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Möbius invariants in conformal and projective geometries and their applications

N. Konovenko, V. Lychagin
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E-mail address : konovenko@ukr.net, valentin.lychagin@uit.no

In this talk we give a survey of applications of Möbius invariants of conformal and projective
geometries to analysis of various shapes ( [1], [2], [3], [5]). We’ll consider a connected and simply
connected domain D ⊂CP1 with smooth boundary γ = ∂D. Sharon E. and Mumford D. ([5])
suggested the following scheme to study shapes of the curve γ.

Due to the Riemann theorem there are conformal mappings φi : D →D and φo : Dc → D
c of the

inner and outer parts of D on the inner and outer part of the unit disk D. Restriction of φ0 ◦φ−1i on
the unit circle gives us a diffeomorphism ψ : S1 → S1 which is defined up to PSL2 (R)× PSL2 (R)-
action on the group of diffeomorphisms Diff

(
S1

)
: ψ �→ A ◦ ψ ◦B−1.

In paper ([5]) some additional conditions on φ0 were imposed which lead to the right action of
PSL2 (R) and give the remakable homogeneous space Diff

(
S1

)
/PSL2 (R).

In paper ([2]) these conditions we revised in such a way that they gives another spaces
SO (2) \Diff(S1)/PSL2 (R) and PSL2 (R) \Diff(S1)/PSL2 (R).

The situation becomes to be much more rigid if we consider domains D ⊂CP1 equipped with
some geometrical object, say set of points, curves, functions etc. We call such domains decorated.

Applying the Riemann theorem we arrive at a classification problem of the same type objects
on the Lobachevsky plane with respect to Lie group isometries PSL2 (R).

In both these cases we use differential invariants to describe the corresponding orbit spaces.
Remark that the actions of the above Lie groups on the corresponding jet bundles are algebraic

and it allows us to use the Lie-Tresse theorem ([4]) to describe the field of rational differential
invariants. These fields separate regular orbits in jet bundles and we use them to get the classification
of the corresponding geometrical objects.

We discuss shape spaces and related to them different types of fingerprints. In all cases we give
complete description of fields of rational differential invariants and show their relations to the Hill
equations and projective structures on the projective line PR

1.
For the cases of regular orbits these invariants are used to get smooth classification of fingerprints.
For decorated domains we analyze three types of geometrical objects: functions, differential

1-forms and foliations. For all these cases the fields of Möbius invariants are found and used to get
smooth classification of corresponding objects.
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