baire Ti-topology T on the bicyclic monoid C(p, q) is discrete.

Theorem 2. Let 7 be an inverse semigroup Ti-topology on C(p,q). If there exists a point q'p’ €
C(p,q) such that the space J<q'p’ is quasi-regqular at ¢'p’, then T is discrete.

Theorem 3. Let 7 be a shift-continuous Ty -topology on the bicycliec monoid C(p,q) such that the
maps C(p,q) — E(C(p,q)), x — xz~ and C(p,q) — E(C(p,q)), v+ x~ x are continuous. If there
exists a point q'p’ € C(p,q) such that the space {<q'p’ is semireqular at ¢'p’, then T is discrete.
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Sasaki-extremal metrics were introduced in [1] as a generalization of metrics with constant scalar
curvature, which is obstructed by the Futaki invariant. On this talk we exhibit examples of
homotopy spheres and rational homology spheres realized as links of chain-cycle polynomials that
do not admit Sasaki extremal metrics in the whole Sasaki cone, which has dimension greater than
one. For this, we consider links that are given as 2-fold branched covers of S? whose branching loci
are rational homology 7-spheres which are links of certain invertible polynomials of chain-cycle type
studied in [5] and later in [4] through the Berglund-Hiibsch rule of classical mirror symmetry. In [2],
Boyer and van Coevering defined a relative version of the K-stability of Collins and Székelyhidy
[6, 7] and obtain the first examples of Sasaki manifolds with Sasaki cone of dimension greater



21

than one not admitting Sasaki extremal metrics in the whole Sasaki cone. Based on their result
we exhibit 37 new families of links with Sasaki cone of dimension 2 such the whole cone does not
admit any extremal representative. All the examples produced here are eitheir homotopy 9-spheres,
rational homology 9-spheres or manifolds of the form S* x S°. We can easily extrapolate these
examples to arbitrary dimensions where the corresponding Sasaki cones have larger dimensions.
All these examples are inequivalent to the ones found in [2|. These examples are consequences of
the following more general result that we present in this talk:

Proposition 1 (|5]). Consider a polynomial of chain-cycle type of the form
f=20"+ 2021 + 2425% + 2025° + z324*

with a1 = 2 whose link Ly is a rational homology sphere and that cuts out a projective hypersurface
in P(wg, w1, ..., wy) such that

(wo, w1, wa, w3, wy) = (M30g, M3V1, MV2, Ma¥3, Maly),
with mg odd, ged(ms, m3) =1 and d = myms. The polynomial
g=fr+ 22+ 422

with fT the Berglund-Hiibsch transpose of f, determines a link L, such that

(1) If n is even, then Ly is a rational homology (2n — 1)-sphere.

(2) If n is odd, then L, is a homotopy (2n — 1)-sphere and A,(—1) = ms. In particular the
diffeomorphism type of L, is determined by ms.

(3) The Sasaki cone of L, has dimension 1 + |"52] and there are no extremal Sasaki metrics
in the Sasaki cone of the link L.

(4) If ms is even, then for n =5, the link L, has the form S* x S5.
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The following definitions are from [1]. A path v in R™ is a continuous:mapping 7 : A — R"
where A is an interval in R. Its locus (A) is denoted by |y|. Given a family T' of paths v in R", a
Borel function p : R™ — [0, 00| is called admissible for T', abbr. p € admT, if

[ pwlasl =1

o
for each (locally rectifiable) v € I'. Given p > 1, the p-modulus of I is defined by the relation
M,(I') .= inf / PP (x)dm(x (1)

peadm T’

interpreted as +oo if adm ' = @.

Given sets F and I and a given domain D in R™ = R™ U {oo}, we denote by I'(E, F, D) the
family of all paths v : [0,1] — R" joining £ and F in D, that is, v(0) € E, (1) € F and ~(t) € D
for all t € (0,1). Everywhere below, unless otherwise stated the boundary and the closure of a set
are understood in the sense of the extended Euclidean space R™. Let g € D, x¢ # 00,

S(zo,r) ={x € R" : |z — xo| =0}4S; = S(xo,73), i=1,2,
A= A(zo,r1,m2) ={z € R" :ry < |z — x| <712}
Let f: D — R", n >2, and let @ : R" — [0,00] be a Lebesgue measurable function such that

Qy) = 0 for y € R*\ f(D). Let A = A(yo,r1,72) and I'f(yo,r1,72) denotes the family of all

paths 7 : [a,b] — D such that f(v) € T(S(yo,71), 5 (yo,72), A(yo, 1,72)), i.e., f(v(a)) € S(yo,r1),
f(v(D) € S(yosra), and f(y(t)) € A(yosr1,72) for any a < t < b. We say that f satisfies the inverse
Poletsky inequality at yo € f(D) with respect to p-modulus, if the relation

21,0 (. 71.72)) / Q) 1y — wl) dm(y) 2)
holds for any 0 < r; <19 < rg:= sup |y—1o| and any Lebesgue measurable function 7 : (ry,ry) —
yef(D)

[0, o] such that

/n(r) dr>1. (3)

T1
Note that estimates of the type (2) are well known and hold at least for p = n in many classes of
mappings (see, e.g., [2, Theorem 3.2, [3, Theorem 6.7.11] and [4, Theorem 8.5]). For p # n, similar
estimates may be found, e.g., in [5] and [6].
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A mapping f: D — R" is called discrete if the image {f~! (y)} of any point y € R" consists of
isolated points, and open if the image of any open set U C D is an open set in R".

Later, in the extended space R" = R" U {co0} we use the spherical (chordal) metric h(z,y) =
|m(xz) — 7w(y)|, where 7 is a stereographic projection of R onto the sphere S”(%enﬂ, %) in R+,
namely,

1
Wz, 00) = ——=,

1+ \:U]Q

|z — 9
h(z,y) = , TF00FY (4)
V1 2Py /14 1y

(see, e.g., [1, Definition 12.1]). The following statement is true.

Theorem 1. Let n > 2, p > n, let D be a domain in R™, xy € D, and let [ : D_\{xo} — R" be
an open discrete mapping that satisfies the conditions (2)-(3) at any point yo € D'\ {oco}, where

D" = f(D\A{xo}).

If Q € LY(D'), then f has a continuous extension f : D — R", the continuity of which should
be understood in the sense of the chordal metric.h in (4). The extended mapping f is open and
discrete in D. Moreover, if p =n and f(x0)% oo, then there is a neighborhood U C D of the point
xo depending only on xo, and C = C(n, D,zq) > 0 such that

Co - (1Qf1)""

flx)—f <
79~ IR log'/" <1 * —2|xfxo|)

()

for any z,y € U, where ||Q||1 is the norm of the function Q in L*(D’).
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New Combinatorial Invariants of Doubly Periodic Tangles
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Doubly periodic tangles, or DP tangles, are complex entangled structures consisting of curves
embedded in the thickened plane E? x I that are periodically repeated in two directions. Hence, DP
tangles can be defined as lifts of links in the thickened torus, 72 x I. The topological classification
of DP tangles is at least as hard a problem as the full classification of knots and links in the three-
space and is approached by constructing topological invariants. To reduce the complexity of this
problem, the idea is to consider the quotient of a DP diagram under a periodic lattice, namely a
link diagram in the (flat) torus 72 that we call (flat) motif. This approach leads to a diagrammatic
theory of the topological equivalence of DP tangles, which has been established in [1] on the level
of motifs, and that generalizes works initiated by Grishanov et al. related to textiles ([4, 5]).

In this talk we will first establish the mathematical framework of the topological theory of DP
tangles in order to characterize the notion of equivalence between DP tangles and between their flat
motifs. Time permits, we shall further generalize these results to other diagrammatic categories,
such as framed, virtual, singular, pseudo and bended DP tangles, which could be used in novel
applications. We will then introduce new topological invariants of DP tangles. In particular, we
will present the notion of axis-motif, that is a set of arcs in the flat torus which can be viewed
as a blueprint of a DP tangle capturing the different directions along which its components are
organized. This will lead to the definition of the directional type of the DP tangle, which constitutes
a topological invariant of DP tangles ([2]). We will also introduce the concept of density of a motif
7, defined in terms of the total number of arcs of the axis-motif of 7, which gives rise to a new
invariant called density of the DP tangle T, defined as the minimal density over all axis-motifs
of 7. However, we will note that this topological invariant is not strong enough to distinguish
two DP tangles of different directional types. Thus, by using the fact that the set of arcs of an
axis-motif of a motif 7 can be partitioned into a specific triple of integers, that we call arc-triple of
74 we will present a stronger invariant of DP tangles, called minimal arc-triple. This notion leads
to a charagcterization of the directional type of a DP tangle by its minimal arc-triple. All the above
invariants of DP tangles are measures that naturally inform on their topological complexity, they
refer to global topological properties of theirs, and they add to the list of the existing invariants.

This is a joint work with Dr. Sonia Mahmoudi (Tohoku University, Japan) and Prof. Dr. Sofia
Lambropoulou (National Technical University of Athens, Greece).
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The objects of study are convex bodies: compact, convex subsets of Euclidean spaces. Convexity
naturally appears in many areas of mathematics, such as Linear Programming, Probability Theory,
Functional Analysis, Partial Differential Equations, Information Theory and Geometry of Numbers.

For instance, density functions of some of the most important probability measures are logarith-
mically (or at least quasi) concave functions, like gaussians, exponential, or uniform densities over
convex domains. In particular, this means that all their level sets are convex. Although convexity
is a simple to formulate property, convex bodies possess a surprisingly rich structure. The main
subject of the proposed project are geometric inequalities and extreme relations between convex
sets in general. Especially, we are interested in extending results given so far only for symmetric
convex sets or join results given separately for the symmetric case and the general case. To do so
we want to take a functional into account that measures how far a convex body C' is away from
being symmetric. One such functional is the so called Minkowski (measure of) asymmetry, which
measures in terms of the Banach-Mazur distance how far a set is from its closest symmetric set.

We start explaining some notation, which is mostly standard in convex geometry. For details
see, e.g. [10]. For any A, B C R" let A C; B denote that there exists a translate of A being a
subset of B. The Minkowski addition of two sets A, B C R" is given by the set A+ B = {x +y:
x € A, y € B}. Moreover; for any n-dimensional convex set K we denote by pK := {pzx : x € K}
and —K := (—1)K. For any set convex set K, we say that K is symmetric if K =, —K. Moreover,
let K°={z € R": 2ty <1Vy e K} be the polar of K.

The main object of study in this project is the Minkowski asymmetry of a convex set C, defined
as

s(C) =min{p > 0:C C; —pC1},
where we are allowed to write min instead of inf as C' is a convex set, and this is true for all similar
functionals we define below. Moreover, if ¢ — C C s(C)(c — C) we say that c is a Minkowski center
of C, and if ¢ = 0, we say that C' is Minkowski centered. It is well known (see e.g. [8]) that for all
convex sets C' we have s(C) € [1,n] with s(C') = 1 if and only if C' is symmetric and s(C) = n if
and only if C'is an n-simpler, i.e., the convex hull of n + 1 affinely independent points.

Naturally, the Minkowski sum of two convex sets defines a mean. The harmonic, geometric, and
arithmetic means of real numbers a and b are collectively known as the Pythagorean means. They
are related by the extended arithmetic-geometric-harmonic mean inequality (see [10]). Thus, for
convex sets K and C' the arithmetic mean is defined as KTJFC, while the harmonic mean is defined
as (W)O The minimum and mazimum of K and C are represented by K NC' and conv(K UC),
respectively. In the 1960s, Firey introduced and studied different means of convex sets, known as
p-means (see [6, 7]). This line of investigation continues to this day (see [9]).
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Notice that the considered symmetrizations of a convex body K, i.e., KN(—K), %, conv(K U
(—K)), are frequently used in convex geometry, e.g., as extreme cases of a variety of geometric
inequalities. Consider, e.g., the Bohnenblust inequality [1], which bounds from above the ratio of
the circumradius (min,egr max,ex || —yl|) and the diameter (max, ,ex || —y||) of convex bodies in
arbitrary normed spaces endowed with a norm || - || by n/(n+ 1), and for which equality is reached
in spaces with SN (—S) or (S — S) as the unit ball [5] where S is a 0-centered regular simplex.
These means also appear in characterizations of spaces, for which K is complete or reduced [4,
Prop. 3.5 - 3.10].

In [6] it was shown that similarly to the Pythagorean means, the means of convex sets can be

ordered in terms of inclusions [6]. Thus, for any convex sets K, C with 0 in their interior we have
K°+C°
2

For a Minkowski-centered convex compact set K we define the factor a(K’) to be the smallest
possible factor to cover K N (—K) by conv(K U (—K)), ie.,

a(K):=inf{p>0: KN(-K) C pconv(K U(—-K))}.

In [2] we show a surprising result, showing that in 2-space the greatest value of the Minkowski
asymmetry such that the harmonic mean can be optimally contained in the arithmetic mean is
the golden ratio ¢ = %g ~ 1.61. Moreover, if s(K) = ¢, there exists a non-singular linear
transformation L, such that

N L(K) = conv ({ (j) | (_01) | (g) | ((1)) | ( _11) })

We also present a family of planar sets K, with s(K;) = s € [1, ], such that a(K) = 1, thus,
showing that for any s € [1, 2] there exists a planar Minkowski centered K with s(K) = s, a(K) = 1.

In [3] we give a complete description the region of all possible values for «(K) for planar
Minkowski centered K in dependence of the asymmetry of K, showing that

) ‘ s(K)
0 s o0 < {1

Moreover, for every pair (a,s), such that 5%1 < a < min{l,ﬁ}, there exists a Minkowski
centered planar convex set K, such that s(K) = s and a(K) = a.

Surprisingly, in the same paper we were able to describe the number of intersection points
of the boundaries of a convex set K and its negative —K, when its asymmetry is greater than
the golden ratio. Namely, we show that for any Minkowski centered K with s(K) > ¢ the set
bd(K) N bd(—K) consists of exactly 6 points. However, when the asymmetry is less than the
golden ratio, bd(K) N bd(—=K) can consist of countable or uncountable number of points, as well

as of a small one.

KﬂC’C( ) CK;—CCCOHV(KUC). (1)
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The following is a particular case of J. Jachymski and F. Turobo$ concept, see [1] for more

details.

Definition 1. Let A be a class of metric spaces. Let us denote by P, the set of all functions
f:]0,00) — [0,00) such that the implication

(X,d) € A) = ((X, fod) € A)
is valid for every metric space (X, d).

We will use the following notations:

e F, set of functions f : [0, 00) = [0, 00);
e M, class of metric spaces;

e U, class of ultrametric spaces;

Definition 2. A function f € F is metric preserving (ultrametric preserving) iff f € Py (f € Py).

Remark 3. The concept of metric preserving functions can be traced back to Wilson [2]. Similar
problems were considered by Blumenthal in [3]. The theory of metric preserving functions was
developed by Borsik, Dobos, Piotrowski, Vallin and other mathematicians. See also lectures by
Dobos [4], and the introductory paper by Corazza [5]. The study of ultrametric preserving functions
begun by P. Pongsriiam and I. Termwuttipong in 2014 [6].

Our main purpose is to give the answers on the following problems.
Problem 4. Let A C Py. Find conditions under which the equation
Px=A (1)
has a solution X C M.

Problem 5. Let A C Py. Find conditions under which equation (1) has a solution X C U.
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Let us recall some basic concepts of semigroup theory, see, for example, John M. Howie [7].

A semigroup is a pair (S, *) consisting of a nonempty set S and an associative operation x :
S x S — S which is called the multiplication on S. A semigroup S = (S, %) is a monoid if there is
e € S such that

exsS=s5*%ke=3s
for every s € S.

Definition 6. Let (S,%) be a semigroup and @ # T C S. Then T is a subsemigroup of S if
a,beT = axbeT. If (S,*) is a monoid with the identity e, then T is a submonoid of S if T is a
subsemigroup of S and e € T..

Solutions to Problems 4 and 5 are given, respectively, in Theorems 7 and 8 below.

Theorem 7. Let A be a nonempty subset of the set Py of all metric preserving functions. Then
the following statements are equivalent.

(1) The equality
Px = A (2)

has a solution X C M.
(17) A is a submonoid of (F,o).
(1i1) A is a submonoid of (P, o).

The next theorem is an ultrametric analog of the previous theorem.

Theorem 8. Let A be a nonempty subset of the set Py of all ultrametric preserving functions.
Then the following statements are equivalent.

(1) The equality Px = A has a solution X C U.
(17) A is a submonoid of (F,o).
(7i1) A is a submonoid of (Py,o).

Some properties of the monoids of Py; and Py were described in [8] and [9].

Funding. Viktoriia Bilet was partially supported by a grant from the Simons Foundation (Award
1160640, Presidential Discretionary-Ukraine Support Grants, Viktoriia Bilet). Oleksiy Dovgoshey
was supported by a grant of Turku University, Finland.
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Group action on noncommutative curves

Yuriy Drozd
(Harvard University & Institute of Mathematics of NAS of Ukraine)
E-mail: y.a.drozd@gmail.org

Recall that a noncommutative curve (noc) is a pair X = (X, Ox), where X is an algebraic curve
(the base curve of X) over a filed k and Ox is a sheaf of Ox-algebras coherent as a sheaf of Ox-
modules. We always suppose that Ox C Ox and the curve X is reduced, i.e. Ox has no nilpotent
ideals. We also suppose that k is algebraically closed.

The noc X is called hereditary if gl.dim Ox = 1, that is Eaty, (M, N) = 0for n > 1 and all
coherent sheaves of Ox-modules M, N. We denote by X* the noc (Oy, Ox: ), where for every point
re X

o Ox 2 it Ox ,is hereditary,
fp = .
o Endx , v, otherwsise,

where v, = rad Ox,. It is known that if v, = rad Ox: ,, the noc¢ X'is hereditary. In this case X is
called a Bdckstrom curve. If, moreover, {o, (Oxﬁ ®oy U < 2for every simple sheaf of Ox-modules
U, X is called a nodal curve. Note that a “usual” (commutative) curve X is nodal if and only if
all its singularities are simple nodes, that is, if 2 € X i§ a singular point, O, ~ k[[z, y]]/(zy). The
structure of nodal nocs is described in [1].

Let a finite group G acts on a noc X. It means that it acts on the base curve X as well as on the
sheaf of algebras Ox (maybe with a factor set in the sense of [2]). The the noc XxG = (X /G, Ox.c)
(the crossed product of X and G) is defined. Note that G naturally acts on the category Coh X of
coherent Ox-modules.

Theorem 1. Suppose that the order of the group G is invertible in k.

(1) There is an equivalence of categories Coh(XxG) and add((Coh X)xG), where add C denotes
the Karubian closure of the category C, i.e. the smallest additive category containing C and
such that all idempotents-in it split.

(2) If X is hereditary (Bdckstrom, nodal), so is X x G.
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6D-Riemannian metric associated at the Navier-Stokes
equations and its applications
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Theorem 1. The 6D metric in local coordinates (t,x,y, z,v,w)

d? = —2B(t,2,y,2)dd, + 2 E (t,2,y,2) didy + dpd, + 2 H (t,2,y, 2) dydy + dyd,—
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-9 /%H (t,x,y, 2) dzdy® + dyd.,

with conditions on coefficients

0 0 0 0
—H (t,l’,y,Z) - %E (t,l’,y, Z) - Oa &H (taxyya Z) - %B (t7$7ya Z) - Oa

dy
0 0
&E (t,z,y,2,t) — 3_yB (t,z,y,2) =0
15 associated with equations of compatibility of the Navier-Stokes system o equations
— — a — — — — — — —
VP(t,x):§V+<V~V)V:,uAV, V.-V =0

with respect to the function of pressure in flow of liquid P(t,z) = P(tya,y, 2). [1],[2]

On base of this theorem the examples of exact solutions of Navier-Stokes system of equations
may be constructed.

The Ricci-tensor R;, of given metric has six components Ry, R,., Row, Ruwws Ry, R and from
conditions of compatibility between the various equations for R;; lead determined the components
of velocities U(t, #) and the function pressure P(t, Z).

As example simplest reduction of considered metric has the form

0? 0?
= _9 K 2
ds® (8 SK (t 2.y, z)) did, + <8z8yK (t,z,y, z)) dydy, + did,+

0? 0>
2 K(t dydy + dpdy — 2 ——K (t,2,y, 2) | dy? + dypd,.
+ (8z8x (2.9, Z)) + Aoty (8y8x (t,y Z>> +

As example the metric is the Ricci-flat for the flows of the form
Ult,z,y,z) = —1/21;8217 (t,z), Vi(tz,yz)= —1/2y§F (t,z), Wi(txy,z) =F(tz),
% z

with the function F' (¢,#) which is determined from the equation

3 3 2
—u%—kF(t Z)BZF<t z) + 8zatF(t7Z):O’
for which
B(t, %) = 2F (t,2)+ F (t, 2) 3F (t, 2)
ot 0z

2

Ny 0 0 2
H(t,z) = —1/29582(%17(25,2) + 1/4a:aZF(t, z)" —

0? 0?
—1/2zF (t, 2)8 o (,z)+1/2uwazazazF(t,z),
2

E(t,z)=—-1/2y 0

0 2
aZatF(zf, z) + 1/4y£F(t,z) —

2 3

9] 0
5205 (t,z)+1/2uyazazazF(z€,z).

—1/2yF (t,2) =——

The metric of the form
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Theorem 2.
ds® = 2 da? + 2 dedy + 2 dzdu + 2 dif + 2 dydz + 2 dydv + 2 dZ + 2 dzdw+

1
+ 2 dtdp + 2 dnd€ + 2 dpdx + 2 dmdn + Adf + Bdn® + Cdp? + Edm?, 1)

where
A=2-U(z,y,z,t) u—V (z,y,z,t)v — W (z,y,2,t) w,
0 0 0
B=|(-UW+u=U)w+(-UV4+u=U|v+ p=—U—-(U)?*—=P)u—Up,
0z dy ox

0 0 0
C=(-VWH+pu=V)w+p=V-VY?=Plo+|-UV+p=—V)u=Vp,
0z oy or
0 0 9 0 0
E=(-p=—U-p=—V-W)=-Plu+|-VWH+p—W)o+ |=UW+pup—W |u—Wp
ox dy oy ox
18 the Ricci-flat on solutions of Navier-Stokes system of equations.

Geometric characteristics of the 6D- metric depend on choice of the functions H(t, ¥), B(t, Z), E(t, ¥)
and considerations of their properties joint with the metric of 14D-space can be used to determi-
nation of the functions

from the N S-equations:

0 . o 0 . 0 . . 0 .
EU (t,2) + U (t,2) %U(t,x) +V (t,7) a—yU(t,ﬁ) +W(t, %) EU(t,x) —
0? 0? 0?

- <@U(t,x) + a_y?U (t,7) + @U (t,x)) + H (t,7) =0,

O R+ Uy (h2) +V BV (135 + W (17) 2V (4, 7) —
815 , L , L (9:[) , L L 8y , L , L az , L
0? . 0? . 0? . .

— <@V (t,x)+a—y2V(t,a:) + @V(t,xo + E (t,%) =0,
OW ) U DNLW () +V (65 2w (4, 3) + W () LW (1,7 —
815 , L , L (91‘,’ , L , L ay , L , L az , T

0? 0? 0?

— W (@W(t,l‘)—i—8—y2W<t,I)+@W(t,ZE))+B(t,l‘):0
0 . 0 0
%U (t,7) + 8_yv (t,vecz) + aw (t,xz,y,2) =0.
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Interplay of GGlobal Implicit Functions and Critical Point
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Consider a nonlinear equation of the form:

d(e,g) =0, (1)

where e, g, and 0 belong to arbitrary Fréchet spaces, and O represents the zero element. We
establish sufficient conditions under which it is possible to globally and uniquely solve Equation
(1) for g in terms of e, with the solution mapping K being differentiable; such that ® does not lose
the derivative.

Applying the obtained global implicit function theorem, we will establish sufficient conditions
for the global existence and uniqueness of the solution over the entire time of the following initial
value problem that involves the loss of one derivative:

y'(t) = (t,y(t)se), (2)

where the initial conditions are fixed both in time and in arbitrary Fréchet spaces.

We also generalize the Lagrange multiplier method, which involves finding critical points of a
mapping subject to a set of constraints, and apply the results to extend the Nehari method for
locating critical points.

The full details can be found in [1].
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Spherical Analysis on Fuzzy Lie Groups
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Let G be a locally compact Lie group and g its Lie algebra. We consider a fuzzy analogue of G,
denoted by &; called a fuzzy Lie group. Spherical functions on &; are constructed and a version
of the existence result of the Helgason-spherical function on G is then established on &;.
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A solution of many problems of the theory of minimal surfaces, nonlinear electrodynamics,
geometric optics, theories of gravity, geometry, unified field theory, string theories, black holes,
cosmology, etc. is reduced to the investigation of the Euler-Lagrange equations [1, 2, 3, 4, 5, 6, 7],
the Born-Infeld equations [8, 9, 10, 11, 12, 13|, the Monge-Ampére equations [14, 15, 16, 17, 18,
19, 20, 21, 22, 23, 24, 25, 26, 27| in the spaces of different dimensions and different types.

We consider the following (1 4 3)-dimensional PDEs:

e the Euler-Lagrange-Born-Infeld equation
Ou (1 — wpu”) + wfu"u, =0,
e the homogeneous Monge-Ampére equation
det (u,,) =0,
ou 0%u

where v = u(z), © = (29,21, 29, 23) € M(1,3), u, = S v = Faa w = gy, G =
(1,-1,-1,-1)6,,, pt,v = 0,1,2,3, and O is the d’Alembert operator.

Here, M(1,3) is a four-dimensional Minkowski space.

From the results obtained by W.I. Fushchich, W.M. Shtelen and N.I. Serov [28] it follows, in
particular, that the common symmetry group of those equations is the generalized Poincaré group
P(1,4).

At the present time, we have constructed as well as classified some common invariant solutions of
the equations under study. To obtain those results, we have used the results of the classification of
symmetry reductions and invariant solutions of the Euler-Lagrange-Born—Infeld equation |29, 30].

In our report, I plan to present some of the results obtained.
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Normal forms of functions with degenerate critical points
on surfaces whose stabilizers are homotopically non-trivial
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Let M be a smooth compact surface, and P be either R or S'. The group of diffeomorphisms
D(M) acts on the space of smooth P-valued functions C*°(M, P) by the rule:

C*(M,P) x D(M) — C*(M, P) (f,h) — foh.
For a smooth function f € C*(M, P) we denote by
S(f)={heDM)|foh=f},  O(f)={foh[heD(M)}

the stabilizer and the orbit of f. Homotopy properties of S(f) and O(f) and their connected
components are well studied for a large class of smooth functions with isolated singularities on
surfaces, see [2]. We also denote by Siq(f) a connected component of the identity map id in S(f).
We consider the following class F (M, P) of smooth functions: a function f belongs to F(M, P)
if
(1) for each connected component V' of the boundary @M a function f|y either takes a constant
value or is a covering map,
(2) aset of critical points X ¢ of f is a disjoint union of smooth submanifolds of M and ¥; C Int(M),
(3) for each connected component C' of ¥y and each critical point p € C there exist a local chart
(U,¢ : U — R?) near p and a chart (V4,1 : V — R) near f(p) € P such that f(U) C V and a
local representation f, =1 o fo¢ !t :@(U) — (V) of f is
(a) either a polynomial homogeneous polynomial f, without multiple factors,
(b) or is given by fo(z,y) = £y"c for some ne € Nss depending of C.

Connected components of ¥, are isolated critical points and critical circles.
Let F°(M, P) be a subset of F(M, P) of function which satisfy (1), (2), (3.b), but instead (3.a)
the following condition holds:
(3.a') either a polynomial f, given by f,(z,y) = +a? £+ y2.

For a function f € F(M, P) a stabilizer Siq(f) is homotopy equivalent to S if f € F°(M, P), and
is contractible otherwise, [1, Theorem 1.2]. Our main result is an analytical characterization of
functions from F°(M, P), see Theorem 3. The following proposition contains basic facts about
functions from F°(M, P).

Proposition 1. Let f be a function from F°(M,P). Then

(1) M is one of the following surfaces: S* x [0,1], D* S? or T?.

(2) a function f : M — P is always null-homotopic if M is not a torus. A function on torus can
be either null-homotopic or not null-homotopic.

(3) f has any finite number of critical circles if M = S* x [0,1], D S*, or T? and f is not
null-homotopic. If M = T? and f is null-homotopic, then f has at least 2 critical circles.

(4) If M = S* x [0,1] or T?, then f does not have isolated critical points. If M = D? or S?, a
function f has one and two non-degenerate extremes respectively.

To state our main result we need the following definition.

Definition 2 (Primitive functions). Let f, : M — P be a smooth function
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(1) M = S' x [0,1] = {(2,8)|2 € C,|2] = 1,0 < s < 1}, and fp : S' x [0,1] — R is given by
f0<¢78> =35

(2) M =D?={(z,y) € R*|2® + y* < 1}, and fy : D* = R is given by fo(z,y) = £2* + %

(3) M= 52 = {(2.y.2) |2 +4% + 2 = 1}, and fo(r,y,2) : % = R is given by fo(y.7) = =

2
(4) M =T%= {(a:,y,z) E]R‘g‘ (\/x2+y2—2) +22:1},andfo:T2—>]Risgivenbyf0(a:,y,z) =

z;
(5) M =T*={(w,2) € C?||z| = |w| =1}, and fy: T? — S is given by fo(w,2) = z.

Obviously that functions from (1)-(4) belongs to F°(M, P). They are height functions for (1)-(4),
and a function from (5) is an angular projection. These functions have a minimum possible number
of critical submanifolds, and we will call them primitive functions.

Theorem 3. Let f be a smooth function from F°(M, P) and fo € F°(M, P) be a primitive function.
A function f admits a decomposition

f=sxo0fyoh™! (1)

for some diffeomorphism h : M — M and a smooth function 3 : Im(fg) — P satisfying the
following conditions:

(A) 5 has the only finite number of critical points in which it is not flat, i.e., not all derivatives
of » at each critical point vanish,

(B) s does not have extremes at fo(X}) and fo(OM).

In particular, if f € F°(T?, P) is null-homotopic, then [y is given by (4), and by (5) otherwise. A
factorization (1) is not unique and depends on. the choice of h.
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The Marcinkiewicz interpolation theorems for linear operators acting on Lebesgue spaces turned
out to be a powerful tool for studying regularity of solutions for linear PDEs in LP-spaces. The
K-method introduced by J. Peetre ([5, 6]) allowed to extend the study of regularity of solutions of
linear equations on spaces different from LP-spaces. The main difficulty to apply Peetre’s definition
is the identification of the interpolation spaces between two normed spaces embedded in a same
topological space. In [2, 3, 4] we did such a study with applications to linear PDEs using new
non-standard spaces as grand or small Lebesgue spaces and GI'-gamma spaces.

In [7] L. Tartar gave interpolation results on nonlinear Hélderian mappings (which include Lipschitz
mappings) and applied them to a variety of boundary value problems as bilinear applications, semi-
linear PDEs but also on variational inequalities.

In this talk we present some results contained in the recent paper [1], were we extend Tartar’s results
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on nonlinear interpolation of a-Hoélderian mappings 7 by studying the action of the mappings
T on K-functionals and between interpolation spaces with logarithm functors. Therefore, we
identify some interpolation spaces using couples of Lebesgue or Lorentz spaces, recovering spaces
as Lorentz—Zygmund spaces or GI'-gamma spaces.

We apply these results to obtain regularity on the gradient of the weak or entropic-renormalized
solution u to quasilinear equations of the form

—div(a(Vu)) + V(z;u) = f,  w =0 on 09, (1)
associated to the Dirichlet homogeneous condition on the boundary, where €2 is a bounded smooth
domain of R", a(Vu) = |Vu[P"?Vu, V is a nonlinear potential and f belongs. to non-standard

spaces like Lorentz-Zygmund spaces. We also show that the mapping 7 : T f = Vu is locally or
globally a-Holderian under suitable values of o and appropriate assumptions on V' and @.

Furthermore, also the anisotropic version or the variable exponents version of the Laplacian are
considered.
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In this work we start developing a Riemann-type integration theory on spaces which are equipped
with a fractal strueture (see [1] for more details). The definition of a fractal structure is the next
one:

Definition 1. A fractal structure I on a set X is a countable family of coverings I" = {I',, : n € N}
such that I',,; is a strong refinement of I',, for each n € N. T'; is said to be a strong refinement of
[y if T'y is a refinement of I'; (that is, each element of I'y is contained in some element of I';) and
for each B € I'y it holds that B = |J{A € Iy : A C B}. Cover I',, is called level n of the fractal

structure.
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We require to define a concept first:

Definition 2. Let (X, S, ) be a measure space and I' be a fractal structure on X. T is said to
be p-disjoint if the following conditions hold:

(1) ', € S is countable for each n € N.
(2) w(BNJ) =0 for each B, J € I';, such that B # J and each n € N.
(3) u(A) < oo for each A € T, and each n € N.

Next, we define the Darboux sums with respect to a measure and a fractal structure:

Definition 3. Let (X, S, ) be a measure space, I' = {I'), : n € N} be a u-disjoint fractal structure,
and f: X — R be a bounded function. Then, for each J € I',,, we set m(f; J)=inf{f(z) 12 € J}
and M(f;J) = sup{f(x) : x € J}, so that the lower and upper Darboux sums with respect to u
for each level of the fractal structure are given by

L(f;Tup) = Y m(f; Du(J)  and  U(f;Tn,p) = M(f;])p
Jel'y, Jel'y

The lower and upper Riemann integrals with respect to a measure and a fractal structure are
defined as follows:

Definition 4. Let (X, S, i) be a measure space, I' = {I',, : n € N} be a p-disjoint fractal structure
on X, and f: X — R be a bounded function. We define the lower and upper Riemann integrals
of f with respect to ;4 and I' on X as follows:

(1) Upper Riemann integral of f with respeet to p and T

| 7= UG ) s e N iU (7 Do),
X

(2) Lower Riemann integral of f with respect to p and T:

78y
/X f=sup{L(f;Tp;p) :n € N} =lim,L(f;Ty; ).

Now we give the defition of a Riemann-integrable function.
Definition 5. Let (X, S, i) be a measure space, I' = {I',, : n € N} be a p-disjoint fractal structure
on X and f: X — R be a bounded function. f is said to be Riemann-integrable with respect to i

o —(M,I‘) . . (N,I‘) _(er)

and T on X if [, " f is finite and [, f = [}

If f is Riemann-integrable with respect to x and T’ on X, we define the Riemann integral of f

——(u,T

with-tespect to u and T on X, f(“ D f by f(“r f= fX(“’F)f = fX(M )f. We denote by R(X; u;T)
the set of Riemann-integrable functions with respect to p and T’ on X.

The next step is defining the Riemann sum relative to a collection of points in a certain level of
I

Definition 6. Let I' be a fractal structure on a space X such that I',, is countable for each n € N.
A selection for I', is a collection of points £ := (z4)aer, such that x4 € A for each A € T',,.

Definition 7. Let (X, S, i) be a measure space, I' = {I',, : n € N} be a p-disjoint fractal structure
on X and f: X — R be a bounded function. Let n € N and £ = (x4)4er, be a selection for T',.
The Riemann sum for f relative to Iy, £ and p is defined as S(f; Tn; &) := > 4cr, f(wa)p(A).
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The following theorem is analogous to the Riemann’s Theorem in R", but for bounded functions
defined on a space with a p-disjoint fractal structure.

Theorem 8. Let (X, S, 1) be a measure space, I' = {I',, : n € N} be a p-disjoint fractal structure
on X, f: X — R be a bounded function and C' € R. The following statements are equivalent:

(1) f € R(X;;T) and f)(( Dyr=c.

(2) Given € > 0, there exists ng € N such that |C — S(f;Tn;&0; 1) < € for each n > ng and

each selection for T',,, &,.
(8) Given € > 0, there exists n € N such that |C' — S(f; ;& p)| < e for each selection for T,

.
(4) S(f;Tm:&mi ) =3 C for each sequence (&) such that &, is a selection for T, for each
m € N.

The next result is crucial in order to justify that the Riemann integral of a bounded function
with respect to a measure and a fractal structure does not depend on the fractal structure.

Proposition 9. Let (X, S, i) be a measure space, I' = {T',, : n € N} and I'" = {I"} : n € N} be two
p-disjoint fractal structures on X and f : X — R be a bounded function. If f € R(X;u;T) and

f € ROX; ), then [{*7 f = [{77 f.
Hence, it does make sense to introduce the following concept:

Definition 10. Let (X,S, ) be a measure space ‘and f : X — R be a bounded function. f is
said to be p-Riemann-integrable if there exists a p-disjoint fractal structure I' on X such that f
is Riemann-integrable on X with respect to g and I'. Moreover, if so, the integral is defined as

fed= [0

Proposition 11. Let (X, S, u) be a finite measure space and f: X — R be a bounded measurable
function. Then f € R(X;u) and [y f = [ fdpu.

Hence, if T is a p-disjoint fractal structure on X such that f is Riemann-integrable with respect

to p and T', we can calculate [ fdu as [ )((”’F) f. Tt also follows that if u is a finite measure on the
Borel g-algebra of a topological space X and f: X — R is a bounded continuous map, then f is

p-Riemann-integrable on X.
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Topological rigidity of quoric manifolds
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The basic problem in Geometric Topology is the topological classification of manifolds, spaces
that are locally like the usual Euclidean spaces, like the surfaces. More precisely, we study manifolds
that have the same algebraic properties (homotopy equivalences) and we would like to show that
they are equivalent (homeomorphic). There are a lot of conjectures towards this direction with
the strongest being the Isomorphism Conjecture of Farrell-Jones. Furthermore, there are the
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corresponding conjectures when the manifolds are equipped with a group of symmetries (group
actions). In this case, all the structures (homotopy equivalences, homeomorphisms) should preserve
the group action (equivariant).

The original idea of the classification problems is Mostow’s Rigidity Theorem in which it was
proved that two hyperbolic manifolds, of dimension larger than 2, which are homotopy equivalent,
they are isometric. This result is the basis of most of the conjectures of classification and rigidity.
Usually, one of the two manifolds has nice properties (nonpositive curvature, hyperbolic funda-
mental group) and the other is simply homotopy equivalent to the first. The problem is to equip
the second manifold with the properties of the first through the homotopy equivalence. After that,
geometric methods, similar to the one in Mostow’s Theorem, will give the result:

In the case of interest, we start with Euclidean spaces R™ on which we can define a multiplication
such that, if x,y # 0, then xy # 0. If we insist that the multiplication is associative, then n = 1,2, 4
from Frobenious Theorem. In the first case we have the multiplication of the reals, in the second
case we have the complex multiplication and in the third case, we have the multiplication on the
quaternions which is not commutative. The corresponding spheres, in each case, are the elements
of length one and for n = 1 is the group of two elements Z,, for n = 2 is the unit circle S!, for
n = 4 is the unit sphere in R*, S3, and they are all groups with the induced multiplication. In each
of these dimension we have the corresponding torus, Z" = ZgX.--- X Zy, T" = St ... xS and
Q" = S3x...xS3. In each case, starting with a polyhedron, we can construct a space on which
the tori act and the quotient space in the original polyhedron. These manifolds are called standard
models. The local action is given in fact as the corresponding multiplication.

In each case, we start with a manifold on which the tori act (locally linearly) and they are
homotopy equivalent to the standard model, preserving the group action and we want to show
that is homeomorphic to the standard model. In all case, the process is similar. Let N be the
manifold that we study. First, we show that the action has the local properties of the standard
model. Thus the quotient space is a polyhedron P. Next, we construct the standard model from
P. The final result is consequence of two results: first that /N is homeomorphic to the canonical
model over P, which is homeomorphic to the original standard model.

For n = 1, we have a much richer structure than those of finite groups. In this case, we have
actions of groups that are generated by reflections (Coxeter groups). The basic properties are given
in [2]. The rigidity theorem is proved in [6]. In this case, we have to show that the elements that
act as reflections in the standard model, act as reflections on N.

For n = 2 we have the toric manifolds, which are the non-singular toric varieties and their
topological analegue, the quasitoric manifolds ([1], [3]). The result is given in [5]. To show that
the action of 7™ on N is locally standard, we study the representation s of 7. To show that N
is homeomerphic to the standard model of the action, we show that an element in the local Cech
cohomology of the quotient map vanishes.

For'the remaining case, we work along the lines of the Coxeter groups and quasitoric varieties.
Let Q™ = (83)". We say that Q" acts on a manifold M*" locally regularly if, locally, the action
is given by (quaternionic) multiplication or conjugation on each coordinate. Then the quotient is
a manifold with corners. Conversely, starting with a manifold with corners and an appropriate
function from its faces to the conjugacy classes of subgroups of )™, we can construct a locally
regular (quoric) manifold. Our main result is the following.

Theorem 1. (Rigidity of Quoric Manifolds). Let M*" be a closed locally reqular quoric manifold
over a nice n-manifold with corners X and X is a homotopy polytope i.e. all the faces of X (and
X itself) are contractible manifolds with corners. Let N*" be a locally linear closed Q"™-manifold
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and f : N* —s M* q Q"-equivariant homotopy equivalence. Then f is Q™-homotopic to a
Q" -homeomorphism.

The proof of the main theorem follows the methods of [6] and [5].

e We show that the action on N is locally regular. For this result, we first prove that N" has
the same isotropy groups as M" and f is an isovariant homotopy equivalence. Then we prove
that the action on N is locally regular. That is quite different from the torus case. The reason
is that this part depends on the representation theory of the underlying group. But @™ is not
abelian and thus its representation theory is more complicated that that of T™. So, we need a
more thorough analysis in this case.

e Let Y be the quotient manifold with corners of the action. We prove that N™ is "-homeomorphic
with the standard model constructed from Y. For this, there is an obstruction theory analogous
to the torus case.

e The rest is standard. The map f induces a face preserving homotopy equivalence ¢ : ¥ — X.
Induction and standard surgery methods imply that ¢ is face homotopic to a face homeomorphism
1. The map v induces a Q"-homeomorphism g : N* — M™ that is homotopic to f.
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On the multiplicative order convergence on Banach lattice
f-algebras

Omer Gok
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E-mail: gok@yildiz.edu.tr

Let E ,F be Archimedean vector lattices. The Fremlin tensor product EQF of F and F was
introduced by Fremlin in [6]. FQF contains the algebraic tensor product E @ F as an ordered
vector subspace satisfying density properties. The Fremlin projective tensor product FQFE of
Banach lattices £ and F'is a Banach lattice, [7]. It contains the Fremlin tensor product FQF as
a norm dense normed lattice. It is known that the Fremlin tensor product AQ)B is an f-algebra if
A and B are f-algebras, [4,5]. Also, we know that if A and B are Banach lattice f-algebras, then
the Fremlin projective tensor productAQ)B of A and B is a Banach lattice f-algebra, [9].

A vector lattice F under an associative multiplication is called a lattice ordered algebra whenever
the multiplication makes E an algebra with the usual properties and multiplication of positive
elements'in F is positive. A lattice ordered algebra A is called an f-algebra if Ay = 0 for every
z,y € Aimplies (zz) Ay = (x2) Ay =0 for all z € AT, where AT denotes the positive part of A. . A
Banach algebra A is called a Banach lattice algebra if A is a Banach lattice and the multiplication
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of positive elements in A is positive. A Banach lattice algebra A is called a Banach lattice f-algebra
if Ais an f-algebra.

Definition 1. A net (z,) in an Archimedean vector lattice F is called order convergent to z € FE
if there exists a net (yp) satisfying ysz | 0, and for any [ there exists ag such that |z, — x| < yz for
all @ > ag.

Definition 2. Let A be an f-algebra. A net (z,) in A is called multiplicative order convergent to
z € Aif |z, — z|.u — 0 convergences in order for all u € A™.

Definition 3. A lattice ordered algebra A is called a normed lattice ordered algebra whenever it
is a normed vector lattice and ||z.y|| < ||z||||y| holds for all z,y € A.

Definition 4. A net (z,) in a normed lattice ordered algebra A is called multiplicative norm
convergent to x € A if |||z, — z|.u|| — 0 for all u € A™.

The concept of convergence in f-algebras related to multiplication was given before by A. Aydin,
[1,2]. The studies under the unbounded order convergence and unbounded norm convergence in
vector lattices and Banach lattices were done before by many authors.

O. Zabeti applied the unbounded order convergence to the Fremlin tensor product of vector
lattices and the unbounded norm convergence to the Fremlin projective tensor product of Banach
lattices in [10].

Our aim is to investigate the multiplicative order convergence in the Fremlin tensor product of
two f-algebras and the multiplicative norm convergence in the Fremlin projective tensor product
of two Banach lattice f-algebras.

For this subject, we give the following references.
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Octonionic Stiefel manifolds and vector bundles

Marek Golasinski
(UWM in Olsztyn, Poland)
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Francisco Gémez Ruiz
(Universidad de Mélaga, Espaia)
E-mail: gomez_ruiz@uma.es

The octonions O satisfy a weaker form of associativity. Namely, they are alternative and power
associative only and are not as well known as complex numbers C and the quaternions H which
are much more widely studied and used.

This talk studies: Stiefel and Grassmann varieties, and vector bundles over octonions O.

STIEFEL MANIFOLDS. Let IF stand for R, the reals, C, the complex numbers or H, the quaternions.

Recall that the Stiefel manifold V,,.(F) for » < n is the set of all orthonormal r-frames in F”
which can be thought of as a set of n x k£ matrices by writing a r-frame as a matrix of & column
vectors in . We then have

Voo (F) = {A e M,.(F): AtA = IT}
and define
Vor(0) = {A e M,,.(O): AlA = [r} )

Those yield V,,,(F) and V,,,(0) as algebraic varieties over R (see |1, 3] for details).
Each V,,,(F) can be viewed as a homogeneous space:

Vor(F) 2 U(n,F)/Un—rF).
But, for V,,,(O) we have:
Proposition 1. (1) V,,.(0) is a compact smooth submanifold of M, .(Q) for any r < n.

(2) Vo (0) is path-connected for any r < n and the map © : V,,41(0) — V,,.(Q), given by
(Alv) = A, is a smooth fibre bundle.

GRASSMANN MANIFOLDS. Grassmann manifold G, ,(IF) is a differentiable manifold that parame-
terizes the set of all -dimensional linear subspaces of F”. Since the rank of an orthogonal projection
operator equals its trace, we can identify

Gnr(F)={A € M,(F): A=A"= A* tr(A) =r}
and define
Gur(0) = {A € M,(0): A=A"= A* tr(A) =r}.

Those yield G, (F) and G, ,(0) as algebraic varieties over R (see [1, 3] for details).
Each G, (FF) can be viewed as a homogeneous space:

G, (F) =2 U(n,F)/U(r,F) x Uln —r,F).
Furthermore, we have the principal U(r)-bundle
U(r,F) = V,.(F) = G, (F)

for the Stiefel map V,,.(F) — G, (F).
Due to the non-associativity of @ we do not have a Stiefel map = : V,,,(0) — G, ,(0), but
we may define a subset V, (0) C V,,,(0) as follows: A € V, (O) if the set of all entries of A
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generate an associative subalgebra of Q. Then, we have a Stiefel map 7 : V,; .(0) — G, ,(O) given
by m(A) = AA®.

Similarly to V, (0), we define G, (0) as follows: A € G, .(O) if all entries of A generate an
associative subalgebra of Q. It is clear that the Stiefel map 7 : V, (0) — G, ,(0) yields a surjective
map 7 : V, .(0) = G, .(0). In particular, G, .(0) is piecewise-smooth path-connected.

VECTOR BUNDLES
By analogy with real, complex or quaterionic vector bundles, define an octonionic vector bundle
of rank r over some space X as a continuous map

f:X =G (0).
The following result holds by adapting proof of [1, Theorem 12.1.7| or [2, Theorem 2.5]:

Theorem 2. Any smooth map X — G, (0) with r <n and X, a compact non-singular algebraic
set, is homotopic to an entire rational map from X to G, ,.(O).

Then, we derive:

Corollary 3. Any smooth map X — G, ,(0) with n = 2,3 and r = 1 is homotopic to an entire
rational map X — G,,(0). In particular, any continuous map S* — S® is homotopic to an entire
rational map S™ — S8.
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Some series involving central binomial coefficients
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1 (2n) x2ntl

o0
Using Maclaurin expansion arcsin = ) 5 (7)) 507

n=0

and, for non-zero real variable z, formulas
V1i4at—1
2

Vi4+zt—1

2 Y

9

%(arcsin (x\/; )) = arctan

R (arcsin (x\/; )) = arctanh
T

we obtain some series involving central binomial coefficients (2:); see [1] for more details.
Theorem 1. For |z| <1, we have
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Z L( n) 22"t = /2 arctan < T >
x

4n(2n+ 1)\ n

’
n=0
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2v1+ a2t -2
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where a = (1 +/5)/2 and § = v/2 + 1 are the golden and silver ratios, respectively.

We will also establish connections with the Fibonacci and Lucas numbers.

As usual, the Fi-

bonacci numbers F),, and the Lucas numbers L, are defined, for n € Z, through the recurrence

F,=F, 14+ F,_2, n > 2, with initial values Fy =0, F; =1 and L,
=(-1)""'F,and L_, =

Ly = 1. For negative subscripts, we have F_,

Theorem 3. For any integer s,

L (1) B2 on 2v/10
> oD Gy P47
— 16"(2n +1)\n 5
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<1620 + 1
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n=0
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where

78 + 6v/5 — 8 V78 — 65 —8
01:6\/ 2 ) Dleé\/ 2\/_ )

VBT 6B -8 VT8 - 6v5 5 V65 -8 VTE 465
5+ VBrVIst 6V 54vE—V1B—6v5
(148 — 1125 — V78 + 65 (25 — 11V/5)) 1/ (78 — 6v/5)?

3 = 3

(=5+ B+ 78+ 6v5)°\/ V78 + 615 - 8
(148 +112v/5 — /78 — 6/5 (25 + 11V/5) )/ (78 + 61/5)3
(5+ VB — 78+ 6v5)*y/ V78 — 6v/5 =8 |

Note that since (2:) = (n+ 1)C,, where C,, are Catalan numbers, our results could be stated
equivalently in terms of the Catalan numbers. Similar series were studied recently in |2, 3, 4, 5].
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On non-topologizable semigroups
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In this paper we shall follow the semigroup terminology of [1, 2, 3, 4].
Throughout these abstract we always assume that all topological spaces involved are Hausdorff
— unless explicitly stated otherwise.

Definition 1. Let X, Y and Z be topological spaces. A map f: X XY — Z, (z,y) — f(z,y), is
called

(1) right |left] continuous if it is continuous in the right [left] variable; i.e., for every fixed xy € X
lyo € Y| themap Y — Z, y — f(zo,y) [X = Z, x — f(z,y0)] is continuous;
(12) separately continuous if it is both left and right continuous;
(7i1) jointly continuous if it is continuous as a map between the product space X x Y and the
space Z.

Definition 2. Let S be a non-void topological space which is provided with an associative mul-
tiplication (a semigroup operation) p: S x S — S, (z,y) — pu(x,y) = zy. Then the pair (S, u) is
called
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(1) a right topological semigroup if the map p is right continuous, i.e., all interior left shifts
As: S — S, x — sx, are continuous maps, s € S
(7i) a left topological semigroup if the map p is left continuous, i.e., all interior right shifts
ps: S — S, x+— xs, are continuous maps, s € S,
(7i1) a semitopological semigroup if the map p is separately continuous;
(1v) a topological semigroup if the map p is jointly continuous.
We usually omit the reference to p and write simply S instead of (S, u). It goes without saying
that every topological semigroup is also semitopological and every semitopological semigroup is
both a right and left topological semigroup.

A topology 7 on a semigroup S is called:

e a semigroup topology if (S, 7) is a topological semigroup;

e a shift-continuous topology if (S, 7) is a semitopological semigroup;

e an left-continuous topology if (S, 7) is a left topological semigroup;

e an right-continuous topology if (S, 7) is a right topological semigroup.

The bicyclic monoid €'(p, q) is the semigroup with the identity 1 generated by two elements p
and ¢ subjected only to the condition pg = 1. The semigroup operation on % (p, ¢) is determined

as follows:

qk_”mp”, if [ <m;

¢ q"p" =< ¢tpn, if l =m
gFpl=m S [ > m.

We define the following subsets of the bicychc monoid

Proposition 3. %Jr(p, q) and € (p, q) are anti—isomorphzc submonoids of CK(p, q).

Proposition 4. Green’s relations Z, £, #, 9 and F on monoids €1 (p,q) and €-(p,q) coincide
with the equality relation.

Theorem 5. Fvery Hausdorff left-continuous topology on the monoid €., (p,q) is discrete.
Theorem 6. FEvery Hausdorff right-continuous topology on the monoid €_(p,q) is discrete.

Example 7. There exists a non-discrete locally compact semigroup 73i-topology 7 on the monoid
% (p,q)-

Example 8. There exists a non-discrete compact shift-continuous 7}-topology 7 on the monoid

(g+(p7Q)

Proposition 9. If the monoid €, (p,q) is a dense subsemigroup of a Hausdorff semitopological
monoid S and I = S\ €. (p,q) # & then I is a closed two-sided ideal of the semigroup S.

Example 10. There exists a compact Hausdorff topological monoid S which contains the monoid
% (p,q) as a dense submonoid.

Also, we discuss under which conditions a shift-continuous T’-topology 7 on the monoid %, (p, q)
is discrete.
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Existence and non-existence of cohomogeneity one
Einstein metrics
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A Riemannian metric ¢ is Einstein if Ric(g) = Ag for some constant A. A general existence
theorem for homogeneous Einstein metrics was established in [WZ86]. It is natural to turn to the
cohomogeneity one Einstein metrics, meaning that the principal orbit G/K is of codimension one.
The cohomogeneity one condition reduces the Einstein equation to a system of ODEs. Previously
known examples include [Pag78|, [BB82|, [KS86], [KS88|, and [WWI8|. Recently, we proved the

existence of an Einstein metric on HIP’mHijMH [Chi24], generalizing the result in [B6h98]| to all
higher dimensions.

We realize that the analytic techniques can be carried over to many other cohomogeneity one
spaces. We develop two criteria to check the existence or non-existence of a cohomogeneity one
Einstein metrics with a certain fixed principal erbit type. In particular, the principal orbit G/K is
the total space of a sphere bundle over a singular orbit G/K, and both the fiber and the base space
are irreducible. Each such a principal orbit is associated to a structural triple (d,ds, A), where
d; = dim(H/K), dy = dim(G/H) and A > 0 is a constant obtained from the O’neil tensor in the
theory of Riemannian submersion. The corresponding cohomogeneity one space, denoted as M, is
a double disk bundle, where G/K collapses to G/H on two ends. The Einstein metric is obtained
from the ansatz

dt* + [T (t) blyse + J3(t) blyy (1)
where ¢t parametrizes the 1-dimensional orbit space and b is a background metric.
Our existence theorem is the following.

Theorem 1. For any (di,ds) with dy > dy > 2, there exists a constant Xq,.4, € <0 da(d2—1)? ]

’ d%(d1d27d2+4)
such that if G/K s a principal orbit with A € [0, Xa,.4,), then there is at least one cohomogeneity
one Einstein metrics on M.

The constant xg, 4, 18 an algebraic function in (d;,ds), whose formula is very complicated in
general.  Nevertheless, we obtain many new examples of inhomogeneous Einstein metrics from
previous works on homogeneous Einstein metrics including [DZ79], [WZ85], [Wan92|, [DKO0§|,
[Nik16], [PZ21], and [LW24].

On the other hand, we also have the following non-existence theorem.

Theorem 2. Define
(4(dy — 1)n® + d2)(3n + dy) do(dy — 1)2
(2n2 + n + dy)?d? 4(dy —1)
If G/K is a principal orbit with (dy,d2) ¢ {(2,2),(2,3),(2,4)} and A > Uy, 4,, then there does not

exists any G-invariant cohomogeneity one Einstein metrics on M from ansatz (1).

Uy dy i=
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We find some examples of Theorem 2 from the classification in [DK08], including @IP%WQ with
Spin(9)/Spin(7) as its principal orbit.
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Stability of vertical minimal surfaces
in three-dimensional sub-Riemannian manifolds
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A sub-Riemannian manifold is a smooth manifold M together with a completely non-integrable
smooth distribution H on M (it is called a horizontal distribution) and a smooth field of Euclidean
scalar products (-,-)y on H (it is called a sub-Riemannian metric). In particular, (-,-) can be
constructed as a restriction of some Riemannian metrics (-,-) on M. to H. Here we will assume
that all sub-Riemannian structures are of this form. Let ¥ be a smooth oriented surface in a three-
dimensional sub-Riemannian manifold M. If N;, is the orthogonal projection of the unit normal
field N of ¥ (in the Riemannian sense) onto H and dX is the Riemannian area form of 3, then the

sub-Riemannian area of a domain D C ¥ is defined as A(D) = [|N,|dE. The normal variation of
D
the surface ¥ defined by a smooth function v is the map ¢: 3 x I = M : ¢4(p) = exp,(su(p)N(p)),

where [ is an open neighborhood of 0 in R and exp,, is the Riemannian exponential map in p. Denote
A(s) = [ |Np|dEs, where 3y = ¢4(2). Then A’(0) is called the first (normal) area variation defined

s
by ¢, and A”(0) is called the second one. A surface X is called minimal if A’(0) = 0 for any normal
variations with compact support in X\ Xg, where X5 = {p € X | N,(p) = 0} is the singular set
of ¥. A minimal surface ¥ is called stable if A”(0) > 0 for any normal variations with compact
support in ¥\ 3y. We will call a surface ¥ in a three-dimensional sub-Riemannian manifold vertical
it T, 1 H, for each p € 3. In particular, for such surfaces N, = N and ¥y = @.

Proposition 1. Let ¥ be an oriented vertical surface in a three-dimensional sub-Riemannian
manifold M. Then its first normal area variation defined by a smooth function u with compact
support equals A'(0) = — fz 2Hu dX, where H is the Riemannian mean curvature of . Thus, ¥ is
minimal in the sub-Riemannian sense if and only if it is minimal in the Riemannian sense.

Proposition 2. Let Y be an oriented vertical minimal surface in a three-dimensional sub-Riemannian
manifold M. Then its second normal area variation defined by a smooth function u with compact
support equals

A”(0) :/E—(X(u) — (VN X, N)u)? + |Vsul? — (Ric (N, N) + | B]?) u? d%,

where V and Ric are the Riemannian connection and the Ricci tensor of M respectively, X 1is
the unit normal vector field of H (which is tangent to 3 because it is vertical), Vs, and B are the
Riemannian gradient and the second fundamental form of ¥ respectively. It follows that if ¥ is
stable in the sub-Riemannian sense, it is also stable in the Riemannian sense.

Let us discuss some examples of such surfaces. In all these examples M is a Lie group, H and (-, -)
are left-invariant. In [2]| it was shown that a complete connected minimal surface with the empty
singular set (in particular, vertical) in the sub-Riemannian three-dimensional Heisenberg group is
stable if and only if it is a vertical Euclidean plane. In [3] the authors considered the standard
three-dimensional sphere with the horizontal distribution defined by the Hopf field X and showed
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that complete connected vertical minimal surfaces are Clifford tori. It is well-known that they are
not stable in the Riemannian sense, hence also in the sub-Riemannian sense. In [1] we proved that

—_~—

in the solvable Lie group E(2), which is the universal covering of the proper motions group of the
Euclidean plane, with the Euclidean metric and a left-invariant horizontal distribution all complete
connected vertical minimal surfaces are Euclidean planes and standard helicoids. We showed that
planes are stable in the sub-Riemannian sense, and it is known that helicoids are not stable in the
Riemannian sense, hence also in the sub-Riemannian sense.

The three-dimensional Thurston geometry Sol is the space R?® with coordinates (%, y,z) and
with the following orthonormal basis of left-invariant vector fields defined by its solvable Lie group

structure: 5 3 5 3 L
1 1

X, = — -z _~ z_ 7 X0 = — -z = oz X ., A

1 \/5( ax+€ay>’ 2 \/i( O eaz)’ KE

Note that [X,, X3] = X7, so the left-invariant distribution H orthogonal to X; is completely non-
integrable. Let us consider a sub-Riemannian structure on Sol such that H is horizontal. It then
follows from the results of [4] that any complete connected vertical minimal surface in Sol after an
isometry becomes either a Euclidean plane z = C or a "helicoid”

(s,t) — (;%36ts%—Ch,:%;ets4—Cb,t).

Using this description, we are able to prove the following.

Proposition 3. All vertical minimal surfaces in Sol are stable in the sub-Riemannian sense and
thus in the Riemannian sense.

—_~——

The three-dimensional Thurston geometry SL(2, R) can be described as the universal covering of
the unit tangent bundle of the hyperbolic plane H? with the Sasaki metric, that is, the half-space
{(x,y,2) € R* | y > 0} with the following orthonormal basis of left-invariant vector fields with
respect to its simple Lie group structure:

X = —sinzg—l—cosz2 —|—sinz2 Xy = —coszi—sinz2 —|—cosz£ X3 = ﬁ
1=y Oz y 9 Y Bz By 52 T Bz
In particular, [X7, X5] = —=X3, so the left-invariant distribution H orthogonal to X3 is completely

non-integrable. Consider a sub-Riemannian structure on this manifold such that H is horizontal.
We than obtain the following description.

—_—

Theorem 4. Any complete connected vertical minimal surface in SL(2,R) has either the parame-

terization (s,t) — (C,s,t) or (s, t)— <C’1 + CLQ sin Cys, —Clg cos C’Qs,t> and so is a cylinder over a

—~——

geodesic in H?. All vertical minimal surfaces in SL(2,R) are stable in the sub-Riemannian sense
and thus in the Riemannian sense.
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Rational factorization of Lax type flows in the space dual
to the centrally extended Lie algebra of matrix
super-integro-differential operators
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In papers of A. Prykarpatski, O. Hentosh and their coauthors the Lie-algebraic approach to the
rational factorization of Lax type flows in spaces dual to certain operator Lie algebras and central
extensions of some of them is developed for the central extension of the Lie algebra [1] of matrix
super-integro-differential operators with one anticommuting variable.

Let us consider the Lie algebra g which consists of matrix super-integro-differential operators
such as A 1= 107+ > _, A,Dy, where A, € C=(S x Ay; gl(m|n)), gl(in|n)) is a semi-simple Lie
superalgebra of square supermatrices, A, = A,(x,0) := Ag(a:) + QAZI)(Q?), p € 7, the supermatrices
A, are even for every even p and odd for every odd p, 1 € gl(m + n) is an unit matrix, ¢ € N,
0=0/0x,x € S~R/2rZ, 0 € A1, A := Ay ® Ay is a Grassmann algebra over the field C C Ay,
Dy := 0/00 +00/0x is a superderivative, for which D3 = /8, and 0/90 is a left partial derivative
by the anticommuting variable 8, with the standard commutator [.;.], acting by the rule:

A, Bl=AoB—-BoA, ADBEg, (1)

where symbol 70" denotes the product of two matrix super-integro-differential operators (see [1]).
The scalar product (A, B) = [ _cdx [ df sSpresp, (AB), where "resp,” denotes the coefficient at
Dy ' in the expansion of a matrix super-integro-differential operator and ”sSp” is a supermatrix
supertrace, being invariant with respect to the commutator (1), allows us to identify the dual
space g* to g, with the Lie algebra itself. The latter is splitting into the direct sum g :=g, & g_ of
two its Lie subalgebras, where g, is a Lie subalgebra of formal polynomials by the superderivative
operator with supermatrix-valued coefficients, and g% ~g_, g* ~g,.

One constructs the central extension g := g@ C of parameterized Lie algebra g := Hyeg g by the
Maurer-Cartan two-cocycle’on g such as wy(A, B) = fyGS dy (A,0B/dy), where A, B € g, with the
commutator

[(‘A’ d)? (B> 6)] N (["47 B]’ WQ(A’ B))a (A> d)a (Bv 6) €g,
and introduces another commutator on g in the form
[(A7 d)? (Bv 6)]R = (["47 B]Ra WQ,R(A7 B))7 (2)
[.A, B]R = {R.A, B] + [.A, RBL CL)QJQ(.A, B) = WQ(R.A, B) + W2(A, RB),
where R = (P, — P_)/2 and Py are projectors on the Lie subalgebras g.. On the space g*, dual

to g with respect to the secalar product ((A,d), (B,e)) = fyeS dy (A, B) + de, the commutator (2)
determines the Lie-Poisson bracket

{3 r() = [, dy (1 [Viv(D), Vep(D]r) + cwa(Viy (1), Veu(D)) = (Viy(1), ©Vep(D)),  (3)

where 7, 1 € D(g*) are arbitrary smooth by Frechet functionals on g* ~ g, at a point (/,¢) € g*.
Here [ € g* is some matrix super-integro-differential operator of order ¢ € N, ¢ € C, V,, V,. are left
and right gradient operators accordingly, © : T*(g*) — T'(g*) is the Poisson operator generating the
Lie-Poisson bracket (3) at a point [ € §* and acting as © : V() — —[l — c19/dy, (Vy())-] + [l —
c10/0y, V~(1)]- for any v € D(g*), the subscript "—" denotes the projection of the corresponding
element from g on the Lie subalgebra g_ := [, s g-, and T(g"),T"(g") are tangent and cotangent
spaces to g*.
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The Casimir functionals v; € Z(g*), j € N, of the central extension g, whose left gradients obey
the equalities such that [l — c10/0y, Viv;(1)] = 0, where Vi;(1) := 107 + > _,. A;,Dp, A;, are
supermatrix-valued functions of suitable parity, j € N, p € Z, p < 2j, at a point (I, ¢) € g*, and the
R-deformed Lie-Poisson bracket (3) give us the hierarchy of Lax type Hamiltonian flows on g* ~ g:

dl/dtj = [(VIPYJ(Z)DJM l— Cla/ay]a JEN, tj € R,

where the subscript "+” denotes the projection of the corresponding element from g on the Lie
subalgebra g, := [] yes 8+ One considers another hierarchy of Lax type Hamiltonian flows on the
dual space g*:

dl/dtj = [(vl’}/](l))Jm L — Cla/ay]7 J €N, tj € R,

for some matrix super-integro-differential operator [ e g* of order g € N, which is related with the
operator [ € g* by the generalized gauge transformation

1(0) — ¢18/dy = B(0)~1(1(0) — ¢10/y)B(0), (4)

where B(0) € g, is a matrix superdifferential operator of order s € N with constant coefficients, at
the initial moment of the time ¢; € R for every j € N.

Theorem 1. If for every j € N at the initial moment of the time t; € R matriz super-integro-
differential operators l,1 € g* of order ¢ € N are related by the relationship (4), there exist such
matrix superdifferential operators of orders q + s and's accordingly, where s € Z., s < q, that the
equalities

l=AB™, [=B'(A—-coB/oy) (5)
hold. The operators A, B € g, satisfy the following systems of evolution equations

dA/dt; = (Vi (1) + A = AV (D)4 — c(0(Vy;(1))+/0y) B,

dB/dt; = (Viv;(1))+ B~ B(Viy;(l)+, jeN, (6)

which possess an infinite sequence of the conservation laws H; € D(g, X g+), j € N, in the form

Hi(A,B) :=vi(l)|i=ag—1 = Vj(l)|Z:B—1(AchB/6y)'

The equalities (5) determine the Backlund transformation

P:(AB)egxg— (,l)egag (7)
Theorem 2. For every j € N the system of evolution equations (6), given on the subspace g, xXg, C
g x g, is Hamiltonian with respect to the Poisson bracket {.,.}., which arises as a reduction of the
Poisson bracket {.,.}z with the corresponding Poisson operator L : T*(g x g) — T(g x g) such as
L= (P) ' (®@®O)(P*)!, where ©,0 : T*(g x §) — T(g x &) are Poisson operators generating
the Lie-Poisson bracket {.,.}r at points [, [ € & accordingly, P : T* (g"dg) »>T*(gxg) is an
operator adjoint to the Frechet derivative P': T(gx g) — T(g*®Dg") of the Backlund transformation
(7) and (P*)7Y is an operator inverse to P', on g, x g, and the Hamiltonians H; € D(gy X &),
jeN:

H;(A,B) := ’Yj(l)!l:AB—l + ’yj(l)lf:B*l(A—caB/ay)'

The reductions of the hierarchy (6) on the coadjoint action orbits for the central extension g with
taking into account the Backlund transformation (7) lead to new integrable hierarchies of nonlinear
dynamical systems on matrix functional supermanifolds of two commuting and one anticommuting
independent variables, being Hamiltonian ones and possessing infinite sequences of conservation
laws.
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The nonlinear integrodifferential Boltzmann equation [1] that describes the evolution of rarefied
gases is one of the main equations of the kinetic theory of gases. The Boltzmann equation for the
model of rough spheres (or the Bryan—Pidduck equation) has the form

D(f) = Q(fsf); (1)
D) = el 50 ) 2
Q(f,f)zd;/mdvl/mdwl/EdaB(V—Vl,&) -

f(t7 ‘/vl*ax>wr)f(t7 V*ax7W*) - f(t7 V,[IZ',(JJ)f(t, ‘/173770‘-)1) .

The problem of determination of the exact and approximate solutions of the Bryan—Pidduck
equation in the explicit form is quite urgent. At present, the sole known exact solution of the
Boltzmann equation is-an expression usually called the Maxwell distribution or simply Maxwellian
(after J. C. Maxwell; Scottish physicist). In the case of Maxwellians M, we get

D(f) =0, Q(f.f)=0. (4)
The solution to this equation (1)-(3) will be look for in the next form

J(t, 2, V,w,u) = / o(t, 2, u) M(V,w, u)du. (5)
R3

As a measure of the deviation between the parts of equation (1) we will consider a uniform-
integral error of the form:

= sup /dV/ dw‘D O (6)
(t,z)eR* JR3 R3

In the paper |2], we were obtained sufficient conditions for the coefficient functions and hydrody-
namic parameters appearing in the distribution, which enable one to make the analyzed error (6)
as small as desired.
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Let H be a separable Hilbert space and By(H) be the C*—algebra of compact operators on
H. Given an invertible bounded operator W and a unitary operator ¢/ on H, we let 1;,)y be the
operator on By(H) given by Ty w(F) = WFU for all F' € By(H). Such operators are called wedge
operators. In this talk, we characterize disjoint hypercyclic finite sequences of wedge operators. We
provide also sufficient conditions for a finite sequence of the dual wedge operators to be disjoint
topologically transitive. Finally, we give concrete examples and applications.  The talk will be
based on [1].
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Quasigroups and loops are generalizations of groups (see [2, 9, 10]).

Definition 1. Let (Q,-) be a system of non-empty set () and a binary operation (-). (Q,-) will be
called a quasigroup if for a,b € @, the equations a-x = b and y - a = b have unique solutions (zx, y)

€ Q x Q.

Definition 2. A quasigroup (@, ), in which there is a unique element p € @, such that z - p =
x=p-x Y xed),iscalled a loop. The element p is called the identity element in Q.

In associative algebraic systems, the notion of an inverse element or property holds significance
only when the system possesses a neutral element, as seen in groups, for instance. Nevertheless, in
quasigroups, the inverse property can be meaningfully established even when there is no neutral
element present.
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Definition 3. A quasigroup (@, -) will be said to have the inverse property if there are permuta-
tions on Q: Jy : x — 2 and J, :  —> 2 such that 2*(xy) = y and (yz)a? =y for z,y € Q.

Certain varieties of quasigroups or loops lack the inverse property, yet exhibit characteristics
that can be viewed as variations of the inverse property.

Definition 4. A quasigroup (@, ) has the cross-inverse-property (and is called a CIP quasigroup)
if there exists a permutation J : @ — @Q; x —— zJ such that either of the following holds:
(x-y)-aJ=yorat- -(y-z)=yforalz ye@ If(Q,)isaloop with the neutral element g,
then J = Jy or J = J, and we have a CIP loop.

This class of quasigroup and loop, and their generalizations have been studied and found to be
applicable to cryptography (see |7, 3]). Among such generalizations is the /m-inverse quasigroup
and loop (see [4]) .

Definition 5. If there is a permutation J of elements of a quasigroup (@, -) such that V z,y € @
(x-y)J™ - xJ™ = yJ™ where m is an integer, then (Q,-) is called an m-inverse quasigroup. In
the special case (Q,-) is a loop with neutral element p and x - zJ = p for all x € @, then we have
an m-inverse loop.

Another of such is the (r, s, t)-inverse quasigroup (see [1, 5, 6]) which («, 3, v)-inverse quasigroup
generalizes.

Definition 6. If there is a permutation J of elements of a quasigroup (Q,+) such that V z,y € Q
(x-y)J"-xJ* = yJ', where r, s and ¢ are integers, then (Q,+) is called an (7, s, t)-inverse quasigroup.
If in addition, (@,-) is a loop and the permutation J is such that x-xJ = p, where pu is the neutral
element in @, then (Q,-) is an (r, s, t)-inverse loop.

A quasigroup (@, -) will be called an («, 8, v)-inverse quasigroup, if there exist fixed permutations
a, f and 7 of @, such that (z-y)a-z8=yy V (z,y) € Q X Q.

Conjecture 7. A quasigroup can have more than one triple of bijections («, 8,7), for which the
(e, B,7)-inverse property holds.

In this work, examples were given to illustrate that a quasigroup can have more than one («, 3, 7)-
inverse property.

Definition 8. Let (Q,:) be a quasigroup. Define the set Ag as follows:

Ag ={w=A(a,p,7): (- y)a-zB=yy, z,y € Q}

where @, 3, and v are permutations of ().

Definition 9. A quasigroup (Q, -) is said to be semi-symmetric if it satisfies the identity (z-y)-x =y
for all x,y € Q.

For non-empty set Ay of quasigroup (@, -), it was shown that if the semi-symmetry law holds in
(@, -), it induces a binary operation on Ag for which Ag is a group.

Theorem 10. Let (Q,-) be an (o, 5,7)-inverse quasigroup. If (Q,-) is semi-symmetric, then there
exists a binary operation @ on Ag, such that (Ag, ®) is a group.

Conjecture 11. There is relationship between Ay and the autotopism group ATP(Q), for a
quasigroup (Q, ).
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Interestingly, this relation is actually an isomorphism between Ag and the autotopism group of
<Q7 )

Theorem 12. For an («a,[3,7)-inverse quasigroup (Q,-) that is semi-symmetric, (Ag,®) and
AT P(Q) are isomorphic i.e Ag = ATP(Q).
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About Rolewicz theorem on inversion of continuous
bijection between F-spaces
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Well-known result of Stefan Banach states that if X and Y are F-spaces and f: X — Y is a
bijective additive continuous mapping, then the inverse mapping f~! : ¥ — X is continuous. In
general case the inverse mapping can be everywhere discontinuous.

In article [1] Stefan Rolewicz presented sufficient conditions on spaces X and Y under which the
inverse mapping to a continuous bijection belongs to the first Baire class.

Theorem 1 (Rolewicz, 1958). Let X, Y be F-spaces and let X be separable locally compact. Then
for every continuous bijection f : X — Y the inverse mapping f~':Y — X is Baire 1.

The aim of this talk is a discussion of possible generalizations of the above mentioned result of
Rolewicz on spaces X which are not linear. In order to do this we introduce a notion of weak
Rolewicz space and prove the auxiliary fact about uniform limit of Baire 1 functions which is of
self contained interest and extends corresponding results from [2].
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Definition 2. A metric space (X, d) is called a weak Rolewicz space, if there exist C' > 0, a sequence
(en)2, of positive reals which tends to zero and a sequence (R,,)5°, of functions R, : X x X — X
such that for all z,y € X

(1) if d(z,y) < e,, then R, (z,y) = x,

(2) d(Rp(z,y),y) < C-eg, forn=1,2,....

Every convex subset of a metric vector space is an example of a weak Rolewicz space. Moreover,
there are zero dimensional examples of Rolewicz spaces.

Proposition 3. IfY is a weak Rolewicz space, then a uniform limit f : X — Y of a sequence of
Baire 1 functions f, : X — Y belongs to the first Baire class.

The next theorem is the main result of the talk.

Theorem 4. Let X, Y be metric spaces and X is locally compact weak Rolewicz space. Then for
every continuous bijection f : X — Y the inverse mapping f~':Y — X is Baire 1.
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On boundary controllability problems for the heat
equation with variable coefficients on a half-axis
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Consider the control system for the heat equation on a half-axis:

1
Wy = ; (kw:E)z + yw, S R+, le (OaT)v (1)
(VWlpws)| = te(0,7), (2
w(70) = w07 S R+, (

where Ry = (0,+00); T is a positive constant; p, k, v, w® are given functions; u € L>(0,T
is a control. We assume p and k are positive on [0, +0), p,k € C0,+00), (pk) € C?[0,+00)

(pk)’(0) = 0, and i
o(x) = /0 V() k(@) dp — +oo as r — +00.

)
3)
)

MOI‘GOVGI‘, we assuime

(QZ(p7 k) - ’7) S LOO(Ov +OO) ﬂ 01[07 +OO) and U\/p/_k(Q2(p7 k) - '7) € L1<O’ +OO):
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T 2 T
Control system (1)—(3) is considered in modified Sobolev spaces. Let ¢ € L2 _(R,). We define
the modified derivative D, by the rule

Dorsp = vV k/pg' + Qi(p, k).
If, in addition, Dy € Lf, (Ry) and (Drp)’ € Li, (Ry) we can consider D2, ¢

loc loc

1
D2y = ;(k:so’)' + Qa(p, k).

Obviously, D7 p = emif p=k=1,m=0,1.
Denote
L;QJ(R-‘F) ={feLi.(Ry) | vof € L*(Ry)}

with the norm ||f||L%(R+) = ||\/ﬁf||L2(R+)7 f c Lz(R+)
Now consider the modified Sobolev spaces

o

H’ = L3(Ry), H'={pe Ly(R)|Dpuy € Ly(R+) and ¢(0F) = 0}

with the norm

» 1/2
D m 2 o
Jol? = (Z (2) (Dl ) ey p-o1
m=0
and the dual space H™? = < p) , p = 0,1, with the norm associated with the strong topology of
the adjoint space.
In control system (1)—(3), we suppose (£)"w:[0,7] = H!'"%,p=0,1; v’ € H".

Let T > 0, w® € H'. By Rr(w®), denote the set of all states w’ € H! for which there exists a

control u € L*°(0,T) such that there exists a unique solution w to (1)—(3) and w(-,T) = wT.

Definition 1. A state w® & H' is said to be null-controllable with respect to system (1)-(3) in a
given time 7 > 0 if 0 € Ry (w?).

Definition 2. A state w® € H! is said to be approzimately controllable to a state w? € H' with
respect to system(1)—(3) in a given time 7' > 0 if w? € Ry(w"), where the closure is considered in
the space H'.

Consider also the control system with the simplest heat operator (the case p =k =1, v =0):

., yeRy, te(0,7), (4)
2,(0,-) = v, te (0,7), (5)
2(70) :Zoa yER—H (6)

where v € L>°(0,T) is a control, (%)mz [0, T) — HY2™ m = 0,1, 2° € H'. Here H?, p = —1,0,1,
are the Sobolev spaces.
Controllability problems for system (4)—(6) were investigated in [1].

To study controllability problems for system (1)—(3), we use the transformation operator T :
H~! — H~!. It was introduced and studied in [2]. In particular, it has been proved therein that T

is a continuous one-to-one mapping between the spaces H? and H?, p = —1,0, 1.



60

In the present talk, we prove that the transformation operator T is one-to-one mapping between
the sets of the solutions to system (4)—(6) and to system (1)—(3). The application of the operator
T allows us to conclude that the control system (1)—(3) replicates the controllability properties of
the control system (4)—(6) and vice versa. A relation between controls v and v is also found. Thus,
using obtained results for control system (4)—(6), we obtain the following main results for control

system (1)—(3).

Theorem 3. If a state w® € H' is null-controllable with respect to system (1)—(3) in a'time T > 0,
then w® = 0.

Theorem 4. Each state w® € H' is approzimately controllable to any target state w? € H' with
respect to system (1)—(3) in a given time T > 0.

All obtained results have been published in [3].
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On explicit reconstruction of real algebraic maps locally
like moment maps

Naoki Kitazawa
(Institute of Mathematics for Industry, Kyushu University)
E-mail: n-kitazawa@imi.kyushu-u.ac.jp / naokikitazawa.formath@gmail.com

Real algebraic geometry studies real algebraic varieties. Nash and Tognoli’s theory shows that
a smooth closed manifold is realized as the zero set of a real algebraic map and non-singular. It is
also well-known that smooth maps between non-singular real algebraic manifolds are approximated
by real algebraic maps in general. For related history and terminologies and notions, see [5] for
example.

Our study is on explicit construction of real algebraic sets and maps. The k-dimensional unit
sphere S* in the (k+ 1)-dimensional real affine space R**! and its canonical embedding into higher
dimensional real affine spaces (and the compositions with canonical projections) give simplest
examples. In general, it is very difficult to give real algebraic sets and important real algebraic
maps on them very explicitly. Here, we reconstruct real algebraic maps generalizing the canonical
projections of the unit spheres S¥ € R¥*! from given regions in the target spaces. We discuss this
from the viewpoint of global singularity theory and differential topology of manifolds.

Theorem 1. 2] Let 1,1y and n be positive integers. Let D C R™ be an open subset. Let {Sj}?zl
be a family of non-singular real algebraic hypersurfaces of R". Let S; be also the zero set of a real
polynomial f;. We also assume the following.
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(1) It holds that DU, S; = 0, that DNS; #0 for 1 <j <1 and that D~ D C U;;_lsj.
For any small open neighborhood Up of D, D = UDﬂﬂ?:l{x | fi(x) > 0} and D =
l
Up (=il | f5(2) = 0} | B
(2) Let {i;};_, be an increasing sequence Qf integers such that 1 <i; <ly. Letp € (;.,5;, (D
and ’ for any increasing sequence {jj’ };0;11 of integers satisfying 1 < i,/ <l and containing
{ij}2, as a subsequence, p ¢ ﬂ;f)jllsij/ hold. Let e; : S; — R" denote the canonical
embedding. Assume that m;'ﬁ;lsij is an (n —ig)-dimensional smooth submanifold of R™ with
no boundary and let Criyio ﬂ;‘;lSij — R" denote the canonical embedding. Then the
JSj=1

intersection (\;_,de;(T,S;) and the image de{z‘j};‘;1<Tp(m3‘0:15ij)) of the differential of €4y,
at p always agree.

(3) There exists a map my, 1, which maps each integer 1 < i <1 to an integer 1 < i’ <y, which
18 a surjection to the set of all integers 1 < 7 < Iy, and whose restriction to an increasing

sequence {i; ;‘):1 making ﬂ?’zlSij N D a non-empty set is always ingective.

Let my, be a map mapping each integer 1 < i < ls to a non-negative integer. Letm := n—i-Z?:lle (7).
Then there exist an m-dimensional non-singular real algebraic manifold M C R™2 and a real
algebraic map f : M — R" such that f(M) = D, that the image of the singular set is D — D,
and that each preimage f~1(p) (p € D) is a single-point set or a product of spheres and at most
(m — n)-dimensional.

We present the case where hypersurfaces S; do not intersect and o= 1. Here M := {(z,y) €
R™ x R+ = R | [T (f5(2)) — |lyll* = 0}, The map f : M — R" is the composition
of the canonical embedding into R™*! with the canonical projection. In the case D := D", the
n-dimensional unit sphere, we have the canonical projection of the unit sphere S™ C R™! into
R"™. This is already done in [1, 3|. In the case the hypersurfaces S; do not intersect, we have
so-called special generic maps presented in [4]. See also [6] for special generic maps in the theory of
differential topology of manifolds. Our result reconstructs real algebraic maps locally like moment
maps.

As an application, Theorem 2 presents explicit families of real algebraic functions which are
compositions of maps‘into R? obtained through Theorem 1 with the canonical projection ([2]).
This is seen as extending some result of [1]: we have studied cases where the hypersurfaces S; do
not intersect. We define the Reeb graph W, of a smooth function ¢ on a closed manifold X. Let ~,
be the following equivalence relation on X: x;~.xs if and only if x; and x5 are in a same connected
component, of a preimage ¢ '(y) (y € R). Let q.: X — W, := X /~, denote the quotient map. The
vertex set is the set of all points v such that g. ' (v) contain some critical points of c. See also [7]
for example.

Theorem 2. (2] In Theorem 1, let n = 2, Iy == ly;, {5; := SO,j}?:l consist of mutually disjoint
circles and D := Dy C R? be a connected and bounded open set surrounded by the disjoint union

lo,1
We construct @ map f = fu, : M := My — R? by Theorem 1. We consider the function
fom = w21 © fr, where Ty : R? — R is the canonical projection. Let m > 4 be an integer.

For each mon-negative integer k, we can consider some situation enjoying the following and apply
Theorem 1.

(1) n = 2. ll = l071+k. l2 = 2.
(2) The family {Sj}?:l is a family of circles enjoying the following.
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a) For1 < j<lyi1, S; = Sy, and the family {S, ,;}*_, consists of mutually disjoint and
) J »J 0,1t7Jj5=1
sufficiently small circles in R* centered at points in some circles in {S; := Sy ; 2»1:1.
(b) For each Sy, 4, (1 < jo < k), there exists a unique circle Sy j, such that Sy, 4, () S0, 7#
(). Furthermore, the non-empty intersection is a two-point set.
(3) The open set D C R? is the connected and bounded component of the complementary set of

U?:1Sj in R? which is also a subset of D.

Furthermore, choosing suitable situations, we have a family {f = far, : M := My, — R*}%2, of real
algebraic maps on m-dimensional closed and connected manifolds enjoying the following properties.

(4) The Reeb graph Wi, of the function foa, := 2,10 fu, collapses to the Reeb graph W, ,, .
(5) The graphs Wy, M, and Wy, ay, @re not wsomorphic for distinct integers ki and ks.

The author was a member of the project JSPS Grant Number JP17H06128 and a member of the
project JSPS KAKENHI Grant Number JP22K18267. Our study has been conducted under their
support. The author works at Institute of Mathematics for Industry (https://www.jgmi.kyushu-
u.ac.jp/en/about/young-mentors/) and this is closely related to our study. The author is also a
researcher at Osaka Central Advanced Mathematical Institute (OCAMI researcher), supported by
MEXT Promotion of Distinctive Joint Research CenterProgram JPMXP0723833165.
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Group classification of Kolmogorov backward equations
with power diffusivity
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We carry out the complete group classification of the class F of Kolmogorov backward equations
with power diffusivity

Fop: U+ a0y = |T — a|5um,

where o and 3 are arbitrary real parameters, by solving the same problem for the class F’ of the
equations of the form

Fho up + zuy =) ugy,

with § remains to be the only arbitrary element in the class F'. Using the modified version of
the direct method, we compute the equivalence groupoids G% and G%, of the classes F and F,
respectively, and consequently show that the class F' is semi-normalized in the usual sense. The
modification of the direct method is based on embedding both the classes F and F' into the class F
of ultraparabolic (1+2)-dimensional Fokker—Planck equations of the form

up + B(t, z,y)u, = A2 (t, 2, y)tee + A' (¢, 2, 9)u, + A°(t, 2, y)u + C(t, 2, y),

where the tuple § := (B, A%, A', A°, ) of arbitrary elements of the class F runs through the solution
set of the system of the inequalities A? # 0 and B, # 0 with no restrictions on A°, A! and C.
The equivalence groupoid of of the ¢lass F was described in [1, 2| via presenting the equivalence
group of this class and stating that it is normalized, see [3] for required notions, results and further
references. We use the known determining equations for admissible transformations within the
superclass F as the known principal constraints for admissible transformations within the classes
F and F'. After explicitly constructing the groupoids G¥ and G%, it is easy to show that the group
classification of the class F reduces to that of the class F'.
The class F' admits a distinguished discrete equivalence transformation

~ 1 U ~
F: t=ysgnzr, T=-, y=tsgnxr, u=-—, [=5-7,
x x
which turns out to be the only point equivalence transformation essential for carrying out the
group classification of this class modulo the G%-equivalence.
The following chain of assertions provides the complete solutions to the group classification
problems for the classes F and F'.

Theorem 1. (i) The point transformations . (c1): (t, 7,1, a, 3, a) = (t,x+ce,y+at,u, B,a+c)
where ¢y is arbitrary constant, constitute a one-parameter group of equivalence transformations of

the class F.
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(i) The wide family of admissible transformations Sas = ((ov, 8), T (—), (0, B)) of the class F
from the action groupoid of its equivalence group maps this class onto the class F' interpreted as
a subclass of F.

(iii) The point transformation Z is a (discrete) equivalence transformation of the class F'.

(iv) The class F' is semi-normalized with respect to the discrete equivalence subgroup generated
by #. In other words, the equivalence groupoid G% of F' is the Frobenius product of the action
groupoid of this subgroup and the fundamental equivalence groupoid G%., of F'.

Corollary 2. (i) Different equations Fj; and ]-"é are similar with respect to point transformations
if and only if 6+ B = 5.
) (ii) Equations Fog and F5 are similar with respect to point transformations if and only if either
B=porpB+p=05.

(iii) The equivalence groupoid G¥ of F is generated by admissible transformations S,z and
elements of G%.. More specifically, for each admissible transformation ((a,ﬁ), D, (d,B)) of F, we
have ® = 7,7 (&) o ® o m,.7(—a) for some point transformation ® with (8, ®, 5) € G3.

Theorem 3. The kernel Lie invariance algebra g% of the equations from the class F' is
g% = (P, PV T, (tx — y)Oy, 0y, ), where P' =0y PY:=0, I:i=ud,.
Any equation Fj from F' is invariant with respect to the algebra
g5" = (P, PY.Z,D°, Z(f)) with D’ := (2 =)0+ x0y+ (3 =B)ydy, Z(f°) := [0,

where the parameter function f? = f2(t,x,y) runs through the solution set of this equation, and 3 €
(—00,5/2] modulo the G%, -equivalence. the mazimal Lie invariance algebra gs of the equation Fp
coincides with g§" if and only if f € R\ {0,2,3,5}. A complete list of G5, -inequivalent essential
Lie symmetry extensions in the class F' is exhausted by the following cases:

6 = 2: g2 = g%en + <IC2> with K:z = 21’y8$ + y28y — xu@u,

B=0: go= g+ (Ko, P PP with
Ko = t20, +(tz + 3y)0, + 3tyd, — (z°+ 2t)ud,,
P3 = 3t%0, + t?’ay +3(y— tr)ud,, P?*=2t0, + t2(9y — zud,, P'=0,+ to,.

Corollary 4. The kernel Lie invariance algebra g% of the equations from the class F coincides
with that for the class F', g% = g% Any equation Fnp from F is invariant with respect to the
algebra
gas = (P, PY,T,D*, Z(f*"))

with D2 =" (2 — Bty + (v — )0, + ((3 — By — at)9y, Z(f*?) := f*PD,, and the parameter
function [ = foP(t,x,y) running through the solution set of this equation. Modulo the G% -
equivalence, we can assume 5 € (—00,5/2], and a complete list of GF -inequivalent essential Lie
symmetry extensions in the class F is erhausted by the counterparts of those in the class F,

Foo and Fop. An analogous list up to the G% -equivalence consists of the equations Foo, Fo2, Fos
and .F05.
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Integral problem for system of partial differential
equations of third order
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Let H(R, xR™) be a class of entire functions on R, K, is a class of quasipolynomials of the form
o(x) =>", Qr(x)exp [a,z], where a,, € L C C, oy # oy, for k # 1, @, (x) are given polynomials.
Each quasipolynomial defines a differential operator ¢ (%) of finite order on the class of entire
function, in the form >, Q, (&) exp [ %] X
=0
In the strip Q = {(¢t,z) € R"" : ¢t € {([T1, T] U [T3, T4]), > € R™}, we consider of the system of

equations
PU 9\ 9*U; 2\ oU; 0
i +j§1){% (5) 5 +oolmm) ~las) }UJ‘“"”) - .

Ts T4
/ Ui (t, x)dt +/ Uie(t, x)dt = @g.(x), k=1,2,3, (2)
T1 T3
TQ T4
/ HUe(t, ) dt +/ tU(E, 2)dt = oin(z). i=1,..m, (3)
T T3
Ty Ty
/ U (t, z)dt +/ U (t, x)dt = @i (). (4)
Tl T3

Where a;j (), b5 (), cij (£ ), are differential expression with entire symbols a;;(A) # 0, b;;(\) #

O, Cij()\) 7& 0.

Let be n(\) = f? Wr=l(t, \)dt + f;;‘l Wn=l(t, \)dt is a certain function W (¢, ) is a solution of

T
equation (% + >0 ai()\)jtnT:) W (t, \) = 0, satisfies conditions W" (¢, \) =1, Wit \) —
t=0 t=0
0, W(t,A) =0.
=0

Denote be P = {A()\) =0,\ € (C} set zeros of function n(\).

Theorem 1. Theorem. Let gy (x) € Ki, i =1,...,n, j = 1,...,n then the class Kp\p exist and
unique solution of the problem (1)-(4). Solution of the problem (1)-(4) can be represented in the
form

)

A=0

0.0 = 33 () { Tt e sl

k=1 p=1
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where Ty, (t, ) = {7 (£, ) is transpose of a matrix (2, ).
Solution of the problem (1) - (4) according to the differential-symbol method [1], [2] exists and
unique in the class of quasi-polynomials. Be means of the differential-symbol method [1], [2] we

construct of the problem (1)-(4). This problem is a continuos works [3] - [6].
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The density of Borromean primes
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My talk is concerned with Arithmetic Topology, which investigates the interactions between
number theory and 3-dimensional topology. The systematic study of this subject was started by
B. Mazur, M. Morishita, M. Kapranov and A. Reznikov etc. As one of the analogies in arithmetic
topology, the Legendre symbol can be interpreted as Gauss’s linking number ([1, Chapter 4]).
In 2], Rédei attempted to generalize Gauss’s genus theory and introduced a certain triple symbol
[p1, p2, p3) for certain primes py, p2,ps = 1 mod 4. This symbol may be regarded as a triple gen-
eralization of the Legendre symbol (g—;), and it describes the decomposition law of p3 in a certain
dihedral extension over Q of degree 8, which is determined by p;, po. Morishita interpreted the
Rédei symbol as an arithmetic analogue of Milnor’s triple linking number ([1, Chapter 9]). Now
Borromean primes in the title is defined as arithmetic analogues of Borromean rings:

Definition 1. The triple of primes {p;,p2,ps} is called Borromean primes when it satisfies the
following conditions:
p=1mod4 (i = 1,2,3), (&) —1(1<i#j<3) and [pi,paps] = —1.
D;
The study of asymptotic distribution of primes goes back to Gauss, and it is viewed as an origin
of the so called arithmetic statistics nowadays. Gauss predicted Prime Number Theorem and it
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FIGURE 1.1. Borromean rings

was proved independently by Hadamard and de la Vallée Poussin. In 19th century, the following
formula was shown by Dirichlet: for coprime integers m(> 1) and aj

( ) 1 x
xia,m) ~ —— -
B o(m) loga’

where 7(x;a,m) stands for the number of primes less than or equal to x which have the form
a + km, and p(m) is the Euler function. It was generalized to the following more general density
theorem, known as the Chebotarev density theorem: Let M be a number field and M’ be a finite

Galois extension of M. For o € Gal(M’/M) and any positive real number z, we define
M'/M
WM//M(ZC;O'> :#{pESR/[ / :| :C<U)}7
M'/M

where S, Nyp, [=—], and C'(0) mean the set of prime ideals of M, the absolute norm of p € S,

the Artin symbol for p € S9, and the conjugacy class of @ in Gal(M’/M), respectively. Then the
Chebotarev density theorem asserts

p: unramified in M’, Nyp < z, {

#C(o) =

#G  logw
Note that Dirichlet’s theorem is interpreted as a special case of Chebotarev’s theorem in the m-th
cyclotomic field Q((p)-

In this talk, I will show the density of Borromean primes. Let mpe,(z) denote the number of
Borromean primes {pi,p2,p3} with p, < z for i = 1,2,3. Then our main theorem is stated as
follows:

Theorem 2 (Main Theorem [3]). If GRH is true, we have

T Borr (LU ) 1

lim N . . = 9
v—too #{{p1, pa, p3} |pi < w(for 0 =1,2,3), p; # p; (i # j)} 128
where GRH means Generalized Riemann Hypothesis.

T v (250) ~

Note that our theorem is not obtained by a straightforward application of Chebotarev density
theorems. We need for the proof more elaborate analysis on the error term of the Chebotarev
density theorem under GRH ([4]).
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We study diffeomorphisms of pseudo-Riemannian spaces that belong to the intersection of classes
of quasi-geodesic mappings (QG M) [2] with the reciprocity condition and almost-geodesic mappings
of the second type [1]. We mean that QGM [ : (V,,, gij, F{*) — (V' Gy, F}*) satisfies the reciprocity
condition if the reverse mapping ! is also QG M.

The fundamental equations of such a mapping f in the common coordinate system (z') with
respect to the mapping f has the form:

h

Ej (z) = F?j () + @/)(Z-(x)5?) + gzﬁ(z(x)F;S (x), (1)
Fl'(z) = F} (=),
giaF’ﬁ = _gjaFia7 giaF}a = _gjaFia7 (2)
F(};,j) - q(ith’ (3)
F'Er =edl,  e=0,41, (4)
ih g, .. =1,2,..n,
where F%,fz are the Christoffel symbols of V,,V,, respectively; v;(z), ¢:i(x), ¢i(x), p;i(z) are

certain covectors; F'(x) is affinor; brackets (i,j) denote the symmetrization with respect to the
corresponding indices; comma «,» is a sign of the covariant derivative in respect to the connection
of V,.
We call an affinor structure F" that satisfies conditions (3) a generalized-recurrent structure (of
elliptic, hyperbolic, or parabolic type). Let us study the case of a parabolic structure (e = 0).
The following holds:
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Theorem 1. If there is a non-trivial QGM of generalized-recurrent-parabolic spaces f : (Vy, gij, FI') —

(Vn,gij, EFM), which corresponds to the affinor EI* and the vector ¢;, then it generates another non-
trivial QG M of other generalized-recurrent-parabolic spaces

o, 1 11
fl : (Vm z‘jaFih> — (Vnagij’ﬂh)v
1 1
which corresponds to the affinor E" and the vector ¢; and preserves the generalized recurrence

p 111 .
vector q;. The tensors g,;, G;;, i, F!' are given by the formulas
b= e2geBy o
9i5 =€ 9 Y9ai9sj>

1
= 2
9ij — € wgija

1 1 1 1 1
Gy = —ig5k = 090 — 6, — 0, F

1
FM < FBY = FP B,
Bl = ¢g"goi, B =e g Gy

Theorem 2. If there is a non-trivial QGM of generalized-recurrent-parabolic spaces f : (Vy, gij, FI') —
(Vn,gij,}«}h), which corresponds to the affinor F' and the wector ¢;, then it generates an infinite
sequence of non-trivial QGM of other generalized-recurrent-parabolic spaces

Lo 1h fi - 1 1h
(VnagipFi)_)(Vnygija-Fi%
i
2 5 A 22 2
(vnagijaﬂh) = (Vmgz‘ja Fih)>
d
4

S s

. s 7 s s
(Vn7 gij7 th) B (er gija Eh>7

which correspond to the affinor F" and the vector ¢; and preserve the generalized recurrence vector

¢i- The tensors éij, Gij» Pis F!', are given by the formulas

N N
9ij = B gaj, 9ij = ¢ B;* ga;-

s (s) s (5)
¢i:¢aqu> Fih:inle('l>

(s) (0)
where B is the s-th degree of the affinor B and we mean B = 6.
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Notes on the Quality of Non-compactness for
Non-compact Sobolev Embeddings
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It is well known that when a Sobolev space on a bounded domain is embedded into the small-
est possible Lebesgue or Lorentz space, the resulting embedding is non-compact. In this talk,
we will closely examine non-compact Sobolev embeddings and describe the quality of their non-
compactness from different points of view.
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Ordinary linear differential operators and connections.
Application to curvilinear webs
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The framework is real analytic or holomorphic, the field K denoting R or C according to this
framework.

We are given two vector bundles £ and F', respectively of rank p and ¢, over a n-dimensional
manifold V. We assume ¢ < p(n + 1) (the rank of F' is smaller than the rank of J'E). A linear
homogeneous differential operator of order one' is a linear morphism of vector bundles D: J'E — F.
Associated to it is the partial order equation

%) Ds =0, where we set, for any section s of E, Ds := D(j's).
(*) 7 , y : j

IThe theory works also for differential operators of higher order.
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The restriction o,(D) : T*(V) ® E — F of D to the kernel T*(V) ® E of the projection J'E — E
is called the principal symbol of D.

More generally, for any integer h (> 1), we define by successive derivations the (h — 1) pro-
longation Dy, : J*E — J"'F of D : the solutions of () are still the sections s of E such that
Dy, (j"s) = 0. Recalling, the exact sequence

0= S"T*V)®E — J'E— J'"7'E -0,

where S"T*(V') denotes the h'" symetric power of the bundle T%(V) of 1-forms, we call principal
symbol of D), the restriction
on(D): S"T*(V)® E — J"'F
of Dy, to the sub-bundle S"T*(V) @ E of J'E.
We denote by

(n—1+h)!

(n—1)! Al
the dimension of the K-vector space of homogeneous polynomials of degree h with n unknowns and
coefficients in K, which is also the rank of S"T*(V'), or the number of multi-indices I = (iy, ..., %,)
of partial derivatives of order |I| = h with respect to n unknowns, (where |I| =iy +is + ... + iy).

c(n, h) =

Definition 1. The differential operator D is said to be ordinary if ¢ < pn and, for any h (h > 1),
the principal symbol o,(D) has maximal rank (inf(q.c(n,h — 1), p.e(n,h)))

If D is ordinary, the kernel R, of Dy, is a vector bundle, which is the set of the formal solutions
of (x) at order h (with Ry = J'R, N J"E, the intersection being in'J'(J"E)).
Definition 2. The differential operator D is said to be calibrated if ’% is an integer, strictly

positive.
This implies in particular p < q.
If p < ¢, we have only finitely many conditions to check for D to be ordinary. In fact, set :
n—1
. [p( )
q—7p

}, (the integral part of p(q"f_pl)).

We then get:

Proposition 3. For D to be ordinary when p < q < p.n, it is sufficient that the principal symbols
on(D) have their rank mazimal for 1 < h < hg+1 in general (resp. for 1 < h < hg if D is moreover
calibrated).

We first prove:

Theorem 4. If D is ordinary and p < q < p.n, the dimension of the vector space S, of germs of
solutions of the equation Ds = 0 at a point m of V' is upper-bounded by the number

i (” - h) Ly ‘nlzth_ p)h (: pc(n+1,hg) = q.cln+ 1, hg — 1)).

If D is moreover, calibrated, we define a tautological connection on the vector bundle £ := Ry, _1,
such that

Theorem 5. The space S of solutions of (%) is isomorphic to the space of sections o of £ whose
covariant derivative Vo vanishes. Hence, the dimension of S,, is maximal iff the curvature of this
connection vanishes.
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We then apply these results by building, for any curvilinear d-web on V' (d > n), a linear
differential operator which is always ordinary and calibrated, and for which solutions of (x) are the
(n — 1)-abelian relations of the web. After theorem 1, we recover the upper-bound already given
by Damiano ([3]), for the rank of the web (dimension of the space of (n — 1)-abelian relations), by
taking p=d —n and ¢ =d — 1 (hence hg = d — n).

As a corollary of Theorem 5, we can define for any curvilinear web a notion of “curvature”, and
prove :

Theorem 6. The Damiano’s upper-bound for the rank of a curvilinear web is reached iff its
curvature vanishes.

The main interest of this result is that it is no more necessary to exhibit the abelian relations
for proving the maximality of the rank.

Such a definition for the curvature of a web, whose vanishing is equivalent to the maximality of
the rank, goes back to Blaschke ([1]) in the case n = 2,d = 3. Various generalizations have been
done since, mainly for planar webs ([6, 8, 9]), for webs of codimension one (|2, 4]) when they are
"ordinary”, and for d-curvilinear webs when d = n + 1 ([5]). The definition that we give below for
d-curvilinear webs whatever be d is new ; it has been announced in a preprint ([7]).

As an example, we prove (using a computation with Maple) that the curvature of the exceptional
6-web Wy 6 in dimension 3 vanishes, hence recovering that it has has a maximal rank (as well as his
4 and 5-subwebs). In fact all n + 3-webs W) ,, 43 (that we re-defined here in words of vector fields)
have a maximal rank : this has been claimed by Damiano ([3]) for any n, and proved by him for
n even. He made a mistake in the proof for n odd, which has been corrected by Pirio ([10]).
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Abstract. Topological data analysis, as a tool for extracting topological features and characterizing
geometric shapes, has had tremendous success across diverse fields. Its key mathematical techniques
include persistent homology and the recently developed persistent Laplacians. However, classic
mathematical models like simplicial complexes often struggle to provide a localized topological
description for interactions or individual elements within a‘complex system involving a specific set
of elements. In this work, we introduce persistent interaction homology and persistent interaction
Laplacian that emphasize individual interacting elements in the system. We demonstrate the
stability of persistent interaction homology as a persistent module. Furthermore, for a finite discrete
set of points in the Euclidean space, we provide the construction of persistent interaction Vietoris-
Rips complexes and compute their interaction homology and interaction Laplacians. The proposed
methods hold significant promise for analyzing heterogeneously interactive data and emphasizing
specific elements in data. Their utility for data science is demonstrated with applications to
molecules.

Reeb vector field as isometric embedding
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Considering Sasaki metric on the unit tangent bundle T3 M, a map £ : (M,g) — (T1M, G),
defining by &(x) = (2,£(z)), is isometric embedding only if £ is parallel. The rigidity of Sasaki
metric motivates many authors consider various deformations of Sasaki metric (see [1, 5, 6, 7, 11]).
In particular; Domenico Perrone [8] studied Reeb vector fields with respect to a Riemannian
g-natural metrics on the unit tangent bundle.

A Riemannian g-natural metric [1, 2] on the unit tangent bundle 77 M is defined by

Glg(X"Y") = (a+¢)gu(X,Y) + dgu (X, €)g. (Y, €),
Glag) (X", YY) = bg,(X,Y),
G (X", Y") = ag.(X,Y),

where a,b,¢,d = const, a > 0.
A contact metric manifold is defined by a set (M, g,n,&, ¢), where M is a differential 2n + 1-
dimensional manifold, ¢ is a tensor field of type (1,1), £ is a vector field, n is 1-form satisfying

n€) =1, ¢ =-I+n®¢,
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9(0X, 9Y) = g(X,Y) = n(X)n(Y),
(dn)(X,Y) = g(X, ¢Y).
Moreover, £ is called Reeb vector field and 7 uniquely defines £ by the conditions

n(§) =1, dn(¢X)=0.
The Reeb vector field of a contact manifold plays a fundamental role in the study of the Riemannian

geometry of a contact metric manifold (see [3]). A contact metric manifold (M, g, 7, &, ¢) is called
K-contact manifold if ¢ is Killing vector field. Moreover, if

(Vx@)Y = g(X, V)€ —n(Y)X,
then the contact metric manifold (M, g,n,&, ¢) is called Sasakian manifold.
Domenico Perrone [8] showed that there are non-parallel unit vector fields which define iso-

metric embeddings with respect to a family of Riemannian g-natural metrics on the unit
tangent bundle that depend on two parameters, which does not include the Sasaki metric.

Proposition 1. Let (M,g,n,&,¢) be a contact metric manifold, dimM = 2n + 1, and let G be a
Riemannian g-natural metric on Ty M with ¢ =1 — 2a. Then the map & : (M,g) — (T1M,G) is an
isometric embedding if and only if d = a and M is K-contact manifold.

If £(z) is a unit vector field on M, then it defines a map & : M — T) M, defining by &£(x) =
(x,&(x)). From geometrical viewpoint (M) is explicitly given submanifold in 7} M.

A unit vector field £ is said to be harmonic (see [9]) if it is a eritical point of the energy
functional defined on the space of all unit vector fields. The corresponding map & : M — T1 M is
said to be harmonic map if it is a critical peint of the energy functional defined on the space
of all maps from M to 71 M. Note that a harmonic vector field & does not define, in general, a
harmonic map from & : M — T7 M.

Minimal submanifold is a submanifold with vector of mean curvature zero. A unit vector
field £ on Riemannian manifold M is called minimal (see [4]) if the image of (local) embedding
¢ M — Ti\M is minimal submanifold in the unit tangent bundle 77 M. Note that an isometric
immersion is minimal if and only if it is a harmonic map.

Domenico Perrone [8] suggested the following theorems.

Theorem 2. The Reeb wvector field & of a K-contact manifold (M, g,n,&,¢) defines a harmonic
map & : (M, g) = (T4M, G) for any Riemannian g-natural metric G on Ty M.

Theorem 3. Let (M, g,n,&, ¢) be a K-contact manifold. Let F be the family of all Riemannian
g-natural metries on Ty M defined by the parameters

O<a<l, b <a(l—a), c=1-2a, d=a.

Then, the Reeb vector field determines a minimal isometric immersion & : (M, g) — (T1M,G) for
any G € F.

Totally geodesic submanifold is a submanifold such that all geodesics in the submanifold
are also geodesics of the surrounding manifold. A unit vector field £ on Riemannian manifold M
is called totally geodesic (see [10]) if the image of (local) embedding & : M — T M is totally
geodesic submanifold in the unit tangent bundle 77 M. The corresponding map & : M — T1 M is
said to be totally geodesic map. Namely, £ is total geodesic if the second fundamental form of
the map £ : M — T} M vanishes. Note that every totally geodesic map & : M — T} M is harmonic
and minimal.

The concept of totally geodesicity arises naturally in connection with the concepts of harmonicity
and minimality. As a result, we have the following theorem.
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Theorem 4. Let (M,g,n,&,¢) be a K-contact metric manifold, dimM = 2n + 1, and let G be
a Riemannian g-natural metric on TYM with ¢ = 1 — 2a and d = a. Then the Reeb vector field
¢ defining the isometric embedding & : (M, g) — (T1M, Q) is totally geodesic if and only if M is
Sasakian manifold.

Thus totally geodesic property of the Reeb vector fields as isometric embeddings is distinguished
Sasakian manifold among K-contact metric manifold with the Riemannian g-natural metrics on
the unit tangent bundle.
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We classified differentiable structures on a line L with two origins begin a non-Hausdorff but 7}
one-dimensional manifold obtained by ”doubling” 0.

Definition 1. Let 7 be the standard topology on R. Then L = R0 is a disjoint union of R with
some point 0 endowed with the follwoing topology:

n=7U{(W\0)uU{0}:0eW e}

whose elements are elements of 7 and also open neighborhoods of 0 in which 0 is replaced with 0.
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For k € N U {oo} let H* be the group of homeomorphisms h of R such that h(0) = 0 and
the restriction of h R\ 0 is a C*-diffeomorphism. It contains a subgroup D* consisting of Ck-
diffeomorphisms of R also fixing 0.

Definition 2. Let H be a group and C, D be two subgroups. Then for each h € H the following
subset of H:

ChD = {chd™*:ce C,d € D}
is called the (C, D)-coset of h. If C'= D, then DhD is also called the D-double coset of h. The set
Dh*'D := DhD UDh™'D = {chd™*, ch™'d™" : c,d € D}

is called the (D, 4)-double coset of h.

We are refering to the book by J. Lee [1] and paper of F. Takens [2]| for the definition of C*-
structures. So the problem of classification of smooth C*-structures on L can be stated as follows:

Problem 3. Describe the orbits of the action of the group #H (L) on the set of C*-structures on M.

It is shown that there is a natural bijection between C*-structures on L up to a C*-diffeomorphism
and double coset classes D*\ H* / D¥ which can be regarded as the orbit space of the action D* x D*
on H* by the rule (a,b)h = ahb=.

Theorem 4. Let k € NU{oo}. Then

o CF-structures on L up to a C*=diffeomorphism are in one-to-one correspondence with the
set D(R,0) \ HE(R)*/D(R,0) of (D(R,0),+)-double coset classes;

o while C*-structures on'Li up to a C*-diffeomorphism fizing 0 and 0 are in one-to-one corre-
spondence with theset D(R,0) \ HE(R)/D(R,0) of D(R,0)-double coset classes.
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In this paper we construct indecomposable vector bundles associated to monads on multipro-
jective spaces. Specifically we establish the existence of monads on P21 x P2+l x ... x p2nt!
and on P“ x --- x P%. We prove stability of the kernel bundle which is a dual of a generalized
Schwarzenberger bundle associated to the monads on X = P2+l x P2l s ... x P?"*! and prove
that the cohomology vector bundle which is simple, a generalization of special instanton bundles.
We also prove stability of the kernel bundle and that the cohomology vector bundle associated to
the monad on P* x --- x P is simple. Lastly, we construct the morphisms that establish the
existence of monads on P! x --- x P,
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About one problem of the Gauss-Kuzmin type
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Let [ao;aq, ..., Gp,...] — continued fraction, where ag € Z;, a; > 0 for all j € N. Consider left
shift operator

T([0;a1, az, ..., ap, ...]) = [0; a2, as, ..., apy1, ...].
Let f,(x) = NT™((0;z])), where x € (0;1], A(-) — Lebesgue measure. The problem of finding

fl@) = lim_fu(x)

for classical continued fractions was posed by Gauss. Kuzmin [1] showed that f(z) = logy(x + 1)
and

|fu(@) = logy(1 + z)| < CB™) Va € (0;1]

for n = 0,5 some C' > 0 and 8 € (0;1). Levy [2] showed that it is possible to take 8 = 0,7 and
n = 1. Wirsing [4] showed that, for the constant v ~ 0, 3037

e ) log(1 4 )
v@) = L, (=)

Vo e (0;1],

where ¢ (z) — analytic function.

It is known [3] that for each t € [0,5; 1] there exists a sequence (b,) such that b, € {0,5;1} for
alln € N and t = [0;by, ..., by, ...]. The last image is called As-image. A countable set of numbers
t € [0, 5;1] has two As-images.



79

Theorem 1. For As-image the following conditions are true for some numbers C; > Cy > 0 and
for eachn € N

| fosr (@)= fapa(@2)] = | fu((Tt21) ™) = fu((L2) ™)+ (0, 5421) ™) = ful(0, 5+a2) 1) [V, 22 € [0, 55 1];
Colre — 1| < | fulz1) — fulz2)| < Cilxe — 21| Vai,29 € [0,5;1], 21 < 9.
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Homotopy types of stabilizers of Morse-Bott functions on
3-manifolds
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Let M be a smooth 3-manifold, D(M) be the group of all € diffeomorphisms of M. For every
smooth function f : M — R denote by

S(f)={heDM)| foh=[}
the stabilizer of f with respect to the natural action of D(M) on the space of all C* functions
on M. It consists of diffeomorphisms leaving invariant each level set of f. Endow S(f) with the
corresponding strong C*° Whitney topology.
Let B be a submanifold of M. Then a reqular neighborhood of B is a vector bundle p: E — B
defined on an open neighborhood E of B in M and being a smooth retraction onto B. In that case
a function ¢g: £ — R iscalled 2-homogeneous if g(tx) = t>g(z) for all z € E and ¢ > 0.

Definition 1. Say that a Morse-Bott function f : M — R is 2-homogeneous if for every critical
submanifold B of f of dimension 1 and 2 there exists a tubular neighborhood p: £ — B and a
2-homogeneous on fibers function g: F — R such that f = g near B.

Notice that in general (due to Morse-Bott lemma) f is 2-homogeneous only locally at each critical
point x of f.

Now let f: M — R be a C° Morse-Bott function taking constant values at boundary components
of M. Let also I' be the Kronrod-Reeb graph of f, being the quotient of M by the partition into
connected component of every level set of f, and p: M — I" be the natural projection.

Say that an edge e of I' is internal if its vertices have degrees > 2, i.e. they correspond to non-
extremal critical submanifodls of f. At each edge e of T fix a point z, and put N, = p~!(x.). Thus,
N, is a closed subsurface of M on which f takes a constant value.

Theorem 2. Let f: M — R be a 2-homogeneous Morse-Bott function. Let also n be the total
number of those N, for which

e the edge e is internal and
e N, is a 2-sphere or a projective plane.
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Then the higher homotopy groups of S(f) are n-powers of the corresponding 1-times higher homo-
topy groups of 2-sphere:

TS (f) = M1 S® X o X M1 5%, k> 2.

'
n

In particular, if there are no such spheres and projective spaces, then S(f) is aspherical.

Elliptic Virtual Structure Constants and Generalizations of
BCOV-Zinger Formula to Projective Fano Hypersurfaces
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( Department of General Education
National Institute of Technology, Kagawa College
Chokushi, Takamatsu, 761-8058, Japan)
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In this talk, we propose a recipe for B-model computation of genus 1 Gromov-Witten invariants
of Calabi-Yau and Fano Projective Hypersurfaces. Our formalism can be applied equally to both
Calabi-Yau and Fano cases. In Calabi-Yau case, drastic cancellation of terms used in our formalism
occurs and it results in another representation of BCOV-Zinger formula for projective Calabi-Yau
hypersurfaces.
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Deformation properties of smooth functions on Klein
bottle
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Let M be a connected compact C*°-smooth 2-manifold. If X C M is a closed subset of M, then
D(M, X) denotes the group of diffeomorphisms of M, which are identity on X, endowed with the
strong Whitney topology. If X = &, we omit X from notation. K denotes Klein bottle.

Consider space C*°(M,R) endowed with the strong Whitney topology. Then the following right
action of D(M, X) on C*(M,R) is defined: C*(M,R) x D(M,X) — C>*(M,R), (f,h) — f o h.
For each f € C*(M,R), let S(f, X), O(f, X) be the stabilizer and the orbit of f with respect to that
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action. Let Diq(M,X), Siu(f, X) and Oy(f, X) be respective connected components of D(M, X),
S(f, X), O(f, X) containing denoted subscripts. Also, we use notation &'(f, X) = S(f)NDia(M, X).

Proposition 1. Let f € C®(M,R) be such that every its germ in every its critical point is C'*-
equivalent to some homogeneous polynomial without multiple factors, and f is constant on the
boundary components of M. Then there are three mutually exclusive possibilities:
(a) its Kronrod-Reeb graph I'y is acyclic, and there exists component o of some critical level
set f~Y(a) and open disks Dy, ..., D,, such that K\ o =||", D;,
(b) Ty is acyclic, and there exists component 3 of some reqular level set f~1(b) and open Mébius
bands My, My such that K\ 8 = M| | Ms,
(c) Ty has a cycle, and there exists component C of some reqular level set f7*(¢), corresponding
to a point on the cycle, and open cylinders Q1,...,Qy such that K\ {h(C) | h e S(f)} =

Theorem 2. In the case (b) of Proposition 1 there is an isomorphism

7r1(’)f(f) = 7T()S(f|M1,aM1) X 7T05(f|M2,8M2).

For Mobius band M group myS(f|ar, 0M) was computed in [1].

Let C' C K be a closed curve, that corresponds to point on the eycle of I'y. Let € be the cylinder
bounded by C' and the next curve among {C; = C,(C5,...,C,} ={h(C) | h € S(f)}. Denote
G = mO(f|q,0Q), and let G 1,4 Z be certain type of wreath product depending on 7.

Theorem 3. In the case (c¢) of Proposition 1 there are two possibilities:
(i) either for every h € S(f) equality h(C') = C implies that h preserves orientation of C.
Then there is an isomorphism

™m0 (f) = G un 2,

and m can be only odd,
(ii) or there exists h € S(f) such that h(C') = C and h changes orientation of C.
Then exists an automorphism ~v: G — G with v* = id such that there is an isomorphism

1O (f) = G iy Z.

Theorem 4. Consider composition T? = K ER R, where f € C®(M,R) is the same as in
Proposition 1, and 7 is the orientable double covering of Klein bottle with the torus. Then there
are subgroups moS"(f) — mS'(f o) and mOf(f) = mOor(f o m). Particularly, considering the
respective cases of Theorem 3 holds the following:

1) MmO (f) 2 G = G? 1y Z = mOjor(f o 7),
(i) mOp(f) = Glnpy L= G lom L= 1 Ofor(f 0 7).
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Algebraic periods of surface homeomorphisms
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A self-map f: M — M of a compact manifold determines the sequence {L(f™)}, n.> 1, of the
Lefschetz numbers of its iterations. We consider its dual sequence {a,(f)}>, given by the Mobius
inversion formula. The set AP(f) = {n : a,(f) # 0} is called the set of algebraic periods of f.
During the talk we describe finite sets of algebraic periods of homeomorphisms of an orientable
surface, especially of Morse-Smale diffeomorphisms.

The talk is based on the joint project with G. Graff, W. Marzantowicz and A. Myszkowski.

Wigner-Ville distribution associated with quadratic
Clifford-Fourier transform

Hakim Monaim
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This presentation provides the general double-sided orthegonal 2n-1-dimensional spaces split
quadratic phase Clifford-Fourier transform and the general Wigner-Ville Distribution quadratic
phase Clifford-Fourier transform. It proves the Rényi and Shannon entropy and Lieb’s uncertainty
principles.

Keywords: Clifford Algebra; Orthogonal 2D-Planes Split;  Clifford-Fourier Transform; Qua-
dratic Phase Clifford-Fourier Transform; Wigner-Ville dDistribution Quadratic Phase Clifford-
Fourier Transform.
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Non-simple strongly nilpotent distribution germs
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All known to-date Goursat structures featuring moduli of the local classification appear not to
be strongly nilpotent. That is, not being equivalent to their nilpotent approximations. In the
course of obtaining more and more (if disparate) confirmations of that statement, like in [1] and
[2], a natural problem in the nonholonomic analysis has been gradually imposing by itself: to find a
concrete unimodal family of strongly nilpotent completely nonholonomic distributions. The search
for such an example seems by now hopeless in the realm of Goursat structures per se. Yet, by a
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neat perturbation of rank-two Goursat distributions in the underlying dimension 7 we obtain now
a l-parameter family of strongly nilpotent pairwise nonequivalent distribution germs. That family
is given in local coordinates that happen to be already adapted. The members of the family are
all quasi-homogeneous with respect to the weights defined by the small growth vector, one and the
same for all members of the family. This property automatically yields their strong nilpotency,
and also facilitates a proof of their pairwise non-equivalence.
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A function p : X2 — [0, +0c0) is called a partial metric on X if for every z,y, 2 € X the following
conditions

(p1) 2=y & p(z,z) =p(z,y) = p(y, y);

(p2) p(z,z) < p(x,y);

(p3) p(l‘, y) = p(y7 I);

(pa) p(x, 2) < plz,y) +py, 2) — p(y, v)-
are true.

For any partial metric p : X% — [0, +00) the funetion g, : X? — [0, +00), ¢,(x,y) = p(z,y) —
p(x, x), is a quasi-metric on'’ X and the topology of the partial metric space (X, p) is the topology 7,
of the quasi-metric space (X, g,). Moreover, the function d, : X? — [0, +00), d,(z,y) = 2p(x,y) —
p(z,z) — p(y,y) is a metric on X

The following theorem was proved by F. Hausdorff in 1930.

Theorem 1. Let X be a metrizable space, A C X be a closed subset and dy : A> — R be a
compatible metric on A. Then there exists a compatible metric d : X?> — R on X such that
d| sz = dy.

Problem 2. Let X be a partial metrizable space, A C X be a closed subset and p4 : A2 — R be
a compatible partial metric on A. Does there exist a compatible partial metric p : X2 -+ R on X
such that p|a2 = pa?

Proposition 3. Let (X, p) be a partial metric space. Then the function f : X — R, f(z) = p(z, x),
is an 1-Lipschitz function with respect to the metric d,.

Proposition 4. Let (X,d) be a metric space and f : X — [0,+00) be an 1-Lipschitz function.
Then the function p : X? — R,

plz,y) = 5(d(@,y) + f(2) + f(y)),
is a partial metric on X such that d = d, and p(x,x) = f(x) for every x € X.



84

Theorem 5. Let X be a quasi-pseudometrizable space, A be a closed subset of X and g4 : A> — R ba
a compatible bounded quasi-pseudometric on A. Then there exists a compatible quasi-pseudometric
q on X such that q| 2 = qa.

Corollary 6. Let X be a partial metrizable space, A be a closed subset of X and ps : A> — R ba
a compatible partial metric on A such that q,, is bounded. Then there exists a compatible partial
metric p on X such that plaz = pa.

Proposition 7. There exist a quasi-pseudometric space (X,q), a 7,-closed set A € X and a
quasi-pseudometric p on A such that

(1) q and p are equivalent on A;

(2) 7. € 1, for every extension r of p on X.
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Axiomatic Development of Complexity Theory for Finite
Groups
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“In any field of mathematics, the study of complexity is the first level of sophistication
beyond knowing the building blocks.” — John Rhodes

What are the simplest ways to construct a finite group from its atomic constituents? To under-
stand part-whole relations between finite simple groups (‘atoms’) and the global structure of finite
groups, we axiomatize complexity measures on finite groups. From the Jordan-Hoélder theorem and
Frobenius-Kaluznin-Krasner-Lagrange embedding in an iterated wreath product, any finite group
G can be constructed from a unique collection of simple groups, its Jordan-Hélder factors, each
with well-defined multiplicities through iterated extension by simple groups. What is the least
number of levels needed in such a hierarchical construction if a level is allowed to include several
of these atemic pieces? To pose and answer this question rigorously, we give a natural set of hier-
archical complexity axioms for finite groups relating to constructability, extension, quotients, and
products, and prove these axioms are satisfied by a unique maximal complexity function cx. We
prove this function is the same as the minimal number of “spans of gems” or “completely reducible
groups” (i.e., direct products of simple groups) in a subnormal series with all factors of this type.
Hierarchical complexity cx is thus effectively computable, and bounded below by all other com-
plexity measures satisfying the axioms, including generalizations of derived length, Fitting height
and solvability. Also, the hierarchical complexity of a normal subgroup is bounded above by the
complexity of the whole group, although this is not assumed in the axioms and does not follow
from the axioms for general (non-maximal) complexity functions satisfying the axioms.

For solvable finite groups, the unique maximal group complexity measure satisfying the axioms
on this class agrees with the restriction of the one for all finite groups, and in addition satisfies an
embedding axiom - which decidedly cannot be applied in the general case of all finite groups. In
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both cases, the complexity of a group is bounded above and below by various natural functions. In
particular, hierarchical complexity is sharply bounded above by socle length, which yields a canon-
ical decomposition and satisfies all the axioms except the extension axiom. Examples illustrate
applications of the bounds and axiomatic methods in determining complexity of groups. We show
also that minimal decompositions need not be unique in terms of what components occur nor their
ordering. The complexity axioms are also shown to be independent.

Construction and application of quasicrystals

Maryna Nesterenko
(Institute of Mathematics of NAS of Ukraine, Tereshchenkivska 3, Kyiv, Ukraine
and Igor Sikorsky Kyiv Polytechnic Institute, Beresteiskyi 37, Kyiv, Ukraine)
E-mail: maryna@imath.kiev.ua

We discuss three methods that generate n-dimensional quasicryatals and propose two applica-
tions of quasicrystals to data processing. The first application is to use the mapping between the
physical and internal spaces of a quasi-crystal to evenly distribute data that is lost in the process
of transmitting or storing information. At the same time, it is possible to unambiguously restore
the rest of the data. The second application consistsin the construction of special quasi-crystals
that satisfy the requirements of keys of any length for the classical Vernam cipher method. Several
examples of construction of quasicrystals with predetermined properties and examples of image
processing that makes the loss of its part uniformly distributed are given.

Different physical phenomena arising from the interaction of incommensurate frequencies display
the features of almost periodicity. A typical example is a potential field of a physical quasicrystal.
Quasicrystals are discrete structures that have highly structured long-range order (represented by
pure point or near pure point diffraction) but don’t have periodic order. A standard approach to
modeling such structures is to take a finite part of it, impose periodic boundary conditions and
then apply usual crystallography. Although this type of periodization is used routinely and suc-
cessfully for many modelling problems in the theory of quasicrystals, it is not entirely satisfactory.
Almost periodic order goes beyond periodic order in fundamental ways, its essence appearing as a
underlying incommensurability which pervades every part of the theory.

It is possible to construct quasicrystals by means of tiling, fractals and cut-and-project method.
The general idea of cut-and-project method is shown in the scheme

1
R & RIxRE 4 R
U
1-1 7 dense image ’
L <— L — L

Here L is a lattice in R? x R? which is oriented so that the projections into R? are 1 — 1 and dense.
The left-hand R% is physical space (where quasicrystal A lies).
The right-hand R? is internal space (to control the projection).
€L, &= (x,2') where x € L and 2’ € L'.
() : L— L'is defined by x +— 2, which passes from physical to internal space.
Window € is chosen in internal space (compact, equal to the closure of its interior, and have
boundary of measure 0).

Quasicrystal A can be defined in the following way A(Q) = {z | € L, 2’ € Q}.
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We applied the transformation (-)" to bitmaps and using its discontinuity property we can
distribute the lost information evenly throughout the image.

Considering one-dimensional quasi-crystals, we established that some of them can serve as binary
keys for the Vernam cipher, while the keys can have an arbitrary length and be uniquely constructed
from a small number of integers, namely from the seed point, window length and integer coefficients
of a quadratic equation.

FIGURE 0.1. An'example of information loss during data transmission in the original
raster image and in the image encoded with the help of a quasi-crystal.
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On Beloch’s curve that appears when solving real cubic
with origami

Manami Niijima
(JVCKENWOOD Corporation, Japan)
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Origami construction is generally defined by 7 Axioms (re-)founded by Justin-Huzita—Hatori
in 1980’s (cf. [Jus86, p.40-45|, [Lanl0],[Ned22]). Among other things, Axiom 6 allows so-called
“neusis”, which is not allowed in the straightedge and compass construction.

1 (Justin-Huzita-Hatori Axioms 6). Given two points A and B and two. lines ly-and ly on a
plane, there exists a fold that places A onto l; and B onto ly at the same time. In other words, it
s possible to construct a certain fold line | such that points symmetrical to points A and B with
respect to | are placed on the straight lines [, and ly, respectively.

This Axiom 6 enables to construct all solutions of any given real cubic equation by using a perfect
piece of origami. The following method was initially shown by Beloch in 1936 [Bel36], based on
Lill’s enjoyable idea [Lil67] (see also [Kat99], [Hulll], [NO15]).

Theorem 2. Given segments with length a,b,c € R, every solution of the cubic formula
¥ —ar? —br+c=0 - (%)

may be constructed. More precisely,
(1) If we make a fold that places (I) A(—1,0) onto x = 1 and (II) P(b,a + ¢) onto y = a — ¢,
then the y-intercept r of the fold line [ is a solution of (%)
(2) For any solution x = r of (%), a fold that places A(=1,0) onto A'(1,2r) satisfies the conditions
(I) and (II) in (1).

In other words, there is a bijective correspondence between all fold lines satisfying the conditions
(I) and (IT) and all real solutions of (x). In addition, by considering all fold lines satisfying (I) and
parametrizing them by r, we may find all solutions.

We consider all fold lines satisfying the condition (I), and investigate the orbit of the points P’(r)
(r € R), each of which is symmetric to P with respect to a fold line. We set (p,q) = (b,a+c). Our
main results may be summarized into the following theorem.

Theorem 3. The union F of the orbit of the points P' and the point P(p,q) is a real cubic curve
F(z,y)=2(q-y)*~(¢+y(g—yp—z) - (p—2)(p+z) =0,
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which we call Beloch’s curve.
The point P s its uniquely existing singular point, and the Hessian at P s given by Hr =

—4(4p+ ¢*).

We have the following equivalence on the shape of F and the parabola G : 4z +y* = 0.

e P is on the left side of G <= The orbit of P'’s does not pass through P <= P is an

1solated point of F.

P is on G <= The orbit of P'’s passes through P just once <= P is a cusp of F.

P is on the right side of G <= The orbit of P'’s passes through P twice <= P is a
self-intersection point of F.
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We may also classify the shapes of real cubic curves apy? = a;2y* — az@® — a,x® = 0 in a similar
manner. In addition, we show that the rotation. number of F around the point A is determined by
the relationship between P and x = 1.

In the proof of 3, we use the fact that the fold line [ is the tangent line of the parabola G at
(—r2,2r). In general, given a point A, @, and a line m, then Axiom 5 allows a fold [ such that
Q@ €1 and [ maps A onto m. 3 would shed new light on the relationship between Axioms 5 and 6.

[Bel36]
[Hulll]
[Jus86]
[Kat99]
[Lan10]
[Lil67]
[Ned22]

[NO15]
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Hypercyclicity of symmetric composition operator
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The classical Birkhoff theorem (1929) [1] asserts that any operator of compesition with transla-
tion
T — T+ a,
To: f(z) = f(x+a)
is hypercyclic on the space of entire functions H(C) on the complex plane C if a # 0. A general-
ization of the Birkhoff theorem was proved by Godefroy and Shapiro in [2].

Definition 1. Let X be a topological space. A continuous linear operator T : X = X is said to
be hypercyclic if there is some vector x € X such that the set

Orb(T,z) = {x, Ta, T?z,...}

of iterates of = is dense in X. The vector x is called a hypereyelic vector associated to the hypercyclic
operator 7.

The hypercyclicity of a special operator on an algebra of symmetric analytic functions on /;
was proved in [3]. We construct new class of hypercyclic composition operators on an algebra of
symmetric analytic functions on /.
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On (i, j)-Baire Bilocales
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ABSTRACT: In the category of bitopological spaces, a bitopological space (X, 7y, 7) is said to
be almost (i, j)-Baire [1] if every sequence {G,, : n € N} of 7j-open 7;-dense subsets of X satisfies
the condition that (1, .y Gr is 7i-dense, where i,j = 1,2, ¢ # j. In this talk, we transfer this
notion of almost (i, j)-Baireness to bilocales. In our notion though, the prefix “almost” is dropped.
So, we define and characterize (i, j)-Baire bilocales. We also give internal properties of (i, j)-
Baire bilocales which are not translated from properties of almost (i, j)-Baireness in bitopological
spaces. For instance, we show that in the class of Noetherian bilocales, (i, j)-Baireness of a bilocale
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coincides with (i, j)-Baireness of its ideal bilocale. We also consider relative versions of (i, j)-Baire
where we show that a bilocale is (i, j)-Baire only if the subbilocale induced by the Booleanization
s (i, j)-Baire.
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Application of the dynamical system theory for counting
black hole entropy of microstates
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Superstring theory is one of the most advanced theories in physics that attempts to unify all
four fundamental forces of nature into one single theory. It is based on the idea that all elementary
particles and forces in nature can be explained as vibrations of ultramicroscopic strings. Math-
ematical models in superstring theory have their own unique properties and applications. They
make it possible to describe various physical phenomena and processes, such as gravity, electro-
magnetism, strong and weak nuclear interactions. One of the main properties of mathematical
models in superstring theory is their geometric nature. They describe spacetime as a multidimen-
sional space in which strings can move. This allows us to explain many properties of space-time,
such as its curvature and topology. The use of mathematical models in superstring theory also
makes it possible to study various physical phenomena and processes. For example, they can be
used to describe the processes of birth and decay of elementary particles, as well as to explain the
properties of black holes and other exotic objects. For example, the Schwarzschild model is used
to describe the gravitational field of a black hole

2MG

1
ds® =~ (1 — —) dt* + ——————dr* + r2ds.

T

This model allows us to deseribe the properties of a black hole, such as its radius, r, mass, M.
Quantum gravity models are also used to explain the properties of black holes. For example, the
loop quantum gravity model allows us to describe the properties of black holes at the microscopic
level.

Combining quantum mechanics and thermodynamics leads to many hidden degrees of freedom
that give a black hole its entropy. These degrees of freedom do not appear in the classical description
of black holes and are associated with string theory. The entropy of a black hole from string theory
was calculated by Susskind [1]. The calculations of the string entropy is realized through the
consideration of a multidimensional lattice of points with the strings inside it, which can move in
any of 2d directions. So, the string entropy is

S =1In(2d)" =n-In2d.
Let us consider the use of mathematical models in the aspect of the theory of dynamical systems

through the concept of topological entropy to describe chaotic behavior in dynamics, [2]. One can
calculate the volume entropy of such space, B,

hy ~ log(VolB)) ~ log(2d)".
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The volume entropy h, is always bounded above by the topological entropy h,, of the geodesic
flow on M. Moreover, if M has non-positive sectional curvature, then

hv - htop-
From the other hand we know, that
htop Z log‘deg(f)’

As the fixed point theorem was proved in 1912 by Brouwer [3|, so any continuous mapping of
a sphere onto itself has isolated point. Mapping of spaces (R?*? — R??) for (d = 1,...,n) can
be presented by f : S?¢ — S?¢ and determines the degree of mapping degf = 2d. Therefore,
topological entropy of the system of n links of string length, L = [4n, is the n sum,

hiop =1 - log(2d).
The Lefschetz number of one link
L(f") = 14 (=1)"deg "
is equal to
L(f") =14 (2d)".
So, according to the Lefschetz formula we can calculate the index of isolated point on manifold M
L(f)= Z indya.

Considering the Hopf-Poincare theorem

Z indsr = x(M)

we can receive the following formula
1+((2d)")" = x(M).

Thus, using the theory of dynamical systems, we calculated the entropy, Lefschetz number and
Euler characteristic of a black hole, represented as a multidimensional cubic space.
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Computing the Gromov—-Hausdorf distance using gradient
methods
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The Gromov—-Hausdorff distance measures the difference in shape between metric spaces, which
has been used in image processing and data analysis. Computing it can be formulated as a
generalization of the NP-hard quadratic assignment problem without the bijectivity constraint.
Continuous relaxations that are more tractable, such as the Gromov—Wasserstein distance, exist but
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fail to recover non-bijective solutions to the original problem. As a consequence, the approximation
factor of the current relaxation algorithms is infinite in the general case.

We introduce a quadratic relaxation whose solutions provably deliver the Gromov—Hausdorff
distance. The optimality guarantee is enabled in part by allowing non-bijections in the search
space. We suggest a gradient method for approximating solutions to this relaxation, and show
that it can efficiently compute the Gromov-Hausdorff distance between metric spaces of hundreds
of points.

Magnetic trajectories on 2-step nilmanifolds

Gabriela P. Ovando
(Depto de Mateméatica, ECEN-FCEIA, Universidad Nacional de Rosario: Pellegrini 250. 2000
Rosario. Argentina)
E-mail: gabriela@fceia.unr.edu.ar

From the mechanical perspective, the behaviour of a charged particle in presence of a force,

known as Lorentz force, is described by an equation of the form:
Vo + FY,

where 7 is a differentiable curve on Riemannian manifold (M, g), V is the corresponding Levi-Civita
connection and F' is a skew-symmetric (1, 1)-tensor.such that the corresponding 2-form g(F'-,-) is
closed. Geodesics are the corresponding curves whenever F = 0, that means that the particles do
not experience any force. The magnetic trajectories are quite different from geodesics. For instance
in the Euclidean plane, while geodesics are straight lines, magnetic trajectories are circles.

In this work, we concentrate the attention to magnetic trajectories associated to a left-invariant
Lorentz force on a given 2-step nilpotent Lie group equipped with a left-invariant metric (N, (, ))
and the associated compact quotients. The main purposes are:

(i) to describe the solutions of the magnetic equation;
(ii) to determine closedness conditions of magnetie trajectories on compact quotients.

To facilitate the description of magnetic trajectories through the identity element, we make use
of the structure of the Lie algebra. Any 2-step nilpotent Lie algebra with a metric admits an
orthogonal decomposition

n=3o>0, b= gﬁ,
where 3 denotes the center of n.

One proves that magnetic trajectories for left-invariant Lorentz forces preserving the decompo-
sition above can be explicitly computed, see [1]. In other cases, the magnetic curves obey different
features.

We shall show examples of magnetic trajectories. In particular on the Heisenberg Lie group of
dimension three, one has examples related to elliptic integrals. As usual, once one finds the curves
on the Lie group, one may induce them to compact quotients. In this situation, one search for
closed magnetic trajectories.

On the other hand, we discuss obstructions to the existence of (left-invariant) Lorentz forces on
2-step milpotent Lie algebras.
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N-foci balls in hyperbolic geometry
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Let’s suppose that H? = {(z,y) | y > 0} is an upper half-plane with the Riemannian metric
dx? + dy?
LQy. It is called a hyperbolic plane and has a constant negative Gaussian curvature —1.
)

Besides, H? is a Hadamard space, which is a complete Riemannian manifold of nonpositive sectional
curvature.

Between two any points z,y € H? there is a unique geodesic o, ,. So we ¢an define a notion of
a geodesically convex (or just conver) set in hyperbolic plane — it is a set that for two arbitrary
points z and y of its o, , belongs to this set. Particularly, the mapping

p:H* x H? = R, p(z,y) = l(04,),z,y € H?,

where ¢ denotes a length of curve in H?, satisfies all the axioms of metric space.
We also can define a notion of convex function in H?.

Definition 1. We will call a parametrization v : [0, 1] — H? of the geodesics between points a and
b in H?, 7(0) = a, v(1) = b, standard, if for all a € (0;1) the equality

pla,y(a)) = of
holds. Here ¢ denotes a length of the appropriate geodesics.

Definition 2. A function f : H?> — R is called convez in a convex set A C H?, if for arbitrary
points z1, 2 € A and a standard parametrization v : [0,1] — H? of the geodesics between them,
v(0) = 3, v(1) = x1, next inequality holds:

Va € [0,1] : f(y(a)) < af(z1) + (1 — o) f(z2). (1)
Definition 3. Let’s fix in H? any mutually distinet points z1,...,zy, where N € N, and such

N
positive numbers wy, ... Wy, a that > w, = 1. Open weighted N -foci ball, or weighted N -foci ball,

is a set -

A={z e B |wy p(z,21) + - +wy p(z,2N5) < a}, (2)
where x1,...,xy are called foci of the weighted N-foci ball, a is called a radius of the weighted
N-foci ball, an, ..., wy are called weights of the foci x1,...,xN.

We can define closed weighted N-foci balls the same way, having replaced the symbol “<” by the
symbol “<” in the formula (2).
Let’s fix any point zy € H? and define the distance function for it:

fH? =R, f(z) = plx,20), z € H.
Theorem 4. The distance function f is convex in the hyperbolic plane H?2.

It is known, that such a function is convex in any Hadamard space [2]|. In this work we got a
direct proof of convexity of f for the case of the hyperbolic plane.
From the convexity of f we obtain another result.

Theorem 5. All open and closed weighted N -foci balls are geodesically convex sets in the hyperbolic
plane H2.
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We also proved geodesical convexity of 1-foci ball, which is a hyperbolic ball, with geometrical
methods.
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Definition 1. A pseudometric on a set X is a function d : X x X — R that satisfies the following
properties for all x,y, z € X:
(1) Non-negativity: d(z,y) > 0.
(2) Identity of indiscernibles: d(z,z) = 0. (However, it is not required that d(z,y) = 0
implies z = y, which differentiates a pseudometric from a metric.)
(3) Symmetry: d(z,y) = d(y, x).
(4) Triangle inequality: d(z,z) < d(z,y) + d(y, 2).

An ultrapseudometric is a type of distance function defined on a set that generalizes the
notion of a metric, incorporating properties specific to ultrametrics and pseudometrics. Formally:
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Definition 2. An ultrapseudometric d on a set X is a function d : X x X — R that satisfies
the above properties of non-negativity, identity of indiscernibles, and symmetry, but the
triangle inequality is satisfied in a stronger form:

(4) Strong triangle inequality (Ultrametric inequality)[1] : for all z,y,z € X
d(z,z) < max{d(z,y),d(y, 2)}

We denote with P [(X) the set of all pseudometrics on a fixed set X, and UP [(X) isits subset
consisting of all ultrapseudometrics on X.

Theorem 3. There is a non-expanding w.r.t. the uniform convergence metric retraction Pf(X) —

UP[(X)
We rely on the following lemmas.

Lemma 4. For each pseudometricd : X x X — R and a subset A C X the functionds : X xX — R
with the formula

0, r,y€ Aorxyyd A,

) GX,
d(A,X\A), z€AygdAorxdAycA, T3

dA('ray) = {

18 an ultrapseudometric such that dy < d.
Proof. Non-negativity, symmetry, and identity of indiscernibles clearly hold. The only not so
trivial part is the strong triangle inequality.[2]
e If all three points are in A or all three are not in A: d4(z, z) =0 < max{0,0}.
elfr,y € Aand z ¢ A (or vice versa): da(z,y) = 0, da(ys2) = d(A, X \ A), da(z,2) =
d(A, X \ A), hence da(z,z) < max{0,d(A, X \ A)}.
elfrc A yé¢ A and z € A (or vice versa): da(z,y) = d(A, X \ A), da(y,z) = d(A, X \ A),
da(z,z) =0, hence da(x,z) < max{d(A4, X \ A),d(A, X \ A)}.
To compare dy and d:
elfr,yc Aorx,y¢ Arda(zr,y) =0 < d(z,y).
o If x € Aand y ¢ A(or vice versa): da(z,y)

Lemma 5. For each pseudometric d : X x X — R the function d : X x X — R such that

d(z,y) =sup{da(z,y) | AC X}, zy€X,
18 the greatest ultrapseudometric on X not exceeeding d.

Proof. (1) Ultrapseudometric properties of d:
(a) Symmetry:
d(x,y) = sup{da(z,y) | A C X} = sup{da(y,z) | A C X} = d(y, )

since dyis symmetric for all A C X.
(b) Non-negativity and zero distance:

d(z,y) >0

and

d(z,x) = sup{da(z,z) | AC X} =0
since da(z,z) =0 for all A C X.
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(c) Ultrametric inequality: For all z,y,z € X:

d(z,z) = sup{da(z,2) | A C X}
and
d(z,2) < sup{max{da(z,y),da(y, 2)} | A C X} < max{d(z,y),d(y, 2)}

since d4 sa;tisﬁes the ultrametric inequality for all A C X.
(2) Comparison d < d: For each A C X, we have dy < d, thus:

d(z,y) = sup{da(z,y) | A C X} < d(z,y).
(3) Greatest ultrapseudometric not exceeding d: Suppose there exists another ultrapseu-
dometric d’ on X such that d < d and d > d. Then, for any A C X, ds < d'; hence:
d=sup{dy |AC X} <d.

Therefore, d(z,y) = sup{da(z,y) | A C X} is the greatest ultrapseudometric on X not exceeding
d. U

We will discuss efficient algorithms for calculation of d for a given d on a finite set X.
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Let K be an arbitrary field of characteristic zero. Denote by A := K[zy,...,z,] the polynomial
ring, and by R := K(xy,...,x,) the field of rational functions in n variables, respectively. A K-
linear map D : A — A is called a K-derivation on A if D(fg) = D(f)g + fD(g) for any f,g € A.
The vector space W,,(K) (over K) of all K-derivation is a Lie algebra with respect to the Lie bracket
[Dy, D3| = D1 Dy — Dy Dy, Dy, Dy € W, (K). Recall that every element D € W, (K) can be uniquely
written in the form

0 0
D=fi—+ -+ foz—,[icA
h 0y ot Oxy, 4
The latter means that W, (K) is a free module of rank n over A with the free generators 8%1’ cee %

(see, for example [3], [4]).

Every element D from W, (K) acts naturally on polynomials from A and on W, (K) itself (by
multiplication). Recall that a polynomial f € A is a Darboux polynomial for a derivation D €
W, (K) if D(f) = Af for some A € A, the polynomial X is called a cofactor for D. One can consider
the Darboux polynomials as “eigenvectors” for the derivation D with polynomial "eigenvalues”.
These (non-constant) polynomials (if they do exist) play significant role in theory of differential
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equations because for a derivation D = flaixl +- fna% one can consider an autonomous system
of differential equations of the form

dy
dt

dz,

E = fn(l'l,...,.’lfn)

:f1($1,...,xn),...,

and Darboux polynomials for D are very useful for searching solutions of this system (see, for
example, [1], [2]).

We study normalizers of polynomials and derivations under the action of W,,(K) on A and on
itself (by multiplication) respectively. For any f € A one can consider the "normalizer” N(f) in
W, (K) of the form

N(f)=A{T e W,(K) | T(f) = Af for some A € A},

i.e. N(f) is the set of all the derivations for which f is a Darboux polynomial. This normalizer is
a subalgebra of the Lie algebra W, (K) and it acts on the principal ideal (f) = Af of the ring A.

The restriction N(f) of the Lie algebra N(f) on Af is characterized in the next statement.

Theorem 1. The Lie algebra N(f) is isomorphic to a subalgebra of the semidirect sum W, (K) £ A.
Analogously for any D € W,,(K), one can consider the normalizer of D in W,,(K) of the form

N(D)=A{T € W,,(K) | [T, D]. = AD for some A\ € A}

(N(D) is obviously the usual normalizer of the subalgebra AD in the Lie algebra W,(K)). An
analogous characterization of N(D) is obtained.

Further, we consider more detailed the Lie algebra W)(K) and denote for convenience A =
Klz,y]. Let f € A, f # 0. The polynomial f defines a derivation D; € W5(K) by the rule:
D¢(h) = det J(f,h) for any h € Klz,y| (here J(f,h) is the Jacobi matrix for f and h). The
derivation Dy is called the Jacobian derivation associated with the polynomial f. Note that all
the Jacobian derivations form a subalgebra of W, (K) which coincides with the subalgebra sas(K)
consisting of all divergence-free derivations (see, for example [5]). If for some derivation 7" € W5(K)
there exists a Jordan chain consisting of polynomials

T(fi)=Ar+ fo, T(fr1) = M1+ fo, T(fx) = Mo
for some A € K, k> 1 then we prove the next statement

Theorem 2. Let T € W5(K) acts on polynomials f1,... fi by the rule
T(fi) = 1+ for o T(fem1) = Mer + fr, T(fe) = M
for some A € K, k > 1. Then the equalities hold:

[Ta Df1] - (>‘ - diUT)Dfl + szv [Ta Df2] - ()‘ - di’UT)sz + Df3> ceey

[T, ka] = ()\ - diUT)ka.
The proof of this result is based on the next statement which is of independent interest.

Proposition 3. Let T € Wy(K), f € K[z,y| and T(f) = g for some polynomial g € K|z, y|]. Then
[T, Dy] = (—divT)Dy + D,. And conversely, if [T, Dy| = (—divT)Ds + D, for some g € A, then
T(f) =g+ c for some c € K.
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We consider a new type of mappings in metric spaces so-called mappings contracting total
pairwise distance on n points, see [1]. It is shown that such mappings are continuous. A theorem
on the existence of periodic points for such mappings is proved and the classical Banach fixed-
point theorem is obtained like a simple corollary as well as the fixed point theorem for mappings
contracting perimeters of triangles.

Everywhere below by |X| we denote the cardinality of the set X. Let (X, d) be a metric space,
| X| > 2, and let xy, 9, ..., x, € X, n > 2. Denote by

S(x1, %2, ..y &) = Z d(z;, ;)

1<i<j<n

the sum of all pairwise distances between the points from the set {x1,xs,...,z,}, which we call
total pairwise distance.

Definition 1. Let.m > 2 and let (X,d) be a metric space with |X| > n. We shall say that
T: X — X is a_mapping contracting total pairwise distance on n points if there exists a € [0,1)
such that the inequality

S(Txy, Ty, ..., Tr,) < aS(x1,T2,...,%,) (1)
holds for all n pairwise distinet points xq,xs,..., 7, € X.
Note that the requirement for xi,zs,...,2, € X to be pairwise distinct is essential, which is

confirmed by the following proposition.

Proposition 2. Suppose that in Definition 1 inequality (1) holds for any n points x1, o, ..., x, € X
with {&y, 2, ...z} = k, where 2 < k <n—1. Then T is a mapping contracting total pairwise
distance on k- points.

Proposition 3. Mapping contracting total pairwise distance on m points, m > 2, is a mapping
contracting total pairwise distance on n points for all n > m.

Proposition 4. Mappings contracting total pairwise distance on n points are continuous.
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Let T be a mapping on the metric space X. A point x € X is called a periodic point of period
n if T"(z) = x. The least positive integer n for which T"(z) = x is called the prime period of x.
Note that a fixed point is a point of prime period 1.

Theorem 5. Let n > 2, (X,d) be a complete metric space with |X| > n and let T: X — X be
a mapping contracting total pairwise distance on n points in X. Then T has a periodic point of
prime period k, k € {1,...,n — 1}. The number of periodic points is at most n — 1.

Let (X, d) be a metric space. Then a mapping T: X — X is called a contraction mapping on X
if there exists a € [0,1) such that

d(Tx, Ty) < ad(z,y) (2)
for all z,y € X.

Corollary 6. (Banach fixed-point theorem) Let (X, d) be a nonempty complete metric space with
a contraction mapping T: X — X. Then T admits a unique fixed point.

The following definition was introduced in [2|. In particular, itds a partial case of Definition 1
when n = 3.

Definition 7. Let (X, d) be a metric space with |X| > 37 We shall say that 7+ X — X is a
mapping contracting perimeters of triangles on X if there exists @ € [0, 1) such that the inequality

d(Tz,Ty) +d(Ty,Tz) + d(Tz,Tz) <ald(z,y) +d(y,2) + d(z, 2))
holds for all three pairwise distinct points z,y, 2z € X.

The following statement was proved in [2,Theorem 2.4] and it is a direct consequence of Theo-
rem 5 in the case n = 3.

Corollary 8. Let (X,d), |X| > 3, be a complete metric space and let T: X — X be a mapping
contracting perimeters of triangles on X. Then T has a fized point if and only if T' does not possess
periodic points of prime period 2. The number of fized points is at most two.

Proposition 9. Suppose that under the supposition of Theorem 5 the mapping T has a fixed point
x*, which is a limit of some iteration sequence xg,x1 = Txg,xo = Tx1,... such that x; # x* for all
i=1,2,.... Then x* isthe unique fized point.

Recall that for a given metric space X, a point z € X is said to be an accumulation point of X
if every open ball centered at x contains infinitely many points of X.

Proposition 10. Let n > 2, (X,d) be a metric space, | X| > n, and let T: X — X be a map-
ping contracting total pairwise distance on n points. If x is an accumulation point of X, then
inequality (2) holds for all points y € X.

Corollary 11. Let n > 2, (X, d) be a metric space, | X| = n, and let T: X — X be a mapping
contracting total pairwise distance on n points. If all points of X are accumulation points, then T
18 a contraction mapping.
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On the semigroup of non-injective monoid endomorphisms
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Let BZ be the semigroup defined in [1] with the two-element family .% of inductive subset of w.
Without loss of generality we may assume that .# = {[0, 00), [1,00)}.

In the paper [2] we study injective endomorphisms of the semigroup Bf with the two-elements
family .% of inductive nonempty subsets of w. We describe the elements of the semigroup End.(B7 )
of all injective monoid endomorphisms of the monoid B .

This work is a continuation of [2].

Fix an arbitrary non-negative integer k. For all ¢,j € w we define transformations 7, and d; of

the semigroup Bf in the following way
(4,7,1]0,00))6, = (ki, kj, [0, 00)) and
(4,4, [1,00)) 8, = (KT 1)k (j + 1), [0, 00))
By End;(B7) we denote the semigroup of all non-injective monoid endomorphisms of the
monoid B for the family .% = {[0, c0), [1,00)}.
Theorems 1 and 2 describe the algebraic structure of the semigroup End;(B7).
Theorem 1. If F = {[0,00),[1,00)}, then for any non-injective monoid endomorphism e of the
monoid B, only one of the following conditions holds:
(1) e is the annihilating endomorphism, i.e., ¢ = vy = do;
(2) e =y, for some positive integer k;
(3) ¢ = Oy for some positive integer k.

Theorem 2. Let .# = {[0,00),[l,00)}. Then for all positive integers ki and ke the following
conditions hold:

(1) Vs Ve = Vhikas
(2) Y1 Ok = Vhihos
(3) 6k1’7k2 = 5k1k2 ;
(4) 5k15k2 N 5k1k2-
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Structure of gradient bifurcations on compact 2-manifolds
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Typical vector fields on compact 2-manifolds are Morse-Smale fields. Among the gradient fields
are Morse fields or Morse-Smale gradient-like fields that do not contain closed trajectories. They
satisfy three properties:

1) singular points are nondegenerate;

2) there are no saddle connections;

3) a-limit (w-limit) set of each trajectory is a singular point.

In typical one-parameter field families, one of these conditions is violated. Violation of the
first condition leads to a saddle-node bifurcation, and the second to the appearance of a saddle
connection. The third condition cannot be violated in gradient fields.

Our main purpose is to describe the global topological structure of typical one-parameter bifur-
cations of gradient vector fields in the following situations: 1) on closed surfaces in the general
situation, 2) on closed surfaces with a minimum number of singular points of the vector field, 3)
on surfaces with an edge of a small kind .

To describe a Morse-Smale vector field on a closed surface, we use a cellular structure in which
the cells are stable manifolds of singular points. Separatrices are trajectories belonging to one-
dimensional stable and unstable manifolds of singular points.

A saddle-node bifurcation can be described as a change in the vector field in which one of the
separatrices contracts to a point. If the nodeis a source, then a pair of cells is reduced in dimensions
0 and 1, and if a node is a sink, then in dimensions 1 and 2.

The saddle connrction bifurcation is described using a subgraph in the form of the letter T, in
which one of the three edges is marked.

Chord diagrams are often used to describe the structure of optimal Morse flows (Morse flows
with the smallest number of singular points on a given surface). We modify the chord diagram
to describe typical gradient bifurcations: 1) for a saddle-node bifurcation using a pair of points
on circular arcs, 2) for asaddle-node using a T-insert. In this case, all chords and edges of the
T-insert are painted in‘two colors depending on the alignment of orientations.

Theorem 1. Optimal saddle-node bifurcations have the same structure if and only if there is an
1somorphism of their chord diagrams that preserves the colors of the chords and the location of
the two selected points on the cirele. For every framed chord diagram there is a corresponding
bifurcation:

Theorem 2. Optimal saddle connection bifurcations have the same structure if and only if their
chord diagrams with a T-insert are isomorphic. For each chord diagram with a T-insert there is a
corresponding bifurcation.
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About square roots of matrices over factorial domains
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Let R be a factorial domain with identity e # 0. Notations: R, ,, and R, ,,[A] are sets of (n x m)
matrices over the domain R and the polynomial ring R[A] respectively, 0,, and I,, are the zero and
the identity n x n matrices respectively, C is the field of complex numbers, R is the field of real
numbers and Z is the ring of integers.

It is said that an n x n matrix B is a square root of the matrix A € R, if B? = A. The
computation of matrix square roots arise in a variety of application domains; including in physics,
signal processing, optimal control theory, and many others. The problem of finding square roots
from a matrix A over C or R is well studied (see [1]-[10] and references therein). Unlike square
roots of the complex numbers C, the square root of a matrix over C may not exist. For example,

. 0 1
the matrix A = [0 0
there always exists a square root over C. We note that the existence of a square root of a matrix A
over a field depends on the structure of its elementary divisors corresponding to zero eigenvalues.
The structure of square roots over a principal ideal domain of the matrix I, was written in [14].

It is easy to make sure that for nonsingular matrix A € R,,,, does not always have a square root
-1 0

2 -1

} € Cy2 has no square roots. However, for a nonsingular matrix A over R

over R. For the matrix A = { } € Zs s there is no square root over Z. However, the matrix

B = {_Zl ? over the ring of Gaussian integer Z[i] is the square root of A. In this report we give

conditions under which for a matrix A € R, ,, there exists a square root over R.

Let R be a factorial domain. For the matrix A € R,,,, there exists a square root over R if and
only if the matrix equation X2 = A is solvable over R. This equation is solvable if and only if the
polynomial matrix A(\) = I,A\*— A admits the representation in the form A(\) = (I,A—B)(I,A\+B),
where B € R, ,,. From the last equality we have

det: A(\) = a(A) = b(A)b(N), (1)

where b(A),b(\) € R[A] — are monic polynomials of degree n. It is evident that condition (1) is the
necessary condition for the existence of a square root of the matrix A € R, ,,.

For the matrix A € R,,,, and the polynomial b(\) = A" + " b;A"~* € R[] (a divisor of the
characteristic polynomial of A(\) = I,A\* — A) we construct the matrices

0, A3
A% O,
2
i - OAn g‘ € Rupminyan,  My=[In Ibi Lbs ... Lbu 1 ILuba] € Ronini),
0, A
]’I’L On
_On [n_
Nb:[]nbl ]nb2+A [nbg Inbn—l Inbn On} eRn7(n+1)n.

With matrices T4, M, and N, we associate the (n x 2n) matrices My = MyT4 and Ny = N,Ty.
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In the future, we denote by da(\) the g.c.d. minors of (n — 1)-order of the matrix A(\). By
virtue of Theorem 1 in [11], we obtain the following statement.

Proposition 1. Let a matriz B € R, be a square root of the matriz A € R, ,,, i.e. B? = A and

det A(\
det(I,A — B) = b(\). If (b()), eb(—)\§>
by the characteristic polynomial b(\) for the matriz A.

,dA()\)) = e, then the square root B is uniquely determined

The proof of the following statements are based on results of papers [12] and [13].

Theorem 2. Let A € R,,,, and let b(\) = \"+ > b;\"* € R[\] be a divisor of the characteristic
polynomial of the matriz A(\) = I,A2 — A, i.e. det A(X) = b(A)b(N). If (b(N),b(A)yda(N)) =e, then
for matrix A there exists a square root B with characteristic polynomial b(\) = det(I,A = B) if and
only if the equation X My = N4 1s solvable. If the square root B exists, them matriz B 1s uniquely
determined by its characteristic polynomial b(\).

Corollary 3. Let A € R,,,, and let b(A\) = A"+ " b;A\""" € R[N be a divisor of the characteristic

polynomial of the matriz A(\) = I,A2 — A, i.e. det A(\) = b(A)b(N). If da(\) = const, then for
matrix A there exists a square root B with characteristic polynomial b(\) = det(I,A — B) if and
only if the equation X My = N4 is solvable. If the square root B exists, then matriz B is uniquely
determined by its characteristic polynomial b(\).

REFERENCES

[1] F. Andreas, B. Hashemi. Verified computation of square roots of a matrix. “SIAM J. Matriz Anal. Appl., 31(3) :
1279-1302, 2010.
[2] G.W. Cross, P. Lancaster. Square roots of Complex Matrices. Linear Multilinear Algebra, 1(4) : 289-293, 1974.
[3] P. Del Moral, A. Niclas. A Taylor expansion of the square root matrix function. J. Math. Anal. Appl., 465(1),
259-266, 2018.
[4] F.R. Gantmakher. The theory of matrices. Vol.131.. American Mathematical Soc., 2000.
[5] N.J. Higham. Functions of matrices: theory and computation. Society for Industrial and Appl. Math., Philadel-
phia, PA, USA, 2008.
[6] R. Horn, Ch. Johnson. Topics in Matriz Analysis. Cambridge University Press, 1991.
[7] C.R. Johnson, K. Okubo, R. Reams. Uniqueness of Matrix Square Roots and an Application. Linear Algebra
Appl., 323: 51-60, 2001.
[8] R.V. Kolyada, Q.M. Melnyk, V.M. Prokip. IIpo kBanparui kopeni marpuip Haj JAoBiabHuM nojem. Hayxosi
sanucku Yep. axad. dpyxapcmea, 2 i 56—64, 2019. doi: 10.32403/1998-6912-2019-2-59-56-64
[9] T.J. Moir. A study on square root control-systems. J. Comput. Appl. Math., 406 : Article 113938, 2022.
[10] J. Nichols. A new algorithm for computing the square root of a matriz. Rochester Institute of Technology.
Rochester, New York, 2016.
[11] V.M. Prokip. On the uniqueness of the unital divisor of a matrix polynomial over an arbitrary field Ukrain. Mat.
Zh., 45(6), 884-889, 1993.
[12] V.M. Prokip. On the factorization of polynomial matrices over the domain of principal ideals. Ukrain. Mat. Zh.,
48(10), 1628-1632, 1996.
[13] V.M. Prokip. Polynomial matrices over a factorial domain and their factorization with given characteristic poly-
nomials Ukrain. Mat. Zh., 50(10), 1644-1647, 1998.
[14] V.M. Prokip. Canonical form of involutory matrices over the domain of principal ideals with respect to similarity
transformations. J. Math. Sci., 258.4 : 437-445, 2021.



104

Results on boundary behavior of quasiregular and
harmonic mappings

Antti Rasila
(Department of Mathematics with Computer Science, Guangdong Technion — Israel Institute of
Technology, Shantou, 515063 Guangdong, P.R. of China)
E-mail: antti.rasila@iki.fi; antti.rasila@gtiit.edu.cn

We discuss connections between different conditions involving conformal capacity densities, di-
latations and multiplicities of the zeros, and boundary behavior of quasiconformal and related
classes of mappings. We compare Carathedédory, Koebe and Lindelof type results for these classes
of mappings to the results from classical function theory as well as those concerning quasiconformal
and quasiregular mappings in plane and n-dimensional Euclidean space.

Sufficient conditions for the existence of angular (non-tangential) limit at a boundary point can
be obtained, for example, in terms of multiplicities of zeroes of the function, which are required grow
fast enough on a given sequence of points approaching the boundary [1, 2, 3] Another condition
makes use of makes of capacity density of a non-tangential set at the boundary [4]. We also discuss
sharpness of such conditions. This presentation is based- on joint work with Daoud Bshouty,
Jiaolong Chen, Stavros Evdoridis, Jie Huang, and Matti Vuorinen.
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E-mail: federicoalberto.rossiQunipg.it

In this seminar, we describe different techniques to construct pseudo-Riemannian Einstein solv-
manifolds, expanding beyond the traditional framework reliant on nilsolitons.

In the first part, we review Einstein solvmanifolds and their construction based on nilsolitons. We
will recall the notion of pseudo-Iwasawa and the role of nice nilpotent Lie algebras. Subsequently,
we present. two different constructions of Einstein solvmanifolds that do not rely on nilsolitons
and are peculiar to the indefinite case. The first construction uses contact symplectic reduction (a
peculiar feature of pseudo-Sasaki geometry). The second, which is quite new, is based on solving
the generalized nilsoliton equation and introduces a new methodology. Both constructions yield
examples that are not isometric to any Einstein solvmanifold of pseudo-Iwasawa type.
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We will also discuss related geometric structures, such as Sasaki, pseudo-Kéhler, and para-Kahler
geometries. Time permitting, we will explore open pathways for further research in differential
geometry.

This talk is based on joint work with D. Conti and R. Segnan Dalmasso.
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Ricci flow of G2-type real flag manifolds

Julieth Saavedra
(Universidade Federal do Cearéa-Brasil)
E-mail: julieth.p.saavedra@gmail.com

A real flag manifold is a quetient space F = G/P, where G is a connected Lie group with
non-compact real simple associated Lie algebra g, and P is a parabolic subgroup of G. In [1], ee
investigate homogeneous Riemannian geometry on real flag manifolds of the split real form of gs.
We characterize the metrics that are invariant under the action of a maximal compact subgroup of
G2 and we explore the Ricci flow for the case where the isotropy representation has no equivalent
summands, employing techniques from the qualitative theory of dynamical systems. This is joint
work with Brian Grajales and Gabriel Rondon.
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Approximation by interpolation trigonometric polynomials
on the sets of infinitely differentiable functions

Anatoly Serdyuk
(Institute of Mathematics of National Academy of Sciences)
E-mail: sanatolii@ukr.net

Tetiana Stepaniuk
(Institute of Mathematics of National Academy of Sciences)
E-mail: stepaniuk.tet@gmail.com

Denote by C’ng the set of 2r—periodic functions, which for all x € R can be represented as
convolutions of the form

™

flx)=—+ %/\Ifg(x —t)p(t)dt, ap eR, ¢ € L, @ 11 (1)

—Tr

with the generating kernel W3 of the form

Z@ZJ cos t—ﬂz—ﬂ), v(k) >0, BER,

such that
2 (k)
k=1

The function ¢ in equality (1) is called as (¢, §)—derivative of the function f and is denoted by fﬁ

(p() = f5()) 1]

We study approximation properties of the sets CprLl, where we use as approximation aggregate
the classical interpolation trigonometric Lagrange polynomials, which are defined by odd number
of uniformly distributed interpolation nodes.

For arbitrary function f(z) from C by §n_1( fiz), n € N, we will denote the trigonometric
polynomial of the order n — 1, which interpolates f(x) in the nodes x,(cn_l) = 22nkf1, k € Z, namely,
such that

S 1(f7 K 1)) = f(x](fnil)), k=0, 1,...,2n — 2.

The polynomial §n_1( f; ) is unequivocally defined by mentioned interpolation conditions, is called
as Lagrange interpolation polynomial and can be represented in the explicit form via Dirichlet
kernel

n—1
sin(n — 5)t
D,_1(t) == —|—Zcoskt = 5ant
k=1
in the following way

2n—2
S ) (n—1)
Sn—l(fax om— 1 z;f n 1({L'—Cl7k )

Let T5,-1 be the space of all trigonometric polynomials of degree at most n — 1 and let E,(f)z,
be the best approximation of the function f € L; in the metric of space L, by the trigonometric
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polynomials ¢, ; of degree n — 1, i.e.,

En(f)Ll = inf Hf - tnleLy

th—1€Ton—1
_ Denote by pn(f;-) the deviation of the function f € C from its interpolation Lagrange polynomial
Sn-1(f3+)
p(fi2) = f(x) = Suca(f52).
Let

ﬂﬁz{wGC[l,oo): (1) >0,0(t = 20((b +12)/2) + (1) > 0 ¥h, &5 € [1,00), lim w(t):o} .

We consider for each function 1 € 9t the following characteristics

at) = alwit) == s, V(0 = v(t+0)
M) = AW ) = @f%

As it was shown in [2], if «(t) | 0 as t — oo, then the sets C’ng are the sets of infinitely
differentiable functions.

Our aim is to establish the asymptotically best possible interpolation analogues of the Lebesgue
type inequalities for the functions f from the sets C’ng, B € R, where the upper estimates of the

quantities |p,(f;x)|, z € R, are expressed via the best approximations F,,( fg) Ly-
The following theorem takes place.

Theorem 1. Let ¢ € M and characteristics a(t) and X(t) satisfy the conditions
aft) 10, t— oo,
A(t) T o0y t — 0.
Then, for arbitrary function [ € C’ng, B € R, in every point x € R for all n € N such that

Y

o |

a(n) <

the following inequality takes place

2 2n -1
plf@)] < = |sin =2

sin T

SN (14 da0) + 57 ) Bal

Moreover for arbitrary function f € C’g’Ll one can find the function F(-) = F(f;n;x,-) such
that En(.752f)L1 = En(j‘“g’)L1 and the following equality takes place

2

- 2n—1

&
A(n)

sin

T

B)A(n) (1 T aln) + ) B,

where =4(1+2m) <& < §(1+7), —(1+2m) <& < 2(1 + 7).

The first author was partially supported by the Grant H2020-MSCA-RISE-2019, project number
873071 (SOMPATY: Spectral Optimization: From Mathematics to Physics and Advanced Tech-
nology), by the Volkswagen Stifftung project “From Modelling and Analysis to Approximation‘
and by the grant from the Simons Foundation (1290607).
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Fundamental solution of non-Archimedean
pseudo-differential equation of p-adic argument

Mariia Serdiuk
(Institute of Mathematics of the National Academy of Sciences of Ukraine)
E-mail: mariia.v.serdiuk@gmail.com

The Vladimirov-Taibleson pseudo-differential operator D® plays a role of a differential operator
in the p-adic analysis (see [1, 3]). The analogue of the wave equation for radial functions in ¢ on
non-Archimedean spaces

Diu—Dy"u=0 (1)

was studied in [2].
In present work the fundamental solution of a more general Cauchy problem for the functions
of two p-adic variables, radial in ¢, was found. The main result is stated in Theorem 2. Theorem 3
proves the uniqueness of the solution in the Lizorkin space of locally constant functions @(QZ)

and Theorem 4 gives an estimate of the norm of the solution in L!-space.
Let 0 < a <1, 8> 0. Consider the eigenvalue problem

D% =)u, N\=p"N NeZ, (2)

where u is not identically zero.
We also suppose that
S = Ka for some K € N. (3)

Proposition 1. If the condition (3) holds, the equation (2) has the set of solutions in ®(Q,) of
the following form for N € Z:

1
Cyp™™ (1= =), |tl, <p™™;
— _ _ 4
un(t) COnptN-1, t], = p~ KN+, (4)
0, tlp > p~ N2,
Let 0 < a < 1, > 0. We consider the Cauchy problem

D, ulltlp, x) — Diu([tl, x) = 0, (t,2) € Q x Q}, (5)

u(0,2) = uo(e), v € Q. ©)
where u = u(|t|,, z) is a radial function with respect to t, n > 1.

Theorem 2. Let 0 < a < 1, § > 0 such that the condition (3) holds. Suppose that the function
ug is in ®(Q,)". Then the Cauchy problem (5)-(6) has a solution u = u(|t|,, x), radial in t, that
belongs to the space ®(Qy) for each x € Q,, and belongs to ®(Q}) for each t € Q.

If the condition (3) does not hold, then the equation (5) has only a zero solution u(t,x) = 0,

t,r € QF x Q.
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The solution built in the proof of Theorem 2 has the following form
ultly, #) = (Fela@) ([t @) = (Fe5ub) * o) ([t ), (t,7) € @y x @, (7)
We consider the problem (5)-(6) in the class of generalized functions, radial in ¢.
Denote by ®'(Q;7, '(Qy)) the set of distributions over the test function space ®(Q}), with values
in ®(Qy).
Theorem 3. Let I' € ®'(Q,®'(Q})) be a generalised solution of the equation (5), that is

<<F’ D?(p1>,(p2> = <<Fv Lp1>,D5902>,
for any o1 € ®(Q)), w2 € Q. If F is radial in t, then F' € D(Q,;,®(Qp)). If, in addition,
F(0,z) =0, then F(t,z) =0.

It follows from Theorem 3 that the solutions of the Cauchy problems constructed in Theorem 2
are unique in the class of radial in ¢, bounded locally constant functions.

Theorem 4. Suppose that the conditions of Theorem 2 hold. Then the solution of the problem
(5)-(6), defined in (7), satisfies the following estimate in L*(Qr) in variable x

lultlp: Mzap) < P uolle: g (8)

2
where v > ? 1S a positive constant.
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On the semigroup of injective monoid endomorphisms of a
some extension of the bicyclic semigroup

Marko Serivka
(Ivan Franko National University of Lviv, Universytetska 1, Lviv, 79000, Ukraine)
E-mail: marko.serivka@lnu.edu.ua

Oleg Gutik
(Ivan Franko National University of Lviv, Universytetska 1, Lviv, 79000, Ukraine)
E-mail: oleg.gutik@lnu.edu.ua

In this paper we shall follow the semigroup terminology of [5].

By w we denote the set of all non-negative integers.

Let Z(w) be the family of all subsets of w. For any F' € #(w) and any integer n we put
n+F={n+k: ke F}if F# @and n+ @ = @. A subfamily .# C #(w) is called w-closed if
Fin(=n+ F,) € .Z for all n € w and Fy, I € .Z. For any a € w we denote [a) = {r € w: x > a}.

On the set' B, = w x w we define the semigroup operation “” in the following way

oy =g e, ga), i g iy
(62,91) - iz, J2) = { (iry j1 — da + Ja), if J1 = do.

It is well known that the bicyclic monoid is isomorphic to the semigroup B,,.
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The following construction is introduced in [1].
Let .# be an w-closed subfamily of & (w). On the set B, x .# we define the semigroup operation
in the following way

(i17j17F1> ’ (i27j27F2) = {

(132

(11_1]14_@27.]27(]1_Z2+F1)HF2)7 1fj1 <ZQ,
(11,51 — i+ Jo, F1 N (12 — 1 + 1)), if ji > da.
In [1] is proved that if the family .# C Z?(w) is w-closed then (B, x .#, -) is a semigroup. Moreover,

if an w-closed family .# C Z?(w) contains the empty set @ then the set I = {(i,7,9):4,j € w} is
an ideal of the semigroup (B, X %, -). For any w-closed family .# C % (w) the following semigroup

B7 _ (B, x F,)/I, it se.F;

w (B, X Z,-), iftog ¢ 7

is defined in [1].

In the paper [2| injective endomorphisms of the semigroup BiZ with the two-elements family
Z# of inductive nonempty subsets of w are studies. Here the authors deseribe the elements of the
semigroup End.(B) of all injective monoid endomorphisms of the monoid B7, and show that

w )

Green’s relations #, £, 7, ¥, and ¢ on End!(B7) coincide with the relation of equality. In

[3, 4] the semigroup End'(B7) of all monoid endomorphisms of the monoid B is studied.
Example 1. Let %3 = {[0),[1),[2)}. Fix an arbitrary positive integer k. We define the transfor-
mation oy of the semigroup B’fs in the following way

- ki, kj, [p)), if p € {0, 1};
(W[p))o‘['ﬂ:{ Ek(z’jl[f)—)1,k(j+1)—1,[2)), ifg:g, }

for all 7,5 € w. It is obvious that ap, is an injective transformation of the monoid Bf)] .

Lemma 2. For an arbitrary positive integer k the transformation oy, : Bf P Bfg 18 an injective
monoid endomorphism of the semigroup szg.

Theorem 3. Let 73 = {[0),[1),[2)} and ¢ be an injective monoid endomorphism of the semigroup
B’fg. Then € = ay for some positive integer k.

By (N, ) we denotethe multiplicative semigroup of positive integers.

Theorem 4. Let: > = {[0),[1),[2)}. Then the monoid End.(BZ’) of all injective endomorphisms
of the semigroup B is isomorphic to (N, -).
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On some nonlocal critical equations

Raffaella Servadei
(Universita’ degli Studi di Urbino Carlo Bo)
E-mail: raffaella.servadei@uniurb.it

Aim of this talk will be to discuss some existence and multiplicity results for critical nonlocal
fractional problems got via variational and topological methods. In particular we will present
recent contributions got in the joint paper [1].

Fractional and nonlocal operators appear in various models coming from many different fields.
This is one of the reason why, recently, nonlocal fractional problems attracted the interest of the
entire scientific community and not just the mathematical one.
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On boundary estimates of mappings, acting onto domains
with a locally quasiconformal boundary

Sevost’yanov Evgeny
(Zhytomyr Ivan Franko State University; Institute of Applied Mathematics and Mechanics,
Slov’yans’k)
E-mail: esevostyanov2009@gmail . com

Oleksandr Dovhopiatyi
(Zhytomyr Ivan Franko State University)
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Maria Androschuk
(Zhytomyr Ivan Franko State University)
E-mail: mariaandroschuk280820030@gmail . com

The following definitions are from [1]. A path v in R™ is a continuous mapping v : A — R"
where A is an interval in R. Its locus v(A) is denoted by |y|. Given a family T" of paths v in R"
a Borel function p : R" — [0, 0] is called admissible for T, abbr. p € admT, if [ p(z)|dz| > 1 for

y

each (locally rectifiable) v € I'. The modulus of I is defined by the relation

M) := inf p" (x)dm(z) (1)
pcadm I’
]Rn
interpreted as +oo if admI' = &. Everywhere below, unless otherwise stated, the boundary and
the closure of a set are understood in the sense of the extended Euclidean space R™.
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Let @ : R" — [0, 00] be Lebesgue measurable function. We will say that f satisfies the inverse
Poletsky’s inequality if the ratio

/ Q) - o (y) dm(y) 2)
f(D)

holds for any family of (locally rectifiable) paths I" in D and for any p, € adm f(I"). Note that esti-
mates of the type (2) are well known and holds for classes of mappings (see, e.g., |2, Theorem 6.7.11]
and [3, theorem 8.5]).

Given sets E and F and a given domain D in R* = R™ U {00}, we denote by I'(E, F, D) the
family of all paths v : [0,1] — R" joining F and F in D, that is, v(0) € E, y(1) € F and ~(t) € D
for all ¢ € (0,1). In accordance with [4], a domain D in R" is called quasiextremal distance domain
(QED-domain for short) if

M(T(E,F,R")) < Ay - M(T'(E, F, D)) (3)

for some finite number Ay > 1 and all continua E and F in<D. In the extended Euclidean
space R® = R" U {oo} we use the spherical (chordal) metric h(z,y) = |m(x) —a(y)|, where 7 is a
stereographic projection of R” onto the sphere S"(1e,41,1)={a € R"™ : |2 = €u41/2| = 1/2} in
R™*! and

h(z oo):;
RN ST
. Ry (1)

\/1—|—|x| \/1+|y|

(see e.g. [1, Definition 12.1]). In what follows, given A, B C R" we set h(A, B) = 1i4nf Bh(x,y),
rTEAYE

where h is a chordal metric in (4). Consider the following definition that has been proposed by
Nakki [5], cf. [6]. The boundary of a domain D.is called locally quasiconformal if every point
g € dD has a neighborhood U, for which there exists a quasiconformal mapping ¢ of U onto the
unit ball B" C R” such that ¢(0D NU) is the intersection of the unit sphere B™ with a coordinate
hyperplane z, = 0, where ¢ = (&1,...,2,). Note that, with slight differences in the definition,
domains with such boundaries are also called collared domains.

Given ¢ > 0, domains D, D" C R™, n > 2, a nondegenerate continnum A C D’ and a Lebesgue-
measurable function @) : D’ — [0, 00] denote by S;5.40(D, D’) the family of all open discrete and
closed mappings f of the domain D onto the domain D’ satisfying the condition (2) and such that
h(f~1(A),0D) > 4. The following statement is true.

Theorem 1. Let Q € L'(D'), let D be a QED-domain, and D' is a bounded domain with a locally
quasiconformal boundary.” Then any mapping f € S5 4.0(D, D’) which satisfies the relation (2) has

a continuous extension f : D — D', while, for each point xy € 0D there will be U neighborhoods of
this point and comstants C = C'(n, A, D, D' x5) >0 and 0 < a = a(n, A, D, D', xy) < 1 such that

= = C- Q]
f(z) = F(y)|=* (5)
log (1 + oo y|>

for all z,y € U N D, where ||Q||1 is the norm of the function Q in L*(D’).

The result mentioned above is accepted for publication in [7].
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Some properties of affine ruled submanifolds

Olena Shugailo
(V. N. Karazin Kharkiv National University, Kharkiv, Ukraine)
E-mail: shugailo@karazin.ua

We consider an affine ruled submanifolds of arbitrary dimension and codimension in the classical
sense, that is, a ruled submanifolds over a curve.

Using the equiaffine theory of curves in an arbitrary affine space [1] we choose the most convenient
parameterization and transversal distribution of the affine immersion of a ruled submanifold in
general case, i. e., of arbitrary dimension and codimension.

All affine characteristics (induced connection, transversal connection, affine fundamental forms,
Weingarten operators, curvature tensor) of such an affine immersion are found depending on the
characteristics of the base curve and rectilinear generators.

We find the conditions for a base curve and directions of rectilinear generators so that the
induced connection is flat." These conditions coincide with the already known properties of affine
immersions with flat connection ([2]-[6]). Also we find the conditions for a base curve and directions
of rectilinear generators so that the chosen transversal distribution is equiaffine.

Acknowledgment. The author acknowledge the partial support from the Akhiezer Foundation.
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On some vanishing theorems of global character about
geodesic mappings of complete Riemannian spaces

Helena Sinyukova
(State institution «South Ukrainian National Pedagogical University named after K. D.
Ushinsky» )
E-mail: olachepok@ukr.net

Generalization of Bocher technique (see for example, [1]) allows to broad to the complete Rie-
mannian spaces a lot of theorems of geodesic unique definiteness on the whole proved previousely
only for the compact ones (see for example, [2]). It seems to be interesting to indicate some of
them.

Theorem 1. Complete Ricci semi-symmetric Riemannian C"-spaces V" (n > 2, r > 4) with
positively definite metric form, Finstein tensor of which doesn’t equal to zero, don’t admit non-
trivial (different from the affine) geodesic mappings on the whole.

Theorem 2. Complete Riemannian C"-spaces V" (n > 2, r.> 4) with positively definite metric
form and non-negative scalar curvature (R > 0) don’t admit mon-trivial (different from the affine)
geodesic mappings on the whole.

Theorem 3. Complete Ricci semi-symmetric Riemannian C"-spaces V" (n > 2, r > 4) with
positively definite Ricci form, Finstein tensor of which deesn’t equal to zero, scalar curvature of
which preserves its sign (R > 0 or R < 0 everywhere in V™) don’t admit non-trivial (different from
the affine) geodesic mappings on the whole.

Theorem 4. Complete Ricci semi-symmetric Riemannian C"-spaces V" (n > 2, r > 4) with
positively definite Einstein form don’t admit non-trivial (different from the affine) geodesic mappings
on the whole.

Examples of Riemannian spaces of the considered types are known.
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Subwreath product as structure of normal subgroups of
permutational wreath products
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In this research we continue our previous investigation of wreath product normal structure [1, 2]
Normal subgroups and there structures for finite and infinite iterated wreath products S, ?...0S,,,,
n,m € N and A, S, are founded.

Let k(m) be the number of cycles in decomposition of permutation m of degree n.
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The number n — k(w) is denoted by dec(w), and is called a decrement [6] of permutation .
As well known [6] the minimal number of transpositions in factorization of a permutation 7 on
transpositions is happen to be equal to dec(m). We set dec(e) = 0. If 1, 5 € S, then the following
formula holds:

dec(my - m9) = dec(my) + dec(my) — 2m,m € N, (1)

Definition 1. The permutational subwreath product G 1H is the semi-direct product G x HX,
where G acts on the subdirect product [4] HX by the respective permutations of the subdirect
factors. Provided the specification of H¥ is established separately.

Definition 2. The set of elements from S, ! S,,n > 3 which presented by the tableaux of form:
lelo, [a1,as, ..., ay];, satisfying the following condition

idec([ai]l) =2k, ke N, (2)

be called set of type AV, Note that condition (2) uniquely identifies subdirect product.

The set AL is normal subgroup having normal rank 2 [7] in S, ! S,, and be denoted by FE WA,
We spread this definition on 3-multiple wreath product by recursive way.

Definition 3. The subgroup E ALY be denoted by A2,
Furthermore we prove that E{ A <15,15,0S,,. The order of £ A? is (n!)3" : 23, The subgroup

ZS) has normal rank 2 in 5,1 5,.

Definition 4. The set of elements from S, ¢S, ! S, n = 3 presented by the tables [3] form:
lel1, [e e, ... €]a,[a1,as,. .., ay,]a, satisfying the following condition

idec([ai]g) = 2]{?, ke N, (3)

n2

be denoted by 2(2) Note that condition (3) uniquely identifies subdirect product in H Sy, as base
i=1
of subwreath product, the similar subdirect product describing commutator of wreath product was

investigated by usdn [8] in research of pronormality it appears in [9].
Proposition 5. The subgroup fﬁl) <15,1S,, as well as 1%2) <1S5,05,15,,. Furthermore 2{53) < AVE?

Definition 6. A subgroup in S, V'S, is called T, if it consists of:

(1) elements of E VA, ,
(2) elements with the tableau |3| presentation [e]1, [m1,..., ]2, that m; € S, \ A,.

One easy can wvalidates a correctness of this definition, i.e. that the set of such elements form a
subgroup and its normality. This subgroup has structure

T2 (An X Ay X - X A) 1 Cy= S, BS,...BS,,

n n

where the operation B of a subdirect product is subject of item 1) and 2)

Remark 7. The order of T is (22)1

Definition 8. The unique minimal normal subgroup is called the monolith.



116

Theorem 9. The monolith of S, 1.S,, is el A,,.

Theorem 10. Proper normal subgroups in S, ! S,,, where n,m > 3 with n,m # 4 are of the
following types:

(1) subgroups that act only on the second level are
E WAy, Ty B2 Sy B A,

(2) subgroups that act on both levels are A, 22;1;, S, 22;1\,;, A0S,
wherein the subgroup S, 22;1\;” ~ S, K (§m XS,XS, .. K S@) endowed with the subdirect product

n

satisfying to condition (2).

Theorem 11. The full list of normal subgroups of W = 5,015,015, consists of 50 normal subgroups.
These subgroups are the following:

1 Type Tyys contains: ENA, WH, T,V H, where H € {A,, Ay, S,}. There are 6 subgroups.

2 The second type of subgroups is subclass in Tyz with new base of wreath product
subgroup flnz : EQ S, szlnz, EUN;(S,1S,). Therefore this class has 12 new subgroups.
Thus, the total number of normal subgroups in Type Tyeg is 18.

~— =6
3 Type Toos: A(()?))(nz); Tz, Ty,

4 Type Tia3: N;(S, 0Sn) LSn, Ni(Sn S A and N;(SptSn) A,2. Thus, there are 29 new
normal subgroups in Tio3, taking into account a repetition.

Remark 12. Note that £{ Ay ~ B (E 2A,) contains in the family £ N;(S,1S,).

We denote by AutyX* the group of all finite automorphism of spherically homogeneous rooted
tree.

Theorem 13. Let H < Aut; X™ having depth k, then H contains k-th level subgroup P having all
even vertex permutations py; € A, on X* and trivial permutations in vertices of rest of levels.
Furthermore P is normalan Aut; X* provided k is last active level of Aut;X*.

REFERENCES

[1] Skuratovskii R.V.Invariant structures of wreath product of symmetric groups. Naukovuy Chasopus of Science
hour writing of the National Pedagogical University named after M.P. Dragomanova. (in ukrainian) Series 01.
Physics and Mathematics. — 2009. Issue 10. — P. 163 — 178.

[2] Ruslan Skuratovskii. Normal subgroups of iterated wreath products of symmetric groups and alternating with
symmetric groups. 2022, Source: [https://doi.org/10.48550/arXiv.2108.03752]

[3] Kaloujnine L. A. Sur les p-group de Sylow. // C. R. Acad. Sci. Paris. — 1945. — 221. — P.222-224.

[4] Birkhoff, Garrett (1944),”Subdirect unions in universal algebra”; Bulletin of the American Mathematical Society,
50 (10): 764-768, doi:10.1090/S0002-9904-1944-08235-9, ISSN 0002-9904, MR, 0010542.

[6] Drozd Y.A., Skuratovskii R.V. Generators and relations for wreath products. Ukr. math. journ. - 60, n. 7. - 2008.-
S. pp. 997-999.

[6] Sachkov, V.N., Combinatorial methods in discrete Mathematics. Encyclopedia of mathematics and its applications
55. Cambridge Press. 2008. P. 305.

[7] Dashkova O. Yu. On groups of finite normal rank. Algebra Discrete Math. 2002. 1, No. 1. P. 64-68.

[8] Ruslan V..Skuratovskii. On commutator subgroups of Sylow 2-subgroups of the alternating group, and the
commutator width in wreath products. / Ruslan V. Skuratovskii // European Journal of Mathematics.
—2021. — vol. 7, no. 1. — P. 353-373.

[9] W. Guo, N. V. Maslova, D. O. Revin, “On the pronormality of subgroups of odd index in some extensions
of finite groups”, Sibirsk. Mat. Zh., 59:4 (2018), 773-790.



117

Uniform approximation by Fourier sums in Weyl-Nagy
classes WWj,

Anatolii Serdyuk
(Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine)
E-mail: serdyuk@imath.kiev.ua

Thor Sokolenko
(Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine)
FE-mail: sokol@imath.kiev.ua

We investigate asymptotic behavior of the least upper bounds of approximations in the uniform
metric by Fourier sums S, _1(f;-) of classes W3, of 2m-periodic Weyl-Nagy differentiable functions
f.

Let L,, 1 < p < oo, and C be the spaces of 2r—periodic functions with standard norms || - ||z,
and || - ||¢, respectively.

Further, let W; , r >0, § € R, 1 < p < o0, be classes of 27-periodic functions f that can be
represented in the form of convolution

s

1
f(ZE) = % + % / QO(I — t)B,«ﬂ(t)dt, ag € R, (1)
with Weyl-Nagy kernels of the form B, 3(t) = Z k" cos (kt — %’r) , of function ¢ satisfying the

condition ¢ € B = {p € L, : [¢|l, <1, f t)dt = 0}.

The classes W , are called the Weyl- Nagy classes and the function ¢ in representation (1) is
called the (r, 3)-derivative of the function f in the Weyl-Nagy sense and denoted by f3.

Theorem 1. Let r > 2, [ &R, and n € N. The following estimate is true

EuWia)e =05 176 = SumslFille = o (s + O ) 2

fews

where O(1) is a quantity uniformly bounded in all analyzed parameters,
1t LQ 2<r<n+l,
Orn =1\ e r/m n+1<r<n?
e T/m r > n?.
Remark 2. Estimate (2) was published for » > \/n + 1 in [1, 2] (2019, 2022).

This work was partially supported by the Grant H2020-MSCA-RISE-2019, project number
873071 (SOMPATY: Spectral Optimization: From Mathematics to Physics and Advanced Tech-
nology), by the VolkswagenStiftung project "From Modeling and Analysis to Approximation” and
by the grant from the Simons Foundation (1290607, AS) and (1290607, IS)”.
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On the asymptotic behavior of solutions to nonlinear
Beltrami equation

Igor Petkov
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Let C be the complex plane. In the complex notation f'=w + v and z = x + iy, the Beltrami
equation in a domain G C C has the form

fE = ,U(Z)fz; (1)

where p: G — C is a measurable function and

fo= g +if) /" and U = D (fa=if)

are formal derivatives of f in Z and z, while f, and f, are partial derivatives of f in the variables
x and y, respectively.
We consider the following equation written in the polar coordinates (r, )

fo = U(Tew) fl™ fr- (2)
We rewrite the equation (2) in the Cartesian form:

oz l4do(z) |z e f + 2T
e TG o oS 42 T ¥

Assuming m = 0, the equation (3) also becomes the standard linear Beltrami equation (1) with

u(z) = §1+Z:J<Z)/|Z| .

z 1—io(2)/|z]|
Choosing m = 0 and ¢ = i|z|in (3), we arrive at the classical Cauchy-Riemann system. Later on
we assume that m > 0.

A mapping f: G — C is called regular at a point zy € G, if f has the total differential at this
point and its Jacobian J; = |f.|? — | f5|* does not vanish. A homeomorphism f of Sobolev class
T/Vkl);l is called reqular, if J; > 0 a.e. By a regular solution of the equation (3) we call a regular
homeomorphism f: G — C, which satisfies (3) a.e. in G.

Later on, we use the following notations:

B,={z€C:|z|<r}, B={z€C:|z| <1}

and
v={z€C:|z| =r}.
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Theorem 1. Let f B — C be a regular homeomorphic solution of the equation (3) which belongs
to Sobolev class W-?, and normalized by f(0) =0. Assume that C' > 0 and the coefficient o : B — C

loc 7
m—+2
/- O e

satisfies the following condition
Imo(z))™

Yr

for a.a. r € (0,1). Then

lim sup M > (2—7T>m

z—0 |Z| C

Corollary 2. Let f : B — C be a regular homeomorphic solution of the equation (3) which belongs

to Sobolev class W’li(, , and normalized by f(0) = 0 and K > 0. Assume that the coefficient o : B — C
satisfies the following condition

oI
(Im ()"

for a.a. z € B. Then

£ o

lim sup
z—0 |Z|
Theorem 3. Let f B — C be a regular homeomorphic solution of the equation (3) which belongs
to Sobolev class W2, and normalized by f(0) = 0. Suppose that

loc ’

|m—|—2
oo = lim mf— dxdy.
e=0 e / |2] ( Ima N

1) If o¢ € (0,00), then
/(2| —%

ZCpop ™

lim sup ,
z—0 |Z‘

where ¢, is a positive constant depending on the parameter m.
2) If o9 =0, then

|/ (=)l

lim sup =00
z—0 ’Z|
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On the type of Grassman image of a time-like minimal
surface in Minkowski space

Maryna Hrechnieva
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In the Minkowski space ' R, there is a coordinate system in which the metric of the space has the
form ds? = —dx? +dx3+dxs +dz3. Let the equation r = r(u', u?) defines two-dimensional time-like
surface F2, the vectors {1, &, are its space-like normal vectors, and g5, ij are the coefficients of the
first and second quadratic forms, respectively. The number H* = ¢ ij is called the mean curvature
of the surface for the direction of the normal vector &, and the vector H = (H'& + H?&)/2 is
the mean curvature vector. The time-like surfaces of Minkowski space with zero mean curvature
vector will be called minimal surfaces, as in Euclidean space. We plan to apply the properties of the
Grassman image of the minimal time-like surface to study its differential geometry, in particular,
the question of the existence of such surfaces with some additional conditions‘on the Grassman
image.

We can choose such a parameterization on the time-like surface £ in which ds? = 2g,sduldu®. Tt
follows from the minimal surface condition that LY, = 0. Then the system of Gauss-Codazzi-Ricci
equations takes the form

( Ris12 = L%1L%2 X L%lL%%
(L11)he = =iz,
(L3))h2 = pazj2 Ly, (1)
(L) = —p12/1 L3,
(L3o)he = pa2/1Las,

\ (1121)2 — (pazg2)in + (L1, L3, — L%L%Q)g% =0,

where f119/; are torsion coefficients. These equations coincide with the equations in the work [1].
The Grassman image of two-dimensional surfaces is their important geometric characteristic.
The work [2] shows that the non-degenmerated Grassman image I'? of the surface of Minkowski
space is two-dimensional surface p = p(u',u?), which belongs to the four-dimensional Grassman
submanifold PG(2,4) of six-dimensional pseudo-Euclidean space ?Rg of index 3. Tangent vectors
to I'? can be written in the form p,, = — L} ¢"[r;, &) — LE.gM &, m], 1 = 1, 2.
This paper shows that the metric of the Grassman image of the minimal time-like surface of

the space 'R, with respect to the basis e; = :"/12;%, €y = %, e3 = &, e4 = & has the form

LY L+ L3, 12 . . L .
ds® = %duldﬁ7 and therefore the Grassman image of the minimal time-like surface is
also the time-like surface.
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Open billiards, chaos and limit theorems

Leonid Bunimovich
(Georgia Institute of Technology)
E-mail: 1leonid.bunimovich@math.gatech.edu

Yaofeng Su
(Georgia Institute of Technology)
E-mail: yaofeng.su@math.gatech.edu

Abstract: Chaos is one of the important subjects in the theory of dynamical systems. In 1958,
Kolmogorov made a discovery regarding the statistical properties exhibited by certain chaotic
dynamical systems.

I will talk about the relationship between chaotic billiard systems and their statistical properties.
More precisely, I will show that

(1) Poisson limit theorems can characterize chaotic behaviors of billiard systems
(2) The convergence rates of Poisson limit theorems and Zeta-Functions have certain connec-
tions.
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On the inverse Poletsky inequality with a cotangent
dilatation

Sevost’yanov Evgeny
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The following definitions are from [1]. A path v in R™ is a continuous mapping v : A — R"
where A is an interval in R. Its locus 7y(A) is denoted by |v|. Given a family I of paths v in R", a
Borel function p: R™ — [0, 00| is called admissible for I', abbr. p € admT, if

[ pwldal =1

Y

for each (locally rectifiable) v € T'. Given p > 1, the p-modulus of T' is defined by the relation

M,(I') := inf /p”(x)dm(x) (1)

pcadmT’
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interpreted as +oo if admI' = @.

We will need the following definitions related to paths, their lengths and mappings defined
on them, see [2, section §8]. If v : A — R" is a locally rectifiable path, then there is the unique
nondecreasing length function [, of A onto a length interval A, C R with a prescribed normalization
l,(to) =0 € Ay, to € A, such that [,(t) is equal to the length of the subpath ~|y, 4 of v if t > t,
t € A, and [,(t) is equal to minus length of 7|y, if t < to, t € A. Let g : |y| = R™ be a continuous
mapping, and suppose that the path 7 = g o v is also locally rectifiable. Then there is a unique
non-decreasing function L., : A, — Az such that L., (l,(t)) = l5(t) for all t € A. A'path v in D
is called here a (whole) lifting of a path ¥ in R” under f: D — R" if ¥ = f o~.

Further, we use the notation I for the segment [a, b]. Given a closed rectifiable path v : I — R™,
we define a length function [, (¢) by the rule I, (t) = S (v, [a,t]) , where S(, [a, t]) is the length of the
path ¥|jq. Let a : [a,b] = R" be a rectifiable path in R", n > 2, and [(«) be'its length. A normal
representation o of « is defined as a path a° : [0,1(a)] — R™ which can be got from « by change
of parameter such that a(t) = a® (S (a, [a,])) for every t € [0,(«)]s'Such a normal representation
always exists and is unique (see [1, Theorem 2.4]).

The following definition may be found in [1, 2.5, item 2, section I|. Let « : [a,b] — R™ be a closed
rectifiable path in R”, n > 2. A mapping f : |a] — R" is said to be absolutely continuous on «, if
the function foa' is absolutely continuous on [0, [(«)], where [(a) denotes the length of v, and o
is its normal representation.

In the following, we say that some property P holds for p-almost all paths in the domain D
if this property may be violated only for some family I'; of paths in" D such that M,(I'g) = 0,
where M,(I'y) denotes the p-module of the family of paths I'y defined in (1). We will say that the
mapping f : D — R" has the ACP-property with respect to p-modulus, write f € ACP,, if the
length function L, ; is absolutely continuous on all closed intervals A, for p-almost all paths v in
D.

Let X and Y be two spaces with measures u and u’, respectively. We say that a mapping
f: X — Y has N-property of Luzin, if from the condition u(FE) = 0 it follows that p'(f(E)) = 0.
Similarly, we say that a mapping f : X — Y has N ~!'-Luzin property, if from the condition
p'(E) =0 it follows that u(f ~*(F))=0.

Let x € D be a differentiability point of f. We set

onle i @R g £ (@)
(7 s, min S A @) = max S

J(z, f) =det f'(x).

Given sets £ and F and a given domain D in R® = R™ U {00}, we denote by I'(E, F, D) the
family of all paths « : [0,1] = R" joining F and F in D, that is, v(0) € E, (1) € F and ~(t) € D
for all t € (0,1). Everywhere below, unless otherwise stated, the boundary and the closure of a set
are understood in the sense of the extended Euclidean space R™. Let o € D, zy # 00,

B(zg,7) ={z € R" : |z —x¢| <r}, B"=B(0,1),
S(xo,r) ={x € R" : |z —xo| =71},S5; = S(xo,73), 1=1,2,
A= A(zo,r1,m2) ={z € R" :ry < |z — x| <12}

Let f: D — R" n>2 and let @ : R" — [0,00] be a Lebesgue measurable function such that
Qy) = 0 for y € R"\ f(D). Let A = A(yo,71,72) and I'y(yo,71,72) denotes the family of all
paths 7 : [a,b] — D such that f(v) € T'(S(vo,71), S(yo,72), A(yo, 1,72)), i.e., f(v(a)) € S(yo,r1),
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f(v(b)) € S(yo,72), and f(y(t)) € A(yo,r1,72) for any a <t < b. We say that f satisfies the inverse
Poletsky inequality at yo € f(D) with respect to p-modulus, if the relation

My (o, 1. 7) / Q) 11y — o) dm(y) 2)
holds for any 0 < 7 <19 < 19:= sup |y—yo|and any Lebesgue measurable function 7 : (r1,79) —
yef(D)

T2
0, 00] such that [n(r)dr > 1. A mapping f : D — R" is called weakly light, if, for any y € R",

1
each connected component {f ~(y)} does not contain a non-degenerate path (see, e.g., Remark 8.3
in [2]).

Theorem 1. Let p > 1, and let f: D — R" be a weakly light mapping which is differentiable a.e.
and has Luzin N- and N ~'-properties with respect to the Lebesque measure in R", besides that,
f € ACP,(D). Let yo € f(D) \ {c0}. Set

sup

p
(s | )
Kerpy(y, [) = Z .

l'efil(y) |J(x7f)l

Then f satisfies the inverse Poletsky inequality 2 at yo for Qu(y) == Kcrpyo (Y, f)-

The result mentioned above is published in [3].
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Hasse norm theorem for 3-manifolds
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Abstract:Following the analogies between knots and primes, 3-manifolds and number rings in
arithmetic topology, we show a topological analogue of the Hasse norm principle for finite cyclic
coverings of 3-manifolds, which was originally stated for finite cyclic extensions of number fields.

Theorem 1. Let M be an integral homology 3-sphere endowed with a very admissible link L. Let
f: N — M be a finite cyclic covering branched over a finite sublink Ly of L. Then,

Pre O fulIn 1) = fo(Prs1(c)).
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Lemma 2. Let M be an oriented connected closed 3-manifold endowed with a very admissible link
L. Let f: N — M be a finite covering branched over a finite link Lo C L. Let f. : Ins-1z) — Iu s
denote the homomorphism induced by f. Then, we have

il H Zlp,]) C H Zlpx].
)

JCf~1(L KccL

Proposition 3. Let M be an integer homology 3-shpere endowed with a very admissible link L
and [A] € Hy(M, L). Then there is a finite sublink L C L such that [A] € Ho(M, L). We can write
[A] = > kcr cxlSk] with cx € Z. Let Ay r([A]) = (ax)kce € Inc. Then we have the following
formula:

ekl = (D (K, K)eo)[px] (K C L)

g = K'CI\K
— > IK(K, K')ego (k] (K L\ L)
K'CL
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A new Newton-type method and connections to Schroder
theorem, Voronoi’s diagrams, Newton’s flows and the
Riemann hypothesis
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The speaker has designed, very recently [4], a new Newton-type’s method for root finding and
optimization, which can be applied in any dimensions. The method is named Backtracking New
Q-Newton’s method (BNQN).

This talk concerns the application of this method to finding roots of a meromorphic function in
1 complex variable. I will present:

- The convergence guarantee theorem when applying BNQN to finding roots of meromorphic
functions, from [5].

- The experiments from [4], which shows that usually the basins of attraction of BNQN are much
more smooth than that of Newton’s method. This is rather unexpected, given that BNQN depends
on many seemingly random factors.

- The theorem from [2| which proves rigorously that the dynamics of BNQN, for finding roots of
a polynomial of degree 2, is the same as the classical Schioder’s theorem for dynamics of Newton’s
method (except that BNQN is not chaotic on the boundary line).
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- Experiments from [1] which reveal some surprising connections between BNQN and Voronoi’s
diagrams and Newton’s flows.
- New results from [3] which connects the dynamics of BNQN and the Riemann hypothesis.
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The dispersionless Nizhnik equation (see [1] for justifying this name)

Utzy = (“mu:ry)x + (umy“yy)y (1)

is the dispersionless limit of the symmetric Nizhnik equation, which is the potential equation of
the Nizhnik system [3] in the symmetric case. The equation (1) has interesting geometric and
algebraic properties. In particular; the maximal Lie invariance (pseudo)algebra g of (1) is infinite-
dimensional and is spanned by the vector fields

D' (1) = 70, + 5120, + 571y0y — 1—187'tt(x3 +y*)0y, D° =20, + y0d, + 3ud,,
Pi(x) = X0r — 5xe2° 0, PY(p) = pdy — 501y Ou,
R*(a) = x0,, RY(B)=py0u, Z(o)= 00y,
where 7, x, p, «, [ and o run through the set of smooth functions of t. Moreover, the contact
invariance (pseudo)algebra g. of (1) coincides with the first prolongation of the algebra g.
The point- and contact-symmetry pseudogroups G and G, of (1) were efficiently constructed
in [1] by using the original version of the algebraic megaideal-based method suggested in [2]. The

basic (necessary) method condition that the pushforward ®, of elements g by any element ® of G
preserves any megaideal m of g, &,m C m, is replaced in this version by a weaker but more
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computationally efficient condition ®,(m Ns) C m for an arbitrary essential megaideal m and a
selected fixed finite-dimensional subalgebra s of g. As such s for (1), we can take s, = a d (D) or
s, = a3 (D'(1), D'(1)), where a = (Z(1), Z(t), R*(1), P*(1), P*(t), = € {z,y}).

Theorem 1. (i) The point-symmetry pseudogroup G of the dispersionless Nizhnik equation (1) is
generated by the transformations of the form

i=T@1t), #=CTz+X1), §=CT+Y°@),

OSTtt 02

- 3 3, .3 0,2 0,2 1 2 0
= C% — 8T, (x —|—y)—2Ttl/3(th: + Yy + W () + W2 (t)y + WO (¢)

and the transformation Z: t=1t, i =y, =, @ =u. Here T, X°, Y, WO W' and W? are
arbitrary smooth functions of t with Ty # 0, and C' is an arbitrary nonzero constant.

(ii) The contact-symmetry pseudogroup G. of the dispersionless Nizhmik equation (1) coinecides
with the first prolongation G(1) of the pseudogroup G.

Thus, a complete list of independent discrete point symmetry transformations of (1) is exhausted
by three commuting involutions, ¢, . and .#, which map (t,z,y,u) to (t,y,&,u), (—t, —x, —y,u)
and (t, —x, —y, —u), respectively.

The equation (1) is peculiar due to the fact that the condition ®.g C g completely defines G
and thus is not only necessary but also sufficient in this particular case. The similar claim holds
for g. and G.. This is the first and so far the only example of this kind in the literature.

In the context of the method applied, an important problem is to select certain subalgebras of g
and g..

Definition 2. We call a proper subalgebra s of a Lie algebra a of vector fields a subalgebra
defining the diffeomorphisms that stabilize a if the conditions ®,a C a and ®,s C a for local
diffeomorphisms ® in the underlying space are equivalent.

Theorem 3. The subalgebra sy of the algebra g defines the diffeomorphisms that stabilize g, whereas
the subalgebra s, and even the subalgebra 51 := 8§, +(D*(1)) does not have this property.

Corollary 4. The first prolongation of so+53 with s3 := (Z(1), Z(t), Z(t?), R*(1), R*(t), z € {z,y}),
which is a subalgebra of ge = g1y, defines the diffeomorphisms of the corresponding first-order jet
space that stabilize ge.

We also found geometric properties of the dispersionless Nizhnik equation (1) that completely
define this equation. Although the maximal Lie invariance algebra g of the equation (1) exhaus-
tively defines the point-symmetry pseudogroup G of this equation, it does not define exhaustively
the equation itself.

Lemma 5. (i) A partial differential equation of order less than or equal to three with three inde-
pendent variables is invariant with respect to the algebra g if and only if it is of the form

Uppw — U u
Utry = (Uglizg)e + (UayUyy)y + UsyUayy H (w1, w2),  wy = ———FH g 1= 22 (2)

Uzyy Uzyy
where H is an arbitrary smooth function of its arguments.
(i) An equation of the form (2) admits the conservation-law characteristic 1 and thus it is in
conserved form if and only if H is an affine function of (wi,ws), i.e., H = awy + bwy + ¢ for some
constants a, b and c, and the equation takes the form

Utzy = (Uzalay)e + (Uaylyy)y + Usy (a(umx — Uyyy) + DUagy + Cuwyy)- (3)
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(iii) An equation of the form (3) admits the conservation-law characteristic uy, or uy, if and
only if a =0=0 or a=c=0, respectively.

Theorem 6. An rth order (r € {1,2,3}) partial differential equation with three independent vari-
ables admits the algebra g as its Lie invariance algebra and the conservation-law characteristics 1,
Ugy and Uy, if and only if it coincides with the dispersionless Nizhnik equation (1).

The presented properties of the equation (1) are used in [4] to construct its exact solutions.
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Regular components of the wandering set of surface homeomorphisms were introduced by Birk-
goff [1, 2]. With the emergence of the chain recurrent set theory introduced by Conley 3| for flows
and adapted for discrete dynamical systems by Franks and Hurley [4, 5] we can define an analog
of regular components of the wandering set for the set of chain-regular points (points that are not
chain recurrent) as the set of points that divide an attractor-repeller pair.

We study the topology of chain-regular components of surface homeomorphisms and show that
it is in fact different from the topology of regular components of the wandering set.
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Dynamics of influenza with the rates of vaccination and
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Influenza is one of the most common diseases worldwide. In this work, we investigate the dynam-
ics of influenza effected by vaccination and treatment with an SIR model that includes Caputo type

fractional derivative. These dynamics are explained with this model by using Fractional Backward
Euler Method [1].

Remark 1. This is a joint work with Elif Demir. This work is supported by the Scientific and Tech-
nological Research Council of Turkey (TUBITAK) Grant No: BIDEB2210A and Yildiz Technical
University Scientific Research Projects Coordination Department with Project Number FYL-2023-
5925.
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Let: X be a singular irreducible plane curve over C. For a singular point o of X, we refer to
the pair (X,0) as a plane curve singularity. Let Ox, (resp. I') be the local ting of (X,0) (resp.
the semi-group associated with (X, 0)). We denote by Hilb"(X,0) the punctual Hilbert scheme of
degree r for a given singularity (X, 0). Piontkowski [1] studied the topology of the Jacobian factor
Jx o for a plane curve singularity (X,o0) with I' = (p,¢) (gcd(p,q) = 1). He showed the existence
of an affine cell decomposition of the Jocobi factor Jx, and the Euler number of Jx and the Betti
numbers of .Jx are described. In this talk, we generalize Piontkowski’s results to the cases of the
punctual Hilbert schemes of (X, 0).

In thistalk, we always consider the plane curve singularity whose local ring Ox , is C[[t?, t9]] where
ged(p, ¢) = 1. Then such a singularity has I' = (p, ¢) as its semi-group. Let Mod(I") be the set of all
I'-semi-modules. Defining codimA := #(S \ A), we set Mod"(I") := {A € Mod(I")| codimA = r}.
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It is known that the components of Hilb"(X, 0) is parametrized by the elements of Mod" (T").
Hilb"(X,0)= ] H(A) (1)
AeMod"(T)
The component H(A) in (1) is called the A-subset of Hilb" (X, 0).

Theorem 1. Let (X,0) be a plane curve singularity whose local ring Ox, is C[[tP,t9]] where
ged(p,q) = 1. Each A-subset H(A) in (1) is isomorphic to an affine space whose dimension is
given by

i#[{(F—minA) N [ai, a; +q)} \ A (2)

i=1
Here A© s the 0-nomalization of A and {ag, ...,a, 1} is the p-basis of A,
The following fact follows from Theorem 1

Corollary 2. Let (X,0) be a plane curve singularity with Ox, = C[[t*,t4] (gcd(p,q) = 1). The
Euler number of Hilb" (X, 0) is equal to #Mod"(T").

We denote by e(Hilb" (X, 0)) the Euler number of Hilb"(X, o).

Example 3. The Euler numbers of the punctual Hilbert schemes for the Ay-singularity are given
in the following table:
r ‘O§r§21‘r221+1
e(HIIb"(X,0) | [r/2l+1 | 1+1

Here the notaion [a] (a € R) is the biggest integer that is smaller than a.
Setting codim H(A) := dim Hilb" (X, 0) — dim H(A), we define
Hya = {H(A)|A € Mod'(I') and dim H(A) = d},
He .= [H(A)|A € Mod"(I") and codim H(A) = d}.

Theorem 4. Let (X,0) be a plane curve singularity with the local ring C[[t?,t]] (ged(p,q) = 1).
Then the odd (co-) homology groups of Hilb" (X, 0) are zero. The even (co-) homology groups of
Hilb" (X, 0) are free abelian groups with Betti numbers

hoa(Hilb" (X, 0)) = #H,q4 and h**(Hilb" (X, 0)) = #H?.

Example 5. The even (co-) homology groups of Hilb" (X, 0) for the Ay-singularity are given in
the following table:

r 0<r<2|r>20+1
d 0<d<r|0<d<]
hog(Hilb" (X 0)) 1 1
h*(Hilb" (X, 0)) 1 1
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Self-similar actions of the fundamental group of the Klein
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A virtual endomorphism of a group G is a homomorphism of the form ¢ : H — G, where H < G
is a subgroup of finite index. A virtual endomorphism ¢ : H — G is called simple if there are no
nontrivial normal ¢-invariant subgroups.

A recursive construction using a simple virtual endomorphism ¢ produces a so-called self-similar
action of the group GG on a d-regular rooted tree X*. The X* represents words over the alphabet X
of size d. In general, a faithful action of a group G on rooted tree X* is said to be self-similar if for
every g € G and every x € X there exists unique pair g|, € G and y € X such that g(zw) = yg|.(w).
A self-similar action is called self-replicating if the associative simple virtual endomorphism ¢ is
surjective. One can find more information regarding self-similar actions in [1].

Consider the fundamental group of the Klein bottle K. The group K is finitely generated by
affine transformations ¢(z,y) = (z,y + 1) and s(z,y) = (r +1/2,—y). We can show that for every
virtual endomorphism ¢ : H — K there exist subgroup of finite index H; ~ Z* and associated
matrix B, € M(Q) of rational entities such that the restriction ¢|g, : H; — K is in fact a linear

map ¢|m, (v) = Byz.

Theorem 1. Let ¢ : H — K be a virtual endomorphism and By, € My(Q) the associated matriz.
Then ¢ is simple, and therefore produces a self-stmilar action, if and only if By is not of the forms:

o 2B\ 1 atBty48  platB=g-=0)\ (kb (b 0 (1)
my 0 )2\ Ma-B4y=0) a—f-q+s )0 b b K
fora,B,7,0 € Z; n,m,k € Z; b; € Q.

Theorem 2. 1) The group K admits a transitive self-similar action on a d-reqular rooted tree
if and only if d > 24s not an odd prime.
2) The group K admits a self-replicating action on a d-regular rooted tree if and only if d is
not a prime or a power of 2.

A self-similar action (G, X¥) is called finite-state if for every g € G the set of its sections
{glv : v € X*} is finite. In other words, the action of every element can be emulated by a
finite-state transducer.

A self-similar action (G, X*) is called contracting if there exists finite set N’ C G such that for
every g € G there exists n. € N such that g|, € N for all v € X* of length > n.

Theorem 3. Let (K, X*) be a transitive self-similar action and By the matriz of the associated
virtual endomorphism ¢.

1) The (K, X*) is contracting if and only if the eigenvalues of By are less than 1 in modulus.

2) If (K, X*) is self-replicating, then (K, X*) is finite-state if and only if it is contracting.

3) The group K admits a transitive finite-state (contracting) action of degree d if and only if
d > 2is not an odd prime.
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Topological data analysis (TDA) is a recent and fast-growing subject aiming to apply topolog-
ical techniques to a wide range of applications. Areas where topological data analysis has found
applications include neuroscience, image recognition, biology and evolutionary networks. Treating
datasets or topologically inspired invariants assigned to them as points of a metric space is a central
idea. However, comparing objects in this new metric space is often computationally challenging.
Therefore, a technique usually deployed is mapping those objects in a Hilbert space using vectori-
sation methods or kernels to allow their implementation in machine learning pipelines. The quest
to construct such maps that distort the distances in a controlled way is a crucial research area.

In this talk, we present how dimension theory can fruitfully assist this search. Regarding these
maps as examples of certain metric embedding classes is the key-viewpoint shift. As a leading
example, we discuss embeddability results for families of metric spaces endowed with the Gromov-
Hausdorff distance. In addition to the intrinsic interest of these results given by the importance
of this metric in Riemannian geometry and geometric group theory, they also impact TDA since
the Gromov-Hausdorff distance was recently proposed as a theoretical framework for shape and
dataset comparisons. More precisely, we show the following results:

e the space GH,, of metric spaces with at most n elements can be coarsely embedded into a
Hilbert space;
e their union (J, .y GH, cannot be coarsely embedded into any Hilbert space;
e the space of metric spaces whose diameter is bounded by r cannot be bi-Lipschitz embedded
into any R™.
If time permits, we conclude by presenting results concerning the embeddability of persistence
diagrams, one of the cormerstone notions of TDA, and periodic point sets, a generalisation of
lattices used to represent crystals in-material science and pharmaceutics.
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Balayage on locally compact spaces
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This talk is based on [1]-[3], and it is devoted to the theory of potentials on a locally compact
(Hausdorff) space X with respect to a kernel k, k being thought of as a symmetric, lower semi-
continuous function x : X x X — [0,00]. To be exact, we are interested in generalizations of the
classical theory of balayage (sweeping out) on R™, n > 2 (see e.g. [4]-[7]), to a suitable kernel x on
X.
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We denote by 9t the linear space of all (real-valued Radon) measures p on X, equipped with
the vague topology of pointwise convergence on the continuous functions ¢ : X — R of compact
support, and by 9 the cone of all positive u € 9. (For the theory of measures and integration on
X, we refer to Bourbaki [8].) Given p, v € 9, the mutual energy and the potential are introduced
by

I(,v) = / k(o) d(p® V) (e,y) and U(x) = / k(o) duly). @€ X,

respectively, provided the value on the right is well defined as a finite number or +o0o. For y = v,
the mutual energy I(u,v) defines the energy I(pu, n) =: I(p) of p € M.

In what follows, a kernel « is assumed to satisfy the energy principle, which means that I(x) > 0
for all (signed) p € 9, and moreover that I(u) = 0 only for p = 0. Then all u € M of finite
energy form a pre-Hilbert space £ with the inner product (u,v) := I(u,») and the energy norm
el == +/I(p), cf. |9, Lemma 3.1.2]. The topology on £ introduced by means of this norm is said
to be strong.

In addition, we shall always assume that x satisfies the consistency principle, which means that
the cone £T := ENM™ is complete in the induced strong topology, and that the strong topology on
ET is finer than the vague topology on £T; such a kernel is'said to be perfect (Fuglede [9]). Thus
any strong Cauchy net (p;) C £7 converges both strongly and vaguely to the same unique measure
Mo € ET.

Yet another permanent requirement on k is that it satisfies the domination principle, which
means that for any p € €T and any v € M with U* < U” pea.e., the same inequality holds on all
of X.

For any A C X, we denote by €4 the upward directed set of all compact subsets K of A, where
K, < Ky ifand only if Ky C K. If anet (Zx)kee, C Y converges to zp € Y, Y being a topological
space, then we shall indicate this fact by writing: xx — ®g in Y as K 1T A.

Given A C X, we denote by Y the class of all u € M concentrated on A, which means that
X \ A is locally p-negligible, or equivalently that A is g-measurable and u = p|a, |4 being the
trace of u to A. Also write £ := MM} N E, and let &} stand for the closure of £ in the strong
topology on £. Being a strongly closed subcone of the strongly complete cone £7, & is likewise
strongly complete.

Denoting by ¢, (F) and ¢*(E) the inner and outer capacity of E C X, respectively [9, Section 2.3],
we say that an assertion A () involving a variable point x € X, holds nearly everywhere (n.e.), resp.
quasi-everywhere (q.e.), on a set A if ¢,(E) = 0, resp. ¢*(F) = 0, where E := {z € A: A(x) fails}.

Theorem 1. For any A C X and any o € £, there exists o € £, called the inner balayage of
o to A, that is uniquely characterized by any one of the following (equivalent) assertions.

(i).@” is the unique measure in &', having the property
U =U° n.e. on A.

(ii) o4 is the unique orthogonal projection of o in the pre-Hilbert space £ onto the (convez,
strongly complete) cone &'y, that is, o € £y and

lo — o]l = min f|o — ul.
JIS N

(iii) o? is the unique measure in EY satisfying any one of the following three limit relations:
o = o strongly in ET as K 1 A,

o = o wvaguely in ET as K 1 A,
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oK oA . .
ue tu pointwise on X as K 1T A,

where o denotes the only measure in £ with the property U™ =U° ne. on K.
(iv) o4 is the only measure in the class T4, having the property

U°" = min U* on all of X, (1)
IMGFA,U
where Ty 5 1= {,u c&ET: UF>U° n.e. on A}.
(v) o? is the only measure in the class T, introduced above, with the property

A= min |-

,o

lo

Theorem 2. If a space X is second-countable, while a set A is Borel, then Theorem 1 remains
valid with "n.e. on A” replaced throughout by “q.e. on A”. The measure w**, thereby uniquely
determined, is said to be the outer balayage of w onto A. Actually, w** = w*. (Compare with [10,
Theorem 4.12].)

Remark 3. All the above-mentioned assumptions on a space X and a kernel & are fulfilled by:

v The a-Riesz kernels [z —y|*~™ of order a € (0,2], &« < n,on R™, n > 2 (see [6, Theorems 1.15,
1.18, 1.27, 1.29]).

v The associated a-Green kernels, where a € (0,2] and a. < n, on an arbitrary open subset
of R", n > 2 (see [11, Theorems 4.6, 4.9, 4.11]).

v The (2-)Green kernel on a planar Greenian set (see [5] and [7, Sections 1.V.10, I.XIIL.7]).

(We emphasize that some of the results formulated above are new even for these classical kernels.)

Remark 4. The theory of balayage thereby developed has already been shown to be a powerful
tool in the well-known Gauss variational problem, see [12].

Problem 5. What kind of additional assumptions on X and s would make it possible to generalize
the theory of balayage, presented above, to Radon measures on X of infinite energy?

REFERENCES

[1] Natalia Zorii. Balayage of measures on a locally compact space. Analysis Mathematica, 48(1) : 249-277, 2022.
[2] Natalia Zorii. On'the theory of capacities on locally compact spaces and its interaction with the theory of balayage.
Potential Analysis, 59(3) : 1345-1379, 2023.
[3] Natalia Zorii. On the theory of balayage on locally compact spaces. Potential Analysis, 59(4) : 1727-1744, 2023.
[4] Henri Cartan. Théorie générale du balayage en potentiel newtonien. Annales de 'université de Grenoble, 22 :
221-280, 1946.
[5] Ralph E. Edwards. Cartan’s balayage theory for hyperbolic Riemann surfaces. Annales de Uinstitut Fourier, 8 :
263-272, 1958.
[6] Naum S. Landkof. Foundations of Modern Potential Theory. Berlin : Springer, 1972.
[7] Joseph L. Doob. Classical Potential Theory and Its Probabilistic Counterpart. Berlin : Springer, 1984.
[8] Nicolas Bourbaki. Integration. Chapters 1-6. Berlin : Springer, 2004.
[9] Bent Fuglede. On the theory of potentials in locally compact spaces. Acta Mathematica, 103 (3—4) : 139-215,
1960.
[10] Bent Fuglede. Symmetric function kernels and sweeping of measures. Analysis Mathematica, 42(3) : 225-259,
2016.
[11] Bent Fuglede, Natalia Zorii. Green kernels associated with Riesz kernels. Annales Fennici Mathematici, 43(1) :
121-145, 2018.
[12] Natalia Zorii. Minimum energy problems with external fields on locally compact spaces. Constructive Approxi-
mation, 59(2) : 385—417, 2024.



134

¥YzarajgbHeHi aHajsioru Teopemu fHo-Bectieiika

Oaena Jaxkxyk
(OHY, Opeca, Ykpaina)
E-mail: olena.dazhuk@stud.onu.edu.ua
Ipuna KypbaroBa
(OHY, Opmeca, Ykpaina)
E-mail: irina.kurbatova27@gmail . com
Ouabra f6s10K0Ba
(OHY, Ogeca, Ykpaina)
E-mail: olga.yablokova@stud.onu.edu.ua

OHUM 3 BaXKJIMBUX HAIPSIMKIB Cy4dacHO] audepeHIiiajibHOl reoMeTpil € Teopist adiHOpHUX CTPY-
KTYp Ha JAudepeHIiioBHIX MHOTOBUIAX, a TAKOXK Audeomopdizmu Takux Muorosuiis. B 1980 porri
amepuKaHChbKuit reomerp A.I'peit orpuman kiacudikaliito Maiizke KOMILIEKCHIX CTPYKTYpP HA piMa-
HOBuX mpocTtopax [1]. Bona micturs 16 Kiacis, cepen sikux Bimomi kKeaeposa, K-, H-cTpyKTypu Ta
iHIIT, 9Ki TpUBEpTAIN yBary 6ararboxX Cy4aCHUX MaTeMaTUKiB.

B reopil reonesnunnx Bimobpazxkens [2] Bimoma Teopema fno-Becrieiika,ska CTBEPKYE, IO Ke-
JIEPOBI TIPOCTOPHU HE JIOIMYCKAIOTh HETPUBIAJIBHUX T'€OJIE3NTHUX BiTOOparkeHb, M0 30epiraioThb CTpy-

KTYypY.
Posrisnemo reose3uvne BijloOparkeHHsl pIMAHOBUX ITPOCTOPIB

— —h

f : (Vnagljrp;h) — (V’ﬂ7§ij7Fi)7

. . 4 . —h
Ha AKNX OKPIM METPUIHUX TEH30DIB g;j, ;; 33aH0 apiHOpH FMF,.
OcHOBHI piBHSIHHSI T€0/IE3MTHOTO Bi0OParKeHHs 31 30eperKeHHsIM CTPYKTYPH B 3arajibHiil 3a BiI-
00pazKeHHsAM CUCTeMi KOOpAUHAT (X) MalOTh BUTJISI:

h

Ti(x) = T () i) 8! (z) + 1 (x)0! (),
Fhz)=Fr(x),  hyij—1,2,..n,

—h . . . = . . .
ne Iy, I - xommonenTu 00’exTiB 3B’s13HOCTI 11pocTopiB V,,,V,, BiANOBiAHO; 1); - HeSIKNil KOBEKTOP.
Adinopna crpykrypa Ha V,, Ha3UBacThCs MaiizkKe KOMILJIEKCHOIO €PMITOBOIO, SIKIIIO

Fo}zlﬂa = _6?7
i+ F; =0, Fij = gia F}".
dAxio mpu 11boMy KoBaplaHTHA 1OXigHA adiHOpa 30/I0BOJIbHAE OJIHIN 3 YMOB
h
h h
Fij+ Fi =0,
h h
Fly+ FlgFF) =0,
abo

Fly+ FogFPF) + Fjy + FL P F =0,
TO MPOCTIp Ha3MBaeThCs KesleposuM, K-, O*- abo Gi-mpocTopom, BiamoBigHO (3a Kiacubikarien

A.Tpes).
Hamu nosenena
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Teopema 1. K-, O*- i Gy-npocmopu He donycraromsb HEMPUBIAALHUL 2€00€3UMHUL 61000patHCeH
31 30EPEHCEHHAM CPYKMYDU.

OueBnaHoO, 11 TeopeMa € y3arajabHeHHAM Teopemu fHo-Bectieiika.
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HeobxiHO010 i JOCTATHBOIO YMOBOIO TOTO, 1100 MICEBOPIMAaHiB HPOCTIP V,, T0IyCcKaB HETPUBIAIbHI
reo/Ie3uvHi BiIOOparkKeHHsI € iCHYBaHHs B HbOMY PO3B S3KiB CcHCTeM JIHU(EpeHIiaJbHINX PIBHAHD B
KOBapiaHTHUX ITOXiTHUX

Qij = Nigjk + Ajgik (1)
BigHOCHO Tensopa a;;(= aj; # cg;;) Ta BekTOpa A; (# 0).
Tyt KOMa 3HAK KOBapiaHTHOI IMOXiTHOT

P (0% o
Qg = Oklij — QojLi}, — @ailj)-

Cucremy (1) HA3UBAIOTH ATHITHON BOPMOIO OCHOBHUL PIGHAHL MEOPI 200€3UNHUL 6I000PAHCEHD.
[Tpu Bimomux po3p’sizkax emcremu (1) MeTpudHi TeH30pH ICeBJOpIMaHOBUX TpocTopis V,, ta V,
MOXKYTh OyTH 3HafiIeH] 3 piBHAHD |1, 2]

20—
ai; = €5 9aigsj;

Ai = _ewgaﬁgmgﬂ.

TyT g;; — ememenTn obepHEeHOI MATPUIIl JO METPUYIHOIO TeH3opy V,.
O06’exTH HCEeBIOPIMAHOBOTO IPOCTOPY V,,, AKi BU3HAUYEH] 32 IOIIOMOI0I0 METPUYIHOIO TEH30Da §;j,
HA3UBAIOTH GHYMPIUWHIMU 00 exmamiy, ncesdopimarnosozo npocmopy. KpiMm BHyTpimHIX 00’€KTiB

BUBYAIOTH i 00’'€KTH, 9K HE € BHYTPINIHIMEA, 30KpeMa TEH30D ijk TaKuii, 110

h _ ph h h
Dijk = Rz’jk - B(5kgz‘j - 6_7' Gik)

ne 6" — cumsomu Kponekepa, R;j, —rensop Pimana, a B — neskuil inBapiant.
SIxmo Temsop D" = 0, To ncesgopimanis mpocTip V,, € IPOCTOPOM CTaI0i KPUBHHH i

ijk
R
B=———. (2)
n(n —1)
Tyt R — ckajigpHa KPUBUHA, K& BU3HAYAETHCA 38 (POPMYJIOI0

R= Rg‘mgm.
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h : .
I HaBnaku, sIKIO BUKOHYETHCS YMOBa (2), TO TEH30D Dy cuiBnazae 3 TeH30pOM KOHIMPKYJISIPHOI
KPUBUHU, KU BU3HAYAETHCA 3a (DOPMYJIOIO

L
z]k n(n )

. . . 1112.. o
IlceBopiManosi npocropu, B sIKUX icHy€ TeH30p 152" ]’ TaKuii, 110

©J

(5k Gij — 5?9%) .

T7,122 T’Lllz (3)

J1Jj2-- ]n Jij2-- Jm

Ha3UBaIOTh T -pexypermmuumu.
A gkmo ymoBu (3) BUKOHYIOThCs Jijist TeH30pa PimaHa, TO Taki IpOCTOpU HASUBAIOTH PEKYDPEH-
MHUMU.

. . . i
BexTopui nosis uy, # 0, gKi 3a/10BOJIbHAIOTH 71 HEHYJIbOBUX TeH30piB T} 2%  yMOBi
1119.. 1192...00 11090
u Tgm G T T2 w2 =10 (4)

HA3WBAIOTh B8EKMOPHUMU 000NOHKAMU MEH30PA Tﬁ;j jr BiJTHOCHO 1HJEKCIB 1 Ta Jjo.
k1o BekToOpHa 000JI0HKA 38/ 1a€ThCsI BIITHOCHO KOCOCUMETPHUYIHOI Mapu iHIeKCIB TeH30pa Pimana,

TOOTO
UZR;LM + Uk;R il + U/lR ik = O (5)

TO BOHA HA3UBAETHCS 8EKMOPHOI0 000.40HK00 mensopa Pimana.
BpaxoBytoun BiactuBicTh Tenzopa Pimana

Rz]kl + Rzkly + Rzl] E— 07

JIETKO TIEPEKOHATHCH, 10 B PEKYPEHTHUX MCEBJIOPIMAHOBUX IPOCTOPAX ICHYE BEKTOPHA ODOJIOHKA
ten3opa Pimana. Tomy mceBmopiMaHOBI MPOCTOPH, B SIKHX BUKOHYIOTHCS YMOBU (5), Ha3UBAIOTh
caabo pexypernmmumu npocmopamu. SIkio ymosi (4) Oyje 3a10BOJIBHITH TEH30D Dwk, TOOTO

h h h o _

TO Taki mpocTopu Oy/1IeM0O Ha3uBaTh D-c4a00 pexyperHmHuMu NcesiopimaHo8UMU NPOCTIOPAMU.
Axmo D-cinabopeKypeHTHMIL ITceBI0PIMaHiB IpocTip V,, IomycKae HeTpuBia/ibHI Te0Ie3udHI Bijl-
obpaxkeHHs, TO BiHH a00 mpocTip Eitnmreitna, abo

iU = TU;.
IIpocmopamu Etinuwmeting Ha3UBalOTh ICEBIOPIMAHOBI IPOCTOPH, B IKUX BHUKOHYIOTHCSI YMOBHU

R
Rij = 591‘;‘-

[Ipocropwu Eitnmreiina, gKi xapakTepu3yThCcs yMOBaMH Ha TeH30D Piddi MaloTh BeJIMKe 3HAYEHHS,
SIK B PIMaHOBIil reomeTpil, Tak i B 11 3acrocyBanusx |3, 4].

Yorupusumipsi mpocropu Eitumreitna Vj, BiZIMiHHI BiJ TPOCTOPIB CTAJI0I KPUBUHU, HE JIOITyCKAa-
I0Th HETPUBiaAJIBHI reosie3uyHi Bio6GpaskeHHs Ha IceBIOpPiMaHOBI pocTopu V.

Takum 9rHOM, B YOTUPHOXMIpHHUX [-CIA00PEKYPEHTHHUX IICEBIOPIMAHOBUX ITPOCTOPAX, BiJIMiH-
HUX BiJI MPOCTOPIB CTAJIOT KPUBUHHU, AKi JIOMYCKAIOTH HETPUBIAIbHI Te€0/Ie3UYHI BiJIOOparKEeHHs, Be-
KTOD, 110 33/1a€ BEeKTOPHY 0D0JIOHKY, € BJIACHUM BEKTOPOM TEH30Da a;; i3 JiHiitHOI (DOPMHU OCHOBHHUX
PiBHSIHB TEOPil reoIe3MIHUX BiIOOpaKeHb.
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Keneposum npocmopom K, (n = 2N) HasuBaeThCsd [ICEBIOPIMAHIB. TPOCTIP 3 METPUYHUM TEH-
30poM g;;(z), y akoMy icuye crpykTypa F!'(z), 1o 3a10BosbHs€ criBBigHomenHsaM [1]:

F'Ee = -6l Fij = 0; F' =0,

ij
ne Iy = ng;", KOMa, — 3HAK KOBapPHUAHTHOI ITOXiIHOI 1O 3B sI3HOCTI K ,,.
Keseposi npocropu Brepie uuasucs L. A. [TTupokoBum, siki Bin HazBaB A-tipocropamu. [lorim

i mpocropu BuBuaB €. Kesyep. B siteparypi, sk npaBujio, 11i IpoCTOPU HA3WBAIOTH KEJIEPOBi.
BaJist 3pydHOCT] BBeZieMo B K, orepariiio cupsizkeHHst [2]:

e — I mle B a...
A; - Aa...F;L ) B . B ...Fa'
IIpocmopom V,, mepuwo20o xaacy HA3UBAIOTH TIIIEPIOBEPXHIO IJIACKOTO IpocTopy. Moro Tensophi
O3HAKMU, HEOOXiIHI Ta AOCTATHI YMOBU MAlOTh BUIJISIT

Rpiji = €(brgbij — brjbir), bij i = bikj, (1)
TyT € = £1; by = b, 3ropraro€m, OTPUMAEMO
Rz’j = E(bbz’j - bajb?)a (2)

ae b= basg™ b = bajg™.
Homuozxmvo (1) ma b ma sropremo 1o h
by Roijie = €(b5,barbij — by baibik ).
[Ticsist Bpaxysanus (2) ta (1), micranemo
br Raijie = bRk — Ruibij + Ronjbi. (3)
[ToziemMo omeparii€ro crpsizKeHHs 1Mo 1HIeKcaM J, k Ta BimHiMeMO oTpuMane BiJ piBHsAHHS (3)
Ryjbik — Ryibij — Ry + Rypbi; = 0.

3ropuemMo 10 iHjekcam m, j :

R
Rakb? - Eblk
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i KOH(MOPMHO-TIACKUX KEJIEPOBUX ITPOCTOPIB MEPINOTO KJIACY JTOBEICHO

Teopema 1. He ichye KoHPOPMHO-NAACKUT KEAEPOBUL NPOCMOPIE NEPULO20 KAGCY BLOMIHHUL 610
NAGCKUL.

TakuMm auHOM, KJIac KOH(MDOPMHO-ILIACKAX KEeJEePOBUX IIPOCTOPIB JOPIBHIOE JTBOM.
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AnagiTHYHO TIAHAPHOIO KPUBOIO L KeJiepoBa MPOCTOPY HA3UBAIOTH KPUBY, 33/IaHy PIBHIHHAMUI
o = 2"(t) Taky, MO BUKOHYIOThCS HACTYIIHL yMOBH:

h
A L L
dx"
ne &= ——, p1, p2 - dynkuii aprymenry ¢, L' — cumpomu Xpucrodens Ky, a F' #ioro Kome-
KCHA CTPYKTYypa.

Judeomopdism v Mizk Toukamu KejepoBux mnpocropis K, i K, HazuBaeTbcsa TrojoMopdHO-
IPOEKTUBHUM BiIOOpaKeHHSM, SKIO KOXKHA AHAJITUYIHO TJIaHAPHA KpuBa K, 1Mepexo/nThb B aHa-
JITHYHO IJTAHADHY KPHBY K.

dxmo K,, nomycKae HeTpuBiadbHe roJoMopdpHO-IPOEKTHBHE Binobparkenud Ha K, To B K, ichye
PO3B’SI30K HACTYHHUX DiBHAHB |1, 2|:

Aijk = Nigik + NjGik + NG5k + Aj gk
BIZIHOCHO TEH30Da d;j, IO 33/I0BOJILHAE YMOBAM
aij = aji; ag = Qij, |aij| # 0

i HeHyJTLOBOPO BEKTOpPa A;. 1yT KOMa 3HaK KOBapiaHTHOI MOXiTHOI, & ¢;; — METPUYIHUIl TE€H30p.
i BekTOpa \; 3 HEOOXiTHOCTI BUKOHYIOTHCS YMOBU:

Aiyj = Nji = Aij-
. . e — R nleR - ... i
Tyr 3acrocosana onepanis crpsikenns: A = A, F; B = B*F! [3].
Posrigryro keseposi npocropu K, Tensop Piudl akux 3a10BOJILHAE YMOBI
)
Rijr — Rigj =0

abo
Rmk + Rj]m‘ + ka = 0.
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i TakKuX IPOCTOPIB JIOBEJIEHO, 1110, SKIIO BOHU JOIYCKAIOTh HETPiBiaIbHi TOJIOMOPQHO-ITPOCKTUBHI
Bi/0OpazkeHHsI, TO BOHU € IIPOCTOPAMU CTaJIOl TOJJIOMOP(HO-TTPOEKTUBBHOT KPUBUHH.
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[Tpm Bizyastizarlil mepecivyHuX reOMETPUIHUX TiJ BUHUKAIOTH 1eBHi Tpy/Hoii. [lo-tiepre, 1e 3ua-
XOJI2KEHHSI JIIHIT IepeTUHY, Ta BizyaJizallisa 11 gedkux gactu. [lo-pyre, 11e Bidyasrizallig caMmux reo-
MeTpudHuX Tij. [IpakTuyni 3aa49i mo0y/10BU PO3TOPTOK YCKIATHAIOTHCA TPU MIEPETUHI JIEKIJIHKOX
reoMeTpudHux Tiji. [IporonoBani MeTou 1MOOY/IOBU aHAJOTIYHI 3BUYAHIUM CIIOCOOAM BUPIIIEHHA
3aBJlaHb 13 BUKOPUCTAHHAM 3HaHb 13 HAPUCHOI TeOMeTPil, TOMy I'POMI3IKI 1 TPYIOMICTKI.

OjHUM 13 MeTOJIiB OIMCAHHS TeOMETPUYHEX TijI € 3acTocyBanHs Teopil R-bynkuiit [1, 2|. IIpo-
Besienni poboru B XIII mokasajn NepCreKTUBHICTD 3aCTOCYBAHHS HA TPAKTHUI IUX METOMIB [3].
[Inpokomy 3acTOCYBaHHIO IIUX METO/IIB HAa MPAKTHUI 3aBarKa€ I'POMI3IKUN aHAJITUYIHUN amnapar,
OTPeOYIOUMil ONMCAHHA TEOMETPUYHUX TLJI JIEKiJIbKOMa piBHAHHAMU. MeToto man0l podoTH € po3-
pOOJIEHHS aJTOPUTMY CHPOIIEHUX CXeM BizyaJiizallil mepeciyunx reoMeTpUIHUX T Ta MoOyI0Ba X
PO3TOPTOK.

Posryisinemo nepeTns KiacHuHuX KoHyca Ta mmiaiaapa (puc. 1A). ITobyayemo pacrpose 306pa-
JKEeHHS 3 JIOIIOMOTOIO0 TBIPHUX, sIKl YTBOPIOIOTH OJHE TiJI0 Ta IepeTUHAIOThH iHIie. Konyc gk TBep/ie
reoMeTpUYHE T1J10 MOXKJIMBO BUPA3UTHN

R = Ri+ Ro—|Ry— Ryl.

Tpeba 3ayBaxkutu, 1m0 Oylb-gKa TOYKA, IO PO3TAIIOBYETHCS BCEPEJNHI KOHyCa MAa€ JIOJaTHY
dyukiio R. Toukn gki po3ramosaHi 1mo3a KOHyCOM MalOTh Bi'eMHY (yHKIIO R, a Toukn Ha
KOHIYHIll TTOBEPXHI MaioTh HyIb0BY dyHKII0 R. MoxKInBO 3anporpaMmyBaT eBHYy KiJIbKiCTb TBip-
Hux (puc. 1A); gk Ha KoHiuHii (i) Tak 1 Ha uIIiHAPUYHINA noBepxHi. Posryisinemo TBipHi JsiHil, gKi
yTBOPIOIOTH KOHIYHY ToBepxHIO (puc.1B). st mobymoBu Touok Ha TBipHIiil JiHiT HEOOXiTHO BU3HA-
quTUC 3 11 BuaumicTo. J[j1d Mboro B KOXKHiil TOYATKOBIM TOYIN Ha TBipHI JIiHil, K& po3TalloBaHa
Ha OCHOBI KOHYyCa OyIeMO po3paxoByBaTu HOPMaJIb JI0 KOHIYHOI moBepxHi. 1le /103BoJjIsie BUBHAYUTH
KyT MiK HOPMaJLIIO i BEKTOPOM TIOTJISALY criocTepirada v. ZIKImo BiH rocTpuii, TO TBipHA HEBHIUMA,
JAKINO KyT TYIHi, TO TBipHA BujguMa. Tak TBipHi Jinil KoHidunol noBepxHi ly, Iy, [3 — Buaumi jjid
criocTepirada. Bizbmemo TBipHY jiHi0 [3, sika neperunae mutiagap. [lepecyBatounch i3 HEBETUKUM
KPOKOM TI0 TBipHiii, HaNpuKJIaJI i3 Touku Ha OCHOBI KoHyca (1. 31) mo Bepmmuu (1. 34), Gymsem
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Puc. 0.1. Ileperun KoHyca 3 HUTIHIPOM

pospaxoByBatu GyHKIio R nuiaingpa. [Ipu neprmomy rneperwHi mutiHIpUuIHOl TOBEPXHI PYHKITiA
R sminuTh cBiit 3HaK i3 Bix'emuoro Ha jgonataiit. Ilpu oMy KoOpauHATH TOTEPEIHBOT TOYKH 3a-
HeceMo y JiBoBuMipHuii macus (1. 32). Ileprmii injeke me HOMEp TBIpHOI, & JPYIHil TOYKA BXOJY.
Ha Buxoxi 3 muiiaapy oyHKIisS R TakoxK 3MiHUTH CBiif 3HaK i3 mogaTHoro Ha Bix emumit. Koopan-
HATHU TOYKH 32HECEMO JIO JBOBUMIDHOIO MACUBY B SIKOMY JAPYTHUil 1HIEKC O3HAYAE TOUKY BUXOIY (T.
33). BpaxoByoun HEIpPO30piCTh MUJIHAPA MOYKJIMBO 3a3HAYUTH, 1[0 BCi TOYKM TBIpHOI JIiHIT MiK
ToukKaMu 32 Ta 33 HEBUIUMI.

[IpoGiiema B TOMYy, IO AKYCh MaCTKY BUIUMOI TBIPHOT MOKe IPUKPUBATH 1HITIE T€OMETPUIHE TiJI0.
BuznaunTy BUAMMICTh TOYKY BUJIMMOI TBIPHOI HA ITOBEPXHI OHOIO Tijia, MOYKJIMBO PO3TJISHYBIIN
3HadeHHsd R-QyHKIIT IPYyroro reOMETPUYHOrO TijIa IIPU PYCi 3 i€l TOYKH Y 3BOPOTHOMY HAIIPAMKY
BEKTOpa MOy crocrepirada. Axmo R-dyukiiisa 3pocrae, To Touka Bumuma. Ao R-dynkiis
3MEHIIYEThCS, TO TPeda MTPOUTU 110 HAIIPSAMKY BEKTOPA IMOIVISIY CIIOCTEpirada i TO/l MOYXKJIUBI IBa
punajku. Jlis wmrocTpaliil X BUIIQIKIB PO3TyisiHeMO puc. 1B B gkoMy HIUJIIHIAD 3MIIIEHUN 010
BEPTUKAJIBHOI TIJIOMINHNA cUMeTpil KOoHyca. PosriissHemo crodyaTky TO4YKYy p Ha TBipHii [3. Po3pa-
xyemo R-dynKIiI0 B aniii To4rl Ta nepeigeMo B TOUYKY p; Ji€ TAaKOXK BU3HAYUMOCH 31 3HAYEHHAM
i€l dyukil. [lopiBHgBmM 11i 1Ba 3HAYEHHS MOYKJIMBO 3POOUTHU BUCHOBOK, IO MU HAOJIMKAEMOCH
JI0 IPYTOro Tisa (OcKiabKE yHKINis B eIl ToYIl 33 aOCOJIOTHOI BEJNIUHOIO Oyie GiabIine Hixk
y Zpyriit). 3pobuMo Ie KPOK i OMMHUMOCS B TOYIll pp. ToUKa Ha BEKTOpI MOTpaNuia B CEpeIuHy
Jipyroro Ttija (pyukiis R 3MiHUTD 3HAK), 1110 BKA3Y€ HA HEBUIUMICTDH MOYATKOBOI TOUKHU P TBIPHOI
JIHIT (IpyTe TiI0 HPUKPUBAE TOYKY Ha BUAUMIN TBipHIit nepioro Tia). Takox MOK/IMBHIT BULIAIOK
KOJIM TOYUKU HA BEKTOPI MOy OyIyTh HAOJIUKATUCS JI0 APYTOro Tijia, ajie IPOiIyTh MOB3 HbOTO.
Bizpbmemo Touky m Ha 1iii TBipHIi# JjinHil. g Bu3HaveHHd 11 BUIAMMOCTI TPORIEMOCH IO BEKTOPY
MIOTJISITY ¥ 3BOPOTHOMY HaInpsaAMKy. Pospaxynok R-dymkiiit y Toukax m, my, msy, Ja€ 3MOTY
3pOOUTH BUCHOBOK, IO MU HAOJIUKAEMOCH JIO JIPYTOro Tijia, ToMy po3paxyHku R-dyukiiiit mpo-
nosxkyeMo. llepeiimoBimy B TOUKy ms i mopaxyBaBinu 3HadeHHs R-pyHKI, gKe 3a abCOTIOTHOIO
BEJIMYINHOIO Oy/le 3POCTATU MOYKJIMBO 3POOUTH 3aKJIIOUEHHS, IO MU BiJJIAII€MOCS BiJl IpDyroro Tija
Ta BCTAHOBUTHU BUAUMICTH TOYKK HA BUIUMINA TBIPHIii.
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3HaYn KiJBKICTh TBIDHMX HA KOHIYHIN ITOBEPXHI JIETKO PO3paxyBaTh Ta MOOYIYyBATH CEKTOD
MiXK J1BOMa cyMikHuME TBipHUMEA. OCHOBHA 3a/1a9a IMOJISITa€ B IIEPEHOCI TOYOK IEePEeTHHY TBIpHUX
JIHIT KOHyCa 3 1HIITUM FeOMeTPUIHUM TiJIOM Ha TBipHI JiiHil po3droprku. TBipHi JiHil KOHYCa [, [ HE
MAIOTh TOYOK Ieperuny 3 muiinapom (puc.lA). Ile mae 3mory Jsierko mobyryBaTu MepIuii CEKTOP
posroprku. Ha TBipHiii jiHil I3 € Touka Bxoay B mutisaap (1. 32) Ta Touka Buxomay (T. 33). 3Haooun
KOODJIMHATH IUX JBOX TOYOK, 3HAIIEMO JIOBXKWHY YaCTUHU (—O1 TBIPHOI BiJ| TOYKM HA OCHOBI (T.
31) no Toukm meperwHy 3 nuUHIPOM (T. 32), Ta JOBXKWHY YACTHHU TBIPHOI BiJl TOYKM BUXOIY
3 mutiagpa (1. 33) mo BeprimHu KoHyca (1. 34). TounicTs MeTomy Gyie 3amexkaTu Biff KiTbKOCTI
TBIpHUX 1 Bij KPOKY MixK TouKamu. [HIeKCcyBaHHS TOYOK BXO/Y TBIDHHX B iHIIIE T€OMETPUYHE TiJIO
Ta X BUXO/Y 3 TiJla Ja€ 3MOTy 00’€IHATH IIi TOYKHU ITOJIJIIHIEI0 a00 CILIAHOM.

Hapenena Metomuka 1mody1oBu pactTpoBux 3-D Mojiesieit i po3ropTox JTiHIHYaTUX II0BEPXOHD, 1110
6azyeTbcs Ha Teopil R-dyukmiit. Bona mae 3Mory 31iiicHUTH PO3PAXYHKH 1 BUKOHATH PEAICTUYIHI
mooymoBu 3-D Momeseit reoMeTpUIHUX Tijl, MO MEPETUHAIOTHCS. 3 3aIaHOI0 TOUHICTIO MOXKJINBO
OOY/IyBaTU PO3TOPTKHA T€OMETPUYHUX TiJI, IO IMEPETHHAIOTHCS, AK 13 TOHKOJMCTOBOIO TaK i TOB-
CTOCTIHHOT'O MaTepiaJry.
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P hap + 5o = —K (A" pap + %00 + 2Hep), (1)

ne pP, d ] s> 1% K, H- Bigomi dyHKIT TOUKH TOBEPXHI, flas = 6;12#, fha = %.
Bokpema, gkio dbyukiig ¢(z!, %) € neBHOI0 XapaKTepucTUIHO0 (PYHKITE (€ PO3B’I3KOM OJTHO-
pissoro piBusiuHs Beitaraprena [2]), To (1) 6yne mudepeHiiaabHUM PIBHSIHHIM iepOoTiaHOrO

Ty BigHocHo dynkii u(zt, 2?).
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Hoseneno, mo 6yab-saKa nosepxHa Kiaacy C° HeHyJIbOBHX TaycoBOi Ta cepelHboi KPUBUH IIPH
IIEBHUX I'PAHUYHAX YMOBaX JIONYCKAE €IMHY H.M. jedopMaliio 3i cramioHapauM TeH3opom Piddi B
Kj1aci C?-IOBepXOHb.

Cuin 3a3nauury, mo pisasuasg (1) posrasmanocs y pobori [3] 3a ymosu p(z!, 2?) € C? € zazze-
JIETi/Ib 3aJ1aHOI0 (DYHKITIEIO.

st yuysoina y jinigx kpusunu 3a ymoeu p(x!, r?) = 0 pisuaung (1) mabyse Burasay:

2(2 + sina!)(4sin® 2! + 16 sin 2! + 13) cos 2!
(14 2sina!)(5+ 4sina!)?

Ckopucrapimch MareMaTuaHoto cucreMoio MATHCAD myist o64ucienHs iHTerpaJiiB mpu po3B’ i3y BaHH1
[IbOTO PIBHSIHHSI, OTPUMAEMO HACTYITHUIN pe3yJIbTar.

Vnoyaoid donyckae n.m. dedpopmanito nepwozo nopadky 3i CMauioHapHuM menaopom Pivyi 3a
YMOoBU, W0 PYHKULA @(xl,x2) = 0. Ten30pHi noas npu Uvomy npedcmasieni 6 AGHIT GopMi Mma
MICTAMD 3HAT0eHYy PYHKUIIO

Hi2 — Ho = 0.

(2!, %) = 1+ 2sinz!
L V5 + sin !

de C(z%)- dosinvhna Pynryis 6id ooniei sminnoi. ¥ Bunagry = 0 yHIyJIO0LT Gy sKOPCTKUM.

3
6_ 16(5+4sinazl) C(:L'Z) ,
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PIMaHOBHX ITPOCTOPIB, HATIIEHUX aiHOPHUMU CTPYKTYpPaMH.

F-mnanapui BigoOpakeHHs TPOCTOPIB aiHHOT 3B’ A3HOCTI

fo(A, T E = (A, T FP)

% R
MOKYTb OyTHU JIBOX THUIIIB: TOBHI Ta KaHOHIuHI. HaMu po3riisiHyTO KaHOHIYHUN TUII, SKUI B 3arajib-
Hiit 3a BiOOpaKeHHAM CHCTeM] KOODJIMHAT (;) XapaKTepU3yeThCs OCHOBHUMU DiBHSHHSIMU:

Ty (w) = Dl(2) + 0i(2) FP (@) + 65 (2) Fl(2),  hyinj—1,2,.0m,
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e Fz]a I
adinop.
3a o3HaveHHsaM F-1taHapHe BioOparkeHHsS BU3HAYAETHCS JIMINE HA MTPOCTOpax 3 adiHOPHOIO
CTPYKTYPOIO Fih (B 3araJibHOMY BHIAJIKY JOBLIBHOTO THITy). Mu mociimKyBaiu creriajbHuil Bu-
maJiok, Koau mpoctip A, = V,, , To6TO € piMaHOBUM (Vn,gij,Fih), i adinop F zamae Ha HBOMY
K€JIEPOBY CTPYKTYPY €IITHIHOrO abo rirnepOboJIiIHOTO THUILY:
h o _ h _
FOCF’L —652, 6——1,+1,
[e3
Eij + Fji =0, Fij = gia F7',
h _
;=0

P . 9 . . e . . . . h
ij - KOMIIOHEHTH 00’ekTiB 3B’#3HOCTI 1pocTopiB A,,A, BimmosinHo; ¢; - KoBekTOD; F)' -

a A, - JIOKaJIBbHO IIIOCKHiA, TOOTO I fioro Temsopa Pimana maemo Egk = 0. Tyr , - 3Hak KoBapi-
aHTHOI IOoXimHol B V,.

IIpocropu, siKi J0MycKaoTh F-riaHapHe BigoOparkKeHHs Ha IJIOCKHii fpocTip A,, HasuBaoTh F -
NAOCKUMU, & Ti, IO JIONYCKAIOTh KaHOHIYHE F-TIj1aHapHe BiloOparKeHHsl Ha IIJIOCKUN ITPOCTIP, MU
HA3WBAEMO KAHOHIYWHO F'-naockumu.

Mu nosenu, mo Tensop Pimana KaHOHIYHO F'-TIJTOCKOTO MPOCTOPY Ma€ BU/I:

h
R = K (9niGik — Gijgnk — eFnjFa, + eFijFpp — 2e P Fjy,)
K = const, To6T0 KaHOHIYHO F-110CKUil MPOCTip HEOOXiHO € MPOCTOPOM CTaJIOl rOJIOMOPEHOT
KpuBuHU. MeTpUKHU BCiX TAKMX MPOCTOPIB onucani B{2]
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