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Let’s suppose that H2 = {(x, y) | y > 0} is an upper half-plane with the Riemannian metric
dx2 + dy2

y2
. It is called a hyperbolic plane and has a constant negative Gaussian curvature −1.

Besides, H2 is a Hadamard space, which is a complete Riemannian manifold of nonpositive sectional
curvature.

Between two any points x, y ∈ H2 there is a unique geodesic σx,y. So we can define a notion of
a geodesically convex (or just convex) set in hyperbolic plane — it is a set that for two arbitrary
points x and y of its σx,y belongs to this set. Particularly, the mapping

ρ : H2 ×H2 → R, ρ(x, y) = `(σx,y), x, y ∈ H2,

where ` denotes a length of curve in H2, satisfies all the axioms of metric space.
We also can define a notion of convex function in H2.

Definition 1. We will call a parametrization γ : [0, 1]→ H2 of the geodesics between points a and
b in H2, γ(0) = a, γ(1) = b, standard, if for all α ∈ (0; 1) the equality

ρ(a, γ(α)) = α`

holds. Here ` denotes a length of the appropriate geodesics.
Definition 2. A function f : H2 → R is called convex in a convex set A ⊂ H2, if for arbitrary
points x1, x2 ∈ A and a standard parametrization γ : [0, 1] → H2 of the geodesics between them,
γ(0) = x2, γ(1) = x1, next inequality holds:

∀α ∈ [0, 1] : f(γ(α)) ≤ αf(x1) + (1− α)f(x2). (1)
Definition 3. Let’s fix in H2 any mutually distinct points x1, . . . , xN , where N ∈ N, and such
positive numbers w1, . . . , wN , a that

N∑
k=1

wk = 1. Open weighted N-foci ball, or weighted N-foci ball,
is a set

A = {x ∈ H2 |w1 ρ(x, x1) + · · ·+ wN ρ(x, xN) < a}, (2)
where x1, . . . , xN are called foci of the weighted N-foci ball, a is called a radius of the weighted
N-foci ball, w1, . . . , wN are called weights of the foci x1, . . . , xN .

We can define closed weighted N -foci balls the same way, having replaced the symbol “<” by the
symbol “≤” in the formula (2).

Let’s fix any point x0 ∈ H2 and define the distance function for it:
f : H2 → R, f(x) = ρ(x, x0), x ∈ H2.

Theorem 4. The distance function f is convex in the hyperbolic plane H2.
It is known, that such a function is convex in any Hadamard space [2]. In this work we got a

direct proof of convexity of f for the case of the hyperbolic plane.
From the convexity of f we obtain another result.

Theorem 5. All open and closed weighted N-foci balls are geodesically convex sets in the hyperbolic
plane H2.
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We also proved geodesical convexity of 1-foci ball, which is a hyperbolic ball, with geometrical
methods.
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[3] John F Barrett. The Hyperbolic Theory of Special Relativity, 2011.
[4] Alan F. Beardon. The Geometry of Discrete Groups. Springer New York, 1983.
[5] R. Engelking. General Topology. Sigma series in pure mathematics. Heldermann, 1989.
[6] O. P. Ferreira and P. R. Oliveira. Subgradient Algorithm on Riemannian Manifolds. Journal of Optimization Theory

and Applications, 97(1):93–104, April 1998.
[7] Orizon Pereira Ferreira, Sándor Zoltán Németh, and Jinzhen Zhu. Convexity of sets and quadratic functions on

the hyperbolic space, 2021.
[8] Martin Von Gagern. Creation of Hyperbolic Ornaments — Algorithmic and Interactive Methods, 2014.
[9] Eduardo Gallego and Gil Solanes. Perimeter, Diameter and Area of Convex Sets in the Hyperbolic Plane. Journal

of the London Mathematical Society, 64(1):161–178, August 2001.
[10] V. Guillemin and A. Pollack. Differential Topology. Mathematics Series. Prentice-Hall, 1974.
[11] Martin Himmel. More convex functions by Artin‘s method, 2014.
[12] John M. Lee. Riemannian Manifolds. Springer New York, 1997.
[13] Wancang Ma and David Minda. Hyperbolically convex functions. Annales Polonici Mathematici, 60(1):81–100,

1994.
[14] William Ma and David Minda. Hyperbolically convex functions II. Annales Polonici Mathematici, 71(3):273–285,

1999.
[15] Bojan Mohar. Drawing Graphs in the Hyperbolic Plane, page 127–136. Springer Berlin Heidelberg, 1999.
[16] Junpei Sekino. n-ellipses and the minimum distance sum problem. Amer. Math. Monthly, 106(3):193–202, 1999.
[17] Xiao-Ming Zhang and Yu-Dong Wu. Geometrically convex functions and solution of a question. RGMIA Res.

Rep. Coll., 7(4), 2004.

A retraction from the space of pseudometrics to the space
of ultrapseudometrics

Volodymyr Penhryn
(Vasyl Stefanyk Precarpathian National University, Shevchenka 57, Ivano-Frankivsk, Ukraine)

E-mail: volodymyr.penhryn.22@pnu.edu.ua
Oleh Nykyforchyn

(Vasyl Stefanyk Precarpathian National University, Shevchenka 57, Ivano-Frankivsk, Ukraine)
E-mail: oleh.nykyforchyn@pnu.edu.ua

Definition 1. A pseudometric on a set X is a function d : X×X → R that satisfies the following
properties for all x, y, z ∈ X:

(1) Non-negativity: d(x, y) ≥ 0.
(2) Identity of indiscernibles: d(x, x) = 0. (However, it is not required that d(x, y) = 0

implies x = y, which differentiates a pseudometric from a metric.)
(3) Symmetry: d(x, y) = d(y, x).
(4) Triangle inequality: d(x, z) ≤ d(x, y) + d(y, z).

An ultrapseudometric is a type of distance function defined on a set that generalizes the
notion of a metric, incorporating properties specific to ultrametrics and pseudometrics. Formally:
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