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Open billiards, chaos and limit theorems

Leonid Bunimovich
(Georgia Institute of Technology)
E-mail: 1leonid.bunimovich@math.gatech.edu

Yaofeng Su
(Georgia Institute of Technology)
E-mail: yaofeng.su@math.gatech.edu

Abstract: Chaos is one of the important subjects in the theory of dynamical systems. In 1958,
Kolmogorov made a discovery regarding the statistical properties exhibited by certain chaotic
dynamical systems.

I will talk about the relationship between chaotic billiard systems and their statistical properties.
More precisely, I will show that

(1) Poisson limit theorems can characterize chaotic behaviors of billiard systems
(2) The convergence rates of Poisson limit theorems and Zeta-Functions have certain connec-
tions.
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On the inverse Poletsky inequality with a cotangent
dilatation

Sevost’yanov Evgeny
(Zhytomyr Ivan Franko State University; Institute of Applied Mathematics and Mechanics,
Slov’yans’k)
E-mail: esevostyanov20090gmail.com
Valery Targonskii

(Zhytomyr Ivan Franko State University)
E-mail: w.targonsk@gmail.com

The following definitions are from [1]. A path v in R™ is a continuous mapping v : A — R"
where A is an interval in R. Its locus 7y(A) is denoted by |v|. Given a family I of paths v in R", a
Borel function p: R™ — [0, 00| is called admissible for I', abbr. p € admT, if

[ pwldal =1

Y

for each (locally rectifiable) v € T'. Given p > 1, the p-modulus of T' is defined by the relation

M,(I') := inf /p”(x)dm(x) (1)

pcadmT’
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interpreted as +oo if admI' = @.

We will need the following definitions related to paths, their lengths and mappings defined
on them, see [2, section §8]. If v : A — R" is a locally rectifiable path, then there is the unique
nondecreasing length function [, of A onto a length interval A, C R with a prescribed normalization
l,(to) =0 € Ay, to € A, such that [,(t) is equal to the length of the subpath ~|y, 4 of v if t > t,
t € A, and [,(t) is equal to minus length of 7|y, if t < to, t € A. Let g : |y| = R™ be a continuous
mapping, and suppose that the path 7 = g o v is also locally rectifiable. Then there is a unique
non-decreasing function L., : A, — Az such that L., (l,(t)) = l5(t) for all t € A. A'path v in D
is called here a (whole) lifting of a path ¥ in R” under f: D — R" if ¥ = f o~.

Further, we use the notation I for the segment [a, b]. Given a closed rectifiable path v : I — R™,
we define a length function [, (¢) by the rule I, (t) = S (v, [a,t]) , where S(, [a, t]) is the length of the
path ¥|jq. Let a : [a,b] = R" be a rectifiable path in R", n > 2, and [(«) be'its length. A normal
representation o of « is defined as a path a° : [0,1(a)] — R™ which can be got from « by change
of parameter such that a(t) = a® (S (a, [a,])) for every t € [0,(«)]s'Such a normal representation
always exists and is unique (see [1, Theorem 2.4]).

The following definition may be found in [1, 2.5, item 2, section I|. Let « : [a,b] — R™ be a closed
rectifiable path in R”, n > 2. A mapping f : |a] — R" is said to be absolutely continuous on «, if
the function foa' is absolutely continuous on [0, [(«)], where [(a) denotes the length of v, and o
is its normal representation.

In the following, we say that some property P holds for p-almost all paths in the domain D
if this property may be violated only for some family I'; of paths in" D such that M,(I'g) = 0,
where M,(I'y) denotes the p-module of the family of paths I'y defined in (1). We will say that the
mapping f : D — R" has the ACP-property with respect to p-modulus, write f € ACP,, if the
length function L, ; is absolutely continuous on all closed intervals A, for p-almost all paths v in
D.

Let X and Y be two spaces with measures u and u’, respectively. We say that a mapping
f: X — Y has N-property of Luzin, if from the condition u(FE) = 0 it follows that p'(f(E)) = 0.
Similarly, we say that a mapping f : X — Y has N ~!'-Luzin property, if from the condition
p'(E) =0 it follows that u(f ~*(F))=0.

Let x € D be a differentiability point of f. We set

onle i @R g £ (@)
(7 s, min S A @) = max S

J(z, f) =det f'(x).

Given sets £ and F and a given domain D in R® = R™ U {00}, we denote by I'(E, F, D) the
family of all paths « : [0,1] = R" joining F and F in D, that is, v(0) € E, (1) € F and ~(t) € D
for all t € (0,1). Everywhere below, unless otherwise stated, the boundary and the closure of a set
are understood in the sense of the extended Euclidean space R™. Let o € D, zy # 00,

B(zg,7) ={z € R" : |z —x¢| <r}, B"=B(0,1),
S(xo,r) ={x € R" : |z —xo| =71},S5; = S(xo,73), 1=1,2,
A= A(zo,r1,m2) ={z € R" :ry < |z — x| <12}

Let f: D — R" n>2 and let @ : R" — [0,00] be a Lebesgue measurable function such that
Qy) = 0 for y € R"\ f(D). Let A = A(yo,71,72) and I'y(yo,71,72) denotes the family of all
paths 7 : [a,b] — D such that f(v) € T'(S(vo,71), S(yo,72), A(yo, 1,72)), i.e., f(v(a)) € S(yo,r1),
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f(v(b)) € S(yo,72), and f(y(t)) € A(yo,r1,72) for any a <t < b. We say that f satisfies the inverse
Poletsky inequality at yo € f(D) with respect to p-modulus, if the relation

My (o, 1. 7) / Q) 11y — o) dm(y) 2)
holds for any 0 < 7 <19 < 19:= sup |y—yo|and any Lebesgue measurable function 7 : (r1,79) —
yef(D)

T2
0, 00] such that [n(r)dr > 1. A mapping f : D — R" is called weakly light, if, for any y € R",

1
each connected component {f ~(y)} does not contain a non-degenerate path (see, e.g., Remark 8.3
in [2]).

Theorem 1. Let p > 1, and let f: D — R" be a weakly light mapping which is differentiable a.e.
and has Luzin N- and N ~'-properties with respect to the Lebesque measure in R", besides that,
f € ACP,(D). Let yo € f(D) \ {c0}. Set

sup

p
(s | )
Kerpy(y, [) = Z .

l'efil(y) |J(x7f)l

Then f satisfies the inverse Poletsky inequality 2 at yo for Qu(y) == Kcrpyo (Y, f)-

The result mentioned above is published in [3].
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Hasse norm theorem for 3-manifolds

Hirotaka Tashiro
(744, Motooka, Fukuoka, 819-0395, JAPAN)
E-mail: tashiro.hirotaka.035@s.kyushu-u.ac. jp

Abstract:Following the analogies between knots and primes, 3-manifolds and number rings in
arithmetic topology, we show a topological analogue of the Hasse norm principle for finite cyclic
coverings of 3-manifolds, which was originally stated for finite cyclic extensions of number fields.

Theorem 1. Let M be an integral homology 3-sphere endowed with a very admissible link L. Let
f: N — M be a finite cyclic covering branched over a finite sublink Ly of L. Then,

Pre O fulIn 1) = fo(Prs1(c)).
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