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where C0 = 2min{inj(M), (coth)−1(H0)}, V ol(M) is the volume of M and inj(M) is
the injectivity radius of M .
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Nijenhuis geometry and its applications
Alexey Bolsinov

(Loughborough University, Loughborough LE11 3TU United Kingdom)
E-mail: a.bolsinov@lboro.ac.uk

This presentation is focused on some results of the long-term research programme Nijenhuis
Geometry initiated several years ago in cooperation with Vladimir Matveev and Andrey
Konyaev.

A Nijenhuis operator L =
(
Lij(x)

)
is defined to be a field of endomorphisms on a smooth

manifold M such that its Nijenhuis torsion identically vanishes, i.e.,
NL(ξ, w) = L2[ξ, η] + [Lξ, Lη]− L[Lξ, η]− L[ξ, Lη] = 0, (1)

for arbitrary vector fields ξ, η on M . The pair (M,L) is called a Nijenhuis manifold.
Relation (1) is the simplest differential-geometric condition on a field of endomorphisms,

and that is the reason why Nijenhuis operators appear in many areas of differential geometry
and mathematical physics. In the theory of integrable bi-Hamiltonian systems, they serve as
recursion operators and their role in this area has been well understood for many years due
to pioneering works by F.Magri, Y.Kosmann-Schwarzbach and F.Turiel. A classical fact in
complex geometry is that an almost complex structure is integrable if and only if it is Nijen-
huis (Newlander–Nireberg theorem). In the context of metric projective geometry, Nijenhuis
operators played a crucial role in various classification problems (AB and V.Matveev). They
naturally occur in the study of infinite dimensional Poisson brackets of hydrodynamic type
(E. Ferapontov et al). Even in algebra, Nijenhuis operators turns out to be useful in the
theory of integrable systems on Lie algebras and Lie pencils (A. Panasyuk), and also appear
as left symmetric algebras.

Besides various applications, our motivation is as follows. Classical geometries are defined
by means of a tensor of order 2. For Riemannian, sub-Riemannian, symplectic and Poisson
structures, this tensor is a bilinear form (co- or contravariant, symmetric or skew-symmetric).
In this list, one type of tensors is still missing: linear operators. Nijenhuis geometry would
be a very natural candidate to fill this gap.

Thus, Nijenhuis Geometry research programme is aimed at systematic development of the
theory of Nijenhuis manifolds. Our vision and first results are presented in [1–8]. More
specifically, our goal is to re-direct the research agenda in this area from tensor analysis
at generic points to studying singularities and global properties. The ultimate goal of our
research programme is to answer three fundamental questions:
(A) Local description: to what form can one bring a Nijenhuis operator near almost every

point by a local coordinate change?
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(B) Singular points: what does it mean for a point to be generic or singular in the context
of Nijenhuis geometry? What singularities are non-degenerate/stable? How do Nijenhuis
operators behave near non-degenerate and stable singular points?

(C) Global properties: what restrictions on a Nijenhuis operator are imposed by the topol-
ogy of the underlying manifold? And conversely, what are topological obstructions to a
Nijenhuis manifold carrying a Nijenhuis operator with specific properties?

Below are some of our easy-to-formulate results in the area.
Theorem 1. Let L be a Nijenhuis operator and σ1, . . . , σn be the coefficients of its charac-
teristic polynomial χ(t) = det(t · Id−L) = tn −∑n

k=1 σk t
n−k. Then in any local coordinate

system x1, . . . , xn the following matrix relation hold:

J(x)L(x) = Sχ(x) J(x), where Sχ(x) =




σ1(x) 1
... 0

. . .
σn−1(x)

... . . . 1
σn(x) 0 . . . 0


 (2)

and J(x) is the Jacobi matrix of the collection of functions σ1, . . . , σn w.r.t. the variables
x1, . . . , xn.
Theorem 2. Let L be a real-analytic Nijenhuis operator of the form

L(x) = Llin(x) +R(x), where Llin(x) = diag(x1, x2, . . . , xn)

and R(x) denotes a non-linear perturbation (of order ≥ 2). Then L(x) is linearisable, i.e.,
there exists a real analytic change of variables x 7→ y such that in the new coordinates
L(y) = diag(y1, y2, . . . , yn).
Theorem 3. A Nijenhuis operator on a closed connected manifold cannot have non-constant
complex eigenvalues.
Theorem 4. Consider a real analytic gl-regular Nijenhuis operator L (gl-regularity means
that each eigenvalue of L may have arbitarary multiplicity but only one linearly independent
eigenvector). Then there exist local coordinate systems u = (u1, . . . , un) and v = (v1, . . . , vn)
in which L reduces to the first and second companion forms:

L(u) = Lcomp1 =




σ1 1
... 0

. . .
σn−1

... . . . 1
σn 0 . . . 0


 and L(v) = Lcomp2 =




0 1
... . . . . . .
0 . . . 0 1
σn σn−1 . . . σ1


 ,

where σi are the coefficients of the characteristic polynomial of L in the corresponding coor-
dinate system.
Theorem 5. Let M2 be either a sphere or a closed Riemann surface of genus ≥ 2. Then
M2 cannot carry any gl-regular Nijenhuis operator L except for L = α Id+βA, where A is a
complex structure on M2 and α, β ∈ R, β 6= 0. A non-orientable closed 2-manifold different
from a Klein bottle cannot carry any gl-regular Nijenhuis operator.
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Shape optimization in the batch crystallization of CAM
Enzo Bonacci

(The Mathematics & Statistics Unit of ATINER, Athens, Greece)
E-mail: enzo.bonacci@physics.org

The citric acid monohydrate (CAM) is an important organic substance but, until 1997, the
scientific literature covered mostly the kinetics of nucleation [4] and the crystal growth [5]
rather than its production via the crystallization by cooling in a stirred tank reactor (STR).
The Department of Chemical Engineering at the University “La Sapienza” of Rome decided to
fill that sci-tech gap through a meticulous investigation, with three STRs at the laboratories
of San Pietro in Vincoli’s district, on the crystallization in discontinuous (batch) of CAM
from aqueous solutions. The author participated in that cutting edge experience, as experi-
menter and coder under the supervision of Prof. Barbara Mazzarotta, in the years 1997-1998
[1]. Our specific tasks were to spot the main operating conditions, to modify them until an
optimal crystal size distribution (CSD), i.e., large-sized homogeneous crystals of CAM, and
to write a QBasic program predicting the outcomes of any test in batch reactors [2]. Here
we focus on the influence of the STRs’ geometry, i.e., the role played by the tanks in crys-
tallizing the CAM thanks to their differently shaped bottoms (flat, hemispherical, conical).
All the data, collected and simulated, show that the round-bottomed crystallizer gives the
best CSD, performing better than the conical-bottomed STR, and that we should discard
the flat-bottomed STR for the poor quality of its crystalline product [3]. The homogenous
distribution of large crystals from the round-bottomed STR is due to the optimal suspension
state that such shape provides for the dispersed phase of CAM particles [6], as confirmed by
the computational fluid-dynamics software VisiMix.
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