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From minimality to maximality via metric reflection

Viktoriia Bilet
(Institute of Applied Mathematics and Mechanics of the NAS of Ukraine)
E-mail: viktoriiabilet@gmail.com

Oleksiy Dovgoshey
(Institute of Applied Mathematics and Mechanics of the NAS of Ukraine; Department of
Mathematics and Statistics, University of Turku, Finland)
E-mail: oleksiy.dovgoshey@gmail.com

In 1934 Puro Kurepa [4] introduced the pseudometric spaces which, unlike metric spaces,
allow the zero distance between different points.

Definition 1. Let X be a set and let d: X? — R be a non-negative, symmetric function such
that d(z,z) = 0 for every x € X. The function d is a pseudometric on X if it satisfies the
triangle inequality.

If d is a pseudometric on X, we say that (X, d) is a pseudometric space.

Definition 2 ([3]). Let (X, d) and (Y, p) be pseudometric spaces. The spaces (X, d) and (Y, p)
are combinatorially similar if there exist bijections ¥: Y — X and f: d(X?) — p(Y?) such
that p(z,y) = f(d(¥(z),¥(y))) for all z, y € Y. In this case, we will say that U: Y — X is a
combinatorial similarity and that (X, d) and (Y, p) are combinatorially similar pseudometric
spaces.

Definition 3. Let (X,d) be a pseudometric space.” A bijection f : X — X is a pseu-
doidentity if the equality d(z, f(x)) = 0 holds for every @ € X.

The groups of all combinatorial self-similarities and all pseudoidentities of a pseudomet-
ric space (X,d) will be denoted by Cs(X,d) and PI(X, d) respectively. Thus, for every
pseudometric space (X, d) we have PI(X,d) € Cs(X,d) C Sym(X), where Sym(X) is the
symmetric group of all permutations of the set X.

For every nonempty pseudometric space (X, d), we define a binary relation o) on X by

(x

Proposition 4. Let X be a nonempty set and let d: X?> — R be a pseudometric on X. Then

L ) & (dz,y)=0), forallz,yeX.

d
) is an equivalence relation on X and, in addition, the function dg,

dale, B) = d(z,y), zcacX/ yepex/?

1 a correctly defined metric on the quotient set X/O(:d).

In what follows we will say that the metric space (X/ O(Zd),éd) is the metric reflection of
(X, d).
Let us define a class ZP of pseudometric spaces as follows.

Definition 5. A pseudometric space (X, d) belongs ZP if the equalities

Cs(X,d) = PI(X,d) and Cs(X/"?,5,) =Sym(X/"?) hold.
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Thurston norm_and Euler classes of bounded mean
curvature foliations on hyperbolic 3-Manifolds
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Let M be a closed, oriented 3-manifold, and suppose that M contains no non-separating 2
- spheres or tori. For example, M is a closed oriented hyperbolic 3-Manifold.
The Thurston norm on Hy(M,Z) is defined as follows ([1]):

l|la||7n = inf{x_(X)| ¥ is an embedded oriented surface representing a € Hy(M,Z)}, (1)

where x_(3) = maz{—x(X),0}. Recall that y(X) = 2 —2g denotes the Euler characteristic of
a surface 3 of genus g. When ¥ is not connected, define y_(X) to be the sum y_(X;) +---+
X—(2k), where ;, i = 1,...,k are the connected components of ¥. As Thurston showed, the
Thurston norm can be extended in a unique way to the norm in Hy(M, R).

The dual Thurston norm can be defined on H?(M,R) by the formula

. < a,[X] >
o, = Supgres ™2, (2)
where o € H*(M,R) and the supremum being taken over all connected, oriented surfaces ¥
embedded in M whose genus g is at least 2.

Recall that a taut foliation is a codimension one foliation of a closed manifold with the
property that every leaf meets a transverse circle. Equivalently, by a result of Dennis Sullivan
[2], a codimension one foliation is taut if there exists a Riemannian metric that makes each
leaf a minimal surface. Thurston proved that the convex hull of the Euler classes of taut
foliations on M is the unit ball for the dual Thurston norm. In particular, the Thurston
norm ||e(F)|[%;, of the Euler class e(F) € H*(M,R) of a taut foliation F is no more then one.

We represent the following result.

Theorem 1. Let M be a closed oriented hyperbolic 3-Manifold and F be a two-dimensional
transversely oriented foliation F whose leaves have the modulus of mean curvature bounded
above by the fized positive constant Hy. Then

— If Hy'< 1, we have F is taut and ||e(F)||5, = 1.

~ If Hy > 1, we have

1600H3V ol (M)* | 300V ol(31)
Coinj(M) inj(M)

le(F)ll7n < 2m +1,
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