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ÌÀÊÑ ÀÉÇÈÊÎÂÈ× ÀÊÈÂÈÑ

Ê 90-ëåòèþ ñî äíÿ ðîæäåíèÿ è 70-ëåòèþ íàó÷íîé äåÿòåëüíîñòè

Îäíîìó èç ñàìûõ ÿðêèõ ãåîìåòðîâ ñîâðåìåííîñòè Ìàêñó Àéçèêîâè÷ó Àêèâèñó â ýòîì ãîäó
èñïîëíèëîñü 90 ëåò. Âñå ìû � ïðÿìî èëè êîñâåííî � åãî ó÷åíèêè. Íå îäíî ïîêîëåíèå
ãåîìåòðîâ âîñïèòûâàëîñü íà åãî çàìå÷àòåëüíûõ ðàáîòàõ, êîòîðûå, âûéäÿ èç ïå÷àòè, ñðàçó
ñòàíîâèëèñü êëàññè÷åñêèìè � íàñòîëüêî îíè áûëè ãëóáîêèìè ïî ñîäåðæàíèþ, ñîâåðøåííûìè
ïî ôîðìå è ïî ÿñíîñòè èçëîæåíèÿ. Òàêèìè áûëè óæå åãî ïåðâûå ðàáîòû ïî ëèíåé÷àòîé
ãåîìåòðèè, êîòîðîé òîãäà (ïåðâàÿ ïîëîâèíà 20 âåêà) óâëåêàëèñü è Ý. Êàðòàí, è ëó÷øèé
ïîïóëÿðèçàòîð êàðòàíîâñêèõ èäåé, âûäàþùèéñÿ ñîâåòñêèé ãåîìåòð Ñåðãåé Ïàâëîâè÷ Ôèíèêîâ,
íàó÷íûé ðóêîâîäèòåëü ìîëîäîãî Ìàêñà Àêèâèñà. Ñòàòüè ïî ïàðàì T êîìïëåêñîâ ïðÿìûõ,
çàùèùåííûå èì êàê êàíäèäàòñêàÿ äèññåðòàöèÿ, � ïðèìåð êðàñîòû, èçÿùåñòâà è ãëóáîêîãî
ïîíèìàíèÿ âîïðîñà, ÷òî âñåãäà îòëè÷àëî ðàáîòû Ìàêñà Àéçèêîâè÷à. Ïîèñê ñèììåòðèè è
ïîñòèæåíèå âíóòðåííåé ãàðìîíèè ãåîìåòðè÷åñêèõ ñòðóêòóð � òàê ìîæíî îõàðàêòåðèçîâàòü
òî, ÷òî âûøëî èç ïîä åãî ïåðà. Â íàèáîëüøåé ñòåïåíè, íàâåðíîå, ýòî çàìå÷àíèå îòíîñèòñÿ
ê ðàáîòàì ïî òåîðèè ìíîãîìåðíûõ òðè-òêàíåé, êîòîðîé Ìàêñ Àéçèêîâè÷ óâëåêñÿ, ïåðåâåäÿ
êíèãó Âèëüãåëüìà Áëÿøêå "Einfürung in dieGeometrie derWaben". Îí çàïèñàë ñòðóêòóðíûå
óðàâíåíèÿ òêàíè â íàèáîëåå åñòåñòâåííîé è óäîáíîé ôîðìå, ÷òî ïîçâîëèëî åìó îïèñàòü
ãåîìåòðè÷åñêèå ñâîéñòâà òêàíåé, ïðîâåñòè èõ êëàññèôèêàöèþ, ââåñòè ðÿä íîâûõ âàæíåéøèõ
ïîíÿòèé (íàïðèìåð, ïîíÿòèå W -àëãåáðû, îáîáùàþùåå àëãåáðû Ëè, ïîíÿòèå êàíîíè÷åñêèõ
êîîðäèíàò â ëîêàëüíîé àíàëèòè÷åñêîé ëóïå, ïîíÿòèå çàìêíóòîé G- ñòðóêòóðû è äð.)

Ìû íå áóäåì îïèñûâàòü ìíîãî÷èñëåííûå íàó÷íûå ðåçóëüòàòû þáèëÿðà, çà ïîäðîáíîñòÿìè
îòñûëàåì ÷èòàòåëÿ ê ïðåäûäóùèì ïóáëèêàöèÿì, ïîñâÿùåííûì åìó æå (Ìàêñ Àéçèêîâè÷

Àêèâèñ, Óñïåõè ìàòåì. íàóê, 48(1993), � 3, 213-216; Maks Aizikovich Akivis, â êí. Webs
and Quasigroups, Tver State University, Tver, 1993, 4�8; Maks Aizikovich Akivis, â êí. Webs
and Quasigroups, Tver State University, Tver, 1998/1999, 7�11 (â ïîñëåäíåé ñòàòüå ïîëíûé
ñïèñîê ïóáëèêàöèé Ì.À. Àêèâèñà ïî 1999 ãîä è ñïèñîê äèññåðòàöèé, çàùèùåííûõ ïîä åãî
ðóêîâîäñòâîì); Maks A. Akivis, Òåçèñû äîêëàäîâ ìåæäóíàðîäíîé êîíô. "Ãåîìåòðèÿ â Îäåññå�
2008", Îäåññà, 2008, 7�16).

Èñïîëüçóÿ ðåçóëüòàòû Ìàêñà Àéçèêîâè÷à è åãî èäåè, åãî ó÷åíèêè è êîëëåãè ðåøèëè ðÿä
êðóïíûõ ïðîáëåì òåîðèè òêàíåé. Ïåðå÷èñëèì íåêîòîðûå èç íèõ. Êîëëåãà Ìàêñà Àéçèêîâè÷à,
åãî áëèæàéøèé ñîàâòîð è äðóã, Âëàäèñëàâ Âèêòîðîâè÷ Ãîëüäáåðã (áåçâðåìåííî óøåäøèé îò
íàñ â 2011 ãîäó) ñîçäàë òåîðèþ (n + 1)-òêàíåé è ðåøèë ðÿä ñëîæíåéøèõ çàäà÷, îòíîñÿùèõñÿ
ê ïðîáëåìå ðàíãà òêàíè. Âìåñòå ñ Â. Â. Ëû÷àãèíûì îíè íàøëè óñëîâèÿ ëèíåàðèçàöèè
êðèâîëèíåéíîé òðè-òêàíè â òåðìèíàõ äèôôåðåíöèàëüíûõ èíâàðèàíòîâ òêàíè ("ïðîáëåìà
àíàìîðôîçû", âîçíèêøàÿ íà ðóáåæå 19�20 âåêîâ). À.Ä. Èâàíîâ îïèñàë âñå ÷åòûðåõìåðíûå
òêàíè Áîëà, Â. È. Ôåäîðîâà íàøëà äîñòàòî÷íîå óñëîâèå áîëîâîñòè ìíîãîìåðíîé òðè-òêàíè è
îïèñàëà øåñòèìåðíûå òêàíè Áîëà. Â. È. Áû÷åê, Â. Á. Ëàçàðåâà, Â. Ê. Äðàãóíîâ è À. À. Óòêèí
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îïèñàëè êîîðäèíàòíûå òðè-òêàíè íà ïîâåðõíîñòÿõ â ïðîñòðàíñòâàõ ñ êóáè÷åñêèì àáñîëþòîì
(òðè ïðÿìûå â îäíîé ïëîñêîñòè, òðè ïðÿìûå îáùåãî ïîëîæåíèÿ â ïðîñòðàíñòâå, êóáè÷åñêàÿ
êðèâàÿ â íåñîáñòâåííîé ïëîñêîñòè è ïðîñòðàíñòâåííàÿ êóáè÷åñêàÿ êðèâàÿ ñîîòâåòñòâåííî).
Â.Â. Òèìîøåíêî îïèñàë òðè-òêàíè íàä êîììóòàòèâíûìè àññîöèàòèâíûìè àëãåáðàìè; Â. Ï.
Áîöó � âñå ÷åòûðåõìåðíûå øåñòèóãîëüíûå òðè-òêàíè; Ñ.À. Ãåðàñèìåíêî � ìíîãîìåðíûå
(n+ 1)-òêàíè Áîëà; Ì.À. Àíäèêÿí � òðè-òêàíè íà êàñàòåëüíûõ ðàññëîåíèÿõ. Í.Â. Ãâîçäîâè÷
îïèñàë èíôèíèòåçèìàëüíûå àâòîìîðôèçìû òðè-òêàíåé; Ã.À. Êëåêîâêèí èçó÷àë ãåîìåòðèþ
÷åòûðåõìåðíûõ òðè-òêàíåé; Â.Ê. Âîñêàíÿí ðàññìàòðèâàë êðèâîëèíåéíûå (n+ 1)-òêàíè íà n-
ìåðíîì ìíîãîîáðàçèè; Ñ.Í. Áîãäàíîâ � ðèìàíîâû ìåòðèêè è ñèìïëåêòè÷åñêèå ñòðóêòóðû,
àññîöèèðîâàííûå è ìíîãîìåðíûìè òðè-òêàíÿìè. Ë.Ì. Ïèäæàêîâà ðàññìîòðåëà òêàíè ñ
êîâàðèàíòíî ïîñòîÿííûì òåíçîðîì êðèâèçíû, À. À. Äóþíîâà � òðè-òêàíè, îïðåäåëÿåìûå
ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. À.Ì. Øåëåõîâ äîêàçàë çàìêíóòîñòü
G-ñòðóêòóðû, îïðåäåëÿåìîé ìíîãîìåðíîé øåñòèóãîëüíîé òðè-òêàíüþ; ðåøèë (âìåñòå ñ
Â. Ëàçàðåâîé) ïðîáëåìó Â. Áëÿøêå îá îïèñàíèè âñåõ ðåãóëÿðíûõ òðè-òêàíåé èç ïó÷êîâ
îêðóæíîñòåé; äîêàçàë, ÷òî ýêâèâàëåíòíûå ãðàññìàíîâû òðè-òêàíè ïðîåêòèâíî ýêâèâàëåíòíû,
îòêóäà ñëåäóåò ïîëîæèòåëüíîå ðåøåíèå ïðîáëåìû Ãðîíâîëà (1912 ã.). Ã.À. Òîëñòèõèíà
ðàññìàòðèâàëà òðè-òêàíè è ëîêàëüíûå èäåìïîòåíòíûå êâàçèãðóïïû. Îíà òàêæå ñóùåñòâåííî
ðàçâèëà òåîðèþ òêàíåé, îáðàçîâàííûõ ñëîåíèÿìè ðàçíûõ ðàçìåðíîñòåé, îñíîâû êîòîðîé áûëè
çàëîæåíû â ðàáîòàõ Àêèâèñà è Ãîëüäáåðãà.

Òàêèì îáðàçîì, óæå â ÷åòâåðòîì ïîêîëåíèè ñóùåñòâóåò øêîëà ãåîìåòðîâ, îñíîâàííàÿ
Ìàêñîì Àéçèêîâè÷åì, � áëàãîäàðÿ åãî íåîáû÷àéíîé íàó÷íîé àêòèâíîñòè, åãî õàðèçìå,
äîáðîæåëàòåëüíîìó îòíîøåíèþ ê ó÷åíèêàì è êîëëåãàì. Ýòîé øêîëå ïðèíàäëåæèò îñíîâíàÿ
÷àñòü ðàáîò ïî òåîðèè òêàíåé, ïîëó÷åííûõ çà ïîñëåäíèå 50 ëåò. Ìíîãèå èç íèõ áûëè
îïóáëèêîâàíû â îñíîâàííîì Àêèâèñîì è Øåëåõîâûì ñáîðíèêå "Òêàíè è êâàçèãðóïïû",
êîòîðûé âûõîäèë â èçäàòåëüñòâå Òâåðñêîãî óíèâåðñèòåòà ñ 1981 ïî 2002 ãîä è îòðàæåíû â
èõ ìîíîãðàôèÿõ Geometry and Algebra of Multidimensional Three-Webs. (Kluwer Academic Pub-
lishers, Dordrecht/Boston/London, 1992) è Ìíîãîìåðíûå òðè-òêàíè è èõ ïðèëîæåíèÿ. (Òâåðü,
Òâåðñêîé ãîñ-ò, 2010, 307 ñ.)

Âñå ïåðå÷èñëåííûå ðàáîòû âûïîëíåíû ìåòîäîì âíåøíèõ ôîðì è ïîäâèæíîãî ðåïåðà,
îñíîâû êîòîðîãî áûëè çàëîæåíû Ý. Êàðòàíîì, è ðàçâèòû â òðóäàõ ìíîãèõ âûäàþùèõñÿ
ìàòåìàòèêîâ. Íåîöåíèìûé âêëàä â ïðàêòèêó ïðèìåíåíèÿ ìåòîäà Êàðòàíà âíåñ è Ìàêñ
Àéçèêîâè÷. Áëàãîäàðÿ åìó, ýòîò ïîèñòèíå óíèâåðñàëüíûé ìåòîä ïîëó÷èë øèðîêîå ïðèëîæåíèå
â òåîðèè òêàíåé, êîíôîðìíîé è ïðîåêòèâíîé äèôôåðåíöèàëüíîé ãåîìåòðèè, ñì. ìîíîãðàôèè,
íàïèñàííûå þáèëÿðîì âìåñòå ñ Â.Â. Ãîëüäáåðãîì: Projective Di�erential Geometry of Subman-

ifolds (North�Holland, Amsterdam�London�New York�Tokio, 1993, xi+362 pp.); Conformal Dif-
ferential Geometry and Its Generalizations (John Wiley and Sons, 1996, xiv+383 pp.)

Ìû ïðèâîäèì ðàáîòû Ìàêñà Àéçèêîâè÷à çà ïîñëåäíèå 3 ãîäà, êîòîðûå, âîçìîæíî, åùå
íåèçâåñòíû ÷èòàòåëþ.

1. Ïðîåêòèâíûé àíàëîã ïðåîáðàçîâàíèé Åãîðîâà. Ôóíäàìåíò. è ïðèêë. ìàòåì., 16:1
(2010), 3�12.

2. Çàìêíóòûå G-ñòðóêòóðû, îïðåäåëÿåìûå òðè-òêàíÿìè. Â êí.: Òåîðèÿ îòíîñèòåëüíîñòè,
ãðàâèòàöèÿ è ãåîìåòðèÿ. Òðóäû ìåæäóíàðîäíîé êîíô. "Petrov 2010 Anniversary Symposium
on General Relativity and Gravitation", 1-6 íîÿáðÿ 2010, Êàçàíü. Êàçàíñêèé óí-ò, 2010, ñ.
267-273 (ñîâìåñòíî ñ À.Ì. Øåëåõîâûì). English translation: Closed G-structures de�ned by
three-webs. Kazan Gos. Univ., Uchen. Zap., Ser. Fiz-Mat. Nauki, 2011, v. 153, book 3, pp. 22-28.

3. Ìåòîä Êàðòàíà-Ëàïòåâà â òåîðèè ìíîãîìåðíûõ òðè-òêàíåé. //Ôóíäàìåíò. è ïðèêë.
ìàòåì., 2010, 16:1, 13-38 (ñîâìåñòíî ñ À.Ì. Øåëåõîâûì). English translation: Cartan-Laptev
method in the theory of multidimensional three-webs. J. of Math. Sciences, Sept. 2011, v. 177. n.
4, pp. 522-540.
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Ó Ìàêñà Àéçèêîâè÷à çàìå÷àòåëüíàÿ ñåìüÿ, ìíîãî âíóêîâ è ïðàâíóêîâ, â âîñïèòàíèè
êîòîðûõ îí ïðèíèìàåò äåÿòåëüíîå ó÷àñòèå.

Äîðîãîé Ìàêñ Àéçèêîâè÷! Ìû, Âàøè êîëëåãè, äðóçüÿ, ó÷åíèêè, îò âñåé äóøè ïîçäðàâëÿåì
Âàñ ñ çàìå÷àòåëüíûì þáèëååì, æåëàåì çäîðîâüÿ, ñ÷àñòüÿ, òâîð÷åñêèõ óäà÷ è óñïåõîâ â
âîñïèòàíèè ïðàïðàâíóêîâ!

Ìåæäóíàðîäíûé ãåîìåòðè÷åñêèé öåíòð.
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Ìàð÷åíêî Âîëîäèìèð Îëåêñàíäðîâè÷

7 ëèïíÿ 2012 ð. âèïîâíþ¹òüñÿ 90 ðîêiâ âiä äíÿ íàðîäæåííÿ àêàäåìiêà ÍÀÍ Óêðà¨íè òà
ÐÀÍ Â.Î. Ìàð÷åíêà. Âîëîäèìèð Îëåêñàíäðîâè÷ Ìàð÷åíêî - âèäàòíèé ìàòåìàòèê, àâòîð
áiëüø íiæ 130 íàóêîâèõ ïóáëiêàöié, â òîìó ÷èñëi 12 ìîíîãðàôié. Â.Î. Ìàð÷åíêî íàëåæàòü
ôóíäàìåíòàëüíi ðåçóëüòàòè ó íàñòóïíèõ îáëàñòÿõ ìàòåìàòèêè: ãàðìîíi÷íîìó àíàëiçi i
òåîði¨ ìàéæå ïåðiîäè÷íèõ ôóíêöié; ñïåêòðàëüíié òåîði¨ äèôåðåíöiàëüíèõ òà ðiçíèöåâèõ
îïåðàòîðiâ; òåîði¨ îáåðíåíèõ çàäà÷ ñïåêòðàëüíîãî àíàëiçó i òåîði¨ ðîçñiÿííÿ; ñïåêòðàëüíié
òåîði¨ âèïàäêîâèõ ìàòðèöü âåëèêî¨ ðîçìiðíîñòi; òåîði¨ äèôðàêöi¨ åëåêòðîìàãíiòíèõ õâèëü íà
ïåðiîäè÷íèõ ñòðóêòóðàõ; òåîði¨ óñåðåäíåííÿ êðàéîâèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè ó îáëàñòÿõ
ñêëàäíî¨ ìiêðîñòðóêòóðè; òåîði¨ öiëêîì iíòåãðîâíèõ íåëiíiéíèõ åâîëþöiéíèõ ðiâíÿíü.

Âèäàòíi íàóêîâi äîñÿãíåííÿ Âîëîäèìèðà Îëåêñàíäðîâè÷à øèðîêî âiäîìi ó ìàòåìàòè÷íèõ
êîëàõ âñüîãî ñâiòó. Âií ¹ àêàäåìiêîì Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè i Ðîñiéñüêî¨ àêàäåìi¨
íàóê, ïî÷åñíèì äîêòîðîì Ïàðèçüêîãî óíiâåðñèòåòó, ÷ëåíîì Íîðâåçüêîãî êîðîëiâñüêîãî
òîâàðèñòâà íàóê i ëiòåðàòóðè. Ïðîòÿãîì áàãàòüîõ ðîêiâ Â.Î. Ìàð÷åíêî ÷èòàâ ëåêöi¨ ó
Õàðêiâñüêîìó óíiâåðñèòåòi, ïðèäiëÿþ÷è îñîáëèâó óâàãó ïiäãîòîâöi íàóêîâèõ êàäðiâ. Ñåðåä
éîãî ó÷íiâ êàíäèäàòè i äîêòîðè íàóê, äâà àêàäåìiêà ÍÀÍ Óêðà¨íè. Âåëèêó óâàãó âií
ïðèäiëÿ¹ îðãàíiçàöi¨ ìàòåìàòè÷íî¨ íàóêè â Õàðêîâi. Âií íåîäíîðàçîâî âèáèðàâñÿ ïðåçèäåíòîì
Õàðêiâñüêîãî ìàòåìàòè÷íîãî òîâàðèñòâà. Â.Î. Ìàð÷åíêî ïðèéìàâ àêòèâíó ó÷àñòü ó çàñíóâàííi
Ôiçèêî-òåõíi÷íîãî iíñòèòóòó íèçüêèõ òåìïåðàòóð i éîãî Ìàòåìàòè÷íîãî âiääiëåííÿ.

Ïiñëÿ çàêií÷åííÿ óíiâåðñèòåòó â 1945 ðîöi Â.Î. Ìàð÷åíêî âñòóïà¹ äî àñïiðàíòóðè
óíiâåðñèòåòó, ÿêó çàêií÷ó¹ äîñòðîêîâî. Éîãî íàóêîâèì êåðiâíèêîì áóâ Í.Ñ.Ëàíäêîô. Ïåðøi
ðîáîòè Â.Î. Ìàð÷åíêà âiäíîñÿòüñÿ äî ìàéæå ïåðiîäè÷íèõ ôóíêöié, óçàãàëüíåíèõ ðÿäiâ Ôóð'¹
i òåîði¨ àïðîêñèìàöi¨. Âiäçíà÷èìî ëèøå îäèí ç îòðèìàíèõ â öüîìó íàïðÿìêó ðåçóëüòàòiâ.
Â.Î. Ìàð÷åíêî ââiâ òàêó òîïîëîãiþ íà äiéñíié îñi, â ÿêié êîæíà ðiâíîìiðíî íåïåðåðâíà
ôóíêöiÿ âèÿâëÿ¹òüñÿ ìàéæå ïåðiîäè÷íîþ ôóíêöi¹þ Ã. Áîðà, à êîæíà ïðîñòî íåïåðåðâíà
ôóíêöiÿ - ìàéæå ïåðiîäè÷íîþ ôóíêöi¹þ Á.Ì. Ëåâiòàíà. Òî÷êè íåïåðåðâíîñòi i òî÷êè Ë¹áåãà
ó ââåäåíié òîïîëîãi¨ âiäiãðàþòü òàêó æ ðîëü äëÿ óçàãàëüíåíèõ ðÿäiâ Ôóð'¹, ÿê çâè÷àéíi
òî÷êè íåïåðåðâíîñòi i òî÷êè Ë¹áåãà äëÿ çâè÷àéíèõ ðÿäiâ Ôóð'¹. Êàíäèäàòñüêó äèñåðòàöiþ
"Ìåòîäè ïiäñóìîâóâàííÿ óçàãàëüíåíèõ ðÿäiâ Ôóð'¹" âií çàõèñòèâ ó 1948 ðîöi. Ïiçíiøå Â.Î.
Ìàð÷åíêî íåîäíîðàçîâî ïîâåðòàâñÿ äî òåìàòèêè, ïîâ'ÿçàíî¨ ç óçàãàëüíåíèì ãàðìîíi÷íèì
àíàëiçîì, òåîðåìàìè òàóáåðîâà òèïó òà àïðîêñèìàöi¹þ ôóíêöié, çàäàíèõ íà âñié îñi.

Ïiñëÿ çàõèñòó êàíäèäàòñüêî¨ äèñåðòàöi¨ Â.Î.Ìàð÷åíêî çàöiêàâèâñÿ ñïåêòðàëüíî¨ òåîði¹þ
äèôåðåíöiàëüíèõ îïåðàòîðiâ. Éîãî óâàãó ïðèâåðíóëè îïåðàòîðè ïåðåòâîðåííÿ, ùî ïåðåâîäÿòü
ðîçâ'ÿçêè îäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ Øòóðìà-Ëióâiëëÿ ó ðîçâ'ÿçêè iíøîãî. Ðîáîòè
Â.Î. Ìàð÷åíêà ïîêàçàëè, ùî òàêi îïåðàòîðè ¹ ïîòóæíèì àïàðàòîì äîñëiäæåííÿ áàãàòüîõ
ïèòàíü ñïåêòðàëüíî¨ òåîði¨. Ñåðåä íèõ â ïåðøó ÷åðãó ñëiä íàçâàòè îáåðíåíi çàäà÷i
ñïåêòðàëüíîãî àíàëiçó ñàìîñïðÿæåíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ i àñèìïòîòè÷íi ôîðìóëè
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äëÿ ñïåêòðàëüíî¨ ôóíêöi¨. Îñîáëèâî öiêàâèì i çìiñòîâíèì ¹ âèïàäîê, êîëè ðîçãëÿäà¹òüñÿ
ñàìîñïðÿæåíèé îïåðàòîð Øòóðìà-Ëióâiëëÿ íà ïiâîñi, ôiêñîâàíèé äiéñíèì ïàðàìåòðîì â
ãðàíè÷íié óìîâi. Òóò Â.Î. Ìàð÷åíêî îòðèìó¹ ðÿä ôóíäàìåíòàëüíèõ ðåçóëüòàòiâ. Íàéáiëüø
âiäîìèé ç íèõ - òåîðåìà ¹äèíîñòi, çãiäíî ç ÿêîþ ïîòåíöiàë i ïàðàìåòð â ãðàíè÷íié óìîâi
îäíîçíà÷íî âèçíà÷àþòüñÿ ñâî¹þ ñïåêòðàëüíîþ ôóíêöi¹þ. Âñi âiäîìi òåîðåìè ¹äèíîñòi
äëÿ îáåðíåíî¨ çàäà÷i âiäíîâëåííÿ îïåðàòîðà Øòóðìà-Ëióâiëëÿ (òåîðåìà Ã. Áîðãà ïî äâîõ
ñïåêòðàõ, òåîðåìà Í. Ëåâiíñîíà ïðî ãðàíè÷íó ôàçó ðîçñiþâàííÿ òà iíøi) ìiñòÿòüñÿ â öié
òåîðåìi. Åôåêòèâíi ìåòîäè âiäíîâëåííÿ äèôåðåíöiàëüíîãî îïåðàòîðà ïî éîãî ñïåêòðàëüíî¨
ôóíêöi¨ áóëè çàïðîïîíîâàíi â ðîáîòàõ I.Ì. Ãåëüôàíäà i Á.Ì. Ëåâiòàíà, Â.Î. Ìàð÷åíêà
i Ì.Ã. Êðåéíà. Çíà÷íèì âíåñêîì â ñïåêòðàëüíó òåîðiþ îïåðàòîðiâ ñòàëà îòðèìàíà Â.Î.
Ìàð÷åíêîì àñèìïòîòè÷íà ôîðìóëà äëÿ ñïåêòðàëüíî¨ ôóíêöi¨ çàäà÷i Øòóðìà-Ëióâiëëÿ ç
äîâiëüíèì ïîòåíöiàëîì. Ó 1951 ð. âií ïðåäñòàâëÿ¹ äî çàõèñòó äîêòîðñüêó äèñåðòàöiþ
"Äåÿêi ïèòàííÿ òåîði¨ îäíîâèìiðíèõ ëiíiéíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ äðóãîãî ïîðÿäêó".
Ïèòàííÿ ñïåêòðàëüíîãî àíàëiçó äèôåðåíöiàëüíèõ îïåðàòîðiâ i â íàñòóïíi ðîêè çàëèøàëèñÿ
âàæëèâèì îá'¹êòîì äîñëiäæåíü Â.Î. Ìàð÷åíêà, äå éîìó âäàëîñÿ îòðèìàòè öiëèé ðÿä êðàñèâèõ
i íåñïîäiâàíèõ ðåçóëüòàòiâ. Çîêðåìà, ¨ì áóëî çàïðîïîíîâàíî íîâó òî÷êà çîðó íà òåîðiþ
ðîçêëàäàííÿ ïî âëàñíèì ôóíêöiÿì íåñàìîñïðÿæåíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ äðóãîãî
ïîðÿäêó, ðÿä âàæëèâèõ àñèìïòîòè÷íèõ ôîðìóë i ò.ï.

Â ñåðåäèíi 50-õ ðîêiâ óâàãó Â.Î. Ìàð÷åíêà ïðèâåðíóëè îáåðíåíi çàäà÷i iíøîãî êëàñó, à
ñàìå îáåðíåíi çàäà÷i òåîði¨ ðîçñiÿííÿ, çîáîâ'ÿçàíi ñâî¨ì ïîõîäæåííÿì òåîðåòè÷íié ôiçèöi. Ó
êâàíòîâié ìåõàíiöi îñíîâíà åêñïåðèìåíòàëüíà iíôîðìàöiÿ ïðî ðîçñiÿííÿ ÷àñòîê ïîòåíöiéíèì
ïîëåì âèòÿãó¹òüñÿ ç àñèìïòîòèê õâèëüîâèõ ôóíêöié íà íåñêií÷åííîñòi. Òîìó ïðèðîäíî âèíèêà¹
çàäà÷à ïðî âiäíîâëåííÿ ïîòåíöiàëó ïîëÿ ïî àñèìïòîòèöi õâèëüîâèõ ôóíêöié, òîáòî çà äàíèìè
ðîçñiÿííÿ. Öi¹þ ïðîáëåìîþ â ðiçíèé ÷àñ çàéìàëèñÿ áàãàòî ôiçèêiâ-òåîðåòèêiâ i ìàòåìàòèêiâ
(Â. Áàðãìàí, Í. Ëåâiíñîí, Ð. Éîñò, Â. Êîí òà ií.) Ó ðàçi öåíòðàëüíî-ñèìåòðè÷íîãî ïîëÿ
çàäà÷à çâîäèòüñÿ äî âiäíîâëåííÿ ïîòåíöiàëó îïåðàòîðà Øðåäiíãåðà íà ïiâîñi çà âiäîìèìè
äàíèìè ðîçñiÿííÿ. Â.Î. Ìàð÷åíêî äîâiâ, ùî äàíi ðîçñiÿííÿ îäíîçíà÷íî âèçíà÷àþòü ïîòåíöiàë
i, ãîëîâíå, çàïðîïîíóâàâ ïðîöåäóðó éîãî âiäíîâëåííÿ, â îñíîâi ÿêî¨ ëåæèòü ëiíiéíå iíòåãðàëüíå
ðiâíÿííÿ, ùî íîñèòü íèíi éîãî iì'ÿ. Ãðóíòóþ÷èñü íà öié ïðîöåäóði, âií ïðîâiâ âè÷åðïíå
äîñëiäæåííÿ ðîçâ'ÿçíîñòi îáåðíåíî¨ çàäà÷i, îòðèìàâ íåîáõiäíi i äîñòàòíi óìîâè íà äàíi
ðîçñiÿííÿ, ÿêi çàáåçïå÷óþòü ïðèíàëåæíiñòü ïîòåíöiàëó äàíîìó êëàñó. Çà öi äîñëiäæåííÿ â
1962 ð. Â.Î. Ìàð÷åíêó, ñïiëüíî ç Á.Ì. Ëåâiòàíîì, áóëî ïðèñóäæåíî Ëåíiíñüêó ïðåìiþ. Çãîäîì
âií âèâ÷èâ ïðîáëåìè ñòiéêîñòi îáåðíåíèõ çàäà÷ òåîði¨ ðîçñiÿííÿ i ñïåêòðàëüíîãî àíàëiçó. Öi
òà iíøi îáåðíåíi çàäà÷i ñïåêòðàëüíî¨ òåîði¨ âèêëàäåíi Â.Î. Ìàð÷åíêîì â éîãî ìîíîãðàôiÿõ,
îïóáëiêîâàíèõ â Óêðà¨íi òà çà êîðäîíîì i ÿêi êîðèñòóþòüñÿ øèðîêîþ ïîïóëÿðíiñòþ.

Ó 1960 ð. áóâ ñòâîðåíèé Ôiçèêî-òåõíi÷íèé iíñòèòóò íèçüêèõ òåìïåðàòóð (ÔÒIÍÒ
ÀÍ ÓÐÑÐ). Iíiöiàòîðîì ñòâîðåííÿ iíñòèòóòó áóâ Á.I. Â¹ðêií, ÿêèé i ñòàâ éîãî ïåðøèì
äèðåêòîðîì. Á.I.Â¹ðêií çàïðîïîíóâàâ Â.Î.Ìàð÷åíêó î÷îëèòè âiääië ìàòåìàòè÷íî¨ ôiçèêè. Ç
öüîãî ìîìåíòó ïî÷èíà¹òüñÿ íîâèé åòàï â æèòòi i íàóêîâié äiÿëüíîñòi Â.Î. Ìàð÷åíêà. Âií
áåðå àêòèâíó ó÷àñòü â îðãàíiçàöi¨ ðîáîòè ìàòåìàòè÷íèõ âiääiëiâ òà âñòàíîâëåííÿ òâîð÷èõ
çâ'ÿçêiâ ç ôiçèêàìè òà iíæåíåðàìè iíñòèòóòó. Ïåðåä âiääiëàìè ñòàâèëîñÿ ïîäâiéíà ìåòà:
ìàòåìàòèêè ïîâèííi áóëè, ç îäíîãî áîêó, áðàòè ó÷àñòü ó íàóêîâèõ ïðîãðàìàõ iíñòèòóòó i â
iäåàëi ñòàòè îäíi¹þ ç ëàíîê ó òâîð÷îìó ëàíöþæêó: ôiçèêè - ìàòåìàòèêè - êîíñòðóêòîðè -
âèðîáíèöòâî, à ç iíøîãî - ïðîâîäèòè äîñëiäæåííÿ ç øèðîêîãî êîëà ôóíäàìåíòàëüíèõ ïðîáëåì
ìàòåìàòèêè, ïðîäîâæóþ÷è i ðîçâèâàþ÷è òèì ñàìèì òðàäèöi¨ Õàðêiâñüêî¨ ìàòåìàòè÷íî¨ øêîëè.
Íàóêîâà àòìîñôåðà iíñòèòóòó õàðàêòåðèçóâàëàñÿ ðiâíîïðàâíèìè i äðóæíiìè âiäíîñèíàìè ìiæ
ïðåäñòàâíèêàìè ðiçíèõ îáëàñòåé íàóêè i òåõíiêè. Âåëè÷åçíà çàñëóãà â öüîìó, áåçóìîâíî,
íàëåæàëà éîãî äèðåêòîðó Á.I. Â¹ðêiíó i ïðîâiäíèì â÷åíèì iíñòèòóòó, â òîìó ÷èñëi Â.Î.
Ìàð÷åíêó.

Ó öåé ïåðiîä âèíèêàþòü íîâi òåìè â íàóêîâié òâîð÷îñòi Â.Î. Ìàð÷åíêà. Éîãî
çàöiêàâèëà òåîðiÿ äèôðàêöi¨ åëåêòðîìàãíiòíèõ õâèëü íà ïåðiîäè÷íèõ ñòðóêòóðàõ. Íèì
áóëî çàïðîïîíîâàíî åôåêòèâíèé ìåòîä ðîçâ'ÿçàííÿ îñíîâíèõ çàäà÷ öi¹¨ òåîði¨. Çíà÷åííÿ i
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ïåðñïåêòèâíiñòü ìåòîäó ïîëÿãàëè â éîãî çàñòîñîâíîñòi â óñüîìó iíòåðâàëi äîâæèí ïàäàþ÷èõ
õâèëü. Öi ðîáîòè âiäiãðàëè âàæëèâó ðîëü ó ðîçâèòêó òåîðåòè÷íèõ i ïðèêëàäíèõ äîñëiäæåíü
â Iíñòèòóòi ðàäiîåëåêòðîíiêè ÀÍ Óêðà¨íè ïiä êåðiâíèöòâîì àêàäåìiêà ÀÍ Óêðà¨íè Â.Ï.
Øåñòîïàëîâà.

Àíàëiç çàäà÷ òåîði¨ äèôðàêöi¨ ïðèâiâ Â.Î. Ìàð÷åíêà äî ïîñòàíîâêè íîâîãî êëàñó çàäà÷
ìàòåìàòè÷íî¨ ôiçèêè - êðàéîâèõ çàäà÷ â îáëàñòÿõ ç äðiáíîçåðíèñòîþ ìåæåþ. Çàäà÷i
òàêîãî òèïó âèíèêàþòü òàêîæ â òåîði¨ ïðóæíîñòi, àêóñòèöi, ãiäðîäèíàìiöi ñóñïåíçié. Ìåòîä
ðîçâ'ÿçàííÿ òàêèõ çàäà÷, çàïðîïîíîâàíèé Â.Î. Ìàð÷åíêîì, ïîëÿãàâ ó âèâ÷åííi àñèìïòîòè÷íî¨
ïîâåäiíêè ¨õ ðîçâ'ÿçêiâ ïðè ïîäðiáíåííi ìåæi îáëàñòi i âèâåäåííÿ óñåðåäíåíèõ ðiâíÿíü,
ðîçâ'ÿçêè ÿêèõ îïèñóþòü ïåðøèé ÷ëåí àñèìïòîòèêè. Çãîäîì â çàõiäíié ëiòåðàòóði öåé
ìåòîä ñòàâ íàçèâàòèñÿ ìåòîäîì óñåðåäíåííÿ äèôåðåíöiàëüíèõ îïåðàòîðiâ. Ïåðøèé åòàï
ðîçâèòêó öüîãî íîâîãî íàïðÿìó â òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ó ÷àñòèííèõ ïîõiäíèõ áóâ
ïiäñóìîâàíèé ó ìîíîãðàôi¨ (íàïèñàíî¨ ñïiëüíî ç �.ß. Õðóñëîâèì), ÿêà ¹ îäíi¹þ ç ïåðøèõ êíèã,
ùî âiäíîñÿòüñÿ äî òåîði¨ óñåðåäíåííÿ. Âîíà iñòîòíî âïëèíóëà íà ïîäàëüøèé ðîçâèòîê öüîãî
íàïðÿìêó. Ðåçóëüòàòè îñòàííiõ ðîêiâ âèêëàäåíi â ìîíîãðàôiÿõ Â.Î. Ìàð÷åíêà i �.ß. Õðóñëîâà
2006 è 2011 ðîêiâ.

Ó 60-i ðîêè Â.Î. Ìàð÷åíêî ç âåëèêèì iíòåðåñîì îáãîâîðþ¹ ïèòàííÿ ñïåêòðàëüíî¨ òåîði¨
îïåðàòîðiâ ç âèïàäêîâèìè êîåôiöi¹íòàìè ç âèäàòíèì ôiçèêîì-òåîðåòèêîì I.Ì. Ëiôøèöåì. Öå
ñòàëî ïîøòîâõîì äî ñòâîðåííÿ Â.Î. Ìàð÷åíêîì ñïiëüíî ç Ë.À. Ïàñòóðîì íîâîãî íàïðÿìó
ìàòåìàòè÷íî¨ ôiçèêè - ñïåêòðàëüíî¨ òåîði¨ âèïàäêîâèõ ìàòðèöü i âèïàäêîâèõ îïåðàòîðiâ, ÿêå
çàðàç iíòåíñèâíî ðîçâèâà¹òüñÿ. Â ¨õ ïiîíåðñüêèõ ðîáîòàõ, çàâäÿêè ïëiäíîìó îá'¹äíàííþ iäåé
òåîði¨ éìîâiðíîñòåé òà ñïåêòðàëüíî¨ òåîði¨ îïåðàòîðiâ, áóëè îòðèìàíi ÷óäîâi ðåçóëüòàòè, ÿêi
iíòåíñèâíî âèêîðèñòîâóþòüñÿ òà öèòóþòüñÿ i â òåïåðiøíié ÷àñ.

Â êiíöi 60-õ ðîêiâ Â.Î. Ìàð÷åíêî ïîâåðòà¹òüñÿ äî òåîði¨ îáåðíåíèõ çàäà÷ äëÿ
äèôåðåíöiàëüíèõ ðiâíÿíü. Ó ìàòåìàòè÷íié ïîñòàíîâöi îáåðíåíî¨ çàäà÷i òåîði¨ ðîçñiÿííÿ
ïðèïóñêà¹òüñÿ, ùî ôàçà ðîçñiÿííÿ âiäîìà ó âñüîìó iíòåðâàëi åíåðãié, òîäi ÿê ïðè ôiçè÷íî
êîðåêòíié ïîñòàíîâöi îáåðíåíî¨ çàäà÷i ôàçà ðîçñiÿííÿ ìîæå çàäàâàòèñÿ ëèøå â ñêií÷åííîìó
iíòåðâàëi åíåðãié. Â.Î. Ìàð÷åíêî îòðèìàâ òî÷íi îöiíêè ïîõèáêè âiäíîâëåííÿ ïîòåíöiàëó i
âëàñíèõ ôóíêöié îïåðàòîðà Øòóðìà-Ëióâiëëÿ íà ïiâîñi çàëåæíî âiä äîâæèíè iíòåðâàëó, íà
ÿêîìó âiäîìà ôóíêöiÿ ðîçñiÿííÿ. Ó ðîáîòàõ ç Ä.Ø. Ëóíäiíîþ i Ê.Â. Ìàñëîâèì öåé ðåçóëüòàò
áóâ ïîøèðåíèé íà îáåðíåíi çàäà÷i ñïåêòðàëüíîãî àíàëiçó.

Îáåðíåíi çàäà÷i òåîði¨ ðîçñiÿííÿ i ñïåêòðàëüíîãî àíàëiçó âiäiãðàëè íà ïî÷àòêó 70-õ
ðîêiâ âàæëèâó ðîëü ó ðîçâèòêó íîâîãî íàïðÿìó â òåîði¨ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè
- òåîði¨ öiëêîì iíòåãðîâíèõ íåëiíiéíèõ ðiâíÿíü, àáî òåîði¨ ñîëiòîíiâ. Íîâèé ìåòîä,
áóäó÷è óçàãàëüíåííÿì ìåòîäó Ôóð'¹ íà íåëiíiéíi ðiâíÿííÿ, âèÿâèâñÿ òiñíî ïîâ'ÿçàíèì íå
òiëüêè ç òåîði¹þ ðîçñiÿííÿ i ñïåêòðàëüíîþ òåîði¹þ îïåðàòîðiâ, à é ç iíøèìè îáëàñòÿìè
ìàòåìàòèêè, òàêèìè ÿê àëãåáðà¨÷íà ãåîìåòðiÿ i àáåë¹âi ôóíêöi¨, àëãåáðè Ëi i ñèìïëåêòè÷íà
ãåîìåòðiÿ. Áóäó÷è òiñíî ïîâ'ÿçàíîþ çi ñïåêòðàëüíîþ òåîði¹þ, öÿ íîâà îáëàñòü ïðèðîäíî
âèêëèêàëà âåëèêèé iíòåðåñ Â.Î. Ìàð÷åíêà. I â öié íîâié äëÿ ñåáå îáëàñòi âií çàïðîïîíóâàâ
îðèãiíàëüíi i ïåðñïåêòèâíi iäå¨ òà ïiäõîäè. Âií çàïðîïîíîâóâàâ ìåòîä ðîçâ'ÿçàííÿ ïåðiîäè÷íî¨
çàäà÷i Êîøi äëÿ ðiâíÿííÿ Êîðòåâåãà-äå Ôðiçà, ùî áàçó¹òüñÿ íà ïðîöåäóði ïîëiíîìiàëüíèõ
àïðîêñèìàöié ìàòðèöi ìîíîäðîìi¨ ðiâíÿíü Ëàêñà, ÿêi ïðèçâîäÿòü äî ñóìiñíèõ àâòîíîìíèõ
ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, i íàñòóïíîãî ãðàíè÷íîãî ïåðåõîäó. Öåé ìåòîä
çíàéøîâ çàñòîñóâàííÿ i ïîäàëüøèé ðîçâèòîê â ðîáîòàõ éîãî ó÷íiâ Â.À. Êîçåëà, Â.Ï.
Êîòëÿðîâà, À.�. Áîðîâiêà. Äîñëiäæåííÿ ïåðiîäè÷íî¨ çàäà÷i ïðèâåëè äî íåîáõiäíîñòi ïî
íîâîìó ïåðåîñìèñëèòè îáåðíåíi çàäà÷i ñïåêòðàëüíîãî àíàëiçó äëÿ îïåðàòîðà Øðåäiíãåðà ç
ïåðiîäè÷íèì ïîòåíöiàëîì (îïåðàòîðà Õiëëà), ùî i áóëî çðîáëåíî â ñïiëüíèõ ç I.Â. Îñòðîâñüêèì
ðîáîòàõ. Â íèõ îòðèìàíà åôåêòèâíà i ïðèðîäíà ïàðàìåòðèçàöiÿ ñïåêòðàëüíèõ äàíèõ i
äîâåäåíà òåîðåìà ïðî àïðîêñèìàöi¨ äîâiëüíîãî ïåðiîäè÷íîãî ïîòåíöiàëó ñêií÷åííîçîííèìè.
Ñïåêòðàëüíà òåîðiÿ îïåðàòîðà Øðåäiíãåðà i ¨¨ çàñòîñóâàííÿ äî iíòåãðóâàííÿ íåëiíiéíèõ
åâîëþöiéíèõ ðiâíÿíü ñêëàëè çìiñò ìîíîãðàôi¨ Â.Î.Ìàð÷åíêà "Îïåðàòîðè Øòóðìà-Ëióâiëëÿ
òà ¨õ çàñòîñóâàííÿ". Íåùîäàâíî öÿ ìîíîãðàôiÿ áóëà ïåðåðîáëåíà, äîïîâíåíà àâòîðîì ãëàâîþ
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ïî ñòiéêîñòi ðîçâ'ÿçêiâ îáåðíåíèõ çàäà÷ i âèäàíà Àìåðèêàíñüêèì ìàòåìàòè÷íèì òîâàðèñòâîì.
Ó 80-òi ðîêè Â.Î.Ìàð÷åíêî çàïðîïîíóâàâ íîâèé ìåòîä ïîáóäîâè ðîçâ'ÿçêiâ íåëiíiéíèõ

ðiâíÿíü, çàñíîâàíèé íà êðàñèâèõ îïåðàòîðíî-àëãåáðà¨÷íèõ iäåÿõ i ãëèáîêîìó àíàëiòè÷íîìó
àïàðàòi. Â îñíîâó ìåòîäó áóëà ïîêëàäåíà çàìiíà äàíîãî ðiâíÿííÿ íà ðiâíÿííÿ òîãî æ âèäó
ùîäî ôóíêöié, ÿêi ïðèéìàþòü çíà÷åííÿ â äîâiëüíié îïåðàòîðíî¨ àëãåáði. Ðîçâ'ÿçêè âèõiäíîãî
ðiâíÿííÿ ïîðîäæóþòüñÿ îäíîñîëiòîííèìè îïåðàòîðíèìè ðîçâ'ÿçêàìè øëÿõîì ñïðÿæåííÿ
¨õ ñïåöiàëüíèìè ñêií÷åííîâèìiðíèìè ïðîåêòîðàìè. Äîâiëüíèé âèáið îïåðàòîðíî¨ àëãåáðè
i ïðîåêòîðiâ äîçâîëÿ¹ çíàõîäèòè øèðîêi êëàñè ðîçâ'ÿçêiâ öiëêîì iíòåãðîâíèõ íåëiíiéíèõ
ðiâíÿíü. Âiäïîâiäíi ðåçóëüòàòè ñòàíîâëÿòü çìiñò ìîíîãðàôi¨ Â.Î. Ìàð÷åíêà "Íåëiíiéíi
ðiâíÿííÿ i îïåðàòîðíi àëãåáðè" (Ê.: "Íàóêîâà äóìêà", 1986 ð. i Dordrecht: "D.Reidel", 1987).
Öi äîñëiäæåííÿ, ùî ïðåäñòàâëÿþòü âåëèêèé iíòåðåñ äëÿ òåîði¨ íåëiíiéíèõ ðiâíÿíü, ìàþòü
òàêîæ ãëèáîêèé ñïåêòðàëüíèé çìiñò. Ó íèõ ïðîïîíóþòüñÿ íîâi ïiäõîäè äî êîíñòðóêòèâíîãî
ðîçâ'ÿçàííÿ îáåðíåíèõ çàäà÷ ñïåêòðàëüíîãî àíàëiçó äëÿ äèôåðåíöiàëüíèõ îïåðàòîðiâ ç
íåñïàäíèìè êîåôiöi¹íòàìè - íàéìåíø âèâ÷åíîãî êëàñó îáåðíåíèõ çàäà÷. Ïîäàëüøèé ðîçâèòîê
öèõ iäåé ïðèâåëî Â.Î. Ìàð÷åíêà äî ñòâîðåííÿ â 90-òi ðîêè òåîði¨ íåñïàäíèõ ðîçâ'ÿçêiâ öiëêîì
iíòåãðîâíèõ ðiâíÿíü. Òàê, â ðîáîòàõ íèì áóëà çíàéäåíà õàðàêòåðèçàöiÿ ðîçâ'ÿçêiâ Âåéëÿ
äëÿ îïåðàòîðiâ Øðåäiíãåðà i Äiðàêà ç íåñïàäíèìè ïîòåíöiàëàìè, âií íàäàâ êîíñòðóêòèâíå
äîâåäåííÿ ìîæëèâîñòi ðîçâ'ÿçàííÿ çàäà÷ Êîøi äëÿ ðiâíÿííÿ Êîðòåâåãà-äå Ôðiçà i íåëiíiéíîãî
ðiâíÿííÿØðåäiíãåðà ç íåñïàäíèìè ïî÷àòêîâèìè äàíèìè òà óçàãàëüíåííÿ ïåðåòâîðåííÿ Äàðáó,
ùî äîçâîëÿ¹ áóäóâàòè øèðîêi êëàñè ðîçâ'ÿçêiâ íåëiíiéíèõ åâîëþöiéíèõ ðiâíÿíü, çàëåæíèõ âiä
ñêií÷åííîãî ÷èñëà ôóíêöiîíàëüíèõ ïàðàìåòðiâ.

Ó ïåðøîìó äåñÿòèëiòòi íîâîãî ñòîëiòòÿ Â.Î. Ìàð÷åíêî ïðîäîâæó¹ óñïiøíó íàóêîâó ðîáîòó.
Âií îòðèìàâ ðÿä íîâèõ ðåçóëüòàòiâ, ùî âiäíîñÿòüñÿ äî ìåòîäó îáåðíåíî¨ çàäà÷i òåîði¨ ðîçñiÿííÿ
äëÿ ðîçâ'ÿçàííÿ íåëiíiéíèõ åâîëþöiéíèõ ðiâíÿíü, ïî-íîâîìó ïåðåãëÿäà¹ òåîðiþ îáåðíåíèõ
çàäà÷ ñïåêòðàëüíîãî àíàëiçó äëÿ ìàòðèöü ßêîái i âèäà¹ ìîíîãðàôiþ "Ââåäåííÿ â òåîðiþ
îáåðíåíèõ çàäà÷ ñïåêòðàëüíîãî àíàëiçó". Ìåòîäè, ðîçâèíåíi â öié ìîíîãðàôi¨, äîçâîëèëè
Â.Î. Ìàð÷åíêó ñïiëüíî ç Þ.I. Ëþáàðñüêèì ñôîðìóëþâàòè i ðîçâ'ÿçàòè îáåðíåíi çàäà÷i
áàãàòîêàíàëüíîãî ðîçñiÿííÿ i òåîði¨ ìàëèõ êîëèâàíü ñèñòåìè âçà¹ìîäiþ÷èõ ÷àñòèíîê.

Ïðîòÿãîì áàãàòüîõ ðîêiâ Â.Î.Ìàð÷åíêî êåðóâàâ ìiñüêèì ñåìiíàðîì ç ìàòåìàòè÷íî¨ ôiçèêè,
ùî ïðàöþâàâ ùîòèæíåâî â Õàðêiâñüêîìó óíiâåðñèòåòi. Ñåìiíàð ìàâ âåëèêèé âïëèâ íà
ðîçâèòîê ìàòåìàòè÷íèõ äîñëiäæåíü íå òiëüêè â Õàðêîâi, à é ó âñié êðà¨íi.

Íàóêîâi òà ãðîìàäñüêi çàñëóãè Â.Î.Ìàð÷åíêà îòðèìàëè øèðîêå âèçíàííÿ. Âií - ëàóðåàò
Ëåíiíñüêî¨ ïðåìi¨ (1962), Äåðæàâíî¨ ïðåìi¨ Óêðà¨íè â ãàëóçi íàóêè i òåõíiêè (1989), ïðåìié iì.
Ì.Ì.Êðèëîâà (1983), iì. Ì.Ì.Áîãîëþáîâà (1996) i ¨ì. Ì.Î.Ëàâðåíòü¹âà (2007) ÍÀÍ Óêðà¨íè;
íàãîðîäæåíèé äâîìà îðäåíàìè Òðóäîâîãî ÷åðâîíîãî ïðàïîðà (1967, 1982), îðäåíàìè ßðîñëàâà
Ìóäðîãî V (2002) i IV (2007) ñòóïåíiâ; â 1961 ðîöi áóâ îáðàíèé ÷ëåíîì-êîðåñïîíäåíòîì, à
â 1969 - àêàäåìiêîì Àêàäåìi¨ íàóê Óêðà¨íè; â 1987 ð. ñòà¹ äiéñíèì ÷ëåíîì Àêàäåìi¨ íàóê
ÑÐÑÐ. Âèçíàííÿì éîãî íàóêîâèõ äîñÿãíåíü ¹ ïðèñóäæåííÿ éîìó çâàííÿ Ïî÷åñíîãî äîêòîðà
Ïàðèçüêîãî óíiâåðñèòåòó (1997 ð.) i Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó (2002), îáðàííÿ
÷ëåíîì Íîðâåçüêîãî êîðîëiâñüêîãî òîâàðèñòâà íàóê i ëiòåðàòóðè (2001) òà íàãîðîäæåííÿ
Çîëîòîþ ìåäàëëþ iìåíi Â.I.Âåðíàäñüêîãî ÍÀÍ Óêðà¨íà (2010). Ó 2007 ðîöi Â.Î.Ìàð÷åíêî
áóâ óäîñòî¹íèé çâàííÿ "Ïî÷åñíîãî ãðîìàäÿíèíà Õàðêiâñüêî¨ îáëàñòi".

Øèðîòà íàóêîâèõ iíòåðåñiâ i åðóäèöiÿ, âiääàíiñòü íàóöi i âèñîêà âèìîãëèâiñòü äî ñåáå,
ïîñòiéíà óâàãà äî ó÷íiâ i êîëåã, äîáðîçè÷ëèâiñòü i ãîòîâíiñòü íàäàòè äîïîìîãó äîáðå âiäîìi
âñiì, êîìó äîâîäèëîñÿ çóñòði÷àòèñÿ i ïðàöþâàòè ç Âîëîäèìèðîì Îëåêñàíäðîâè÷åì.

Ìè áàæà¹ìî Âîëîäèìèðó Îëåêñàíäðîâè÷ó ìiöíîãî çäîðîâ'ÿ, äîáðîãî íàñòðîþ i íîâèõ
òâîð÷èõ äîñÿãíåíü.
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Ïàñòóð Ëåîíiä Àíäðiéîâè÷

Âèäàòíèé óêðà¨íñüêèé â÷åíèé â ãàëóçi ìàòåìàòè÷íî¨ òà òåîðåòè÷íî¨ ôiçèêè, ðåçóëüòàòè

ÿêîãî ìàëè âåëèêèé âïëèâ íà ðîçâèòîê ñâiòîâî¨ íàóêè.

Íàóêîâi iíòåðåñè Ë.À.Ïàñòóðà ¹ íàäçâè÷àéíî øèðîêèìè. Äëÿ éîãî íàóêîâî¨ òâîð÷îñòi

¹ õàðàêòåðíèì îðãàíi÷íèé çâ'ÿçîê ç òåîðåòè÷íîþ ôiçèêîþ, âìiííÿ ïîáà÷èòü ó ôiçè÷íié

ïðîáëåìi íîâi ìàòåìàòè÷íi çàäà÷i òà ïåðñïåêòèâíi íàïðÿìêè, åôåêòèâíå çàñòîñóâàííÿ ñó÷àñíèõ

ìàòåìàòè÷íèõ ìåòîäiâ äëÿ ðîçâ'ÿçêó ôiçè÷íèõ çàäà÷. Îäíîþ ç ãîëîâíèõ ñôåð éîãî

äiÿëüíîñòi ¹ òåîðiÿ íåâïîðÿäêîâàíèõ ñèñòåì. Ðåçóëüòàòè äîñëiäæåíü â öi¹¨ ãàëóçi áóëî

ïiäñóìîâàíî â ìîíîãðàôi¨ I.Ì.Ëiâøèöÿ, Ñ.Î.Ãðåäåñêóëà òà Ë.À.Ïàñòóðà ½Ââåäåíèå â òåîðèþ

íåóïîðÿäî÷åííûõ ñèñòåì�. Âîíè çíà÷íîþ ìiðîþ âèçíà÷àþòü ñó÷àñíèé âèãëÿä öüîãî ðîçäiëó

òåîðåòè÷íî¨ ôiçèêè. Çà öþ êíèãó àâòîðè îòðèìàëè â 1985 ðîöi Äåðæàâíó ïðåìiþ Óêðà¨íè.

Ïiçíiøå ìàòåìàòè÷íi àñïåêòè öüîãî êîëà ïðîáëåì áóëî âèêëàäåíî â øèðîêî âiäîìié ìîíîãðàôi¨

Ë.À.Ïàñòóðà òà À.Ôiãîòiíà �Spectra of Random and Almost Periodic Operators�. Iíøèì

ðîçäiëîì ìàòåìàòè÷íî¨ ôiçèêè, äå ðåçóëüòâòè Ë.À.Ïàñòóðà ìàþòü âåëè÷åçíå çíà÷åííÿ, ¹

òåîðiÿ âèïàäêîâèõ ìàòðèöü. Â éîãî ðîáîòàõ áóëî íå òiëüêè îòðèìàíî êëàñè÷íi ðåçóëüòàòè

ïðî ðîçïîäië âëàñíèõ çíà÷åíü àíñàìáëiâ âèïàäêîâèõ ìàòðèöü Âiøàðäó òà Âiãíåðó, àëå é

çàïðîïîíîâàíî ìåòîäè, ùî äîçâîëÿþòü âèâ÷èòè áàãàòî iíøèõ àíñàìáëiâ âèïàäêîâèõ ìàòðèöü.

Äîñëiäæåííÿ Ë.À.Ïàñòóðà â òåîði¨ âèïàäêîâèõ ìàòðèöü òðèâàþòü i çàðàç. Ðåçóëüòàòè öèõ

äîñëiäæåíü ñòàëè îñíîâî¨ ìîíîãðàôi¨ Ë.À.Ïàñòóðà òà Ì.Â.Ùåðáèíè �Eigenvalue Distribu-

tion of Large Random Matrices�, ùî íåùîäàâíî îïóáëiêîâàíî âèäàâíèöòâîì Àìåðèêàíñüêîãî

ìàòåìàòè÷íîãî ñóñïiëüñòâà. Øèðîêèé êëàñ äîñëiäæåíü Ë.À.Ïàñòóðà íàëåæèòü òàêîæ äî

ñïåêòðàëüíî¨ òåîði¨ âèïàäêîâèõ äèôåðåíöiéíèõ òà ñêií÷åííî-ðiçíèöåâèõ îïåðàòîðiâ. Îäíèì

ç íàéáiëüø âiäîìèõ ðåçóëüòàòiâ ó öüîìó íàïðÿìêó ¹ ðîáîòà ïðî ÷èñòî òî÷êîâèé ñïåêòð

äèôåðåíöiéíèõ îïåðàòîðiâ äðóãîãî ïîðÿäêó ç âèïàäêîâèìè êîåôiöi¹íòàìèþ

Ë.À.Ïàñòóð âåäå âåëèêó îðãàíiçàöiéíó ðîáîòó. Äîâãi ðîêè âií áóâ çàñòóïíèêîì äèðåêòîðó

ÔÒIÍÒ iì.Á.I.Â¹ðêiíà ÍÀÍ Óêðà¨íè òà ãîëîâîþ ìàòåìàòè÷íîãî âiääiëåííÿ öüîãî iíñòèòóòó.

Âií ¹ ãîëîâíèì ðåäàêòîðîì æóðíàëó ½Ìàòåìàòè÷íà ôiçèêà, àíàëiç, ãåîìåòðiÿ�, ÷ëåíîì

ðåäàêöiéíî¨ êîëåãi¨ ½Óêðà¨íñüêîãî ìàòåìàòè÷íîãî æóðíàëó� òà ùå äåêiëüêîõ íàóêîâèõ âèäàíü,

÷ëåíîì äåêiëüêîõ ñïåöiàëiçîâàíèõ Ó÷åíèõ ðàä ç çàõèñòó äèñåðòàöié.

Âåëè÷åçíà åðóäèöiÿ â ìàòåìàòèöi i òåîðåòè÷íié ôiçèöi òà òàëàíò ïåäàãîãà ïðèâåðòàþòü äî

Ë.À.Ïàñòóðà ÷èñëåííèõ ó÷íiâ, áàãàòî ç ÿêèõ óñïiøíî ïðàöþþòü çàðàç íå òiëüêè â Óêðà¨íi, àëå

é â iíøèõ êðà¨íàõ.

Âèçíà÷íi íàóêîâi çàñëóãè Ë.À.Ïàñòóðà ïðèíåñëè éîìó âåëèêèé àâòîðèòåò òà ïîâàãó â

íàóêîâîìó ñóñïiëüñòâi. Â 1990 ð. éîãî îáðàíî àêàäåìiêîì ÍÀÍ Óêðà¨íè. Âií ¹ ëàóðåàòîì

Ïðåìi¨ ÍÀÍ Óêðà¨íè iì. Ì.Â.Îñòðîãðàäñüêîãî òà äåðæàâíî¨ ïðåìi¨ Óêðà¨íè.
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Èäæàä Õàêîâè÷ Ñàáèòîâ

(ê 75-ëåòíåìó þáèëåþ)

E-mail: isabitov@mail.ru

Èäæàä Õàêîâè÷ Ñàáèòîâ ðîäèëñÿ 15 äåêàáðÿ 1937 ãîäà â ã. Âîñêðåñåíñêå Ìîñêîâñêîé

îáëàñòè. Åãî ðîäèòåëè ïðèåõàëè òóäà ñ Óðàëà äëÿ êóëüòóðíî-ïðîñâåòèòåëüñêîé è

ïðåïîäàâàòåëüñêîé ðàáîòû â áîëüøîì òàòàðñêîì çåìëÿ÷åñòâå ãîðîäà. Ñ íà÷àëîì âîéíû

îòåö óøåë íà ôðîíò, à ìàòü ñ òðåìÿ ìàëîëåòíèìè äåòüìè ýâàêóèðîâàëàñü â Îðåíáóðãñêóþ

îáëàñòü. Çäåñü îíà íàøëà ðàáîòó ó÷èòåëÿ â ìàëåíüêîé áàøêèðñêîé äåðåâíå Êàí÷èðîâî,

ãäå Èäæàä è íà÷àë ñâîþ ó÷åáó. Çàêîí÷èë îí ñðåäíþþ øêîëó â 1954 ã. óæå â ðàéîííîì

öåíòðå è â òîì æå ãîäó ïîñòóïèë áåç ýêçàìåíîâ, êàê ñåðåáðÿíûé ìåäàëèñò, â Òàäæèêñêèé

Ãîñóäàðñòâåííûé Óíèâåðñèòåò â ã. Ñòàëèíàáàäå (íûíå ã. Äóøàíáå) íà îòäåëåíèå ìàòåìàòèêè

ôèçèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà. Ïîñëå îêîí÷àíèÿ óíèâåðñèòåòà ñ îòëè÷èåì îí áûë

îñòàâëåí òàì æå íà ðàáîòó àññèñòåíòîì êàôåäðû ìàòåìàòè÷åñêîãî àíàëèçà. ×åðåç äâà ãîäà,

â 1961 ã., îí ïîñòóïèë â àñïèðàíòóðó ìåõàíìêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà ÌÃÓ èì. Ì.Â.

Ëîìîíîñîâà ê âûäàþùåìóñÿ ãåîìåòðó Íèêîëàþ Âëàäèìèðîâè÷ó Åôèìîâó. Åãî êàíäèäàòñêàÿ

äèññåðòàöèÿ "Ïîâåðõíîñòè Äàðáó â òåîðèè áåñêîíå÷íî ìàëûõ èçãèáàíèé", çàùèùåííàÿ èì â

1965 ã., áûëà îöåíåíà Ó÷åíûì Ñîâåòîì ôàêóëüòåòà êàê âûäàþùàÿñÿ ðàáîòà.

Îñòàâëåííûé ïîñëå àñïèðàíòóðû ïî ðàñïðåäåëåíèþ â óíèâåðñèòåòå, È.Õ.Ñàáèòîâ ñ 1964 ã.

ðàáîòàåò íà êàôåäðå ìàòåìàòè÷åñêîãî àíàëèçà ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà ÌÃÓ,

ñíà÷àëà àññèñòåíòîì, çàòåì ñ 1968 ã. - äîöåíòîì, à ñ 2001 ã. - ïðîôåññîðîì. Çà ýòè ãîäû

îí ïðî÷èòàë ïðàêòè÷åñêè âñå êóðñû ïî âûñøåé ìàòåìàòèêå, ïðåïîäàâàÿ, êðîìå ìåõìàòà, åùå

è íà åñòåñòâåííûõ ôàêóëüòåòàõ ÌÃÓ. ×èòàåìûå èì êóðñû ìàòåìàòèêè íà ãåîãðàôè÷åñêîì è

õèìè÷åñêîì ôàêóëüòåòàõ îáåñïå÷åíû ñîîòâåòñòâóþùèìè ìåòîäè÷åñêèìè ïîñîáèÿìè. Â 2013

ã. ïîä ñîâìåñòíûì àâòîðñòâîì À.À.Ìèõàëåâà è È.Õ.Ñàáèòîâà â ÈÖ "Àêàäåìèÿ" â ñåðèè

"Óíèâåðñèòåòñêèé ó÷åáíèê" âûøëî èõ ó÷åáíîå ïîñîáèå "Ëèíåéíàÿ àëãåáðà è àíàëèòè÷åñêàÿ

ãåîìåòðèÿ".

Íàó÷íàÿ ðàáîòà È.Õ. Ñàáèòîâà íà÷àëàñü åùå â åãî ñòóäåí÷åñêèå ãîäû. Â íà÷àëå ñâîåé

íàó÷íîé äåÿòåëüíîñòè â ÒÃÓ îí çàíèìàëñÿ ïîä ðóêîâîäñòâîì Ë.Ã. Ìèõàéëîâà (íûíå àêàäåìèê

ÀÍ Ðåñïóáëèêè Òàäæèêèñòàí) êðàåâûìè çàäà÷àìè òåîðèè ôóíêöèé ïî òåìàòèêå øêîëû

Ìóñõåëèøâèëè-Âåêóà è Ãàõîâà. Ïåðâûå æå åãî ïóáëèêàöèè ïî ýòîé òåìå(1961 ã. è 1964ã.)

ïðèâëåêëè âíèìàíèå ñïåöèàëèñòîâ è ïðåäëîæåííûå òàì ìåòîäû èññëåäîâàíèÿ âïîñëåäñòâèè

áûëè èñïîëüçîâàíû ïðè íàïèñàíèè íåñêîëüêèõ êàíäèäàòñêèõ äèññåðòàöèé. Ñàì È.Õ. íå ðàç

âîçâðàùàëñÿ ê ýòîé òåìàòèêå, òåì áîëåå, ÷òî îí íàøåë äëÿ íåå ïðèëîæåíèÿ â ãåîìåòðèè (1962

ã., 1968 ã. è 2009 ã.). Ïîñëåäíÿÿ áîëüøàÿ åãî ñòàòüÿ íà ýòó òåìó îïóáëèêîâàíà â äåêàáðå 2012

ã. â Èçâåñòèÿõ ÐÀÍ.

Îñíîâíîé æå îáëàñòüþ íàó÷íûõ èññëåäîâàíèé È.Õ. Ñàáèòîâà ÿâëÿåòñÿ ìåòðè÷åñêàÿ

ãåîìåòðèÿ ïîâåðõíîñòåé è ìíîãîãðàííèêîâ. Çäåñü îí ïîëó÷èë ðÿä âûäàþùèõñÿ ðåçóëüòàòîâ.

Îòìåòèì òîëüêî íåêîòîðûå èç íèõ.

1) Â ðàáîòå, ïðåäñòàâëåííîé èì êàê íàó÷íûé ðåôåðàò, íåîáõîäèìûé ïðè ïîäà÷å äîêóìåíòîâ

â àñïèðàíòóðó, îí ïðåäëîæèë øèðîêîå îáîáùåíèå çàäà÷è è ìåòîäà Á.Â. Áîÿðñêîãî äëÿ

èññëåäîâàíèÿ æåñòêîñòè ïîâåðõíîñòåé âðàùåíèÿ, ñîñòàâëåííûõ èç âûïóêëûõ êóñêîâ. Ýòà
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ðàáîòà áûëà îïóáëèêîâàíà â Ìàòåìàòè÷åñêîì ñáîðíèêå â 1963 ã. è ïîñëóæèëà èñòî÷íèêîì

äëÿ ðàáîò äðóãèõ ãåîìåòðîâ, â òîì ÷èñëå áîëãàðñêèõ, ñðåäè êîòîðûõ áûëà è Èâàíêà Èâàíîâà-

Êàðàòîïðàêëèåâà, ñòàæèðîâàâøàÿñÿ â ÌÃÓ ïîä ðóêîâîäñòâîì È.Õ. Ñàáèòîâà è âïîñëåäñòâèè

çàùèòèâøàÿ äîêòîðñêóþ äèññåðòàöèþ ïî ýòîé òåìàòèê.

2) È.Õ. Ñàáèòîâ äîâåë äî íå óëó÷øàåìîãî âèäà ðåçóëüòàòû À.Â. Ïîãîðåëîâà î ãëàäêîñòè

âûïóêëûõ ïîâåðõíîñòåé ñ ìåòðèêîé äàííîé ãëàäêîñòè, à èèìåííî, îí ïîêàçàë, ÷òî åñëè

ìåòðèêà ïîëîæèòåëüíîé êðèâèçíû è ãëàäêîñòè Ck,α, k ≥ 2, 0 < α < 1 ïîãðóæåíà â R3

(ò.å. ïîâåðõíîñòü íå ìîæåò èìåòü á�îëüøóþ ãëàäêîñòü), òàê êàê èçâåñòíà òåîðåìà Ñàáèòîâà-

Øåôåëÿ, óòâåðæäàþùàÿ, ÷òî â ãåëüäåðîâûõ êëàññàõ ãëàäêîñòè ìåòðèêà ïîâåðõíîñòè èìååò òó

æå ãëàäêîñòü, ÷òî è ñàìà ïîâåðõíîñòü.

3) È.Õ. Ñàáèòîâûì äîâåäåíî äî êîíöà è ðåøåíèå äàâíî ïîñòàâëåííîé çàäà÷è î ãëàäêîñòè

èçîìåòðèé ìåæäó äâóìÿ èçîìåòðè÷íûìè ðèìàíîâûìè ïðîñòðàíñòâàìè èçâåñòíîé ãëàäêîñòè.

Èç ðàáîò Êàëàáè-Õàðòìàíà è Þ.Ã. Ðåøåòíÿêà ñ äîïîëíåíèåì È.Õ. Ñàáèòîâà ñëåäóåò, ÷òî åñëè

äâà ðèìàíîâûõ ïðîñòðàíñòâà ãëàäêîñòè Cn,α, n ≥ 0, 0 ≤ α ≤ 1, n + α > 0 èçîìåòðè÷íû, òî

èçîìåòðèÿ ìåæäó íèìè áóäåò ãëàäêîñòè Cn+1,α (àïðèîðè îíà òîëüêî íåïðåðûâíà).

4) Íåñêîëüêî ðàáîò È.Õ. Ñàáèòîâà ïîñâÿùåíî âîïðîñàì ëîêàëüíîé è ãëîáàëüíîé æåñòêîñòè

ïîâåðõíîñòåé. Çäåñü îí òîæå ñòðåìèòñÿ ïîëó÷èòü íå óëó÷øàåìûé ðåçóëüòàò ïðè ìèíèìàëüíî

âîçìîæíûõ èñõîäíûõ óñëîâèÿõ ãëàäêîñòè. Â 1969 ã. îí óêàçàë êëàññ ïîâåðõíîñòåé ëþáîé

ãëàäêîñòè Cn, 1 ≤ n ≤ ∞. êîòîðûå ëîêàëüíî æåñòêè äàæå â êëàññå äåôîðìàöèé ãëàäêîñòè C1

(ðàíåå áûë èçâåñòåí ðåçóëüòàò Í.Â. Åôèìîâà î ñóùåñòâîâàíèè àíàëèòè÷åñêèõ ïîâåðõíîñòåé,

ëîêàëüíî æåñòêèõ â êëàññå àíàëèòè÷åñêèõ äåôîðìàöèé). Â ñåðèè ðàáîò, âêëþ÷àÿ è 2013 ã., îí

äîïîëíèë êëàññè÷åñêèå ðåçóëüòàòû î áåñêîíå÷íî ìàëûõ èçãèáàíèÿõ è æåñòêîñòè ïîâåðõíîñòåé

âðàùåíèÿ â äâóõ êðàéíèõ êëàññàõ ãëàäêîñòè - â êëàññå C1 è àíàëèòè÷åñêîì êëàññå. Ìíîãèå

åãî ðåçóëüòàòû ïî ýòîé òåìå âîøëè â åãî ìîíîãðàôè÷åñêóþ ñòàòüþ â òîìå 48 "Ãåîìåðòèÿ-3"

â èçâåñòíîé ñåðèè ÂÈÍÈÒÈ "Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè" è â íàïèñàííûå ïî åãî

èíèöèàòèâå ñîâìåñòíî ñ È.Èâàíîâîé-Êàðàòîïðàêëèåâîé è (â òðåòüå ÷àñòè) Ï.Å. Ìàðêîâûì

îáçîðû "Èçãèáàíèÿ ïîâåðõíîñòåé. I,II, III".

5) Ñðåäè ðàáîò È.Õ. Ñàáèòîâà îá èçîìåòðè÷åñêèõ ïîãðóæåíèÿ äàííûõ ìåòðèê âûäåëÿþòñÿ

ðàáîòû îá èçîìåòðè÷åñêèõ ïîãðóæåíèÿõ ëîêàëüíî-åâêëèäîâûõ ìåòðèê è î ïîâåðõíîñòÿõ ñ

ëîêàëüíî-åâêëèäîâîé ìåòðèêîé. Ýòè è äðóãèå ðåçóëüòàòû ñîñòàâèëè ñîäåðæàíèå åãî èçäàííîé

â 2009 ã. â Àíãëèè ìîíîãðàôèè "Isometric Immersions and Embeddings of Locally Euclidean

Metrics".

6) Âåðøèíîé åãî äîñòèæåíèé äîêàçàííîå èì îáîáùåíèå ôîðìóëû Ãåðîíà íà îáúåìû

ìíîãîãðàííèêîâ, êîòîðîå .

Òåîðåìà 1. Äëÿ âñåõ èçîìåòðè÷íûõ ìåæäó ñîáîé ñèìïëèöèàëüíûõ ìíîãîãðàííèêîâ â R3

ñ îäèíàêîâûì êîìáèíàòîðíûì ñòðîåíèåì è ñ äàííûìè çíà÷åíèÿìè äëèí ðåáåð ñóùåñòâóåò

ìíîãî÷ëåí

Q(V ) = V 2N + a1V
2N−2 + ...+ aN−1V

2 + aN , (1)

òàêîé, ÷òî êâàäðàò îáîáùåííîãî îáúåìà V ëþáîãî ìíîãîãðàííèêà èç ýòîãî ñåìåéñòâà

ÿâëÿåòñÿ êîðíåì ìíîãî÷ëåíà Q(V ), êîýôôèöèåíòû êîòîðîãî â ñâîþ î÷åðåäü ÿâëÿþòñÿ

ìíîãî÷ëåíàìè îò êâàäðàòîâ äëèí ðåáåð ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè, çàâèñÿùèìè îò

îáùåãî êîìáèíàòîðíîãî ñòðîåíèÿ ìíîãîãðàííèêîâ.

Ýòà òåîðåìà ïðèíåñëà È.Õ. Ñàáèòîâó ìåæäóíàðîäíîå ïðèçíàíèå â ìàòåìàòè÷åñêîì ìèðå.

Èçëîæåíèþ åãî ðåçóëüòàòîâ â ýòîì íàïðàâëåíèè áûë ïîñâÿùåí äîêëàä ïî ïðèãëàøåíèþ

ïðîôåññîðà Òóëóçñêîãî óíèâåðñèòåòà Æ.-Ì. Øëåíêåðà íà ñåìèíàðå Áóðáàêè â 2002 ã.

Çà âðåìÿ áîëåå ÷åì ïîëóâåêîâîãî ìàòåìàòè÷åñêîãî òâîð÷åñòâà È.Õ. Ñàáèòîâ îïóáëèêîâàë

â ïðåñòèæíûõ ðîññèéñêèõ è çàðóáåæíûõ ìàòåìàòè÷åñêèõ æóðíàëàõ áîëåå 100 ñòàòåé, íàïèñàë

íåñêîëüêî íàó÷íî-ïîïóëÿðíûõ ðàáîò, èçäàë â Àíãëèè óïîìÿíóòóþ âûøå ìîíîãðàôèþ, ïåðåâåë

èëè áûë ðåäàêòîðîì ïåðåâîäà ìíîãèõ êíèã è ñòàòåé ïî ãåîìåòðèè. Îí áûë îäíèì èç

âåäóùèõ îðãàíèçàòîðîâ òðàäèöèîííûõ êîíôåðåíöèé ïî ãåîìåòðèè è àíàëèçó ïàìÿòè Í.Â.

Åôèìîâà è ÷ëåíîì Îðãêîìèòåòîâ ìíîãèõ äðóãèõ êîíôåðåíöèé. È.Õ. Ñàáèòîâ ÿâëÿåòñÿ ÷ëåíîì
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ðåäàêöèîííîé êîëëåãèè òðåõ æóðíàëîâ, àêòèâíî ñîòðóäíè÷àåò êàê ðåöåíçåíò ñî ìíîãèìè

îòå÷åñòâåííûìè è èíîñòðàííûìè æóðíàëàìè. Â 1997 è 2002 ãîäàõ îí áûë ëàóðåàòîì

Ìåæäóíàðîäíîãî êîíêóðñà íà ìåäàëü Ëîáà÷åâñêîãî è ïîëó÷èë Ïî÷åòíûé Äèïëîì Ñîâåòà

Êàçàíñêîãî Óíèâåðñèòåòà "Çà âûäàþùèåñÿ äîñòèæåíèÿ â ãåîìåòðèè" , à â 2009 îí áûë

èçáðàí Ïî÷åòíûì ÷ëåíîì Ãåîìåòðè÷åñêîãî îáùåñòâà èì. Áîÿíà Ïåòêàí÷èíà Ñîþçà áîëãàðñêèõ

ìàòåìàòèêîâ. Ïîä åãî ðóêîâîäñòâîì çàùèùåíû òðè êàíäèäàòñêèå äèññåðòàöèè; äëÿ îäíîé

äîêòîðñêîé äèññåðòàöèè îí áûë íàó÷íûì êîíñóëüòàíòîì.

Èäæàä Õàêîâè÷ èçâåñòåí ñâîèì âíèìàòåëüíûì è äîáðîæåëàòåëüíûì îòíîøåíèåì ê

êîëëåãàì, îí ãîòîâ ïîìî÷ü è ïîìîãàë ìíîãèì ãåîìåòðàì, îñîáåííî èç ïðîâèíöèè, ñâîèì

ñîâåòîì è äåëîì.

Ìåæäóíàðîäíûé ãåîìåòðè÷åñêèé öåíòð.
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À-äåôîðìàöi¨ òà áåçìîìåíòíèé íàïðóæåíèé ñòàí ðiâíîâàãè

öèëiíäðè÷íî¨ îáîëîíêè

Ò. Þ. Ïîäîóñîâà

(Îäåñüêà äåðæàâíà àêàäåìiÿ áóäiâíèöòâà òà àðõiòåêòóðè, Îäåñà, Óêðà¨íà)

E-mail address: tatyana_top@mail.ru

Í. Â. Âàøïàíîâà

(Îäåñüêà íàöiîíàëüíà àêàäåìiÿ õàð÷îâèõ òåõíîëîãié, Îäåñà, Óêðà¨íà)

Ïðè îöiíþâàííi òåõíi÷íîãî ñòàíó òðóáîïðîâîäiâ âàæëèâå ìiñöå çàéìà¹ äîñòîâiðíå
âèçíà÷åííÿ íàïðóæåíî-äåôîðìîâàíîãî ñòàíó éîãî ëiíiéíî¨ ÷àñòèíè ÿê îäíîãî ç îñíîâíèõ
ôàêòîðiâ, âiä ÿêîãî çàëåæèòü ðiâåíü åêñïëóàòàöiéíî¨ íàäiéíîñòi ñïîðóäè.

Ó çâ'ÿçêó ç öèì áóäåìî ðîçãëÿäàòè À-äåôîðìàöi¨ êðóãîâîãî öèëiíäðà çi ñòàöiîíàðíèì
ïåðøèì iíâàðiàíòîì Kh ñiòêè ëiíié ãåîäåçè÷íîãî ñêðóòó (LGT-ñiòêè), ÿêèé äëÿ áóäü-ÿêî¨
ðåãóëÿðíî¨ ïîâåðõíi S ìîæíà ïðåäñòàâèòè ó âèãëÿäi ([1]):Kh = −4E, äå E = H2−K - åéëåðîâà
ðiçíèöÿ, H i K - ñåðåäíÿ òà ïîâíà êðèâèíè ïîâåðõíi S âiäïîâiäíî.

Âiäîìî [1], ÿêùî S - íåìiíiìàëüíà ïîâåðõíÿ (2H 6= 0), òî çàäà÷à ïðî iñíóâàííÿ çàçíà÷åíî¨
äåôîðìàöi¨ çâîäèòüñÿ äî ðîçãëÿäó îäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè
òðåòüîãî ïîðÿäêó (

Hgij − bij
)(uα,α

2H

)
i,j
− 2Euα,α − Eαuα = 0 (1)

âiäíîñíî äâîõ íåâiäîìèõ ôóíêöié u1(x, y), u2(x, y).
Äëÿ êðóãîâîãî öèëiíäðà, çàäàíîãî ðiâíÿííÿì r = {R cos y,R sin y, x}, ðiâíÿííÿ (1) íàáóäå

âèãëÿäó:

µ11 −
1

R2
(µ22 + µ) = 0. (2)

Òóò µ11 =
∂2µ
∂x2

, µ22 =
∂2µ
∂y2

, µ = uα,α, R - ðàäióñ îñíîâè öèëiíäðà.
Ïðèïóñòèìî, ùî ïðÿìîëiíiéíi âîëîêíà, ÿêi áóëè ïåðïåíäèêóëÿðíèìè äî íåäåôîðìîâàíî¨

ñåðåäèííî¨ ïîâåðõíi, çàëèøàþòüñÿ ïðÿìîëiíiéíèìè äî çäåôîðìîâàíî¨ ñåðåäèííî¨ ïîâåðõíi, íå
çìiíþþ÷è ïðè öüîìó ñâî¹¨ äîâæèíè. Àíàëiòè÷íî öÿ óìîâà çàïèøåòüñÿ òàê:{

R2(u2)1,1 − (u1)1,1 = 0,
(u1)2,2 = −σR2(u2)2,1,

(3)

äå σ - ÷èñëî Ïóàñîíà.
Iç (2), (3) çíàéäåìî ôóíêöiþ µ = x(−c2 sin y + c3 cos y) i êîìïîíåíòè âåêòîðà çñóâó:

u1 = σ (c1y + c2 sin y − c3 cos y) , u2 = x (c1 + c2 cos y + c3 sin y) , u̇ = Rµ,

äå c1, c2, c3 - äîâiëüíi ñòàëi. Îòæå, ñïðàâåäëèâà íàñòóïíà

Òåîðåìà 1 Êðóãîâèé öèëiíäð äîïóñêà¹ íåòðèâiàëüíó À-äåôîðìàöiþ çi ñòàöiîíàðíèì ïåðøèì

iíâàðiàíòîì òåíçîðà LGT-ñiòêè, ÿêó ìîæíà òëóìà÷èòè ÿê áåçìîìåíòíèé íàïðóæåíèé

ñòàí ðiâíîâàãè öèëiíäðè÷íî¨ îáîëîíêè ç ïîâåðõíåâèì íàâàíòàæåííÿì:

X = −x (c2 cos y + c3 sin y) r1 − (c1 + c2 cos y + c3 sin y)n

Ñïèñîê ëiòåðàòóðè

[1] Ò. Þ. Âàøïàíîâà Ïðî âëàñòèâîñòi iíâàðiàíòiâ òåíçîðà LGT-ñiòêè i äåôîðìàöi¨ ïîâåðõíi.,
Ïðàöi ìiæíàðîäíîãî ãåîìåòðè÷íîãî öåíòðó. Òîì.3, No.3, 2010.Îäåñà-2010, ñ.15-22
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Òîïîëîãi÷íà åêâiâàëåíòíiñòü ãëàäêèõ ôóíêöié íà êîëi

Á. I. Iâàíóñà

(ÊÍÓ iì. Ò.Ã. Øåâ÷åíêà, Êè¨â, Óêðà�íà)

E-mail address: bogdana1992ivanusa@mail.ru

Íåõàé F (S1)- ïðîñòið ãëàäêèõ ôóíêöié íà îäèíè÷íîìó êîëi S1 = x2 + y2 = 1. Áóäåìî íàçèâàòè ôóíê-
öiþ f ç ïðîñòîðó F (S1) ôóíêöi¹þ çàãàëüíîãî ïîëîæåííÿ, ÿêùî â äîâiëüíèõ äâîõ åêñòðåìàëüíèõ òî÷êàõ
âîíà ïðèéìà¹ ðiçíi çíà÷åííÿ.
Êàæóòü, ùî äâi ôóíêöi¨ f i g ç ïðîñòîðó F (S1) ¹ òîïîëîãi÷íî åêâiâàëåíòíèìè, ÿêùî iñíóþòü ãîìåîìîð-
ôiçìè h : S1 −→ S1 i k : R1 −→ R1 òàêi, ùî ìà¹ ìiñöå ðiâíiñòü kf = gh.

Âiäîìî [1], ùî iñíó¹ òîïîëîãi÷íèé iíâàðiàíò, ÿêèé äà¹ çìîãó âèçíà÷àòè, êîëè äâi ôóíêöi¨ çàãàëüíîãî
ïîëîæåííÿ ç ïðîñòîðó F (S1) ó ÿêèõ ñêií÷åíå ÷èñëî åêñòðåìóìiâ ¹ òîïîëîãi÷íî íååêâiâàëåíòíèìè.

Ðîçãëÿíåìî íà îäèíè÷íîìó êîëi êëàñ ãëàäêèõ ôóíêöié Γ(S1) , ó ÿêèõ íå áiëüø íiæ çëi÷åíà êiëüêiñòü
êðèòè÷íèõ òî÷îê i òàêèõ, ùî â åêñòðåìàëüíèõ ôóíêöi¨ ç êëàñó Γ(S1) ïðèéìàþòü ðiçíi çíà÷åííÿ.

Êîæíié ôóíêöi¨ f ç êëàñó Γ(S1) ìîæíà ïîñòàâèòè ó âiäïîâiäíiñòü äåÿêèé ãðàô Ω(f) (ãðàô òèïó
Êðîíðîäà-Ðiáà).

Òåîðåìà. Äâi ôóíêöi¨ f i g ç êëàñó Γ(S1) òîïîëîãi÷íî åêâiâàëåíòíi òîäi i òiëüêè òîäi, êîëè âiäïîâiäíi
¨ì ãðàôè Ω(f) i Ω(g) içîìîðôíi.

Ñïèñîê ëiòåðàòóðè

[1] I.À. Þð÷óê, Êîìáiíàòîðíi àñïåêòè òîïîëîãi÷íî¨ êëàñèôiêàöi¨ ôóíêöié íà êîëi, Óêð. ìàòåì. æóð-
íàë 60 (2008), no 6, 829-836.
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Ïðî êîíôîðìíi âiäîáðàæåííÿ íà ïðîñòîðè Åéíøòåéíà

Ì. Ë. Ãàâðèëü÷åíêî

(Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi I.I. Ìå÷íiêîâà, Óêðà¨íà)

Â. À. Êiîñàê

(Êðèìñüêèé ãóìàíiòàðíèé óíiâåðñèòåò, Óêðà¨íà)

E-mail address: vkiosak@ukr.net

Ïèòàííÿ ïðî òå, ÷è äîïóñêà¹ Vn (n > 2) êîíôîðìíå âiäîáðàæåííÿ [1] íà äåÿêèé ïðîñòið Åéíøòåé-
íà áóëî çâåäåíî Ã. Áðiíêìàíîì [3] äî ïðîáëåìè iñíóâàííÿ ðîçâ'ÿçêiâ äåÿêî¨ íåëiíiéíî¨ ñèñòåìè äèôå-
ðåíöiàëüíèõ ðiâíÿíü òèïó Êîøi âiäíîñíî (n + 1) íåâiäîìî¨ ôóíêöi¨. Öÿ çàäà÷à äåòàëüíî âèêëàäåíà â
ìîíîãðàôi¨ À.Ç.Ïåòðîâà [2]. Â ðîáîòi [4] îñíîâíà ñèñòåìà çâåäåíà äî ëiíiéíî¨ ñèñòåìè, çà äîïîìîãîþ ÿêî¨
âäàëîñü îöiíèòü ñòåïiíü ïàðàìåòðè÷íî¨ äîâiëüíîñòi r â ðîçâ`ÿçêó âêàçàíî¨ çàäà÷i, â íàøié òåðìiíîëîãi¨
ñòåïiíü ìîáiëüíîñòi ðiìàíîâîãî ïðîñòîðó âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà. Â
ñòàòòi [5] áóëà îöiíåíà ëàêóíà â ðîçïîäiëi ñòåïåíiâ ìîáiëüíîñòi òà çíàéäåíà òåíçîðíà îçíàêà ïðîñòîðiâ
äðóãî¨ ëàêóíàðíîñòi. �Â öiëîìó�, äëÿ ïîâíèõ ïðîñòîðiâ, çàäà÷à ðîçâ`ÿçàíà â ðîáîòi [6]. Àíàëiç îñíîâíèõ
ðiâíÿíü äîçâîëèâ äîâåñòè ñëiäóþ÷i ðåçóëüòàòè:

1. ßêùî ñòåïiíü ìîáiëüíîñòi áiëüøå îäèíèöi, òî ïðîñòið Åéíøòåéíà äîïóñêà¹ êîíöèðêóëÿðíå âåê-
òîðíå ïîëå.

2. Ñòåïiíü ìîáiëüíîñòi íà îäèíèöþ áiëüøà âiä êiëüêîñòi ëiíiéíî íåçàëåæíèõ êîíöèðêóëÿðíèõ âåê-
òîðíèõ ïîëiâ, ùî ¨õ äîïóñêà¹ ïðîñòið Åéíøòåéíà.

3. Ñåðåä ïðîñòîðiâ äðóãî¨ ëàêóíàðíîñòi íå ìîæå áóòè ïðîñòîðiâ Åéíøòåéíà.

Öå, â ñâîþ ÷åðãó, äîçâîëèëî ïîáóäóâàòè ïîâíó êàðòèíó ðîçïîäiëó âêàçàíèõ ñòåïåíiâ òà êëàñèôiêó-
âàòè ðiìàíîâi ïðîñòîðè, ùî äîïóñêàþòü êîíôîðìíi âiäîáðàæåííÿ íà ïðîñòîðè Åéíøòåéíà.

Ñïèñîê ëiòåðàòóðè

[1] Ýéçåíõàðò Ë.Ï. Ðèìàíîâà ãåîìåòðèÿ. � M.:Èí. ëèò. � 1948

[2] Ïåòðîâ À. 3. Íîâûå ìåòîäû â îáùåé òåîðèè îòíîñèòåëüíîñòè. � Ì.:Íàóêà. � 1966. � 495ñ.

[3] Brinkmann H.W. Riemann spaces conformal to Einstein's spaces // Math. Ann. � V.94 � 1925. �
P. 119-145.

[4] Ìèêåø É., Ãàâðèëü÷åíêî Ì.Ë., Ãëàäûøåâà Å.È. Î êîíôîðìíûõ îòîáðàæåíèÿõ íà ïðîñòðàíñòâà
Ýéíøòåéíà // Âåñòí. Ìîñê. óí-òà. � �3. � 1994. � P. 13�17

[5] Åâòóøèê Ë.Å., Êèîñàê Â.À., Ìèêåø É. Î ìîáèëüíîñòè ðèìàíîâûõ ïðîñòðàíñòâ îòíîñèòåëüíî êîí-
ôîðìíûõ îòîáðàæåíèé íà ïðîñòðàíñòâà Ýéíøòåéíà // Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà. � �8. �
2010. � C. 36�41

[6] Kiosak V.A., Matveev V.S. There are no conformal Einstein rescalings of complete pseudo-Riemannian
Einstein metrics // C. R. Acad. Sci. Paris. � Ser. I � 347 � 2009. � P. 1067-1069
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Îñîáëèâîñòi ãåîìåòðè÷íî¨ ñêëàäîâî¨ çîâíiøíüîãî íåçàëåæíîãî òåñòóâàííÿ

àáiòóði¹íòiâ ç ìàòåìàòèêè

ß. Ï. Êðèâêî

(ËÍÓ iì. Òàðàñà Øåâ÷åíêà, Ëóãàíñüê, Óêðà¨íà)

E-mail address: yakrivko@yandex.ru

Çîâíiøí¹ íåçàëåæíå òåñòóâàííÿ íà ñüîãîäíiøíié äåíü ¹ ¹äèíîþ ôîðìîþ îöiíþâàííÿ
íàâ÷àëüíèõ äîñÿãíåíü àáiòóði¹íòiâ ïiä ÷àñ ïðîâåäåííÿ âñòóïíî¨ êàìïàíi¨. Àíàëiçóþ÷è
ñèòóàöiþ íàâêîëî ÇÍÎ [1],[2],[3] ìè ìîæåìî êîíñòàòóâàòè, ùî, ïî-ïåðøå, òåñòóâàííÿ âçàãàëi
¹ íàéáiëüø ïîøèðåíîþ ôîðìîþ êîíòðîëþ íàâ÷àëüíèõ äîñÿãíåíü ó ñó÷àñíié øêîëi; ïî-äðóãå,
íàä ñòâîðåííÿì òåñòiâ ç ìàòåìàòèêè ïðàöþþòü ïðîâiäíi ôàõiâöi â ãàëóçi ìàòåìàòè÷íî¨ îñâiòè;
ïî-òðåò¹, ïiäãîòîâêà äî ÇÍÎ çìóøó¹ â÷èòåëiâ ïîñòiéíî îíîâëþâàòè çìiñò îñâiòè òà ôîðìè
êîíòðîëþ. Òîáòî íàÿâíiñòü ÇÍÎ íå òiëüêè ñïîíóêà¹ ó÷íiâ ãîòóâàòèñÿ äî òåñòiâ, à é ñòèìóëþ¹
â÷èòåëiâ îíîâëþâàòè ïiäõîäè äî âèêëàäàííÿ ìàòåìàòèêè. Àëå íà öüîìó øëÿõó âèíèêà¹ áàãàòî
òðóäíîùiâ, ïîâ'ÿçàíèõ, ïåðø çà âñå, ç íåîáõiäíiñòþ ñàìîñòiéíî àíàëiçóâàòè â÷èòåëåì ïèòàííÿ
ÇÍÎ äëÿ ïîäàëüøîãî ïîøóêó àíàëîãi÷íèõ çàâäàíü, ÿêi ìîæíà áóëî á âèêîðèñòîâóâàòè íà
óðîêàõ ìàòåìàòèêè. Òîìó, íà íàøó äóìêó, äîöiëüíî óçàãàëüíèòè ïèòàííÿ ÇÍÎ ç ìàòåìàòèêè,
ó òîìó ÷èñëi, âèîêðåìèòè ïèòàííÿ, ïîâ'ÿçàíi ç ãåîìåòði¹þ.

Ñëiä çàçíà÷èòè, ùî ïèòîìà âàãà ïèòàíü ç ïëàíiìåòði¨ çðîñëà âiä 8,3% ó 2008 ðîöi äî 19,4%
ó 2010 ðîöi, çi ñòåðåîìåòði¨ öåé ïîêàçíèê òåæ âàðiþâàâñÿ âiä 7,9% ó 2007 ðîöi äî 22,9% â 2011
ðîöi, òîáòî âîíè ñêëàäàþòü çíà÷íó ÷àñòèíó ïèòàíü âñüîãî òåñòóâàííÿ. Â öiëîìó íà çàâäàííÿ
ç ãåîìåòði¨ ïðèïàäà¹ ïîíàä 30% âiä çàãàëüíî¨ êiëüêîñòi çàâäàíü, ùî íåîäìiííî âïëèâà¹ íà
çàãàëüíèé ðåçóëüòàò ÇÍÎ. Öå äîáðå ñïiââiäíîñèòüñÿ ç òèì ôàêòîì, ùî ïðåäìåò "ãåîìåòðiÿ"
çàéìà¹ áëèçüêî 35% âiä çàãàëüíî¨ êiëüêîñòi ÷àñó ðiâíÿ ñòàíäàðòó. Ó áiëüøîñòi âèïàäêiâ öå
çàâäàííÿ íà åëåìåíòàðíå çíàííÿ ôîðìóë, çîêðåìà, öå ôîðìóëè ïëîù òà îá'¹ìiâ. Ïðèìiòíî,
ùî çàâäàííÿ áåç âèáîðó ïðàâèëüíî¨ âiäïîâiäi ñêëàäàþòü çàäà÷i çi ñòåðåîìåòði¨ ÿê íàéáiëüø
ñêëàäíi çàäà÷i.

�ðóíòîâíèé àíàëiç çàâäàíü ç ãåîìåòði¨ ÇÍÎ ç ìàòåìàòèêè áóäå ïðåäñòàâëåíèé ó íàñòóïíèõ
ïóáëiêàöiÿõ.

Ñïèñîê ëiòåðàòóðè

[1] http://testportal.gov.ua/

[2] http://zno.org.ua/

[3] http://znotest.com/
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Ïðîñòi àòîìè ñòåïåíi 4 i 5.

Ê. Î. Ëåãêà, I. Â. Ëàçóòiíà

(ÊÍÓ iì. Ò.Ã. Øåâ÷åíêà, Êè¨â, Óêðà¨íà)

E-mail address: katelyogkaya@gmail.com,innalazutina@ukr.net

Ó ðîáîòi óçàãàëüíåíî ïîíÿòòÿ àòîìiâ òà ìîëåêóë ôóíêöi¨ íà òðèâèìiðíîìó òiëi, ðîçãëÿíóòi
ôóíêöi¨ ñòåïåíi 4 i 5. Íàøà ìåòà - îïèñàòè âñi ïðîñòi àòîìè ñòåïåíi 4 i 5.

Â [2] Ïðèøëÿê Î. Î. äîâiâ, ùî â îêîëi içîëüîâàíî¨ êðèòè÷íî¨ òî÷êè íà ïîâåðõíi ôóíêöiÿ
òîïîëîãi÷íî åêâiâàëåíòíà ôóíêöi¨ f(x, y) = Re(x + iy)k, äå k - äåÿêå íàòóðàëüíå ÷èñëî, ùî
íàçèâà¹òüñÿ ñòåïåíåì òî÷êè. Ôóíêöi¨ Ìîðñà ìàþòü ñòåïiíü 2. Â [1] äëÿ äîñëiäæåííÿ ôóíêöié
Ìîðñà áóëè óâåäåíi ïîíÿòòÿ àòîìiâ òà ìîëåêóë. Íàøà ìåòà - îïèñàòè âñi ïðîñòi àòîìè ñòåïåíi
4 i 5.

Àòîì - öå òîïîëîãi÷íèé òèï çâ'ÿçíî¨ êîìïîíåíòè îêîëó îñîáëèâîãî ñëîþ ôóíêöi¨ Ìîðñà íà
ïîâåðõíi. Àòîì íàçèâà¹òüñÿ ïðîñòèì, ÿêùî âií ìiñòèòü îäíó êðèòè÷íó òî÷êó. Ìè ðîçãëÿíóëè
ôóíêöi¨ ñòåïåíi 4 i 5 i âiäïîâiäíi ¨ì ïðîñòi àòîìè.

Ìà¹ìî êîìïàêòíó ïîâåðõíþ ç êðà¹ì, ùî íå çìiíþ¹òüñÿ ïðè ìàëèõ çìiíàõ ðåãóëÿðíîãî
çíà÷åííÿ. Ïðîõîäæåííÿ äîäàòíî¨ êðèòè÷íî¨ òî÷êè çìiíþ¹ öþ ïîâåðõíþ íà ïîâåðõíþ ç
ïðèêëå¹íèì äî íå¨ 2n-êóòíèêîì. Äå 2n-êóòíèê ïðèêëåþ¹òüñÿ çà n ñòîðîíàìè, ùî íå ¹
ñóñiäíiìè. Öå ïðèêëåþâàííÿ ïîâíiñòþ çàäà¹ ôóíêöiþ â îêîëi ðåãóëÿðíîãî ðiâíÿ, ç òî÷íiñòþ
äî òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi, à îòæå i àòîì ç òî÷íiñòþ äî åêâiâàëåíòíîñòi àòîìiâ.

Çàäàìî îði¹íòàöiþ íà àòîìi ñòåïåíÿ 4 áóêâàìè a, b, c, d. Òîäi âîíà iíäóêó¹ îði¹íòàöiþ
íà ãðàíèöi 2n-êóòíèêà. Ïîçíà÷èìî ñòîðîíè, ùî ïðèêëåþþòüñÿ çãiíî öi¹¨ îði¹íòàöi¨ òàêèì æå
÷èíîì: a, b, c, d. Îòæå, âñüîãî ìîæëèâî 9 ðiçíèõ âàðiàöié, ùî âiäðiçíÿþòüñÿ öèêëi÷íîþ
ïåðåñòàíîâêîþ.

�õ êîäè:
1)[(a, b, c, d)]; 2)[(a, b, d, c)]; 3)[(a, d, c, b)]; 4)[(a, b, c)], [(d)]; 5)[(a, c, b)], [(d)];
6)[(a, b)], [(c)], [(d)]; 7)[(a, c)], [(b)], [(d)]; 8)[(a)],[(b)],[(c)],[(d)];9)[(a,b)],[(c,d)].
Àíàëîãi÷íèìè ìàíiïóëÿöiÿìè, îòðèìó¹ìî ðåçóëüòàò äëÿ àòîìà ñòåïåíÿ 5, ïîçíà÷èâøè

ñòîðîíè, ùî ïðèêëåþþòüñÿ çãiíî öi¹¨ îði¹íòàöi¨ a, b, c, d, e. Ìîæëèâî 15 ïiäñòàíîâîê.
�õ êîäè:
1)[(a, b, c, d, e)]; 2)[(b, a, c, d, e)]; 3)[(b, c, a, d, e)]; 4)[(d, c, b, a, e)]; 5)[(a)], [(b, c, d, e)];
6)[(a)], [(c, b, d, e)]; 7)[(a)], [(c, d, b, e)]; 8)[(a,b)],[(c,d,e)]; 9)[(a,b)],[(d,c,e)]; 10)[(a,b)],[(d,e,c)];
11)[(a)],[(b,c)],[(d,e)]; 12)[(a)], [(b)], [(c, d, e)];13)[(a)],[(b)],[(d,c,e)]; 14)[(a)], [(b)], [(c)], [(d, e)];
15)[[(a)],[(b)],[(c)],[(d,e)].

Ñïèñîê ëiòåðàòóðè

[1] Áîëñèíîâ,Ôîìåíêî Èíòåãðèðóåìûå ãàìèëüòîíîâû ñèñòåìû . Ãåîìåòðèÿ, òîïîëîãèÿ ,
êëàññèôèêàöèÿ,- Èæåâñê,1999 ã.Òîì 1 (ñòð. 66-89)

[2] Prishlyak A.O. Topological equivalence of smooth functions with isolated critical points on a
closed surface // Topology and its application,- Vol.119, �3. -P. 257-267,2002
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Òîïîëîãi÷íà åêâiâàëåíòíiñòü ôóíêöié íà ïðÿìié

À. Â. Ëîá÷óê

(ÊÍÓ iì. Ò.Ã. Øåâ÷åíêà, Êè¨â, Óêðà¨íà)

E-mail address: zabavna1991@rambler.ru

Â ðàáîòi ([1]) áóëà îòðèìàíà êëàñèôiêàöiÿ ãëàäêèõ ôóíêöié ç ñêií÷åíèì ÷èñëîì åêñòåìóìiâ
ç òî÷íiñòþ äî òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi íà âiäðiçêó. Â äàíi ðàáîòi öi ðåçóëüòàòè ìû
óçàãàëüíþ¹ìî äëÿ ôóíêöié ç çëi÷åíèì ÷èñëîì åêñòðåìóìiâ íà ïðÿìié.

Çìi¹þ òèïó An íàçèâà¹òüñÿ ïîñëiäîâíiñòü äîäàòíiõ öiëèõ ÷èñåë xi, ÿêi çàäîâiëüíÿþòü
óìîâàì: x0 < x1 > x2 < x3...xn, xi 6= xj , äå 0 ≤ xi ≤ n.

Äîâiëüíié ôóíêöi¨ çi ñêií÷åííèì ÷èñëîì åêñòðåìóìiâ íà âiäðiçêó ìîæíà ïîñòàâèòè ó
âiäïîâiäíiñòü çìiþ.

Äâi ôóíêöi¨ f : [0, 1] −→ [0, 1] òà f : [0, 1] −→ [0, 1] íàçèâàþòüñÿ òîïîëîãi÷íî åêâiâàëåíòíèìè,
ÿêùî iñíóþòü ãîìåîìîðôiçìè h : [0, 1] −→ [0, 1], k : [0, 1] −→ [0, 1] òàêi, ùî h ◦ f = g ◦ k.

Äâi íåïåðåðâíi ôóíêöi¨ çi ñêií÷åíèì ÷èñëîì åêñòðåìóìiâ áóäóòü òîïîëîãi÷íî
åêâiâàëåíòíèìè òîäi i òiëüêè òîäi, êîëè âiäïîâiäíi ¨ì çìi¨ ñïiâïàäàþòü.

Ìîæíà ââåñòè ïîíÿòòÿ íåñêií÷åííî¨ çìi¨. Íåñêií÷åííîþ çìi¹þ òèïó An íàçèâà¹òüñÿ
ïîñëiäîâíiñòü öiëèõ ÷èñåë xi, ÿêi çàäîâiëüíÿþòü óìîâàì ... < xi1 > xi2 < xi3 > ... > xi < ....

Íåïåðåðâíà ôóíêöiÿ íà R íàëåæèòü êëàñó (∗), ÿêùî ó íå¨ ¹ òiëüêè içîëüîâàíi åêñòðåìóìè,
ÿêi íå óòâîðþþòü çáiæíèõ ïîñëiäîâíîñòåé. Êîæíié ôóíêöi¨ ç êëàñó ìîæíà ïîñòàâèòè ó
âiäïîâiäíiñòü íåñêií÷åííó çìiþ.

Òåîðåìà. Äâi ôóíêöi¨ f òà g ç êëàñó (∗) ¹ òîïîëîãi÷íî åêâiâàëåíòíèìè òîäi i òiëüêè òîäi,
êîëè âiäïîâiäíi çìi¨ åêâiâàëåíòíi.

Ñïèñîê ëiòåðàòóðè

[1] È. Â. Àðíîëüä Èñ÷èñëåíèå çìåé è êîìáèíàòîðèêà ÷èñåë Áåðíóëëè, Ýéëåðà è Ñïðèíãåðà

ãðóïï Êîêñòåðà.,- Óñïåõè ìàò. íàóê, (1992), � 1, Ñ. 3-45.
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Ïðî ïåðøèé ÷åáèøåâñüêèé âåêòîð LGT-ñiòêè

Ò. Þ. Ïîäîóñîâà

(Îäåñüêà äåðæàâíà àêàäåìiÿ áóäiâíèöòâà òà àðõiòåêòóðè, Îäåñà, Óêðà¨íà)

E-mail address: tatyana_top@mail.ru

Ë. Ë. Áåçêîðîâàéíà

(Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I.I.Ìå÷íèêîâà, Îäåñà, Óêðà¨íà)

Â ðîáîòi [1] äîâåäåíî, ùî íà áóäü-ÿêié ðåãóëÿðíié C3-ïîâåðõíi áåç îìáiëi÷íèõ òî÷îê iñíó¹ äâà
ðiçíèõ äiéñíèõ ñiìåéñòâà ëiíié ãåîäåçè÷íîãî ñêðóòó, ùî óòâîðþþòü îðòîãîíàëüíó ñiòêó ëiíié
ãåîäåçè÷íîãî ñêðóòó (LGT-ñiòêó), äèôåðåíöiàëüíå ðiâíÿííÿ ÿêî¨ ìà¹ âèãëÿä

hαβdx
αdxβ = 0,

äå hαβ = 2(Hgαβ − bαβ), H - ñåðåäíÿ êðèâèíà ïîâåðõíi, gαβ, bαβ - êîåôiöi¹íòè ïåðøî¨ òà äðóãî¨
îñíîâíèõ êâàäðàòè÷íèõ ôîðì ïîâåðõíi âiäïîâiäíî.
Çãiäíî ç [2], äëÿ LGT-ñiòêè ïåðøèé ÷åáèøåâñüêèé âåêòîð çàïèøåòüñÿ òàê:

τi = h̃αβ
(
hiα,β −

1

2
hαβ,i

)
,

äå h̃αβ - òåíçîð, îáåðíåíèé äëÿ òåíçîðà hαβ.
Ìàþòü ìiñöå íàñòóïíi

Òåîðåìà 1. Íà ðåãóëÿðíié ïîâåðõíi íåíóëüîâî¨ ãàóñîâî¨ êðèâèíè (K 6= 0) áåç îìáiëi÷íèõ òî÷îê

ïåðøèé ÷åáèøåâñüêèé âåêòîð LGT-ñiòêè ìà¹ âèãëÿä

τi =
1

2E

(
Ki − 2KHβd

β
i

)
,

äå E-åéëåðîâà ðiçíèöÿ (E = H2 −K), Ki =
∂K
∂xi
, Hβ = ∂H

∂xβ
, dβi = dβαgαi,

dβα - òåíçîð, îáåðíåíèé äëÿ òåíçîðà bβα.

Íàñëiäîê 1.Íà áóäü-ÿêié ðåãóëÿðíié ïîâåðõíi ïåðøèé ÷åáèøåâñüêèé âåêòîð LGT-ñiòêè

çáiãà¹òüñÿ ç ïåðøèì ÷åáèøåâñüêèì âåêòîðîì ñiòêè ëiíié êðèâèíè.

Íàñëiäîê 2.Ïåðøèé ÷åáèøåâñüêèé âåêòîð LGT-ñiòêè ñïiâïàäà¹ ç ïåðøèì ÷åáèøåâñüêèì

âåêòîðîì ñiòêè àñèìïòîòè÷íèõ ëiíié ëèøå äëÿ ìiíiìàëüíèõ ïîâåðõîíü.

Îá÷èñëåíà âàðiàöiÿ òåíçîðà τi òà ðîçãëÿíóòi äåÿêi çàäà÷i äåôîðìóâàííÿ ïîâåðõíi.

Ñïèñîê ëiòåðàòóðè
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Õàðàêòåðèñòèêà äåôîðìóþ÷îãî ïîëÿ ïðè iíôiíiòåçèìàëüíèõ äåôîðìàöiÿõ ç

ôiêñîâàíîþ âàðiàöi¹þ ñèìâîëiâ Êðiñòîôôåëÿ äðóãîãî ðîäó

I. Â. Ïîòàïåíêî

(ÎÍÓ iì. I.I.Ìå÷íèêîâà, Îäåñà, Óêðà¨íà)

E-mail address: igopotapenko@yandex.ru

Óçàãàëüíþ¹òñÿ ðåçóëüòàò îòðèìàíèé àêàäåìiêîì I.Í. Âåêóà â ðîáîòàõ ([1], [2]) äëÿ âèïàäêó
iíôiíiòåçèìàëüíèõ äåôîðìàöié ïîâåðõîíü áåç îìáiëi÷íèõ òî÷îê ç ôiêñîâàíîþ âàðiàöi¹þ
ñèìâîëiâ Êðiñòîôôåëÿ äðóãîãî ðîäó

Âàðiàöi¨ êîåôiöi¹íòiâ äðóãî¨ êâàäðàòè÷íî¨ ôîðìè δbij ïîâåðõíi âiäíåñåíî¨ äî ëiíié êðèâèíè
ïðè äåôîðìàöiÿõ ç ôiêñîâàíîþ âàðiàöi¹þ ñèìâîëiâ Êðiñòîôôåëÿ äðóãîãî ðîäó ìàþòü âèãëÿä

δb11 = b11p−
δKg11

2
√
E

+
b11δg11
g11

,

δb22 = −b22p+
δKg22

2
√
E

+
b22δg22
g22

,

δb12 =
√
gq,

p =
δH√
E
,

äå δH -âàðiàöiÿ ñåðåäíüî¨ êðèâèíè, δK - âàðiàöiÿ ãàóññîâî¨ êðèâèíè, E - åéëåðîâà ðiçíèöÿ, δgij
- âàðiàöiÿ êîåôiöi¹íòiâ ïåðøî¨ êâàäðàòè÷íî¨ ôîðìè, q - âàðiàöiÿ ãåîäåçè÷íîãî ñêðóòó âçäîâæ
ãîëîâíèõ íàïðÿìiâ

Ñïèñîê ëiòåðàòóðè
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Ðîçâ'ÿçíiñòü ëiíiéíèõ ìàòðè÷íèõ ðiâíÿíü íàä îáëàñòþ ãîëîâíèõ iäåàëiâ
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Íåõàé Mm,n(R) � ìíîæèíà (m× n)-ìàòðèöü íàä êîìóòàòèâíîþ îáëàñòþ ãîëîâíèõ iäåàëiâ
R ç îäèíèöåþ e 6= 0; In � îäèíè÷íà ìàòðèöÿ âèìiðíîñòi n; 0m,k � íóëüîâà (m × k)-ìàòðèöÿ.

Â îáëàñòi ãîëîâíèõ iäåàëiâ R çàôiêñó¹ìî ìíîæèíó íåàñîöiéîâàíèõ åëåìåíòiâ R̃. Êîæíîìó
íåàñîöiéîâàíîìó åëåìåíòó a ∈ R̃ ïîñòàâèìî ó âiäïîâiäíiñòü ïîâíó ñèñòåìó ëèøêiâ çà ìîäóëåì
iäåàëó (a). Íàäàëi ÷åðåç dk(B) ïîçíà÷èìî iäåàë îáëàñòi R, ÿêèé ïîðîäæåíèé ìiíîðàìè k-ãî
ïîðÿäêó ìàòðèöi B ∈Mm,n(R), k = 1, 2, . . . ,min{m,n}.

Íåõàé A ∈ Mm,n(R) � ìàòðèöÿ ðàíãó rankA = r íàä îáëàñòþ ãîëîâíèõ iäåàëiâ R. Äëÿ A
iñíó¹ ìàòðèöÿ W ∈ GL(n,R) òàêà, ùî

AW1 = HA =


0k,n

H1 0m1,n−1

H2 0m2,n−2

. . . . . .
Hr 0mr,n−r

 , k + m1 + m2 + · · ·+ mr = m;

äå k � êiëüêiñòü ïåðøèõ íóëüîâèõ ðÿäêiâ ìàòðèöi A, (k ≥ 0), à k+1 ðÿäîê ìàòðèöi A âiäìiííèé
âiä íóëüîâîãî. ßêùî æ ïåðøèé ðÿäîê ìàòðèöi A ¹ íåíóëüîâèì, òî íóëüîâèé áëîê 0k,n â ìàòðèöi
HA âiäñóòíié.

Ìàòðèöi Hi â íèæíié áëî÷íî-òðèêóòíié ìàòðèöi HA âèçíà÷åíi íàñòóïíèì ÷èíîì:

H1 =

[
a1
∗

]
∈ Mm1,1(R), H2 =

[
h21 a2
∗ ∗

]
∈ Mm2,2(R), . . . , Hr =

[
hr1 . . . hr,r−1 ar
∗ ∗ ∗ ∗

]
∈

Mmr,r(R), äå ai íàëåæàòü ìíîæèíi íåàñîöiéîâàíèõ åëåìåíòiâ R̃ äëÿ âñiõ i = 1, 2, . . . , r. Êðiì
öüîãî, â ïåðøèõ ðÿäêàõ

[
hi1 . . . hi,i−1 ai

]
ìàòðèöü Hi, i ≥ 2, åëåìåíòè hij íàëåæàòü ïîâíié

ñèñòåìi ëèøêiâ çà ìîäóëåì iäåàëó (ai) äëÿ âñiõ j = 1, 2, . . . , r − 1. Ìàòðèöÿ HA íàçèâà¹òüñÿ
(ïðàâîþ) ôîðìîþ Åðìiòà ìàòðèöi A i âîíà äëÿ ìàòðèöi A âèçíà÷åíà îäíîçíà÷íî. Íàäàëi
ïiä òåðìiíîì �ôîðìà Åðìiòà ìàòðèöi A� áóäåìî ðîçóìiòè, ùî ìàòðèöÿ A åëåìåíòàðíèìè
ïåðåòâîðåííÿìè ñòîâï÷èêiâ ïðèâîäèòüñÿ äî ìàòðèöi HA, ÿêà âèçíà÷åíà âèùå.

Íåõàé A ∈ Mm,n(R), B ∈ Mm,k(R), A0 =
[
A 0m,k

]
i Ā =

[
A B

]
. Âiäîìî ([1, 2]), ùî

ìàòðè÷íå ðiâíÿííÿ AX = B, (X � íåâiäîìà ìàòðèöÿ iç Mn,k(R)), íàä îáëàñòþ ãîëîâíèõ
iäåàëiâ R ðîçâ'ÿçíå òîäi i òiëüêè òîäi, êîëè rank A = rank Ā i dk(A) = dk(Ā) äëÿ âñiõ
k = 1, 2, . . . ,min {m,n}, òîáòî êîëè ôîðìè Ñìiòà ìàòðèöü A0 i Ā ñïiâïàäàþòü. Íèæ÷å âêàæåìî
óìîâè ðîçâ'ÿçíîñòi ðiâíÿííÿ AX = B â òåðìiíàõ ôîðì Åðìiòà ìàòðèöü A0 i Ā.

Òåîðåìà 1. Íåõàé A ∈Mm,n(R) i B ∈Mm,k(R). Ìàòðè÷íå ðiâíÿííÿ AX = B ðîçâ'ÿçíå òîäi

i òiëüêè òîäi, êîëè ôîðìè Åðìiòà ìàòðèöü
[
A 0m,k

]
i
[
A B

]
ñïiâïàäàþòü.

Íàñëiäîê 1. Íåõàé A ∈ Mm,n(R), B ∈ Mm,k(R) i C ∈ Mm,l(R). Íàñòóïíi òâåðäæåííÿ

åêâiâàëåíòíi:

1. Ìàòðè÷íå äiîôàíòîâå ðiâíÿííÿ AX + BY = C ðîçâ'ÿçíå;

2. Ôîðìè Åðìiòà ìàòðèöü
[
A B 0m,l

]
i
[
A B C

]
ñïiâïàäàþòü;

3. Íàéáiëüøèé ñïiëüíèé ëiâèé äiëüíèê ìàòðèöü A i B ¹ ëiâèì äiëüíèêîì ìàòðèöi C.

Ñïèñîê ëiòåðàòóðè
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� 2003. � Vol.3. � Ð. 3�61.
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Iäåìïîòåíòíi ìiðè íà K-óëüòðàìåòðè÷íèõ ïðîñòîðàõ
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E-mail address: savchenko1960@rambler.ru

Íåõàé X � ìíîæèíà i K ∈ [0,∞]. Ìåòðèêó d íà ìíîæèíi X áóäåìî íàçèâàòè K-

óëüòðàìåòðèêîþ, ÿêùî d(x, y) ≤ max{d(x, z), d(z, y)} äëÿ êîæíèõ x, y, z ∈ X òàêèõ, ùî
min{d(x, z), d(z, y)} ≤ K. Âiäîáðàæåííÿ ïðîñòîðó (X, d) ó ïðîñòið (Y, %) íàçâåìî K-íåðîçòÿ-
ãóþ÷èì âiäîáðàæåííÿì, ÿêùî f : X → Y � íåïåðåðâíå âiäîáðàæåííÿ òàêå, ùî %(f(x), f(y)) ≤
d(x, y) äëÿ êîæíèõ x, y ∈ X òàêèõ, ùî d(x, y) ≤ K. Ìåòðèêó d íà ìíîæèíi X áóäåìî íàçèâàòè
ðiâíîìiðíîþ K-óëüòðàìåòðèêîþ, ÿêùî iñíó¹ ε > 0 òàêå, ùî êîæíà êóëÿ ðàäióñà K ¹ òàêîæ
êóëåþ ðàäióñà K + ε.

Àâòîð äîâiâ, ùî êàòåãîðiÿ K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ i K-íåðîçòÿãóþ÷èõ âiäîáðàæåíü
içîìîðôíà êàòåãîði¨ ñòàöiîíàðíèõ ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ òà íåðîçòÿãóþ÷èõ
âiäîáðàæåíü äëÿ t-íîðìè ∗, çàäàíî¨ ôîðìóëîþ a ∗ b = ab

max{a,b,α} , äëÿ ôiêñîâàíîãî α ∈ (0, 1).
Àíàëîã êîíñòðóêöi¨ K-óëüòðàìåòðèçàöi¨ ïðîñòîðó éìîâiðíiñíèõ ìið ç êîìïàêòíèìè íîñiÿìè

ìîæíà òàêîæ çíàéòè i äëÿ iäåìïîòåíòíèõ ìið. Íàãàäà¹ìî, ùî ÿêùî d � äåÿêà ìåòðèêà íà
ïðîñòîði X, òî íà ìíîæèíi I(X) iäåìïîòåíòíèõ ìið íà X ç êîìïàêòíèìè íîñiÿìè ìåòðèêó
ìîæíà îçíà÷èòè òàêîþ êîíñòðóêöi¹þ (äèâ. [1]).

Çàôiêñó¹ìî n ∈ N. ×åðåç n− LIP = n− LIP(X, d) ïîçíà÷à¹ìî ìíîæèíó âñiõ ëiïøèöåâèõ
ôóíêöié ç ëiïøèöåâîþ êîíñòàíòîþ ≤ n ç ìíîæèíè C(X). Äëÿ êîæíèõ µ, ν ∈ I(X) íåõàé
d̂n(µ, ν) = sup{|µ(ϕ)−ν(ϕ)| | ϕ ∈ n− LIP}. Ó ñòàòòi [1] ïîêàçàíî, ùî ôóíêöiÿ d̃ : I(X)×I(X)→
R, îçíà÷åíà ôîðìóëîþ d̃(µ, ν) =

∑∞
i=1

d̃n(µ,ν)
2i

, ¹ ìåòðèêîþ íà ìíîæèíi I(X).
Íåõàé òåïåð d ¹ ðiâíîìiðíîþ K-óëüòðàìåòðèêîþ íà ìíîæèíi X. Ââàæà¹ìî, ùî ε âçÿòå ç

îçíà÷åííÿ ðiâíîìiðíî¨ K-óëüòðàìåòðèêè, qK : X → X/ ∼K � ôàêòîðâiäîáðàæåííÿ, ïîðîäæåíå
ðîçáèòòÿì íà êóëi ðàäióñà K. ×åðåç dHZ ïîçíà÷à¹ìî ìåòðèêó íà ìíîæèíi iäåìïîòåíòíèõ ìið
ç êîìïàêòíèìè íîñiÿìè íà óëüòðàìåòðè÷íèõ ïðîñòîðàõ, îçíà÷åíó ó ñòàòòi [2].

Ïðèéìåìî:

dK(µ, ν) =


dHZ(µ, ν), ÿêùî

I(qK)(µ) = I(qk)(ν),

max{d̂(I(qK)(µ), I(qk)(ν)),K + ε}, ó ïðîòèëåæíîìó

âèïàäêó.

Äîâåäåíî, ùî îäåðæàíà ìåòðèêà ¹ ðiâíîìiðíîþ K-óëüòðàìåòðèêîþ íà ìíîæèíi I(X).
Äîïîâiäü ïðèñâÿ÷åíà ôóíêòîðiàëüíèì âëàñòèâîñòÿì îäåðæàíî¨ K-óëüòðàìåòðèçàöi¨.

Ñïèñîê ëiòåðàòóðè
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Òîïîëîãi÷íà åêâiâàëåíòíiñòü ìîðñiâñüêèõ âiäîáðàæåíü êîëà â êîëî
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Â ðàáîòi ([1]) áóëà îòðèìàíà òîïîëîãi÷íà êëàñèôiêàöiÿ ãëàäêèõ âiäîáðàæåíü âiäðiçêà â
âiäðiçîê. Â äàíié ðîáîòi ìè óçàãàëüíþ¹ìî öi ðåçóëüòàòè íà ìîðñiâñüêi âiäîáðàæåííÿ êîëà
â êîëî.

Ïîçíà÷èìî ÷åðåç S1 -îäèíè÷íå êîëî. Ãëàäêå âiäîáðàæåííÿ f : S1 → S1 íàçèâà¹òüñÿ
ìîðñiâñüêèì, ÿêùî âñi éîãî êðèòè÷íi òî÷êè ¹ íåâèðîäæåíèìè.

Äâà ãëàäêèõ âiäîáðàæåííÿ f i g S1 → S1 ¹ òîïîëîãi÷íî åêâiâàëåíòíèìè, ÿêùî iñíóþòü
ãîìåîìîðôiçìè h : S1 → S1 i k : S1 → S1 òàêi, ùî f ◦ h = g ◦ k.

Ìîðñiâñüêå âiäîáðàæåííÿ f : S1 → S1 ìîæíà iíòåðïðåòóâàòè, ÿê ãëàäêó çàìêíåíó êðèâó
íà äâîâèìiðíîìó òîði.Öå äà¹ ìîæëèâiñòü ââåñòè ïîíÿòòÿ öèêëi÷íî¨ çìi¨ Γ(f) ïî àíàëîãi¨, ÿê
ââiâ ïîíÿòòÿ çìi¨ I. Â. Àðíîëüä äëÿ ôóíêöié íà âiäðiçêó..

Òåîðåìà. Äâà ìîðñiâñüêi âiäîáðàæåííÿ f òà g ç îäèíè÷íîãî êîëà â îäèíè÷íå êîëî ¹
òîïîëîãi÷íî åêâiâàëåíòíèìè òîäi i òiëüêè òîäi, êîëè âiäïîâiäíi ¨ì öèêëi÷íi çìi¨ Γ(f) òà Γ(g) ¹
åêâiâàëåíòíèìè.

Ñïèñîê ëiòåðàòóðè

[1] È. Â. Àðíîëüä Èñ÷èñëåíèå çìåé è êîìáèíàòîðèêà ÷èñåë Áåðíóëëè, Ýéëåðà è Ñïðèíãåðà

ãðóïï Êîêñòåðà . Óñïåõè ìàò. íàóê, (1992), � 1, Ñ. 3-45.
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Ïðî íåñêií÷åííî ìàëi êîíôîðìíi äåôîðìàöi¨ ïîâåðõîíü îáåðòàííÿ

Þ.C. Ôåä÷åíêî

(Îäåñüêà íàöiîíàëüíà àêàäåìiÿ õàð÷îâèõ òåõíîëîãié, Îäåñà, Óêðà¨íà)

E-mail address: Fedchenko Julia@ukr.net

Âèâ÷à¹ìî íåñêií÷åííî ìàëi êîíôîðìíi äåôîðìàöi¨ [1], [2] ïîâåðõíi S êëàñó C3 â åâêëiäîâîìó
ïðîñòîði E3.

Òåîðåìà 1. Äëÿ òîãî, ùîá íåñêií÷åííî ìàëà äåôîðìàöiÿ ïîâåðõíi S (K 6= 0) êëàñó

C3 áóëà êîíôîðìíîþ, íåîáõiäíî i äîñòàòíüî, ùîá íà ïîâåðõíi iñíóâàëè ôóíêöi¨ t, ϕ, ÿêi

çàäîâîëüíÿþòü ðiâíÿííÿ

∇s(tαdsα)−∇s(ϕαcαβdsβ) + 2Ht = 0.

Òîäi òåíçîðíi ïîëÿ ïîõiäíî¨ âåêòîðà çìiùåííÿ U i = ciα

(
0
T
αβ

− ϕcαβ
)
rβ + ciαT

αn ìàþòü

âèãëÿä
0
T
αβ

= tgαβ,

T s = tαd
sα − ϕαc

αβdsβ.

Òóò
0
T
αβ

=
0
T
βα

, cαβ-äèñêðèìiíàíòíèé òåíçîð, cαβ-êîâàðiàíòíi êîìïîíåíòè

äèñêðèìiíàíòíîãî òåíçîðà, dsβ = dsαgαβ, d
sα = 1

K csicαjbij.

Äîñëiäæåíî íåñêií÷åííî ìàëi êîíôîðìíi äåôîðìàöi¨ ïîâåðõîíü îáåðòàííÿ.

Òåîðåìà 2. Ïîâåðõíÿ îáåðòàííÿ r = (ucosv, usinv, f(u)) (K 6= 0, d11 − d22 6= 0) äîïóñêà¹

íåòðèâiàëüíó íåñêií÷åííî ìàëó êîíôîðìíó äåôîðìàöiþ ïðè t = 0. Òåíçîðè äåôîðìàöi¨
0
T
αβ

,

T s òà ôóíêöiÿ ϕ âèðàæàþòüñÿ â ÿâíîìó âèãëÿäi çà ôîðìóëàìè

0
T
11

=
0
T
12

=
0
T
22

= 0,

T 1 = K ′(v)
1 + f ′2

uf ′′
e
−

∫ 3f ′2f ′′2−f ′f ′′′−f ′3f ′′′

(f ′+f ′3−uf ′′)f ′′
du
,

T 2 = −K(v)
(3f ′f ′′2 − f ′′′ − f ′2f ′′′)

(f ′ + f ′3 − uf ′′)f ′′
e
−

∫ 3f ′2f ′′2−f ′f ′′′−f ′3f ′′′

(f ′+f ′3−uf ′′)f ′′
du
,

ϕ = K(v)e
−

∫ 3f ′2f ′′2−f ′f ′′′−f ′3f ′′′

(f ′+f ′3−uf ′′)f ′′
du
,

äå K(v)- äåÿêà ôóíêöiÿ.

Ñïèñîê ëiòåðàòóðè

[1] Å.Ä Ôåñåíêî. Áåñêîíå÷íî ìàëûå êîíôîðìíûå äåôîðìàöèè çàìêíóòûõ ïîâåðõíîñòåé
ïîëîæèòåëüíîé ãàóññîâîé êðèâèçíû // Èçâ. âóçîâ Ìàòåì. 3 (1969) 72�77.
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çáåðåæåííÿì ñåðåäíüî¨ êðèâèíè// Proc. Intern. Geom. Center 5 (3) (2012) 6-14.
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Èñïîëüçîâàíèå ýâðèñòè÷åñêèõ ïðèåìîâ â ïðîöåññå ôîðìèðîâàíèÿ

ãåîìåòðè÷åñêèõ ïîíÿòèé

Î. Â. Àìáðîçÿê

(×åðêàññêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Áîãäàíà Õìåëüíèöêîãî, ×åðêàññû, Óêðàèíà)

E-mail address: Olga27 1989@ukr.net

Êàê èçâåñòíî, ñèñòåìà ïîíÿòèé ÿâëÿåòñÿ îäíèì èç êëþ÷åâûõ ýëåìåíòîâ äëÿ ïîñòðîåíèÿ
íàó÷íîé òåîðèè. Ïîíÿòèÿ ãåîìåòðèè èìåþò îñîáóþ ñïåöèôèêó, òàê êàê àáñòðàêòíî
îïèñûâàþò îáúåêòû îêðóæàþùåãî ìèðà è â òî æå âðåìÿ îáëàäàþò îñîáîé ôóíêöèåé -
ðàçâèâàþò ìûøëåíèå ÷åëîâåêà äî åãî íàèâûñøåé ñòóïåíè. Ýâðèñòè÷åñêèå ïðèåìû, ïî
íàøåìó ìíåíèþ, äîëæíû àêòèâíî ïðèìåíÿòüñÿ â ïðîöåññå ôîðìèðîâàíèÿ ãåîìåòðè÷åñêèõ
ïîíÿòèé, òàê êàê îíè äàþò âîçìîæíîñòü íå òîëüêî îâëàäåòü ïîíÿòèåì, òî åñòü îïðåäåëåíèåì,
íàáîðîì ñâîéñòâ è ïðèçíàêîâ, íî è ïîçíàòü ñïîñîáû äåÿòåëüíîñòè, äàþùèå âîçìîæíîñòü
îòêðûâàòü íîâûå çíàíèÿ, êàê â ãåîìåòðèè, òàê è â äðóãèõ äèñöèïëèíàõ, è êàê ðåçóëüòàò
- â îáûäåííîé æèçíè. Ïî êëàññèôèêàöèè Å. È. Ñêàôû ([1]) ýâðèñòè÷åñêèå ïðèåìû
âêëþ÷àþò â ñåáÿ îáùèå è ñïåöèàëüíûå ýâðèñòèêè. Èñïîëüçîâàíèå îáùèõ ýâðèñòèê â
ïðîöåññå ôîðìèðîâàíèÿ ãåîìåòðè÷åñêèõ ïîíÿòèé îáóñëîâëåíî ïðèðîäîé ñàìèõ ïîíÿòèé, òàê
êàê àíàëèç, ñèíòåç, ñðàâíåíèå, îáîáùåíèå, àíàëîãèÿ, àáñòðàãèðîâàíèå, ñèñòåìàòèçàöèÿ è
äðóãèå ÿâëÿþòñÿ îñíîâíûìè óìñòâåííûìè äåéñòâèÿìè, ÷òî ëåæàò â îñíîâå ìûøëåíèÿ, à
çíà÷èò è ïîíÿòèé. Íå âûçûâàåò ñîìíåíèÿ íåîáõîäèìîñòü òàêèõ ýâðèñòè÷åñêèõ ïðèåìîâ
êàê ïîäâåäåíèå ïîä ïîíÿòèå è âûâåäåíèå ñëåäñòâèé êàê íåîáõîäèìîé ñîñòàâëÿþùåé
èõ óñâîåíèÿ. Ïîìèìî âûøåíàçâàííûõ, îñîáóþ ðîëü ñëåäóåò îòâîäèòü ñïåöèôè÷åñêèì
ýâðèñòè÷åñêèì îðèåíòèðàì, òàêèì êàê: èññëåäóé ïî ÷àñòÿì, âûáåðè ýêâèâàëåíòíóþ ñèñòåìó
îáîçíà÷åíèé, ðàññóæäàé îò ïðîòèâíîãî, èùè êîíòðïðèìåð, âûäåëÿé ãëàâíîå, îáîáùè, èùè
àíàëîãèþ, ðàññìîòðè íåñêîëüêî ìîäåëåé îáúåêòîâ. Èõ èñïîëüçîâàíèå ñîïóñòñâóåò ïîíèìàíèþ
ó÷àùèìèñÿ ïîíÿòèÿ íà êàæäîì èç ÷åòûð¼õ ýòàïîâ åãî ôîðìèðîâàíèÿ, ïðåäîòâðàùàåò
íàâÿçûâàíèå àëãîðèòìîâ. Åùå îäíèì ïðåèìóùåñòâîì ýâðèñòè÷åñêèõ îðèåíòèðîâ ÿâëÿåòñÿ
ïðåäîñòàâëåíèå âîçìîæíîñòè íà áîëåå ãëóáîêîì óðîâíå îñóùåñòâèòü àíàëèç ôàêòîâ, ÿâëåíèé,
îáúåêòîâ, ïîíÿòü ìîäåëü ôîðìèðóåìîãî ïîíÿòèÿ, ïîäãîòîâèòü ê èñïîëüçîâàíèþ îáùèõ
ýâðèñòè÷åñêèõ ïðèåìîâ. Ñðåäè áàçîâûõ ýâðèñòèê ðåøåíèÿ ýâðèñòè÷åñêèõ çàäà÷ â ïðîöåññå
ôîðìèðîâàíèÿ ãåîìåòðè÷åñêèõ ïîíÿòèé îñîáåííîå âíèìàíèå ñëåäóåò óäåëèòü òàêèì ïðèåìàì
êàê: ðàññìîòðåíèå ïðåäåëüíîãî ñëó÷àÿ, ìåòîä ìàëûõ èçìåíåíèé, ââåäåíèå äîïîëíèòåëüíîãî
ýëåìåíòà, ìîäèôèêàöèÿ, ìåòîä îáîáùåíèÿ è èíäóêöèè. Îñîáîå ìåñòî ïðè ôîðìèðîâàíèè
ïîíÿòèé çàíèìàþò ýâðèñòè÷åñêèå ïðåäïèñàíèÿ (ýâðèñòè÷åñêèå âîïðîñû è óêàçàíèÿ ñîâåòû),
öåëüþ êîòîðûõ ÿâëÿåòñÿ ôîðìèðîâàíèå àêòèâíîé ñòðàòåãèè íàèáîëåå ðàöèîíàëüíîãî ïîèñêà
èññëåäîâàíèå îáúåêòà. Ðå÷ü èäåò î òîì, ÷òî äëÿ ïîèñêà è óãëóáëåíèÿ çíàíèé î ïîíÿòèè
ó÷èòåëü ïîäáèðàåò êëþ÷åâûå âîïðîñû òàêèì îáðàçîì, ÷òîáû îòâåòû ó÷åíèêîâ íà íèõ
ïîðîæäàëè íîâûå âîïðîñû, ãèïîòåçû. Â ðåçóëüòàòå, èñïîëüçîâàíèå ýâðèñòèê â ôîðìå âîïðîñîâ,
óêàçàíèé-ñîâåòîâ ïîëíîñòüþ íå äåòåðìèíèðóåò äåéñòâèÿ ó÷åíèêîâ è õîä èõ ìûñëåé, íî
ïîäâîäèò ê èññëåäîâàòåëüñêîé äåÿòåëüíîñòè, ðåøåíèþ ïîñòàâëåííîé ïðîáëåìû. Ñèñòåìà
ýâðèñòè÷åñêèõ ïðèåìîâ â óñëîâèÿõ öåëåíàïðàâëåííîãî è ïîñòîÿííîãî èñïîëüçîâàíèÿ â ïðîöåññå
ôîðìèðîâàíèÿ ãåîìåòðè÷åñêèõ ïîíÿòèé ïîçâîëÿåò ôîðìèðîâàòü ïðî÷íûå çíàíèÿ ó÷åíèêîâ ïî
ïðåäìåòó è ðàçâèâàåò ëè÷íîñòü, êîòîðàÿ ñïîñîáíà æèòü â ñîâðåìåííîì ìèðå.

Ñïèñîê ëèòåðàòóðû
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Î âû÷èñëåíèè êðèâèçíû ñôåðè÷åñêè ñèììåòðè÷íîãî
ñóïåðïðîñòðàíñòâà â ñèñòåìå maple 16.00

À. Â. Àìèíîâà

Êàôåäðà òåîðèè îòíîñèòåëüíîñòè è ãðàâèòàöèè,
Êàçàíñêèé (Ïðèâîëæñêèé) ôåäåðàëüíûé óíèâåðñèòåò

E-mail : asya.aminova@kpfu.ru, avaminova@gmail.com

Ì. Õ. Ëþëèíñêèé

Êàôåäðà òåîðèè îòíîñèòåëüíîñòè è ãðàâèòàöèè,
Êàçàíñêèé (Ïðèâîëæñêèé) ôåäåðàëüíûé óíèâåðñèòåò

E-mail : miklul@rambler.ru

The curvature of supermetric of spherically symmetric superspace is calculated. For this purpose, a
program for the system Maple 16.00 has been developed. It implements algorithms to work correctly
with the (super) tensor indices; the modi�ed procedures of di�erentiation of the homogeneous
components of (super)tensors were written.

Keywords: spherically symmetric superspace, curvature, program, Maple 16.

Äàííàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ñóïåðñèììåòðè÷íûõ êîñìîëîãè÷åñêèõ ìîäåëåé â
ðàìêàõ ïîñëåäîâàòåëüíîãî ñóïåðñèììåòðè÷íîãî ïîäõîäà, ðàçâèòîãî â ðàáîòàõ À. Â. Àìèíîâîé
è Ñ. Â. Ìî÷àëîâà. Ìû ðàññìàòðèâàåì ñóïåðñèììåòðèþ êàê àâòîìîðôèçì ñóïåðãåîìåòðè÷åñêîé
ñòðóêòóðû, â ÷àñòíîñòè, êàê èíôèíèòåçèìàëüíîå ñóïåðïðåîáðàçîâàíèå, îñòàâëÿþùåå
íåèçìåííîé ìåòðèêó ñóïåðïðîñòðàíñòâà. Ìåòðèêà îïðåäåëÿåòñÿ êàê èíâàðèàíò ñóïåðãðóïïû
ïðåîáðàçîâàíèé â äóõå Ýðëàíãåíñêîé ïðîãðàììû Ô. Êëåéíà.

Ìû íàäåëÿåì ïðîñòðàíñòâî ñóïåðñèììåòðè÷íûìè ñâîéñòâàìè, ââîäÿ ïåðåìåííûå
ãðàññìàíîâîé àëãåáðû, íàçûâàåìûå òàêæå ñóïåð÷èñëàìè. Äâà ñóïåð÷èñëà àíòèêîììóòèðóþò,
è êâàäðàò êàæäîãî èç íèõ ðàâåí íóëþ. Ìû ðàññìàòðèâàåì êîëüöîâàííîå ïðîñòðàíñòâî
ãðàññìàíîâûõ àëãåáð íàä ñôåðè÷åñêè ñèììåòðè÷íûì ïðîñòðàíñòâîì � ñôåðè÷åñêè
ñèììåòðè÷íîå ñóïåðïðîñòðàíñòâî. Â äîêëàäå ðàññêàçûâàåòñÿ î ïðîãðàììå âû÷èñëåíèÿ
êîìïîíåíò òåíçîðà êðèâèçíû ñóïåðïðîñòðàíñòâà, ñ ïîìîùüþ êîòîðîé ïîëó÷åíû òåíçîð
Ðèìàíà è òåíçîð Ðè÷÷è ñôåðè÷åñêîãî ñóïåðïðîñòðàíñòâà, îïðåäåëåííîãî ðàíåå â ðàáîòàõ
À. Â. Àìèíîâîé, Ñ. Â. Ìî÷àëîâà è Ì. Õ. Ëþëèíñêîãî.
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Ïðèìåðû ýëàñòè÷íûõ âîñüìèìåðíûõ òêàíåé Áîëà ñ òåíçîðîì êðèâèçíû

ìèíèìàëüíîãî ðàíãà

Ì. Â. Àíòèïîâà

(ÌÏÃÓ, Ìîñêâà, Ðîññèÿ)

E-mail address: khnmar@rambler.ru

Â ðàáîòàõ [1], [2] áûëà ïîëó÷åíà êëàññèôèêàöèÿ âîñüìèìåðíûõ òêàíåé Áîëà ñ òåíçîðîì
êðèâèçíû ìèíèìàëüíîãî ðàíãà, ò.å. ñ òàêèì òåíçîðîì, êîòîðûé â ïîäõîäÿùåì áàçèñå èìååò
âñåãî äâå íåíóëåâûå êîìïîíåíòû. Â [1] òêàíè ýòîãî òèïà áûëè ðàçáèòû íà 2 òèïà. Ñ òêàíÿìè
ïåðâîãî òèïà ñâÿçàíî íåêîòîðîå õàðàêòåðèñòè÷åñêîå óðàâíåíèå. Åñëè åãî êîðíè âåùåñòâåííûå
è ðàçëè÷íûå, òî ñîîòâåòñòâóþùóþ òêàíü ìû íàçûâàåì ãèïåðáîëè÷åñêîé òêàíüþ SB8

m ïåðâîãî
òèïà; åñëè åãî êîðíè âåùåñòâåííûå è ñîâïàäàþò, òî ñîîòâåòñòâóþùóþ òêàíü ìû íàçûâàåì
ïàðàáîëè÷åñêîé òêàíüþ SB8

m ïåðâîãî òèïà.
Â [3] äîêàçàíû
Òåîðåìà. Ñóùåñòâóåò äâóïàðàìåòðè÷åñêîå ñåìåéñòâî ãèïåðáîëè÷åñêèõ òêàíåé B8

m

ïåðâîãî òèïà. Â íåêîòîðûõ ëîêàëüíûõ êîîðäèíàòàõ èõ óðàâíåíèÿ èìåþò âèä:

z1 =x1 + e−k(λ1)x
2
[y1 +m(λ1) · (x2y3 − x3y2)],

z2 =x2 + y2,

z3 =x3 + y3,

z4 =x4 + e−k(λ2)x
2
[y4 +m(λ2) · (x2y3 − x3y2)],

ãäå îáîçíà÷åíî m(λ1) = k−1
1 bλ1,m(λ2) = k−1

2 bλ2.
Òåîðåìà. Ñóùåñòâóåò îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ïàðàáîëè÷åñêèõ òêàíåé SB8

m

ïåðâîãî îñíîâíîãî òèïà. Â íåêîòîðûõ ëîêàëüíûõ êîîðäèíàòàõ èõ óðàâíåíèÿ èìåþò âèä:

z1 =x1 + ex
2
(y1 + x2y3 − x3y2),

z2 =x2 + y2,

z3 =x3 + y3,

z4 =x4 + ex
2
[y4 − Cx2y1 + C(x2y3 − x3y2)(1− x2)],

ãäå îáîçíà÷åíî C = 2λa124k
−1

Â íàñòîÿùåé ðàáîòå äîêàçûâàåòñÿ ñëåäóþùàÿ
Òåîðåìà. Ãèïåðáîëè÷åñêàÿ è ïàðàáîëè÷åñêàÿ òêàíè SB8

m ïåðâîãî òèïà ÿâëÿþòñÿ
ýëàñòè÷íûìè, ò.å â êîîðäèíàòíûõ ëóïàõ ýòèõ òêàíåé âûïîëíÿåòñÿ òîæäåñòâî x(xy) =
(xy)x, è íà òêàíÿõ âûïîëíÿåòñÿ óñëîâèå çàìûêàíèÿ E [3].
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Ãåîìåòðèÿ ïñåâäî-êîíôîðìíî-ïëîñêèõ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ

ìíîãîîáðàçèé

À. Â. Àðèñòàðõîâà

(Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ãåîäåçèè è êàðòîãðàôèè (ÌÈÈÃÀèÊ), Ìîñêâà,
Ðîññèÿ)
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Êîíòàêòíî-êîíôîðìíî-ïîëóïëîñêèå, òî åñòü êîíòàêòíî-àâòîäóàëüíûå èëè êîíòàêòíî-
àíòèàâòîäóàëüíûå, 5-ìåðíûå ìíîãîîáðàçèÿ [1], ñíàáæåííûå ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé
ñòðóêòóðîé, îêàçàëèñü áîãàòûìè ãåîìåòðè÷åñêèì ñîäåðæàíèåì. Â òåîðèè êîíôîðìíî-
ïîëóïëîñêèõ 4-ìåðíûõ ìíîãîîáðàçèé [2], èçâåñòíî, ÷òî 4-ìåðíîå ðèìàíîâî ìíîãîîáðàçèå
êîíôîðìíî ïëîñêî òîãäà è òîëüêî òîãäà, êîãäà îíî îäíîâðåìåííî àâòîäóàëüíî è
àíòèàâòîäóàëüíî. Â ñâÿçè ñ ýòèì, èíòåðåñíî âûÿñíèòü ñâÿçü ìåæäó êîíôîðìíî
ïëîñêèìè ìíîãîîáðàçèÿìè è ìíîãîîáðàçèÿìè, êîòîðûå ÿâëÿþòñÿ îäíîâðåìåííî êîíòàêòíî-
àâòîäóàëüíûìè è êîíòàêòíî-àíòèàâòîäóàëüíûìè, òàêèå ìíîãîîáðàçèÿ â äàííîé ðàáîòå áûëè
íàçâàíû ïñåâäî-êîíôîðìíî-ïëîñêèìè.

Â ðàìêàõ ðàáîòû äëÿ êâàçè-ñàñàêèåâûõ ìíîãîîáðàçèé äîêàçàíî:

Òåîðåìà 1. 5-ìåðíîå êâàçè-ñàñàêèåâî ìíîãîîáðàçèå êëàññà CR1 ïñåâäî-êîíôîðìíî-ïëîñêî

òîãäà è òîëüêî òîãäà, êîãäà îíî êîíôîðìíî ïëîñêî.

Â ñèëó æå òîãî, ÷òî êîñèìïëåêòè÷åñêèå è ñàñàêèåâû ìíîãîîáðàçèÿ ÿâëÿþòñÿ êâàçè-
ñàñàêèåâûìè ìíîãîîáðàçèÿìè êëàññà CR1, áûëè ïîëó÷åíû ñëåäóþùèå ñëåäñòâèÿ.

Òåîðåìà 2. 5-ìåðíîå êîñèìïëåêòè÷åñêîå ìíîãîîáðàçèå ïñåâäî-êîíôîðìíî-ïëîñêî òîãäà è

òîëüêî òîãäà, êîãäà îíî êîíôîðìíî ïëîñêî.

Òåîðåìà 3. 5-ìåðíîå ñàñàêèåâî ìíîãîîáðàçèå ïñåâäî-êîíôîðìíî-ïëîñêî òîãäà è òîëüêî òîãäà,

êîãäà îíî êîíôîðìíî ïëîñêî.

Êðîìå òîãî, äîêàçàíî:

Òåîðåìà 4. 5-ìåðíîå ìíîãîîáðàçèå Êåíìîöó ïñåâäî-êîíôîðìíî-ïëîñêî òîãäà è òîëüêî òîãäà,

êîãäà îíî êîíôîðìíî ïëîñêî.

È âñå æå, íå ñìîòðÿ íà òåíäåíöèîçíîñòü ïîëó÷åííûõ ðåçóëüòàòîâ, ìû ñìååì ïðåäïîëîæèòü,
÷òî â îáùåì ñëó÷àå ïñåâäî-êîíôîðìíàÿ ïëîñêîñòü 5-ìåðíîãî ïî÷òè êîíòàêòíîãî ìåòðè÷åñêîãî
ìíîãîîáðàçèÿ íå áóäåò ðàâíîñèëüíà åãî êîíôîðìíîé ïëîñêîñòè.
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Êàíîíè÷åñêàÿ â ïðîñòðàíñòâå àôèííîé ñâÿçíîñòè ãðóïïà
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Îáîáùèì ïîíÿòèå êàíîíè÷íîñòè, ââåäåííîå â ðàáîòå [1] äëÿ ãðóïï T gHM = {tm(x)}[2], íà
ñëó÷àé áåñêîíå÷íûõ äåôîðìèðîâàííûõ ãðóïï DA c ïàðàìåòðàìè ga(x) = {tm(x), L(x)mn },
êîòîðûå ïîñòðîåíû èç ñïåöèàëüíûõ íåëîêàëüíûõ àâòîìîðôèçìîâ ãðóïïû T gHM è îïèñûâàþò
ïðîñòðàíñòâà àôôèííîé ñâÿçíîñòè (áåç êðó÷åíèÿ). Èõ çàêîí óìíîæåíèÿ èìååò âèä:

(g ∗ g′)m(x) := ϕm(x, t(x), t′(x′)), (1)

(g ∗ g′)mn (x) := L(x)mp π(x, t(x))
p
rL
′(x′)rkπ(x

′, t′(x′))kl π
−1(x, ϕ(x, t(x), t′(x′)))ln, (2)

ãäå x′µ := xµ +H
−1µ
x (t(x)), Hx � ôóíêöèè äåôîðìàöèè ãðóïïû T gHM ⊂ DA, L(x) � ëèíåéíûå

ïðåâðàùåíèÿ, à ôóíêöèè ϕx è πx îïðåäåëÿþò çàêîíû óìíîæåíèÿ ãðóïï T gHM è DA.
Ðàññìîòðèì ñïåöèàëüíûå ïàðàìåòðû ga = (sτ, 1)a ãðóïïû DA (τ � âåêòîð, êàñàòåëüíûé â

òî÷êå x ê ïàðàìåòðè÷åñêîé êðèâîé ñ ïàðàìåòðîì s).
Îïðåäåëåíèå 1. Åñëè äëÿ ïðîèçâîëüíûõ äâóõ òî÷åê x è x′ ìíîãîîáðàçèÿ M ñóùåñòâóåò

êðèâàÿ, âäîëü êîòîðîé

(sτ, 1) ∗ (s′τ ′, 1) = ((s+ s′)τ, 1) (3)

(τ ′ � êàñàòåëüíûé â x′ âåêòîð), òî ãðóïïà DA ñ òàêèì çàêîíîì óìíîæåíèÿ � êàíîíè÷åñêàÿ.

Èç óñëîâèå êàíîíè÷íîñòè (s + s′)τm = ϕmx (sτ, s
′τ ′) ãðóïïû T gHM , êîòîðîå ñëåäóåò èç (3),

âûÿñíÿåòñÿ, ÷òî ýòà êðèâàÿ � ãåîäåçè÷åñêàÿ: τ̇m + γmx knτ
nτk = 0.

Â òî æå âðåìÿ çàêîí óìíîæåíèÿ (2) ïðè ga = (sτ, 1)a ïðèíèìàåò âèä:

πx((s+ s′)τ)mn = πx(sτ)
m
k πx′(s

′τ ′)kn. (4)

Óòâåðæäåíèå 1. Óñëîâèå êàíîíè÷íîñòè ãðóïï DA îáúåäèíÿåò â ñåáå óñëîâèå

êàíîíè÷íîñòè ãðóïïû T gHM è óñëîâèå êîìïîçèöèè (4). Òîãäà, â ñëó÷àå êàíîíè÷åñêîé ãðóïïû

DA, ïîñëåäîâàòåëüíîñòü èíôèíèòåçèìàëüíûõ ïåðåíîñîâ âåêòîðîâ âäîëü ãåîäåçè÷åñêèõ äà�eò

òîò æå ðåçóëüòàò, ÷òî è êîíå÷íûå ïåðåëëåëüíûå ïåðåíîñû â ïðîñòðàíñòâàõ àôèííîé

ñâÿçíîñòè, íå òîëüêî äëÿ êàñàòåëüíûõ âåêòîðîâ τ , íî è äëÿ ïðîèçâîëüíûõ âåêòîðîâ θ.
Îïðåäåëåíèå 2. Ãðóïïó, êîòîðàÿ ÿâëÿåòñÿ êàíîíè÷åñêîé íà ìíîæåñòâå ãðóïï

DA, áóäåì íàçûâàòü ãðóïïîé ïàðàëëåëüíèõ ïåðåíîñîâ âåêòîðîâ â ïðîñòðàíñòâå àôèííîé

ñâÿçíîñòè è îáîçíà÷àòü DP .
Îòìåòèì ÷òî çäåñü ïîëó÷åí áîëåå îáùèé, ÷åì â [3], âàðèàíò ãðóïïû DP , áåç ïðèâÿçêè

ê ìåòðèêå èñêðèâë�eííîãî ïðîñòðàíñòâà. È ïîñêîëüêó ñóùåñòâóåò è åäèíñòâåííî ðåøåíèå
óðàâíåíèÿ (∂kπx(sτ)

m
n −πx(sτ)mp γ

p
x′ kn)τ

′kθ′n = 0, ïîëó÷åííîãî èç (4), ñ ãðàíè÷íûìè óñëîâèÿìè
íà ôóíêöèè πx(sτ), ñïðàâåäëèâî ñëåäóþùåå:

Óòâåðæäåíèå 2. Ãðóïïà DP îäíîçíà÷íî îïðåäåëåíà ïî êîýôôèöèåíòàì ñâÿçíîñòè γmx kn.
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Î ñâîéñòâàõ ïÿòåðêè çàìå÷àòåëüíûõ ñåòåé
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Ïóñòü Q = (g, b, ρ, h, l) - êîíå÷íîå ìíîæåñòâî, ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ ïÿòü
îïðåäåëåííûõ ñåòåé, ðàñïîëîæåííûõ íà ïîâåðõíîñòè òðåõìåðíîãî åâêëèäîâà ïðîñòðàíñòâà.
Ïåðâûå òðè èç íèõ - øèðîêî èçâåñòíûå ñåòè, à èìåííî:g - èçîòðîïíàÿ ñåòü,b - àñèìïòîòè÷åñêàÿ,
ρ - ñåòü ëèíèé êðèâèçíû. Â ïÿòåðêó çàìå÷àòåëüíûõ âêëþ÷åíà òàêæå ñåòü ëèíèé êðó÷åíèÿ
(LGT-ñåòü), ââåäåííàÿ â [1] è îáîçíà÷åííàÿ ÷åðåç h. Ñåòü ëèíèé êðó÷åíèÿ, êàê è ñåòü ëèíèé
êðèâèçíû, ÿâëÿåòñÿ äåéñòâèòåëüíîé, îðòîãîíàëüíîé è ðåãóëÿðíîé â îáëàñòè ïîâåðõíîñòè áåç
îìáèëè÷åñêèõ òî÷åê. Îíà ÿâëÿåòñÿ áèññåêòîðíîé äëÿ ñåòè ëèíèé êðèâèçíû.

×åðåç l îáîçíà÷åíà ò.í. õàðàêòåðèñòè÷åñêàÿ ñåòü, êîòîðàÿ â ÷èñëå äðóãèõ ÿâëÿåòñÿ
îáúåêòîì èññëåäîâàíèÿ â ðàííèõ ðàáîòàõ Í.Â.Åôèìîâà [2]. Ýòà âåùåñòâåííàÿ ñåòü íå ÿâëÿåòñÿ
îðòîãîíàëüíîé.

Â ðàáîòå ïðîâîäÿòñÿ èññëåäîâàíèÿ ïàð, òðîåê è ÷åòâåðîê ñåòåé èç ìíîæåñòâàQ â îòíîøåíèè
èõ âçàèìíîé àïîëÿðíîñòè, êîìïîëÿðíîñòè è äð. Îòìåòèì ñëåäóþùèå âûâîäû, ïîëó÷åííûå ñ
ïðèâëå÷åíèåì [3]:

− Ñåòü ëèíèé êðèâèçíû ρ ÿâëÿåòñÿ àïîëÿðíîé ñåòüþ äëÿ ÷åòâåðêè ñåòåé (g, b, h, l).
− Òðîéêè ñåòåé (g, ρ, h) è (b, ρ, l) ÿâëÿþòñÿ íåêîìïîëÿðíûìè.
− Òðîéêè ñåòåé (g, b, h),(g, b, l),(b, h, l) è (g, h, l) ÿâëÿþòñÿ êîìïîëÿðíûìè.
Íàéäåíû ðàçëîæåíèÿ ñåòåé èç ìíîæåñòâà Q ïî òðîéêàì íåêîìïîëÿðíûõ ñåòåé.
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Abstract. We continue the investigation of special canonical almost geodesic mappings of �rst type which
preserved Riemann tensor.

Ðàññìàòðèâàþòñÿ êàíîíè÷åñêèå ïî÷òè ãåîäåçè÷åñêèå îòîáðàæåíèÿ ïåðâîãî òèïà ïðîñòðàíñòâ
àôôèííîé ñâÿçíîñòè An íà Ān (ñì. [1]), õàðàêòåðèçóþùèåñÿ ñëåäóþùèìè óðàâíåíèÿìè (ñì. [2]):

Phij,k = −PαijPhkα + δh(kaij), (1)

ãäå aij � íåêîòîðûé ñèììåòðè÷åñêèé òåíçîð è Phij � òåíçîð äåôîðìàöèè ñâÿçíîñòåé.
Èçó÷àÿ óñëîâèÿ èíòåãðèðóåìîñòè ñèñòåìû (1) ïîëó÷åíû ôîðìóëû

(n− 1)(n+ 2) aik,j = n (PαikRαj − P βα(kR
α
i)jβ) +Rα(kP

α
i)j − P βαjR

α
(ik)β−

−P βα(iR
α
|j|k)β + (n+ 1) · (aj(iP

α
k)α − aα(iP

α
k)j) + 2 · (aikP

α
jα − ajαP

α
ik).

(2)

Èìåþò ìåñòî
Òåîðåìà 1 Äëÿ òîãî ÷òîáû ïðîñòðàíñòâî àôôèííîé ñâÿçíîñòè An äîïóñêàëî ïî÷òè ãåîäåçè÷åñêîå
îòîðàæåíèå, îïðåäåëÿåìîå óðàâíåíèÿìè (1), íà ïðîñòðàíñòâî àôôèííîé ñâÿçíîñòè Ān, íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû â íåì ñóùåñòâîâàëî ðåøåíèå çàìêíóòîé ñèñòåìû óðàâíåíèé (1) è (2) â
êîâàðèàíòíûõ ïðîèçâîäíûõ îòíîñèòåòåëüíî íåèçâåñòíûõ ôóíêöèé Phij è aij, êîòîðûå, åñòåñòâåííî,
äîëæíû óäîâëåòâîðÿòü åùå íåêîòîðûì óñëîâèÿì àëãåáðàè÷åñêîãî õàðàêòåðà.

Òåîðåìà 2 Òåíçîð Ðèìàíà Rhijk ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî ïî÷òè ãåîäåçè÷åñêîõ
îòîðàæåíèé, îïðåäåëÿåìûõ óðàâíåíèÿìè (1), ãåîìåòðè÷åñêèì îáúåêòîì ïðîñòðàíñòâ àôôèííîé
ñâÿçíîñòè.

Òåîðåìà 3 Åñëè àôôèííîå ïðîñòðàíñòâî äîïóñêàåò ïî÷òè ãåîäåçè÷åñêîå îòîáðàæåíèå, îïðåäåëÿåìîå
óðàâíåíèÿìè (1), íà Ān, òî Ān ÿâëÿåòñÿ àôôèííûì.
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Ñòðóêòóðíî óñòîé÷èâûå âíóòðåííèå îòîáðàæåíèÿ

È. Þ. Âëàñåíêî

(Èíñòèòóò Ìàòåìàòèêè, Êèåâ, Óêðàèíà)

E-mail address: vlasenko@imath.kiev.ua

Ïîêàçàíî, ÷òî ìíîæåñòâî ñòðóêòóðíî óñòîé÷èâûõ âíóòðåííèõ îòîáðàæåíèé äâóìåðíûõ
ìíîãîîáðàçèé, íå ÿâëÿþùèõñÿ ãîìåîìîðôèçìàìè, ò. å. ÿâëÿþùèõñÿ ðàçâåòâëåííûìè
íàêðûòèÿìè, íå ïóñòî.

Âûäåëåí ïðîñòîé êëàññ ñòðóêòóðíî óñòîé÷èâûõ âíóòðåííèõ îòîáðàæåíèé äâóìåðíûõ
ìíîãîîáðàçèé, äëÿ êîòîðîãî ïðîâåäåíà òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ.
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Îáîáùåííûå ïî÷òè ýðìèòîâû ñòðóêòóðû íà îäíîðîäíûõ ìíîãîîáðàçèÿõ

Ä. Â. Âûëåãæàíèí

(ÁÃÓ, Ìèíñê, Áåëàðóñü)

E-mail address: vyldv@tut.by

Èçó÷åíèå ìíîãîîáðàçèé ñî ñòðóêòóðàìè ÿâëÿåòñÿ îäíèì èç àêòóàëüíûõ íàïðàâëåíèé
ñîâðåìåííîé äèôôåðåíöèàëüíîé ãåîìåòðèè. Ñðåäè íàèáîëåå èññëåäóåìûõ ñòðóêòóð îòìåòèì
ñëåäóþùèå: ïî÷òè ýðìèòîâà ñòðóêòóðà, ìåòðè÷åñêàÿ ñòðóêòóðà ïî÷òè ïðîèçâåäåíèÿ,
ìåòðè÷åñêàÿ ïî÷òè êîíòàêòíàÿ è ìåòðè÷åñêàÿ f -ñòðóêòóðà. Â ðàáîòàõ Â.Ô. Êèðè÷åíêî
(íàïðèìåð, [1]) îïèñàíà íîâàÿ êîíñòðóêöèÿ ÿâëÿþùàÿñÿ îáîáùåíèåì ìíîãèõ êëàññè÷åñêèõ
ñòðóêòóð. Îñíîâíûì îáúåêòîì ïðåäëîæåííîãî ïîäõîäà ÿâëÿåòñÿ ïîíÿòèå îáîáùåííîé
ïî÷òè ýðìèòîâîé ñòðóêòóðû (GAH-ñòðóêòóðû). Ê îñîáåííîñòÿì êîíñòðóêöèè ïðåäëîæåííîé
Â.Ô. Êèðè÷åíêî ìîæíî îòíåñòè òî, ÷òî ìíîãîîáðàçèå îáëàäàþùåå GAH-ñòðóêòóðîé ìîæíî
èçó÷àòü íå òîëüêî ïî îäíîé êëàññè÷åñêîé ñòðóêòóðå, à òàêæå è ïî ñîâîêóïíîñòè ñòðóêòóð,
êîëè÷åñòâî êîòîðûõ îòðàæàåòñÿ ðàíãîì ñîîòâåòñòâóþùåé îáîáùåííîé ïî÷òè ýðìèòîâîé
ñòðóêòóðû [1]. Îäíàêî, ñïîñîáû ïîñòðîåíèÿ îáîáùåííûõ ïî÷òè ýðìèòîâûõ ñòðóêòóð ðàíãà
áîëüøåãî 1 íå áûëè îïèñàíû è òàêèå ìíîãîîáðàçèÿ îñòàâàëèñü â ñòîðîíå îò îñíîâíûõ
èññëåäîâàíèé.

Â 90-õ ãã. â ðàáîòàõ Â.Â. Áàëàùåíêî è Í.À. Ñòåïàíîâà [2] áûëè îïèñàíû êàíîíè÷åñêèå
ñòðóêòóðû êëàññè÷åñêèõ òèïîâ, à òàêæå ïðåäúÿâëåíû àëãîðèòìû ïîñòðîåíèÿ òàêèõ ñòðóêòóð
íà îäíîðîäíûõ Φ-ïðîñòðàíñòâàõ. Â ñëåäñòâèè ÷åãî äëÿ èññëåäîâàíèé ñòàë äîñòóïåí îáøèðíûé
êëàññ ïðîñòðàíñòâ îáëàäàþùèõ íåñêîëüêèì êëàññè÷åñêèìè ñòðóêòóðàìè.

Â ðåçóëüòàòå èçó÷åíèÿ ãëàäêèõ ìíîãîîáðàçèé ñ ïåðåñòàíîâî÷íûìè f -ñòðóêòóðàìè óäàëîñü
ðàçðàáîòàòü ìåòîäû ïîñòðîåíèÿ íà òàêèõ ìíîãîîáðàçèÿõ îáîáùåííûõ ïî÷òè ýðìèòîâûõ
ñòðóêòóð ðàíãîâ 1 è âûøå [3]. Íåïîñðåäñòâåííîå ïðèëîæåíèå ïîëó÷åííûõ ðåçóëüòàòîâ
ê îäíîðîäíûì ìíîãîîáðàçèÿì ñ êàíîíè÷åñêèìè ñòðóêòóðàìè ïîçâîëèëî çàäàòü íà òàêèõ
ìíîãîîáðàçèÿõ îáîáùåííûå ïî÷òè ýðìèòîâû ñòðóêòóðû ðàçëè÷íûõ ðàíãîâ (ñì., íàïðèìåð, [4]).

Â ðåçóëüòàòå èññëåäîâàíèé áûëà óñòàíîâëåíà âçàèìîñâÿçü ñâîéñòâ GAH-ñòðóêòóð ðàíãà
1 ñî ñâîéñòâàìè ñòðóêòóðàìè áîëüøèõ ðàíãîâ. Â ÷àñòíîñòè, äëÿ îäíîðîäíûõ Φ-ïðîñòðàíñòâ
êîíå÷íîãî ïîðÿäêà áûëî äîêàçàíî:

Òåîðåìà 1. Ïóñòü G/H � åñòåñòâåííî ðåäóêòèâíîå îäíîðîäíîå Φ ïðîñòðàíñòâî ïîðÿäêà

k, òîãäà ëþáàÿ GAH�ñòðóêòóðà ðàíãà r, ïîñòðîåííàÿ íà áàçîâûõ f�ñòðóêòóðàõ è íå

ñîäåðæàùàÿ f�ñòðóêòóðó ñ èíäåêñîì i òàêèì, ÷òî 3i = k, ÿâëÿåòñÿ GH-ñòðóêòóðîé

ðàíãà r.
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Î âëîæåíèè øåñòèìåðíîé ãðóïïîâîé òðè-òêàíè ñ òðèâèàëüíîé ñåðäöåâèíîé â

òðè-òêàíü Ìóôàíã

Ã. Ä. Ãåãàìÿí

(Òâåðñêîé ãîñóíèâåðñèòåò, Òâåðü, Ðîññèÿ)

E-mail address: geg geghamyan@yahoo.com

Â ðàáîòå [2] íàéäåíû ñòðóêòóðíûå óðàâíåíèÿ ëåâîé òðè-òêàíè Áîëà Bl ≡ Bl(r, r, r), ñåðäöåâèíà
êîòîðîé ÿâëÿåòñÿ òðèâèàëüíîé, òî åñòü èçîòîïíà àáåëåâîé ãðóïïå. Òàêàÿ òêàíü îáîçíà÷åíà B0

l .
Äîêàçàíî, ÷òî ëîêàëüíî ñèììåòðè÷åñêàÿ ñâÿçíîñòü, ïîðîæäàåìàÿ ñåðäöåâèíîé òêàíè B0

l íà
áàçå åå ïåðâîãî ñëîåíèÿ, ÿâëÿåòñÿ ëîêàëüíî ïëîñêîé. Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíåíû äëÿ
ãðóïïîâûõ òðè-òêàíåé, êîòîðûå, êàê èçâåñòíî [1], ÿâëÿþòñÿ òêàíÿìè Áîëà. Ãðóïïîâûå òêàíè
ñ òðèâèàëüíîé ñåðäöåâèíîé õàðàêòåðèçóþòñÿ óñëîâèÿìè aijpa

p
km = 0, êîòîðûå ðàâíîñèëüíû

ðàâåíñòâó [[ξη] ζ] = 0 â ëîêàëüíîé W -àëãåápå ãðóïïîâîé òêàíè, (çäåñü aijk � òåíçîð êðó÷åíèÿ
òêàíè). Íàïîìíèì [1], ÷òî W -àëãåápà ãðóïïîâîé òêàíè ÿâëÿåòñÿ àëãåáðîé Ëè. Óêàçàííûå
óñëîâèÿ îçíà÷àþò, ÷òî àëãåáðà Ëè áóäåò íèëüïîòåíòíîé. Ðàññìîòðåíû ÷åòûðåõìåðíûå (r = 2)
è øåñòèìåðíûå (r = 3) ãðóïïîâûå òðè-òêàíè ñ òðèâèàëüíîé ñåðäöåâèíîé. Îêàçàëîñü, ÷òî ïðè
r = 2 òðèâèàëüíóþ ñåðäöåâèíó èìååò òîëüêî ïàðàëëåëèçóåìàÿ òðè-òêàíü, òî åñòü ãðóïïîâàÿ
òðè-òêàíü, îïðåäåëÿåìàÿ àáåëåâîé ãðóïïîé. Â ñëó÷àå r = 3, êðîìå ïàðàëëåëèçóåìîé,
ñóùåñòâóåò åùå òîëüêî îäíà ãðóïïîâàÿ òðè-òêàíü ñ òðèâèàëüíîé ñåðäöåâèíîé (åå ëîêàëüíàÿW -
àëãåápà � åäèíñòâåííàÿ òðåõìåðíàÿ íåàáåëåâà íèëüïîòåíòíàÿ àëãåáðà Ëè [3]). Ýòà ãðóïïîâàÿ
òêàíü çàäàåòñÿ óðàâíåíèÿìè

z1 = x1 + y1, z2 = x2 + y2, z3 = x3 + y3 − x1y2 + x2y1. (1)

Â íàñòîÿùåé ðàáîòå ïîñòðîåíî âëîæåíèå óêàçàííîé òðè-òêàíè â íåêîòîðóþ äåñÿòèìåðíóþ òðè-
òêàíü Ìóôàíã, óðàâíåíèÿ êîòîðîé â íåêîòîðûõ ëîêàëüíûõ êîîðäèíàòàõ ïðèâåäåíû ê âèäó{

zi = xi + yi, (i = 1, 2, 4), z3 = x3 + y3 − x1y2 + x2y1,

z5 = x5 + y5 + x3y4 − x4y3 + x1x2y4 + 2x1x4y2 + x4y1y2 + 2x2y1y4.
(2)

Îêàçàëîñü, ÷òî ëîêàëüíàÿ W -àëãåápà ýòîé òêàíè Ìóôàíã (àëãåáðà Ìàëüöåâà) ÿâëÿåòñÿ
ðàçðåøèìîé íèëüïîòåíòíîé àëãåáðîé � åäèíñòâåííîé ïÿòèìåðíîé íåëèåâîé àëãåáðîé Ìàëüöåâà
ñ óêàçàííûìè ñâîéñòâàìè. Ñïðàâåäëèâà

Òåîðåìà. Øåñòèìåðíàÿ ãðóïïîâàÿ òðè-òêàíü (1) ñ òðèâèàëüíîé ñåðäöåâèíîé

ìîæåò áûòü ðåàëèçîâàíà êàê ôàêòîð-òêàíü äåñÿòèìåðíîé òðè-òêàíè Ìóôàíã (2) ïî åå

÷åòûðåõìåðíîé ïàðàëëåëèçóåìîé ïîäòêàíè.

Ïîêàçàíî, ÷òî ñåðäöåâèíà òðè-òêàíè Ìóôàíã (2) çàäàåòñÿ óðàâíåíèÿìè{
ci = 2ai − bi, (i = 1, 4),

c5 = 2a5 − b5 + 2a1(a2 − b2)(a4 − b4) + 2a2(a4 − b4)(a1 − b1) + 2a4(a1 − b1)(a2 − b2).
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Ïîëóñâîáîäíîå S1-äåéñòâèå è îòîáðàæåíèÿ Áîòòà â îêðóæíîñòüã

Ä. Ãîëüöîâ

(Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â )

E-mail address: golts@ukr.net

Â ðàáîòå ([1]) äëÿ ãëàäêèõ ìíîãîîáðàçèé ñ ïîëóñâîáîäíûì äåéñòâèåì îêðóæíîñòè áûëè
èññëåäîâàíû S1-èíâàðèàíòíûå îòîáðàæåíèÿ Áîòòà â îêðóæíîñòü .

Îòîáðàæåíèå f :Mn −→ S1 íàçûâàåòñÿ S1-îòîáðàæåíèåì Áîòòà, åñëè âñå åãî êðèòè÷åñêèå
òî÷êè îáðàçóþò íåâûðîæäåííûå êðèòè÷åñêèå îêðóæíîñòè.

Èçâåñòíî, ÷òî ñóùåñòâîâàíèå S1-îòîáðàæåíèÿ Áîòòà íà ãëàäêîì ìíîãîîáðàçèè Mn

åêâèâàëåíòíî òîìó, ÷òî Mn äîïóñêàåò ðàçëîæåíèå íà êðóãëûå ðó÷êè. Ïî òåîðåìå Ãàéäóêà-
Øàðêî ãëàäêîå çàìêíóòîå ìíîãîîáðàçèå Mn äîïóñêàåò ðàçëîæåíèå íà êðóãëûå ðó÷êè òîãäà è
òîëüêî òîãäà, êîãäà H1(Mn, R) 6= 0 è åãî ýéëåðîâà õàðàêòåðèñòèêà χ(Mn) = 0.

Ïóñòü M2n - ãëàäêîå ìíîãîîáðàçèå ñ ïîëóñâîáîäíûì S1-äåéñòâèåì, ó êîòîðîãî åñòü
òîëüêî èçîëèðîâàííûå êðèòè÷åñêèå òî÷êè p1, . . . , pk. Ðàññìîòðèì íà íåì òàêîå ãëàäêîå
S1-èíâàðèàíòíîå îòîáðàæåíèå â îêðóæíîñòü, ÷òî êàæäàÿ êîìïîíåíòà åãî ñèíãóëÿðíîãî
ìíîæåñòâà áóäåò èëè íåâûðîæäåííîé òî÷êîé, èëè íåâûðîæäåííîé îêðóæíîñòüþ. Äëÿ òàêîãî
îòîáðàæåíèÿ, äîêàçàíû ñëåäóþùèå óòâåðæäåíèÿ:

1) Åñëè H1(M2n, R) 6= 0, òî íà ñóùåñòâóåò S1-èíâàðèàíòíîå S1
∗ -îòîáðàæåíèå Áîòòà èç M

2n

â S1.
2) Ïóñòü H1(M2n, R) 6= 0. Äëÿ êàæäîé òî÷êè pj ðàññìîòðèì ñòàíäàðòíóþ êàðòó (Uj , hj) è

ôóíêöèþ
fj = fj(pj)− |z1|2 − . . .− |zλ|2 + |zλ|2 + . . .+ |zn|2

íà (Uj), ãäå λ - ïðîèçâîëüíîå öåëîå ÷èñëî îò 0 äî n.
Òîãäà íà M2n ñóùåñòâóåò S1-èíâàðèàíòíîå S1

∗ -îòîáðàæåíèå Áîòòà èç M2n â S1 òàêîå, ÷òî
f = fj íà (Uj)

Ñïèñîê ëèòåðàòóðû

[1] D. Gol'tsov, V. Sharko Semi-free S1 action and Bott map into the circle.,- Çáiðíèê ïðàöü
Iíñòèòóòó Ìàòåìàòèêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè, Ò.9 �2, (2012), P. 95-104.
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Ñâÿçíîñòè òàíãåíöèàëüíî-âûðîæäåííîé

ïîâåðõíîñòè

Ì. Ô. Ãðåáåíþê

(Íàöèîíàëüíûé àâèàöèîííûé óíèâåðñèòåò, ã. Êèåâ, Óêðàèíà)

E-mail address: ahha@i.com.ua

Â äàííîé ðàáîòå ïðè ïîñòðîåíèè äâîéñòâåííûõ ïðîñòðàíñòâ àôôèííîé ñâÿçíîñòåé
òàíãåíöèàëüíî-âûðîæäåííîé ïîâåðõíîñòè íååâêëèäîâîãî ïðîñòðàíñâòâà èñïîëüçóþòñÿ
ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòå [1].

Àôôèííóþ ñâÿçíîñòü ïðèñîåäèíÿåì ê òàíãåíöèàëüíî-âûðîæäåííîé ïîâåðõíîñòè,
èíäóöèðîâàííîé ãèïåðïîëîñîé SHr, âíóòðåííèì èíâàðèàíòíûì îáðàçîì â äèôôåðåíöèàëüíîé
îêðåñòíîñòè òðåòüåãî ïîðÿäêà îáðàçóþùåãî ýëåìåíòà.

Ðàññìàòðèâàåì ñèñòåìó ôîðì ωn
i , θ

j
i , ïîëó÷åííóþ ïðåîáðàçîâàíèåì [2], [3]:

θji = ωj
i − δ

j
iω

n
n − Γj`

i ω
n
`

Ýòà ñèñòåìà óäîâëåòâîðÿåò ñòðóêòóðíûì óðàâíåíèÿì Êàðòàíà-Ëàïòåâà è îïðåäåëÿåò
ïåðâîå ïðîñòðàíñòâî àôôèííîé ñâÿçíîñòè ∇. Îõâàò îáúåêòà ýòîé ñâÿçíîñòè ∇ îñóùåñòâëÿåì
ñ ïîìîùüþ êîìïîíåíò ôóíäàìåíòàëüíîãî îáúåêòà òðåòüåãî ïîðÿäêà ïî ôîðìóëå:

Γj`
i = Lj`di.

Âòîðîå ïðîñòðàíñòâî àôôèííîé ñâÿçíîñòè ∇̄ îïðåäåëÿåì ñèñòåìîé ôîðì:

ωn
i , θ̄ji = θji − Γ̄j`

i ω
n
` .

Îõâàò îáúåêòà àôôèííîé ñâÿçíîñòè ∇̄ ïîëó÷àåì ñëåäóþùèì îáðàçîì:

Γ̄j`
i ω

n
i = aj`kaki.

Â ðàáîòå ïîêàçàíî, ÷òî ôîðìû àôôèííûõ ñâÿçíîñòåé ∇ è ∇̄ ïðåîáðàçóþòñÿ äðóã â äðóãà ïî
èíâîëþòèâíîìó çàêîíó.

Ïîëó÷åííûå ðåçóëüòàòû äîïîëíÿþò îáùóþ òåîðèþ ìíîãîîáðàçèé ìíîãîìåðíûõ
ïðîñòðàíñòâ è ìîãóò áûòü èñïîëüçîâàíû â äàëüíåéøèõ èññëåäîâàíèÿõ ïî òåîðèè ìíîãîìåðíûõ
àôôèííûõ è ïðîåêòèâíûõ ïðîñòðàíñòâ.

Ñïèñîê ëèòåðàòóðû

[1] Ì. Ô. Ãðåáåíþê. Äâî��ñòi àôiííi çâ'ÿçíîñòi íà ðåãóëÿðíié ãiïåðïîëîñi . Âiñíèê Êè��âñüêîãî
óíiâåðñèòåòó, Ñåðiÿ: Ôiçèêî-ìàò. íàóêè (2001), â. 4, ñ. 27�32.

[2] Ã. Ô. Ëàïòåâ. Ìíîãîîáðàçèÿ, ïîãðóæåííûå â îáîáùåííûå ïðîñòðàíñòâà. Òð. 4-ãî Âñåñ.
ìàòåì. ñúåçäà. Ë.: Íàóêà, (1961, 1964), ò. 2, ñ. 226-233.

[3] Ã. Ô. Ëàïòåâ, Í.Ì. Îñòèàíó. Î ðàñïðåäåëåíèÿõ m-ìåðíûõ ëèíåéíûõ ýëåìåíòîâ â n-ìåðíîì
ïðîåêòèâíîì ïðîñòðàíñòâå. Èí-ò íàó÷í. èíôîðì. ÀÍ ÑÑÑÐ, (1971), 16ñ., Äåï. � 3683-71.
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Ýëàñòè÷íûå òðè-òêàíè

Ê.Ð.Äæóêàøåâ

(Òâåðñêîé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òâåðü, Ðîññèÿ )

E-mail address: dzhukashev@gmail.com

Ìíîãîìåðíàÿ òðè-òêàíü íàçûâàåòñÿ ýëàñòè÷íîé èëè òêàíüþ E, åñëè â ëþáîé åå êîîðäèíàòíîé
ëóïå âûïîëíÿåòñÿ òîæäåñòâî ýëàñòè÷íîñòè x(yx) = (xy)x. Â [1] íàéäåíû ñîîòíîøåíèÿ,
ñâÿçûâàþùèå òåíçîðû êðèâèçíû è êðó÷åíèÿ òêàíè E:

b(x, y, z) = −b(x, z, y), b(x, y, a(x, y)) = 0, (1)

è äîêàçàíî, ÷òî ýëàñòè÷íûå òðè-òêàíè îáðàçóþò ñîáñòâåííûé ïîäêëàññ ñðåäíèõ òêàíåé Áîëà.
Ñîîòíîøåíèÿ (1) ïîëó÷åíû èç òîæäåñòâà ýëàñòè÷íîñòè ïðè ñðàâíåíèè ÷ëåíîâ òðåòüåãî è

÷åòâåðòîãî ïîðÿäêîâ â ïðîèçâåäåíèÿõ x(yx) è (xy)x.
Ïðè äèôôåðåíöèðîâàíèè ñîîòíîøåíèé (1) ïîëó÷èòñÿ åùå ðÿä òåíçîðíûõ ðàâåíñòâ,

íàéäåííûõ â [2]:

c
1
(x, y, z, t) = −c

2
(x, y, z, t) = −b(x, [zt], y) + b(x, [yz], t) + b(x, [yt], z), (1)

c
1
= −c

2
, c

11
= − c

12
= − c

21
= c

22
, (2)

b(x, y, [x[xy]]) = 0, b(x, x, [xy]) = 0, b([xy], y, [xy]) = 0, (3)

b(x, y, [y[xy]]) = 0, b(x, x, [y[xy]]) = 0, (4)

b(x, y, b(x, x, y)) = 0, b(x, x, b(y, y, x)) = 0. (5)

Îáîçíà÷èì ñîâîêóïíîñòü âñåõ ïîëó÷åííûõ òàêèì îáðàçîì ñîîòíîøåíèé ÷åðåç S.
Â [2] ñôîðìóëèðîâàíî ïðåäïîëîæåíèå, ÷òî ñðàâíåíèå ÷ëåíîâ ïÿòîãî ïîðÿäêà â òîæäåñòâå

ýëàñòè÷íîñòè íå äàåò íîâûõ òåíçîðíûõ ñîîòíîøåíèé, ïîìèìî S, îäíàêî ïîëíîñòüþ
äîêàçàòåëüñòâî íå ïðîâåäåíî.

Ìû ïðèâîäèì ïîëíîå äîêàçàòåëüñòâî äàííîãî óòâåðæäåíèÿ.

Ñïèñîê ëèòåðàòóðû

[1] Øåëåõîâ, À.Ì.:Îá àíàëèòè÷åñêèõ påøåíèÿõ ópàâíåíèÿ x(yx) = (xy)x. Ìàòåì. çàìåòêè 50
(1991), N 4, 132�140 (ÐÆÌàò, 1992, 5À550).

[2] G.A. Balandina, A.M.Shelekhov. On general theory of elastic webs // Ìåæâóçîâñêèé
òåìàòè÷åñêèé ñáîðíèê íàó÷íûõ òðóäîâ. Òâåðü: ÒÃÓ, 1995. ñ. 62-74
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Áèëèíåéíûå ñèñòåìû îïòèìàëüíîãî óïðàâëåíèÿ 1

Â. Â. Äèêóñàð, Í. Í. Îëåíåâ

(ÂÖ ÐÀÍ, Ìîñêâà, Ðîññèÿ)

E-mail address: dikussar@yandex.ru

Â íàñòîÿùåé ðàáîòå èññëåäîâàíû áèëèíåéíûå ñèñòåìû îïòèìàëüíîãî óïðàâëåíèÿ (ÎÓ). Äëÿ
êâàäðàòè÷íîãî òåðìèíàëüíîãî ôóíêöèîíàëà áûëè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:

(1) Íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèÿ îïòèìàëüíîñòè äëÿ çàäà÷è îáùåãî âèäà è ðÿäà
÷àñòíûõ ñëó÷àåâ.

(2) Èññëåäîâàíà âûïóêëîñòü ôóíêöèîíàëà çàäà÷è äëÿ êîììóòàòèâíûõ áèëèíåéíûõ ñèñòåì.
(3) Èññëåäîâàíà ñòðóêòóðà ìíîæåñòâ äîñòèæèìîñòè, îáíàðóæåíà âàæíàÿ ñâÿçü ãðàíè÷íûõ

òî÷åê ìíîæåñòâà äîñòèæèìîñòè è äîïóñòèìûõ óïðàâëåíèé.
(4) Ïîëó÷åíû óñëîâèÿ âûïóêëîñòè ìíîæåñòâà äîñòèæèìîñòè äëÿ ÷àñòíûõ ñëó÷àåâ

áèëèíåéíûõ ñèñòåì ÎÓ.
Âîïðîñû, ñâÿçàííûå ñ íåëèíåéíûìè ñèñòåìàìè îïòèìàëüíîãî óïðàâëåíèÿ, íà òåêóùèé

ìîìåíò ïðîðàáîòàíû íå â äîñòàòî÷íîé ìåðå. Ýòî ñâÿçàíî ñî ñëîæíîñòüþ èçó÷åíèÿ
äàííûõ ñèñòåì êëàññè÷åñêèìè ìåòîäàìè âàðèàöèîííîãî èñ÷èñëåíèÿ. Ïî íàøåìó ìíåèþ
ìîæíî îòìåòèòü äâà íàèáîëåå ïåðñïåêòèâíûõ ïîäõîäà ê èññëåäîâàíèþ äàííûõ ñèñòåì:
ãåîìåòðè÷åñêèé ïîäõîä íà îñíîâå õðîíîëîãè÷åñêîãî èñ÷èñëåíèÿ è èññëåäîâàíèå àëãåáð Ëè
ñîîòâåòñòâóþùèõ áèëèíåéíûõ è àôôèííûõ ñèñòåì ÎÓ. Íåîáõîäèìû èññëåäîâàíèÿ â îòíîøåíèè
ñèíòåçà îïòèìàëüíîãî óïðàâëåíèÿ äëÿ áèëèíåéíûõ è àôôèííûõ ñèñòåì, ðàññìîòðåíèå
áèëèíåéíûõ ñèñòåì ñ ôóíêöèîíàëàìè îáùåãî âèäà, ðàññìîòðåíèå âîïðîñîâ âûïóêëîñòè
ìíîæåñòâà äîñòèæèìîñòè äëÿ àôôèííûõ çàäà÷ â îáùåì âèäå.

Ðåçóëüòàòû òåîðèè èëëþñòðèðóþòñÿ íà ìîäåëè "õèùíèê-æåðòâà".

Ñïèñîê ëèòåðàòóðû
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[4] Ñ. À. Âàõðàìååâ, À. Â. Ñàðû÷åâ Ãåîìåòðè÷åñêàÿ òåîðèÿ óïðàâëåíèÿ. Èòîãè íàóêè è òåõí.
Ñåð. Àëãåáðà. Òîïîë. Ãåîì., 1985, 23, 197-280.
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F-ïëàíàðíûå îòîáðàæåíèÿ ðèìàíîâûõ ïðîñòðàíñòâ ñ êâàçè-ñèìïëåêòè÷åñêîé

ñòðóêòóðîé

Ì. Â. Äîáèê

(ÎÍÓ, Îäåññà, Óêðàèíà)

E-mail address: Masika0001@mail.ru

Ðàññìàòðèâàëèñü F-ïëàíàðíûå îòîáðàæåíèÿ ðèìàíîâûõ ïðîñòðàíñòâ ñ êâàçè
ñèìïëåêòè÷åñêèìè ñòðóêòóðàìè.

Èññëåäîâàíèå âåäåòñÿ â òåíçîðíîé ôîðìå, ëîêàëüíî, â êëàññå âåùåñòâåííûõ äîñòàòî÷íî
ãëàäêèõ ôóíêöèé.

F-ïëàíàðíûå îòîáðàæåíèÿ áûëè ââåäåíû ïðîô. Ñèíþêîâûì Í.Ñ. è Ìèêåøåì É. â ([1]).

Ïóñòü ðèìàíîâû ïðîñòðàíñòâà Vn
(
gij , F

h
i

)
è V n

(
gij , F

h
i

)
íàõîäÿòñÿ â F-ïëàíàðíîì

îòîáðàæåíèè. Òîãäà èõ îñíîâíûå óðàâíåíèÿ â îáùåé ïî îòîáðàæåíèþ ñèñòåìå êîîðäèíàò
(
xi
)

èìåþò âèä:
Γ
h
ij(x) = Γhij(x) + ψ(i(x)δhj)(x) + ϕ(i(x)F hj)(x),

ãäå Γ
h
ij ,Γ

h
ij êîìïîíåíòû îáúåêòîâ ñâÿçíîñòè ïðîñòðàíñòâ V n è Vn ñ ìåòðè÷åñêèìè òåíçîðàìè

gij è gij , ñîîòâåòñòâåííî; ψi, ϕi - âåêòîðû; F hi - àôôèíîð; êðóãëûìè ñêîáêàìè îáîçíà÷åíî
ñèììåòðèðîâàíèå. Â ðàáîòå ([2])äîêàçàíî, ÷òî F-ïëàíàðíîå îòîáðàæåíèå ñîõðàíÿåò
àôôèíîðíóþ ñòðóêòóðó:

F (x) = aF (x) + bδ, ãäå a, b = const.

Ðèìàíîâî ïðîñòðàíñòâî íàäåëåíî ñèìïëåêòè÷åñêîé ñòðóêòóðîé, åñëè íà í¼ì çàäàíî ïîëå
òåíçîðà Fij :

F(ij,k) = 0, F(ij) = 0, F(ij) = Fαj gαi, |F hi | 6= 0.

Ìû ðàññìàòðèâàåì ñòðóêòóðó áîëåå îáùåãî òèïà,íå òðåáóþùóþ íåâûðîæäåííîñòè
àôôèíîðà.

Â ïðåäïîëîæåíèè, ÷òî àôôèíîð F îïðåäåëÿåò êâàçè-ñèìïëåêòè÷åñêóþ ñòðóêòóðó íà Vn è
V n ò.å.

F(ij) = F (ij) = 0, F(ij) = Fαj gαi, F (ij) = Fαj gαi, F(ij,k) = F (ij/k) = 0,

ãäå "," è "|" çíàêè êîâàðèàíòíîé ïðîèçâîäíîé ïî ñâÿçíîñòÿì Γ è Γ, ñîîòâåòñòâåííî,
ñòðîèòñÿ íîâàÿ ôîðìà îñíîâíûõ óðàâíåíèé ðàññìàòðèâàåìûõ îòîáðàæåíèé ïî ìåòîäó
ïðîôåññîðà Ñèíþêîâà Í.Ñ. ([3]), äîïóñêàþùàÿ ýôôåêòèâíîå èññëåäîâàíèå. Íàéäåíî
èíâàðèàíòíîå ïðåîáðàçîâàíèå êâàçè-ñèìïëåêòè÷åñêèõ ïðîñòðàíñòâ, íàõîäÿùèõñÿ â F-
ïëàíàðíîì îòîáðàæåíèè, áëàãîäàðÿ ÷åìó ïîÿâèëàñü âîçìîæíîñòü ñòðîèòü áåñêîíå÷íîå
ìíîæåñòâî ïàð ïðîñòðàíñòâ ñ êâàçè-ñèìïëåêòè÷åñêîé ñòðóêòóðîé, äîïóñêàþùèõ F-ïëàíàðíîå
îòîáðàæåíèå äðóã íà äðóãà.
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Ìû ðàññìîòðèì ñåìåéñòâî

−y′′ + p(x)y = λy, y(0)− y(2π) = y′(0)− y′(2π) = 0

ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ íà ñîáñòâåííûå çíà÷åíèÿ ñ 2π-ïåðèîäè÷åñêèì âåùåñòâåííûì
ïîòåíöèàëîì p ∈ C0 â êà÷åñòâå ôóíêöèîíàëüíîãî ïàðàìåòðà. Äëÿ ôèêñèðîâàííîãî ïîòåíöèàëà
p ñïåêòð çàäà÷è ñîñòîèò èç èçîëèðîâàííûõ, íå áîëåå, ÷åì äâóêðàòíûõ, âåùåñòâåííûõ
ñîáñòâåííûõ çíà÷åíèé è èìååò âèä

λ0(p) < λ−1 (p) ≤ λ
+
1 (p) < . . . < λ−k (p) ≤ λ

+
k (p) < . . .→∞.

Íàñ èíòåðåñóåò ïîäìíîæåñòâî

Pk := {p| λ−k (p) = λ+k (p)} ⊂ C
0

òåõ ïîòåíöèàëîâ, äëÿ êîòîðûõ k-å ñîáñòâåííîå çíà÷åíèå ÿâëÿåòñÿ äâóêðàòíûì. Áóäåò äàíî
íîâîå ïîëíîå îïèñàíèå òîïîëîãè÷åñêîé ñòðóêòóðû ïîäìíîæåñòâà Pk (äðóãîé ïîäõîä ê ïðîáëåìå
èçëîæåí â [1]). Â ÷àñòíîñòè, ìû äîêàæåì "ãèïîòåçó òðàíñâåðñàëüíîñòè" Â.È. Àðíîëüäà
("Ìîäû è êâàçèìîäû", Ôóíê. àíàë. è åãî ïðèë., 6, No. 2, 1972) î òîì, ÷òî Pk ÿâëÿåòñÿ
ãëàäêèì ïîäìíîãîîáðàçèåì êîðàçìåðíîñòè äâà.
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Â ðàáîòå âåäåòñÿ èññëåäîâàíèå n-ìåðíûõ ïñåâäîðèìàíîâûõ ïðîñòðàíñòâ V n(gij) ñ ñèãíàòóðîé
[+ +−−−....−−], êîòîðûå äîïóñêàþò ïðîåêòèâíûå äâèæåíèÿ, òî åñòü ãðóïïû íåïðåðûâíûõ
ïðåîáðàçîâàíèé, ñîõðàíÿþùèõ ãåîäåçè÷åñêèå. Ïðîáëåìà îïðåäåëåíèÿ 2D ðèìàíîâûõ
ìíîãîîáðàçèé, êîòîðûå äîïóñêàþò ïðîåêòèâíûå äâèæåíèÿ èëè èíôèíèòåçèìàëüíûå
ïðîåêòèâíûå ïðåîáðàçîâàíèÿ, ò.å. íåïðåðûâíûå ãðóïïû ïðåîáðàçîâàíèé, ñîõðàíÿþùèõ
ãåîäåçè÷åñêèå, ðàññìàòðèâàëèñü Ñ. Ëè è Ì. Êåíèãñîì (ñì. [1]). Äðóãèå âàæíûå
ðåçóëüòàòû áûëè ïîëó÷åíû À.Ç. Ïåòðîâûì â ðàáîòå [2], êîòîðûé êëàññèôèöèðîâàë
ãåîäåçè÷åñêè ýêâèâàëåíòíûå ïñåâäîðèìàíîâû ïðîñòðàíñòâà V 3. Äëÿ ðèìàíîâà ìíîãîîáðàçèÿ
ñ ðàçìåðíîñòüþ > 2 ïîõîæàÿ ïðîáëåìà áûëà ðåøåíà Ã. Ôóáèíè â [3] è À.Ñ. Ñîëîäîâíèêîâûì
â [4], â èõ òðóäàõ ñîäåðæèòñÿ êëàññèôèêàöèÿ ðèìàíîâûõ ïðîñòðàíñòâ ñ ðàçìåðíîñòüþ
> 2 ïî ëîêàëüíûì ãðóïïàì ïðîåêòèâíûõ ïðåîáðàçîâàíèé, áîëåå øèðîêèì, ÷åì ãðóïïû
ãîìîòåòèé. Â ðàáîòå [5] À.Â. Àìèíîâà êëàññèôèöèðîâàëà âñå ëîðåíöåâû ìíîãîîáðàçèÿ
ðàçìåðíîñòè ≥ 3, äîïóñêàþùèå íåãîìîòåòè÷åñêèå èíôèíèòåçèìàëüíûå ïðîåêòèâíûå è
àôôèííûå ïðåîáðàçîâàíèÿ. Äàííàÿ ïðîáëåìà íå ðåøåíà äëÿ ïñåâäîðèìàíîâà ïðîñòðàíñòâà
ñ ïðîèçâîëüíîé ñèãíàòóðîé.

Äëÿ òîãî, ÷òîáû íàéòè ïñåâäîðèìàíîâî ïðîñòðàíñòâî, äîïóñêàþùåå íåãîìîòåòè÷åñêîå
èíôèíèòåçèìàëüíîå ïðîåêòèâíîå ïðåîáðàçîâàíèå, íóæíî ïðîèíòåãðèðîâàòü óðàâíåíèå
Ýéçåíõàðòà (ñì. [6])

hij,k = 2gijϕ,k + gikϕ,j + gjkϕ,i. (1)

Åñëè õàðàêòåðèñòèêà òåíçîðà LXg åñòü [abc...], òî ìû áóäåì íàçûâàòü ñîîòâåòñòâóþùåå
ïðîñòðàíñòâî � h-ïðîñòðàíñòâîì òèïà [abc...]. Ýòè èäåè âïåðâûå áûëè âûñêàçàíû Ï.À.
Øèðîêîâûì (ñì. [7]). Îñíîâíîé ìåòîä îïðåäåëåíèÿ ïñåâäîðèìàíîâûõ ìíîãîîáðàçèé,
äîïóñêàþùèõ íåãîìîòåòè÷åñêóþ ïðîåêòèâíóþ ãðóïïó Gr, áûë ðàçâèò À.Â.Àìèíîâîé (ñì. [5]).
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Â 1970-õ ãîäàõ ñðàçó â íåñêîëüêèõ îáëàñòÿõ ìàòåìàòèêè (ãåîìåòðèè, òåîðèè øàðíèðíûõ
ìåõàíèçìîâ, òåîðèè ðàñïîçíàâàíèÿ îáðàçîâ, ìîäåëèðîâàíèè) ïîÿâèëàñü ¾çàäà÷à ïëîòíèêà¿,
èëè çàäà÷à îá èçãèáàíèè ëîìàíûõ è ìíîãîóãîëüíèêîâ ñ ñîõðàíåíèåì äëèí ñòîðîí. Îäíà
èç åå ôîðìóëèðîâîê ãëàñèò: âñåãäà ëè äâà èçîìåòðè÷íûõ æîðäàíîâûõ (ò.å. íå èìåþùèõ
ñàìîïåðåñå÷åíèé) ìíîãîóãîëüíèêà ìîæíî ñîåäèíèòü èçãèáàíèåì, íå äîïóñêàÿ â õîäå
äåôîðìàöèè ïîÿâëåíèÿ ñàìîïåðåñå÷åíèé? Ïîëîæèòåëüíûé îòâåò íà ýòîò âîïðîñ áûë ïîëó÷åí
ïðèìåðíî ÷åðåç 30 ëåò: â ([2]) ïðåäúÿâëåí àëãîðèòì, êîòîðûé ïðèâîäèò ìíîãîóãîëüíèê
ê âûïóêëîìó, è êîìïîçèöèåé äâóõ òàêèõ èçãèáàíèé ìîæíî ñîåäèíèòü äâà ëþáûõ äàííûõ
èçîìåòðè÷íûõ æîðäàíîâûõ ìíîãîóãîëüíèêà (î äðóãèõ ðåçóëüòàòàõ ýòîé òåîðèè ìîæíî
ñìîòðåòü ðàáîòû [3], [4],[5]).

Äëÿ ñëó÷àÿ ìíîãîóãîëüíèêîâ ñ âîçìîæíûìè ñàìîïåðåñå÷åíèÿìè È.Õ. Ñàáèòîâûì áûë
ïîñòàâëåí âîïðîñ î âîçìîæíîñòè èõ èçãèáàíèÿ äðóã â äðóãà ñ ñîõðàíåíèåì òàêîé âàæíîé
èõ òîïîëîãè÷åñêîé õàðàêòåðèñòèêè, êàê èíäåêñ (îá îïðåäåëåíèè è âû÷èñëåíèè èíäåêñà
ìíîãîóãîëüíèêà ñì. [1]). Òàê êàê èìåþòñÿ ïðèìåðû èçîìåòðè÷íûõ ìíîãîóãîëüíèêîâ
îäèíàêîâîãî èíäåêñà, íå ñîåäèíèìûõ ñîõðàíÿþùèì èíäåêñ èçãèáàíèåì, òî ïîÿâëÿåòñÿ çàäà÷à
íàõîæäåíèÿ óñëîâèÿ òàêîé ñîåäèíèìîñòè ìíîãîóãîëüíèêîâ èëè õîòÿ áû àëãîðèòìà, â õîäå
âûïîëíåíèÿ êîòîðîãî äîëæåí ïîÿâèòüñÿ îòâåò íà ýòîò âîïðîñ.

Ýòà çàäà÷à îêàçàëàñü âåñüìà íåïðîñòîé, è íàì óäàëîñü ïîëó÷èòü åå ïîëíîå ðåøåíèå ïîêà
òîëüêî äëÿ ÷åòûðåõóãîëüíèêîâ. Ïóñòü äàíû äâà èçîìåòðè÷íûõ ÷åòûðåõóãîëüíèêà P1 è P2

ñ îäèíàêîâûì èíäåêñîì. Òîãäà â çàâèñèìîñòè îò âîçìîæíûõ çíà÷åíèé èõ èíäåêñîâ (0, 1
èëè -1) èìååò ìåñòî îäèí èç ñëåäóþùèõ âàðèàíòîâ. 1) Åñëè ýòè ìíîãîóãîëüíèêè îáà èìåþò
îäèíàêîâûé èíäåêñ ±1, òî îíè ñîåäèíèìû ñîõðàíÿþùèì èíäåêñ èçãèáàíèåì. 2) Åñëè èíäåêñû
÷åòûðåõóãîëüíèêîâ ðàâíû 0, òî ñîåäèíèìîñòè ýòèõ 4-õ óãîëüíèêîâ ìîæåò íå áûòü, íî ó íèõ
ñðåäè ÷åòûðåõ ïàð ñîîòâåòñòâóþùèõ óãëîâ íàéäåòñÿ ïàðà (ïðèâîäèòñÿ ñïîñîá îïðåäåëåíèÿ
íîìåðà ýòîé ïàðû â çàâèñèìîñòè îò äëèí ñòîðîí), ïî çíà÷åíèÿì óãëîâ â êîòîðîé ìîæíî
âûÿñíèòü ñîåäèíèìîñòü 4-õ óãîëüíèêîâ: åñëè ó îáîèõ ÷åòûðåõóãîëüíèêîâ P1 è P2 ýòîò óãîë
ïðåâîñõîäèò π, ëèáî ó îáîèõ îí íå ïðåâîñõîäèò π, òî ÷åòûðåõóãîëüíèêè ñîåäèíèìû; åñëè æå ó
îäíîãî èç ÷åòûðåõóãîëüíèêîâ ýòîò óãîë ïðåâîñõîäèò π, à ó âòîðîãî � íåò, òî îíè íå ñîåäèíèìû.
Òàêèì îáðàçîì, åñëè íàì äàíû äâà èçîìåòðè÷íûõ ÷åòûðåõóãîëüíèêà îäíîãî èíäåêñà, òî â
ñîîòâåòñòâèè ñ îäíèì èç ïåðå÷èñëåííûõ âûøå âàðèàíòîâ ìû ìîæåò óòâåðæäàòü, ñîåäèíèìû
ëè îíè ñîõðàíÿþùèì èíäåêñ èçãèáàíèåì, èëè íåò.
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This work is devoted to studying of the �attening properties of the complete lift of the in�nites-
imal projective transformation. The tangent bundle is considered as the a�nely connected space
with the connection of the horizontal lift.

Èçó÷åíèå ëèôòîâ èíôèíèòåçèìàëüíûõ ïðåîáðàçîâàíèé âîñõîäèò ê ðàáîòàì K. Yano è
S. Ishihara ([1]). Ñ. Ã. Ëåéêî ïîëó÷åíî ïîëíîå îïèñàíèå óïëîùàþùèõ ñâîéñòâ ïîëíîãî ëèôòà
èíôèíèòåçèìàëüíîãî ïðîåêòèâíîãî ïðåîáðàçîâàíèÿ, îòíîñèòåëüíî ñâÿçíîñòè ïîëíîãî ëèôòà,
äëÿ êàñàòåëüíîãî ðàññëîåíèÿ ïåðâîãî è âòîðîãî ïîðÿäêîâ ([2]). Â ðàáîòå ([3]) ðàññìàòðèâàþòñÿ
óïëîùåííûå èíôèíèòåçèìàëüíûå ïðåîáðàçîâàíèÿ êàñàòåëüíîãî ðàññëîåíèÿ ïåðâîãî ïîðÿäêà
(îòíîñèòåëüíî ñâÿçíîñòè ïîëíîãî ëèôòà), ïîðîæäåííûå ëèôòàìè èíôèíèòåçèìàëüíîãî
êîíöèðêóëÿðíîãî ïðåîáðàçîâàíèÿ. Ñëó÷àé êàñàòåëüíîãî ðàññëîåíèÿ âòîðîãî ïîðÿäêà
ðàññìîòðåí â ðàáîòå [4].

Òåîðåìà 1. Ïóñòü X � èíôèíèòåçèìàëüíîå ïðîåêòèâíîå ïðåîáðàçîâàíèå, îïèñûâàåìîå

óðàâíåíèåì LX∇ = β ⊗ δ + δ ⊗ β. Òîãäà ïîëíûé ëèôò XC , îòíîñèòåëüíî ñâÿçíîñòè

ãîðèçîíòàëüíîãî ëèôòà ∇H , îáëàäàåò ñëåäóþùèìè óïëîùàþùèìè ñâîéñòâàìè

1. XC ÿâëÿåòñÿ 1-ã.è.ï. òîãäà è òîëüêî òîãäà, êîãäà β = 0, òî åñòü êîãäà X ÿâëÿåòñÿ

èíôèíèòåçèìàëüíûì àôôèííûì ïðåîáðàçîâàíèåì. Ïðè ýòîì XC òàê æå ÿâëÿåòñÿ

èíôèíèòåçèìàëüíûì àôôèííûì ïðåîáðàçîâàíèåì.

2. XC ÿâëÿåòñÿ 2-ã.è.ï. òîãäà è òîëüêî òîãäà, êîãäà β 6= 0 è S (∇β) = 0.

3. XC ÿâëÿåòñÿ 3-ã.è.ï. òîãäà è òîëüêî òîãäà, êîãäà β 6= 0, S (∇β) 6= 0 è

S


∣∣∣∣∣∣∣

2βH + γ (∇β) (∇β)V 0

3 (∇β)E + γ
(
∇2β

) (
∇2β

)V
(∇β)V

4
(
∇2β

)E
+ γ

(
∇3β

) (
∇3β

)V
2
(
∇2β

)V
∣∣∣∣∣∣∣
 = 0.

4. Â îáùåì ñëó÷àå, XC ÿâëÿåòñÿ 4-ã.è.ï.
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Êàíîíè÷åñêèå óðàâíåíèÿ íåãîëîíîìíîé (n+ 1)-òêàíè

Ì. È. Êàáàíîâà

(ÌÏÃÓ, Ìîñêâà, Ðîññèÿ)

E-mail address: luinel@list.ru

Ðàññìàòðèâàåòñÿ ïîíÿòèå íåãîëîíîìíîé (n + 1)-òêàíè NW , îáðàçîâàííîé n + 1
ðàñïðåäåëåíèÿìè êîðàçìåðíîñòè 1 íà ãëàäêîì ìíîãîîáðàçèè M ðàçìåðíîñòè n, à òàêæå
ïîíÿòèå λE - ñòðóêòóðû è åå âçàèìîñâÿçü ñ íåãîëîíîìíîé òêàíüþ NW .

Äîêàçûâàåòñÿ
Òåîðåìà 1. Ñòðóêòóðíûå óðàâíåíèÿ íåãîëîíîìíîé (n + 1)-òêàíè ìîãóò áûòü çàïèñàíû â

âèäå

dωi = ωi ∧ dϕ+ cijkω
j ∧ ωk,

∇cijk = λijkmω
m,

(1)

ãäå ciik = 0 è âûïîëíÿþòñÿ ñîîòíîøåíèÿ

λi[klm] = −2c
i
j[k c

j
lm]

λiikm = 0.
(2)

Ïðè ïîìîùè ïðåîáðàçîâàíèé âèäà ω̃i = uωi ñòðóêòóðíûå óðàâíåíèÿ íåãîëîíîìíîé òêàíè
NW ìîæíî ïðèâåñòè ê âèäó

dωi = cijkω
j ∧ ωk,

dcijk = λijkmω
m,

(3)

ãäå òàêæå âûïîëíÿþòñÿ ñîîòíîøåíèÿ (2). Ýòè óðàâíåíèÿ ìû íàçûâàåì êàíîíè÷åñêèìè

ñòðóêòóðíûìè óðàâíåíèÿìè íåãîëîíîìíîé òêàíè NW .
Â ñëó÷àå, êîãäà âñå n + 1 ðàñïðåäåëåíèé èíòåãðèðóåìû, íàéäåííûå ñòðóêòóðíûå

óðàâíåíèÿ òêàíè NW ñîâïàäàþò ñî ñòðóêòóðíûìè óðàâíåíèÿìè (n+ 1)-òêàíè, ïîëó÷åííûìè
Â.Â. Ãîëüäáåðãîì [1].
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Ýðìèòîâû àñïåêòû ãåîìåòðèè ïðîñòðàíñòâ ïîñòîÿííîé êðèâèçíû

Î. Å. Àðñåíüåâà

(ÌÏÃÓ, Ìîñêâà, Ðîññèÿ)

Â. Ô. Êèðè÷åíêî

(ÌÏÃÓ, Ìîñêâà, Ðîññèÿ)

E-mail address: highgeom@yandex.ru

Îïðåäåëåíèå. Ýðìèòîâà ñòðóêòóðà, çàäàííàÿ íà ìíîãîîáðàçèè M2n, íàçûâàåòñÿ ëîêàëüíî
êîíôîðìíî-êåëåðîâîé (êîðî÷å, ËÊÊ-) ñòðóêòóðîé, åñëè ñóùåñòâóþò îòêðûòîå ïîêðûòèå

U =
{
Uα

}
α∈A ìíîãîîáðàçèÿ M è ñèñòåìà Σ = {σα : Uα → R}α∈A ãëàäêèõ ôóíêöèé òàêèå,

÷òî
{
J |Uα , g̃α = e2σαg|Uα

}
� êåëåðîâà ñòðóêòóðà äëÿ ëþáîãî α ∈ A. Ãëàäêîå ìíîãîîáðàçèå, íà

êîòîðîì ôèêñèðîâàíà ËÊÊ-ñòðóêòóðà, íàçûâàåòñÿ ËÊÊ-ìíîãîîáðàçèåì.

Òåîðåìà 1. Êîíôîðìíî-ïëîñêîå ËÊÊ-ìíîãîîáðàçèå M ÿâëÿåòñÿ ËÊÊ-ìíîãîîáðàçèåì

ïîñòîÿííîé êðèâèçíû òîãäà è òîëüêî òîãäà, êîãäà

∇ξ = −1

2
ω ⊗ ξ +

1

4n
{||ξ||2 + 2div (ξ)}id.

ò.å. êîãäà âåêòîð Ëè ξ ÿâëÿåòñÿ òîðñîîáðàçóþùèì âåêòîðíûì ïîëåì ñ îïðåäåëÿþùèìè

ýëåìåíòàìè a = −1
2ω è ρ = 1

4n{||ξ||
2 + 2div(ξ) }. Ïðè ýòîì êðèâèçíà c ìíîãîîáðàçèÿ M ðàâíà

c =
1

2n
((n− 1)||ξ||2 − 2div (ξ)).

Çäåñü ω � ôîðìà Ëè, äóàëüíàÿ âåêòîðó Ëè ξ;

ξ =
1

n− 1
(δΩ ◦ J)]; ω =

1

n− 1
δΩ ◦ J.

Òåîðåìà 2. Êîíôîðìíî-ïëîñêîå ËÊÊ-ìíîãîîáðàçèå ðàçìåðíîñòè ñâûøå ÷åòûðåõ ÿâëÿåòñÿ

ìíîãîîáðàçèåì ïîñòîÿííîé êðèâèçíû òîãäà è òîëüêî òîãäà, êîãäà îíî ÿâëÿåòñÿ

ìíîãîîáðàçèåì òî÷å÷íî ïîñòîÿííîé ãîëîìîðôíîé ñåêöèîííîé êðèâèçíû, òåíçîð ðèìàíîâîé

êðèâèçíû êîòîðîãî èíâàðèàíòåí îòíîñèòåëüíî äåéñòâèÿ ñòðóêòóðíîãî ýíäîìîðôèçìà

ýðìèòîâîé ñòðóêòóðû.
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Î ïðîåêòèâíî èíâàðèàíòíûõ âàðèàöèîííûõ çàäà÷àõ

Í. Ã. Êîíîâåíêî

(ÎÍÀÏÒ, Îäåññà, Óêðàèíà)

E-mail address: konovenko@ukr.net

Ìû ðàññìàòðèâàåì âàðèàöèîííûå çàäà÷è äëÿ êðèâûõ íà ïðîåêòèâíîé ïëîñêîñòè, êîòîðûå
èíâàðèàíòíû îòíîñèòåëüíî ãðóïïû ïðîåêòèâíûõ ïðåîáðàçîâàíèé.

Ïðèìåðîì òàêîé çàäà÷è (ñì.[1],[4] ) ÿâëÿåòñÿ íàõîæäåíèå ýêñòðåìàëåé ôóíêöèîíàëàØòóäè
(ôóíêöèîíàëà ïðîåêòèâíîé äëèíû), êîòîðûé â àôôèííûõ êîîðäèíàòàõ èìååò âèä:

y (x) 7−→
∫ b

a

3

√
9 y(5)

(
y(2)
)
2 + 40

(
y(3)
)3 − 45y(2)y(3) y(4)

y(2)
dx.

Ìû ïîêàçûâàåì, ÷òî Ëàãðàíæèàíû ïðîåêòèâíî èíâàðèàíòíûõ ôóíêöèîíàëîâ ÿâëÿþòñÿ
ïðîèçâåäåíèÿìè ôóíêöèîíàëà Øòóäè è ïðîåêòèâíûõ äèôôåðåíöèàëüíûõ èíâàðèàíòîâ.

Â ñâîþ î÷åðåäü, ïðîåêòèâíûå äèôôåðåíöèàëüíûå èíâàðèàíòû (ñì. [1],[2],[3]) ÿâëÿþòñÿ
ôóíêöèÿìè îò ïðîåêòèâíîé êðèâèçíû Q7 è åå ïðîèçâîäíûõ Øòóäè: Q8, Q9 . . .

Óðàâíåíèå Ýéëåðà äëÿ ýêñòðåìàëåé ôóíêöèîíàëà Øòóäè ÿâëÿåòñÿ äèôôåðåíöèàëüíûì
óðàâíåíèåì 10-ãî ïîðÿäêà, êîòîðîå â ïðîåêòèâíûõ äèôôåðåíöèàëüíûõ èíâàðèàíòàõ èìååò
ñëåäóþùèé âèä:

Q10 − 24Q7Q8 = 0.

Ïðîåêòèâíàÿ êëàññèôèêàöèÿ ýêñòðåìàëåé ôóíêöèîíàëà Øòóäè äàåòñÿ ñëåäóþùåé òåîðåìîé:

Òåîðåìà 1. Ïðîåêòèâíûå êëàññû ýêñòðåìàëåé ôóíêöèîíàëà Øòóäè îïðåäåëÿþòñÿ äâóìÿ

ïàðàìåòðàìè c1, c2 è ñëåäóþùèì ñîîòíîøåíèåì ìåæäó ïðîåêòèâíûìè êðèâèçíàìè:

Q2
8 − 8Q3

7 − c1Q7 + c2 = 0.
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Îáîáùåííûå ðèìàíîâû ìåòðè÷åñêèå ñòðóêòóðû

Å. Ñ. Êîðíåâ

(ÊåìÃÓ, Êåìåðîâî, Ðîññèÿ)

E-mail address: q148@mail.ru

Ïóñòü M � âåùåñòâåííîå ìíîãîîáðàçèå êëàññà C∞ è E � âåùåñòâåííîå âåêòîðíîå ðàññëî-

åíèå íàä M . Áóäåì îáîçíà÷àòü âíóòðåííåå ïðîèçâåäåíèå ñå÷åíèÿ σ âåêòîðíîãî ðàññëîåíèÿ E
íà ëèíåéíóþ p-ôîðìó T ÷åðåç IσT . Ðèìàíîâîé p-ñòðóêòóðîé íà âåêòîðíîì ðàññëîåíèè E
íàçûâàåòñÿ ñèììåòðè÷åñêàÿ íåâûðîæäåííàÿ p-ôîðìà g íà E, îáëàäàþùàÿ ñâîéñòâîì:

Ipσg > 0,

Äâå ðèìàíîâû p-ñòðóêòóðû g1 è g2 íà âåêòîðíîì ðàññëîåíèè E íàçûâàþòñÿ ýêâèâàëåíòíûìè,

åñëè ñóùåñòâóåò àâòîìîðôèçì A âåêòîðíîãî ðàññëîåíèÿ E : g2 = g1 ◦ A. Ìíîæåñòâî âñåõ ðè-

ìàíîâûõ p-ñòðóêòóð íà âåêòîðíîì ðàññëîåíèè E ÿâëÿåòñÿ îáúåäèíåíèåì íå ïåðåñåêàþùèõñÿ

êëàññîâ ýêâèâàëåíòíîñòè. Ãðóïïà âñåõ àâòîìîðôèçìîâ âåêòîðíîãî ðàññëîåíèÿ E ðàíãà r, ñî-
õðàíÿþùèõ ôèêñèðîâàííóþ ðèìàíîâó p-ñòðóêòóðó, áóäåì îáîçíà÷àòü ÷åðåç O(g). Òàêèì îáðà-

çîì, ðèìàíîâà p-ñòðóêòóðà íà âåêòîðíîì ðàññëîåíèè çàäàåò O(g)-ñòðóêòóðó íà ýòîì âåêòîðíîì

ðàññëîåíèè.

Òåîðåìà 1. Åñëè ðèìàíîâû p-ñòðóêòóðû g1 è g2 íà âåêòîðíîì ðàññëîåíèè E ýêâèâàëåíòíû,

òî ãðóïïû O(g1) è O(g2) èçîìîðôíû.

Ïðèìåð 1. (Åâêëèäîâà p-ñòðóêòóðà) Âåêòîðíîå ïðîñòðàíñòâî Rn ñîñòîèò èç óïîðÿ-

äî÷åííûõ íàáîðîâ âåùåñòâåííûõ ÷èñåë(x1, . . . , xn). Îáîçíà÷èì ÷åðåç h ñèììåòðè÷åñêóþ 2p-
ôîðìó, çíà÷åíèå êîòîðîé íà íàáîðå âåêòîðîâ X1, . . . , X2p çàäàåòñÿ êàê:

h(X1, . . . , X2p) =
n∑
k=1

x1k . . . x
2p
k ,

ãäå xjk îáîçíà÷àåò k-òóþ êîîðäèíàòó âåêòîðà Xj. Ëèíåéíàÿ ôîðìà h ÿâëÿåòñÿ íåâûðîæäåí-

íîé è äëÿ ëþáîãî íåíóëåâîãî âåêòîðà X, I2pX h > 0. Òàêèì îáðàçîì, ëèíåéíàÿ ôîðìà h ÿâëÿåòñÿ

ðèìàíîâîé 2p-ñòðóêòóðîé íà Rn. Òàêóþ ñòðóêòóðó íàçîâåì åâêëèäîâîé p-ñòðóêòóðîé. Ïðè
p = 1 ïîëó÷àåì êëàññè÷åñêóþ åâêëèäîâó ìåòðèêó â Rn.

Ïðèìåð 2. (Ðèìàíîâà 4-ñòðóêòóðà) Ïóñòü M � ðèìàíîâî ìíîãîîáðàçèå ðàçìåðíîñòè n
è E � ðàññëîåíèå ñèììåòðè÷åñêèõ ýíäîìîðôèçìîâ êàñàòåëüíûõ ïðîñòðàíñòâ íà M . Çàäàäèì

íà êàæäîì ñëîå Ex ñèììåòðè÷åñêóþ 2-ôîðìó s ñî çíà÷åíèÿìè â Ex, ñëåäóþùèì îáðàçîì:

åñëè A,B ∈ Ex, òî s(A,B) = AB + BA. Ýòà ôîðìà íåâûðîæäåíà â êàæäîé òî÷êå èç M ,

ïîñêîëüêó óñëîâèå s(A,B) = 0 äëÿ ëþáîãî B âëå÷åò, ÷òî ïðè B = id, A = −A = 0.
Íà ðàññëîåíèè ñèììåòðè÷åñêèõ ýíäîìîðôèçìîâ E îïðåäåëåíà ñèììåòðè÷åñêàÿ íåâûðîæ-

äåííàÿ 2-ôîðìà h : h(A,B) = tr(Ab). Çàäàäèì ëèíåéíóþ 4-ôîðìó g íà E ñëåäóþùèì îáðàçîì:

g(A,B,C,D) =
1

8
(h(s(A,B), s(C,D)) + h(s(A,C), s(B,D)))

äëÿ ëþáûõ ñå÷åíèé A,B,C,D. g ÿâëÿåòñÿ ñèììåòðè÷åñêîé íåâûðîæäåííîé 4-ôîðìîé íà E,
è äëÿ ëþáîãî ñå÷åíèÿ A 6= 0,

g(A,A,A,A) = trA4 > 0,

Òî åñòü, g ÿâëÿåòñÿ ðèìàíîâîé 4-ñòðóêòóðîé íà ðàññëîåíèè ñèììåòðè÷åñêèõ ýíäîìîðôèç-

ìîâ.

Ìíîæåñòâî K(s) = {A ∈ E : s ◦A = A ◦ s} îáðàçóåò ãðóïïó ñèììåòðèé ôîðìû s. Òîãäà:

O(g) = O(
n2 + n

2
) ∩K(s).
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Â. Ì. Êóçàêîíü

( Îäåññêàÿ íàöèîíàëüíàÿ àêàäåìèÿ ïèùåâûõ òåõíîëîãèé, Îäåññà, Óêðàèíà)

E-mail address: kuzakon_v@ukr.net

Â [1] áûëî ââåäåíî ïîíÿòèå îáîáùåííîãî ðàññëîåííîãî ïðîñòðàíñòâà. Ýòèì òåðìèíîì
îáîçíà÷àëàñü ñòðóêòóðà, àíàëîãè÷íàÿ ãëàâíîìó ðàññëîåíèþ, â êîòîðîé ãðóïïà, äåéñòâóþùàÿ
â ñëîå, çàâèñåëà îò ñëîÿ. Íàïîìíèì [2], ÷òî ãëàâíîå ðàññëîåííîå ïðîñòðàíñòâî (ãëàâíîå
ðàññëîåíèå) åñòü ÷åòâåðêà (P,M, π,G), ãäå P è M � ãëàäêèå ìíîãîîáðàçèÿ, dimP = n + r,
dimM = n, π : P → M �ïðîåêöèÿ, G � ãðóïïà Ëè, äåéñòâóþùàÿ ñïðàâà íà P , dimG = r,
ïðè÷åì 1) G äåéñòâóåò íà P ñâîáîäíî; 2) π(p1) = π(p2) òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò
ýëåìåíò g â G òàêîé, ÷òî g(p1) = p2 (p1, p2 ∈ P ); 3) P ëîêàëüíî òðèâèàëüíî.

Îáîáùåíèå ýòîé êîíñòðóêöèè ïîëó÷àåòñÿ ñëåäóþùèì îáðàçîì. Ïóñòü G � ãðóïïà
Ëè ðàçìåðíîñòè r, äîïóñêàþùàÿ ãëàäêóþ n-ïàðàìåòðè÷åñêóþ äåôîðìàöèþ G(x), ãäå x =
(xi) � ïàðàìåòðû äåôîðìàöèè. Áóäåì äàëåå ïðåäïîëàãàòü, ÷òî ïðîñòðàíñòâî ïàðàìåòðîâ
äåôîðìàöèè ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì, îáîçíà÷èì åãîM , dimM = n. Ïóñòü π : P →M
� ñóáìåðñèÿ, è â ñëîå π−1(x), x ∈ M , ñâîáîäíî è òðàíçèòèâíî äåéñòâóåò ãðóïïà G(x).
Ìíîãîîáðàçèå M ñ òàêîé ñòðóêòóðîé áóäåì íàçûâàòü îáîáùåííûì ãëàâíûì ðàññëîåííûì
ïðîñòðàíñòâîì.

Ìû ðàçâèâàåì ýòó èäåþ è ïðèìåíèòåëüíî ê G-ñòðóêòóðàì. Ïóñòü G(x) � ãëàäêàÿ
äåôîðìàöèÿ â GL(n), òî åñòü n-ïàðàìåòðè÷åñêîå ñåìåéñòâî ïîäãðóïï ãðóïïû GL(n), ãëàäêî
çàâèñÿùåå îò ïàðàìåòðîâ x = (xi), i = 1, . . . , n. Îáîçíà÷èì ïðîñòðàíñòâî ïàðàìåòðîâ
äåôîðìàöèè ÷åðåç M , dimM = n, è áóäåì ñ÷èòàòü, ÷òî M � ãëàäêîå ìíîãîîáðàçèå. K-
îáîáùåííîé G-ñòðóêòóðîé BG(x) íà ìíîãîîáðàçèè M íàçîâåì ïîäìíîãîîáðàçèå â ðàññëîåíèè
F(M) ðåïåðîâ ìíîãîîáðàçèÿ M òàêîå, ÷òî äëÿ ëþáîé òî÷êè p èç BG(x) è äëÿ ëþáîãî g èç
GL(n) òî÷êà p · g ïðèíàäëåæèò BG(x) òîãäà è òîëüêî òîãäà, êîãäà g ∈ G(x), ãäå x = π(p). Ïðè
ýòîì, êàê è âûøå, p · g(v) = p(gv), v ∈ V, è ñ÷èòàåòñÿ, ÷òî âñå G(x) äåéñòâóþò â íåêîòîðîì
ôèêñèðîâàííîì n-ìåðíîì âåêòîðíîì ïðîñòðàíñòâå V ñî ñòàíäàðòíûì áàçèñîì.

Ìû íàõîäèì ñòðóêòóðíûå óðàâíåíèÿ îáîáùåííîãî ãëàâíîãî ðàññëîåíèÿ è K-îáîáùåííîé
G-ñòðóêòóðû, èñïîëüçóÿ èäåè Ã.Ô. Ëàïòåâà.

Ñïèñîê ëèòåðàòóðû

[1] Êóçàêîíü Â.Ì. Generalized �ber bundles with connections// Ukr. J. Phys. 1998, v. 43, n. 7,
pp. 14-16.

[2] Ñòåðíáåðã Ñ. Ëåêöèè ïî äèôôåðåíöèàëüíîé ãåîìåòðèè. Ìèð., Ìîñêâà 1970.
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ÖÅÍÒÐÎÂ

À. Â. Êóëåøîâ

(ÁÔÓ èì. È.Êàíòà, Êàëèíèíãðàä, Ðîññèÿ)

E-mail address: arturkuleshov@yandex.ru

Ïóñòü Pn � N -ìåðíîå ïðîåêòèâíîå ïðîñòðàíñòâî (N ≥ 4). Ãèïåðïëîñêèì ýëåìåíòîì

ïðîñòðàíñòâà Pn áóäåì íàçûâàòü ïàðó L∗
N−1 = (LN−1, C), ãäå LN−1 � ãèïåðïëîñêîñòü, �

òî÷êà, ëåæàùàÿ â LN−1 (îíà íàçûâàåòñÿ öåíòðîì ýëåìåíòà L∗
N−1).

Ñåìåéñòâîì Bp+q ãèïåðïëîñêèõ ýëåìåíòîâ ñ îãèáàþùåé ïîâåðõíîñòüþ öåíòðîâ áóäåì

íàçûâàòü ãëàäêîå ñåìåéñòâî ãèïåðïëîñêèõ ýëåìåíòîâ, óäîâëåòâîðÿþùèå ñëåäóþùèì äâóì

óñëîâèÿì: 1) öåíòð ýëåìåíòà L∗
N−1 îïèñûâàåò p-ìåðíóþ ïîâåðõíîñòü Sp (p < N − 2),

è êàñàòåëüíàÿ ïëîñêîñòü Tp(C) ê ïîâåðõíîñòè â òî÷êå ëåæèò â ïëîñêîñòè LN−1 êàæäîãî

ýëåìåíòà L∗
N−1, èìåþùåãî òî÷êó ñâîèì öåíòðîì; 2) êàæäàÿ òî÷êà ïîâåðõíîñòè Sp ÿâëÿåòñÿ

öåíòðîì ãëàäêîé q-ïàðàìåòðè÷åñêîé ñâÿçêè Bq(C) ýëåìåíòîâ ñåìåéñòâà, ãäå 1 ≤ q < N − p− 1.
Ñ êàæäûì ýëåìåíòîì L∗

N−1 ∈ Bp+q èíâàðèàíòíî ñâÿçàíà åãî õàðàêòåðèñòè÷åñêàÿ r-
ïëîñêîñòü Fr (r = N − p − q − 2), ëåæàùàÿ â íåì âìåñòå ñî ñâîåé ïåðâîé äèôôåðåíöèàëüíîé

îêðåñòíîñòüþ. Ïðè ýòîì Fr ïåðåñåêàåòñÿ ñ êàñàòåëüíîé ïëîñêîñòüþ Tp(C) ïî öåíòðó ýòîãî

ýëåìåíòà.

Íàä ñåìåéñòâîì Bp+q êàê íàä áàçîé âîçíèêàåò ðàññëîåíèå ïðîåêòèâíûõ ðåïåðîâ,

àäàïòèðîâàííûõ ñåìåéñòâó òàêèì îáðàçîì, ÷òî êàæäûé ðåïåð {A, Ai, Au, Ay, AN},
ïðèíàäëåæàùèé ñëîþ íàä ýëåìåíòîì L∗

N−1 = (LN−1, C), óäîâëåòâîðÿåò óñëîâèÿì A = C,
Ai ∈ Tp(C), Au ∈ LN−1, Ay ∈ Fr(L

∗
N−1), ãäå i, j, . . . = 1, p; u, v, . . . = p+ 1, p+ q;

y, z, . . . = p+ q + 1, N − 1. Óðàâíåíèÿ ñåìåéñòâà Bp+q â àäàïòèðîâàííîì ðåïåðå èìåþò âèä

ωu = 0, ωy = 0, ωN = 0, ωN
y = 0,

ωu
i = Λu

ijθ
j , ωy

i = Λy
ijθ

j , ωN
i = ΛN

ij θ
j ,

ωu
y = Λu

yiθ
i + Λuv

yNθ
N
v , ωi

y = Λi
yjθ

j + Λiu
yNθ

N
u ,

ãäå θi, θNu � áàçèñíûå ôîðìû ñåìåéñòâà, îïðåäåëÿþùèå ñìåùåíèå òåêóùåãî ýëåìåíòà

L∗
N−1 ∈ Bp+q, à ñîâîêóïíîñòü ôóíêöèé Λ = {Λu

ij , Λy
ij , ΛN

ij , Λu
yi, Λuv

yN , Λi
yj , Λiu

yN} îáðàçóåò

ôóíäàìåíòàëüíûé îáúåêò 1-ãî ïîðÿäêà ìíîãîîáðàçèÿ Bp+q, ñîäåðæàùèé òåíçîð ΛN
ij , óðàâíåíèÿ

êîòîðîãî èìåþò âèä

∆ΛN
ij = ΛN

ijkθ
k − Λu

ijθ
N
u .

Â îáùåì ñëó÷àå, êîãäà Λ = det‖ΛN
ij ‖ 6= 0, ìîæíî ââåñòè â ðàññìîòðåíèå îáðàùåííûé òåíçîð

V ij
N , à òàêæå îáúåêòû

Λu
N =

1

p
Λu
jkV

jk
N , Λy

N =
1

p
Λy
jkV

jk
N , Λk =

1

p+ 2
ΛN
ijkV

ij
N ,

DN
ijk = Λn

ijk − 3ΛN
(ijΛk), Dk = DN

ijkV
ij
N , DN = V ij

N DiDj .

Èç ñðàâíåíèé íà íèõ ïî ìîäóëþ áàçèñíûõ ôîðì âûòåêàåò, ÷òî îáúåêò DN ÿâëÿåòñÿ

îòíîñèòåëüíûì èíâàðèàíòîì, ïðèñîåäèíåííûì ê äèôôåðåíöèàëüíîé îêðåñòíîñòè âòîðîãî

ïîðÿäêà ñåìåéñòâà Bp+q, îòíåñåííîãî ê àäàïòèðîâàííîìó ðåïåðó.

Äàííûé èíâàðèàíò èñïîëüçóåòñÿ ïðè ïîñòðîåíèè âíóòðåííèõ îñíàùåíèé ñåìåéñòâà Bp+q.
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Â òåîðèè ìîäåëèðîâàíèÿ ôèçè÷åñêèõ ïîëåé ðåøàåòñÿ çàäà÷à î âîçìîæíîñòè ìîäåëèðîâàíèÿ

äâèæåíèÿ ïðîáíîé ÷àñòèöû â îäíîì ïîëå åå äâèæåíèåì â äðóãîì ïîëå, ïðè÷åì òðàåêòîðèè

÷àñòèöû â ðàçëè÷íûõ ïîëÿõ îïðåäåëÿþòñÿ èõ ýíåðãåòè÷åñêèìè ðåæèìàìè. Ïîýòîìó èçó÷åíèå

äèôôåîìîðôèçìîâ ìíîãîîáðàçèé, ïðè êîòîðûõ çàäàííûå êðèâûå ïåðåõîäÿò â êðèâûå òîãî èëè

èíîãî òèïà, ïðåäñòàâëÿåò èíòåðåñ íå òîëüêî äëÿ ãåîìåòðèè ìíîãîîáðàçèé, íî è ñ ïðèêëàäíîé

òî÷êè çðåíèÿ.

Ïóñòü (Vn, g) - n-ìåðíîå ðèìàíîâî ïðîñòðàíñòâî, îòíåñåííîå ê ñèñòåìå êîîðäèíàò

x1, x2, . . . , xn; P = (x11, . . . , x
n
1 ), Q = (x12, . . . , x

n
2 ) - ôèêñèðîâàííàÿ ïàðà òî÷åê; γ : xh =

xh(1), a ≤ t ≤ b (ñ ôèêñèðîâàííûìè a, b) - ìíîæåñòâî êðèâûõ, ñîäåðæàùèõ ýòè òî÷êè:

P = (xi(a)) = (xi1), Q = (xi(b)) = (xi2).
Ðàññìîòðèì ôóíêöèîíàë âèäà

S[γ] =

Q∫
P

(
1

2
gαβẋ

αẋβ + ρ(t)Aαẋ
α)dt. (1)

ãäå ëàãðàíæèàí L = 1
2gαβẋ

αẋβ + ρ(t)Aαẋ
α ìû âûáðàëè ïî àíàëîãèè ñ èçâåñòíûì â

ýëåêòðîäèíàìèêå êëàññè÷åñêèì äåéñòâèåì äëÿ çàðÿäîâ, äâèæóùèõñÿ â ýëåêòðîìàãíèòíîì

ïîëå (â ýòîì ñëó÷àå Aα-âåêòîð-ïîòåíöèàë ýëåêòðîìàãíèòíîãî ïîëÿ, à ôèãóðèðóþùèé äàëåå

â óðàâíåíèÿõ Ýéëåðà-Ëàãðàíæà îáúåêò ∂Ai

∂xj
− ∂Aj

∂xi
= Fij-òåíçîð ýëåêòðîìàãíèòíîãî ïîëÿ;

ôóíêöèÿ ρ(t) âûðàæàåò ïëîòíîñòü ðàñïðåäåëåíèÿ çàðÿäà â ïðîñòðàíñòâå; âòîðîå ñëàãàåìîå

ïîä èíòåãðàëîì õàðàêòåðèçóåò âçàèìîäåéñòâèå ìåæäó ÷àñòèöàìè è ïîëåì). Ñïðàâåäëèâà

ñëåäóþùàÿ

Òåîðåìà 1. Óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà äëÿ ýêñòðåìàëåé ôóíêöèîíàëà (1) èìåþò âèä:

ẍj + Γjαβẋ
αẋβ = −ρ(t)F jαẋ

α − ρ̇(t)Aj , (2)

ãäå Γjαβ-ñèììåòðè÷åñêàÿ ñâÿçíîñòü, ñîãëàñîâàííàÿ ñ ìåòðèêîé gij,

Aj = Aαg
αj , F ji = gjαFαi, Fij =

∂Ai
∂xj

− ∂Aj
∂xi

. (3)

Èòàê, íàøå Vn íàäåëåíî àôôèíîðíîé ñòðóêòóðîé F ji , ïîðîæäåííîé êîâåêòîðíûì ïîëåì Ai
(âåêòîðîì-ïîòåíöèàëîì), ïðè÷åì ñîîòâåòñòâóþùàÿ 2-ôîðìà Fij çàìêíóòà â ñèëó (3).

Óðàâíåíèÿ (2) îïðåäåëÿþò ïðè ρ(t) ≡ 0 (âçàèìîäåéñòâèÿ íåò, ò.å. ÷àñòèöà íå çàðÿæåíà)-

ãåîäåçè÷åñêèå ëèíèè, ïðè ρ(t) ≡ const (ïëîòíîñòü ðàñïðåäåëåíèÿ çàðÿäà â ïðîñòðàíñòâå

ïîñòîÿííà)-îñîáûé êëàññ F -ïëàíàðíûõ êðèâûõ, â ÷àñòíîñòè, â ñëó÷àå, êîãäà F ji -ïî÷òè
êîìïëåêñíàÿ ñòðóêòóðà,-àíàëèòè÷åñêè-ïëàíàðíûå êðèâûå.

Ìû ââîäèì îòîáðàæåíèå ðèìàíîâûõ ïðîñòðàíñòâ, ïðè êîòîðîì êàæäàÿ ãåîäåçè÷åñêàÿ

ëèíèÿ îäíîãî ïðîñòðàíñòâà ïåðåõîäèò â êðèâóþ âèäà (2) äðóãîãî. Îáíàðóæåíû íåêîòîðûå

çàêîíîìåðíîñòè è îñîáåííîñòè ðàññìàòðèâàåìîãî îòîáðàæåíèÿ.
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Ïîèñêîâûå ãåîìåòðè÷åñêèå çàäà÷è â ðàçâèòèè ñàìîñòîÿòåëüíîãî àíàëèòè÷åñêîãî

è òâîð÷åñêîãî ìûøëåíèÿ ñòóäåíòîâ

Ìàìàòîâ Ì.Ø., Ìàõìóäîâà Ä.Ì., Òåìóðîâ Ñ.Þ.

( Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èìåíè Ì.Óëóãáåêà, Òàøêåíò, Óçáåêèñòàí )

Â íàñòîÿùåå âðåìÿ ôîðìèðîâàíèå èññëåäîâàòåëüñêèõ óìåíèé ñòóäåíòîâ ÿâëÿåòñÿ
îáÿçàòåëüíûì ñîñòàâíûì ýëåìåíòîì ïðîôåññèîíàëüíîé ïîäãîòîâêè áóäóùèõ ñïåöèàëèñòîâ,
òàê êàê îñíîâíàÿ çàäà÷à âûñøåé øêîëû ñîñòîèò â ïîäãîòîâêå ñïåöèàëèñòîâ, ñïîñîáíûõ
ñàìîñòîÿòåëüíî îðèåíòèðîâàòüñÿ â ïîòîêå ìåíÿþùåéñÿ èíôîðìàöèè, ñïîñîáíûõ ñðàâíèâàòü,
àíàëèçèðîâàòü, íàõîäèòü ëó÷øèå âàðèàíòû ðåøåíèé [1].

Õîðîøî èçâåñòíî, ÷òî êàê îäíî èç ýôôåêòèâíûõ ñðåäñòâ âîñïèòàíèÿ, âûÿâëåíèÿ è îöåíêè
ýòèõ êà÷åñòâ, ýòî ðåøåíèå çàäà÷ ïðè îáó÷åíèè ìîëîäåæè. Ïñèõîëîãè ïîä òåðìèíîì ¾çàäà÷à¿
ïîäðàçóìåâàþò ñèòóàöèþ, òðåáóþùóþ îò ÷åëîâåêà íåêîòîðîãî äåéñòâèÿ, íàïðàâëåííîãî íà
íàõîæäåíèå íåèçâåñòíîãî íà îñíîâå èñïîëüçîâàíèÿ åãî ñâÿçåé ñ èçâåñòíûì, è ïîêàçûâàþò,
÷òî â çàâèñèìîñòè îò óñëîâèé, â êîòîðûõ íàõîäèòñÿ ñóáúåêò, âîçìîæíû ñëåäóþùèå ñëó÷àè.
Ñóáúåêò îáëàäàåò ñïîñîáîì ýòîãî äåéñòâèÿ, ò. å. ñïîñîá ðåøåíèÿ çàäà÷è èçâåñòåí ðåøàþùåìó.
Òàêèå çàäà÷è ïîëó÷èëè íàçâàíèå ñòàíäàðòíûõ. Åñòü òàêèå çàäà÷è, äëÿ êîòîðûõ àëãîðèòì
ýòîãî äåéñòâèÿ â ïðèíöèïå ñóùåñòâóåò, íî ñóáúåêò èìè íå îáëàäàåò. Äðóãèìè ñëîâàìè, ñïîñîá
ðåøåíèÿ, âîîáùå ãîâîðÿ, èìååòñÿ, íî îí íåèçâåñòåí ðåøàþùåìó. Ðåøàþùèé äîëæåí íàéòè ýòîò
ñïîñîá ñàì. Òàêîãî ðîäà çàäà÷è îáû÷íî íàçûâàþò íåñòàíäàðòíûìè, ïîèñêîâûìè, òâîð÷åñêèìè,
ïðîáëåìíûìè. Àëãîðèòì ýòîãî äåéñòâèÿ íåèçâåñòåí íå òîëüêî ñóáúåêòó, íî è íàóêå. Ýòî òàê
íàçûâàåìûå îðèãèíàëüíûå òâîð÷åñêèå çàäà÷è.

Òàêèìè êà÷åñòâàìè, êîòîðûå ìû óïîìÿíóëè, îáëàäàþò ïîèñêîâûå ãåîìåòðè÷åñêèå çàäà÷è.
Íàïðèìåð: â ðàáîòå [2] ðàññìàòðèâàëàñü çàäà÷à óêëîíåíèÿ óïðàâëÿåìîé òî÷êè E, ñêîðîñòü
êîòîðîé îãðàíè÷åíà ïî âåëè÷èíå k > 1, îò âñòðå÷è ñ P1, P2, ... , Pm ïðåñëåäóþùèõ

òî÷åê, ñêîðîñòè êîòîðûõ îãðàíè÷åíû ïî âåëè÷èíå 1. Áûë ïîñòðîåí ñïîñîá óïðàâëåíèÿ,

êîòîðûé îáåñïå÷èâàåò óêëîíåíèå îò ïðåñëåäîâàòåëåé, ïðè÷åì äâèæåíèå óêëîíÿþùåéñÿ

òî÷êè îñòàåòñÿ â ôèêñèðîâàííîé îêðåñòíîñòè çàäàííîãî äâèæåíèÿ. Ïîñòðîèò ñòðàòåãèè

óáåãàþùåãî èãðîêà â âèäå ëîìàíîé E0E1E2 ... äëÿ ðåøåíèÿ âûøå ïîñòàâëåííîé çàäà÷è [2].
Íàìè èçó÷åíû âûÿâëåíèÿ òâîð÷åñêèõ ìûøëåíèé ñòóäåíòîâ ïðè ïîìîùè ðåøåíèÿ ïîèñêîâûõ
ãåîìåòðè÷åñêèõ çàäà÷ ñ ïðèìåíåíèåì èíôîðìàöèîííî - êîììóíèêàöèîííûõ òåõíîëîãèé.

Ñïèñîê ëèòåðàòóðû
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Äèôôåðåíöèàëüíûå èãðû ïðåñëåäîâàíèÿ ìíîãèõ ëèö ñ ðàñïðåäåëåííûìè

ïàðàìåòðàìè è ãåîìåòðè÷åñêèìè îãðàíè÷åíèÿìè

Ìàìàòîâ Ì.Ø., Òàøìàíîâ Å.Á., Àëèìîâ Õ.Ê.

( Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èìåíè Ì.Óëóãáåêà, Òàøêåíò, Óçáåêèñòàí )

Â äàííîé çàìåòêå ðàññìàòðèâàåòñÿ óïðàâëÿåìàÿ ðàñïðåäåëåííàÿ ñèñòåìà, îïèñûâàåìàÿ
óðàâíåíèÿìè [1],

∂zi
∂t
−Aizi = −ui + υ, i = 1, 2, ...,m, , zi|t=0 = fi(x), zi|ST

= 0, (1)

ãäå zi = zi(x, t) = (z
(1)
i (x, t), z2i (x, t), . . . , z

(s)
i (x, t)) � íåèçâåñòíàÿ âåêòîð-ôóíêöèÿ; x =

(x1, x2, . . . , xn) ∈ Ω ⊂ Rn, n ≥ 1, Ω = {x ∈ Rn : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1, . . . , 0 ≤ xn ≤ 1},
t ∈ [0, T ], T � ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ êîíñòàíòà;

Aizi =
s∑

α=1

∂

∂xα

(
A

(α)
i (x, t)

∂zi
∂xα

)
+

s∑
α=1

B
(α)
i (x, t)

∂zi
∂xα

− Ci(x, t)zi,

A
(α)
i (x, t) =

 a
(1)
iα (x, t) . . . 0

. . .

0 . . . a
(s)
iα (x, t)

 , B
(α)
i (x, t) =

 b
(1)
iα (x, t) . . . 0

. . .

0 . . . b
(s)
iα (x, t)

 ,

Ci(x, t) =

 c
(11)
i (x, t) · · · c

(1s)
i (x, t)

· · · · · · · · ·
c
(s1)
i (x, t) · · · c

(ss)
i (x, t)

 .

Ýëåìåíòû ìàòðèö A
(α)
i (x, t), B

(α)
i (x, t) è Ci(x, t) � íåïðåðûâíûå ôóíêöèè â QT , ãäå QT =

{(x, t)|x ∈ Ω, t ∈ (0, T )} � îòêðûòûé öèëèíäð â Rn+1. Ïðåäïîëàãàåòñÿ, ÷òî ñóùåñòâóåò
ïîëîæèòåëüíàÿ êîíñòàíòà ν, òàêàÿ, ÷òî äëÿ ïðîèçâîëüíûõ (x, t) ∈ QT âûïîëíåíî íåðàâåíñòâî

a
(p)
α (x, t) ≥ ν, p = 1, 2, . . . , n, α = 1, 2, . . . , s,ui = ui(x, t) =

(
u
(1)
i (x, t), u2i (x, t), . . . , u

(s)
i (x, t)

)
,υ =

υ(x, t) =
(
υ(1)(x, t), υ2(x, t), . . . , υ(s)(x, t)

)
� óïðàâëÿþùèå âåêòîðà - ôóíêöèè èç êëàññà L2(QT ),

fi(x) = (f
(1)
i (x), f2i (x), . . . , f

(s)
i (x)), f

(p)
i (x) ∈ L2(Ω), ST = {(x, t)|x ∈ ∂Ω, t ∈ (0, T )} � áîêîâàÿ

ïîâåðõíîñòü öèëèíäðà QT , ∂Ω � ãðàíèöà îáëàñòè Ω. usi ∈ Pi, υs ∈ Q, Pi è Q êîìïàêòû èç R.
Ïóñòü, äàëåå, â R çàäàíû òåðìèíàëüíûå ìíîæåñòâà M1

1 ,M
1
2 , ...,M

1
m.

Â çàäà÷å 1 âîçìîæíî ε � çàâåðøåíèå (ε > 0) ïðåñëåäîâàíèÿ èç íà÷àëüíîãî ïîëîæåíèÿ fi(·),
åñëè ñóùåñòâóþò ÷èñëî T = T (f(·)) è ôóíêöèÿ ui(υ, x, t) ∈ P , υ ∈ Q, x ∈ Ω, t ∈ [0, T ], òàêèå,
÷òî äëÿ ïðîèçâîëüíîé ôóíêöèè υ0(x, t) ∈ Q, x ∈ Ω, t ∈ [0, T ] ðåøåíèå zi(x, t)äëÿ íåêîòîðîãî
i , 1 ≤ i ≤ m çàäà÷è 1, ãäå ui = ui(υ0(x, t), x, t), υ = υ0(x, t), ïîïàäàåò íà ìíîæåñòâî εI + M1

i ,
ïðè íåêîòîðîì (x̃, t̃), x̃ ∈ Ω, t̃ ∈ [0, T ]: zi0(x̃, t̃) ∈ εI +M1

i , ãäå I = (−1, 1).
Ïîëó÷åíû ñ ïîìîùüþ ìåòîäà êîíå÷íûõ ðàçíîñòåé äîñòàòî÷íûå óñëîâèÿ äëÿ âîçìîæíîñòè

ε - çàâåðøåíèÿ ïðåñëåäîâàíèÿ èç çàäàííîãî íà÷àëüíîãî ïîëîæåíèÿ â èãðå 1.

Ñïèñîê ëèòåðàòóðû
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Ïðîáëåìû æåñòêîñòè âûïóêëûõ ïîëèýäðîâ

À. Ä. Ìèëêà

(GST Joint Stock Company, ÔÒÈÍÒ èì. Á.È. Âåðêèíà ÍÀÍÓ, Õàðüêîâ, Óêðàèíà)

E-mail address: milka@ilt.kharkov.ua

Ïðåäåëüíî îáùèì ðåçóëüòàòîì î æåñòêîñòè çàìêíóòûõ âûïóêëûõ ïîëèýäðîâ, âêëþ÷àþùèì
òàêæå ôóíäàìåíòàëüíûé ðåçóëüòàò Ëåæàíäðà è Êîøè, ÿâëÿåòñÿ

Òåîðåìà. Êîìáèíàòîðíî ýêâèâàëåíòíûå åâêëèäîâû, ñôåðè÷åñêèå, ãèïåðáîëè÷åñêèå,

ïðîñòðàíñòâåííîïîäîáíûå äåñèòòåðîâû çàìêíóòûå âûïóêëûå ïîëèýäðû êîíãðóýíòíû, åñëè

ó èõ ñîîòâåòñòâóþùèõ ãðàíåé ñîîòâåòñòâóþùèå óãëû ðàâíû è, â åâêëèäîâîì ñëó÷àå,

ñîîòâåòñòâóþùèå ãðàíè èìåþò ðàâíûå ïëîùàäè.

Èñõîäíûé åâêëèäîâ âàðèàíò Òåîðåìû áûë îòêðûò ïðîôåññèîíàëüíûìè ìàòåìàòèêàìè
çàäîëãî äî âðåìåíè Àëåêñàíäðèè è Àôèí [1]. Ýòîò âàðèàíò ñîäåðæèòñÿ â Îïðåäåëåíèè 10 â êí.
ÕI "Íà÷àë" (â èçäàíèè Ãåéáåðãà); Ëåæàíäð è Êîøè ïîëüçîâàëèñü èçäàíèåì "èñïðàâëåííûõ"
"Íà÷àë". Ïðåäñòàâëÿåì àêòóàëüíóþ ïðîáëåìàòèêó, ñâÿçàííóþ ñ Òåîðåìîé.

Æåñòêîñòü ïîëèýäðîâ ïðè ìèíèìàëüíûõ äàííûõ.
Ïðîáëåìà 1. Äîêàçàòü, ÷òî êîìáèíàòîðíî ýêâèâàëåíòíûå çàìêíóòûå âûïóêëûå

ïîëèýäðû â Rn êîíãðóýíòíû, åñëè (a) ïëîùàäè ñôåðè÷åñêèõ èçîáðàæåíèé èõ ñîîòâåòñòâó-

þùèõ âåðøèí ðàâíû, (b) ñðåäíèå êðèâèçíû èõ ñîîòâåòñòâóþùèõ ðåáåð âñåõ ðàçìåðíîñòåé

ðàâíû, (c) ïëîùàäè èõ ñîîòâåòñòâóþùèõ ãèïåðãðàíåé ðàâíû.

Ýòà ïðîáëåìà ôîðìóëèðîâàëàñü àâòîðîì â the workshop "Rigidity and Flexibility" in Vienna,
Austria, in 2006 [2, Problem section].

Àíàëîã ïðîáëåìû Ñòîêåðà (J.J. Stoker, 1968).
Ïðîáëåìà 2. Äîêàçàòü, ÷òî êîìáèíàòîðíî ýêâèâàëåíòíûå íååâêëèäîâû çàìêíóòûå

âûïóêëûå ïîëèýäðû êîíãðóýíòíû, åñëè èõ ñîîòâåòñòâóþùèå ðåáðà èëè èõ ñîîòâåòñòâóþùèå

äâóãðàííûå óãëû ðàâíû.

Â.À. Àëåêñàíäðîâûì äîêàçàíî, ÷òî ñóùåñòâóþò ñôåðè÷åñêèå è ãèïåðáîëè÷åñêèå çàìêíóòûå
íåâûïóêëûå ïîëèýäðû áåç ñàìîïåðåñå÷åíèé, äîïóñêàþùèå íåòðèâèàëüíûå íåïðåðûâíûå
äåôîðìàöèè ñ ñîõðàíåíèåì äâóãðàííûõ óãëîâ.

Àíàëîã ïðîáëåìû Áðèêàðà (R. Bricard, 1897).
Ïðîáëåìà 3. Äîêàçàòü, ÷òî ñóùåñòâóþò åâêëèäîâû, ñôåðè÷åñêèå, ãèïåðáîëè÷åñêèå,

ïðîñòðàíñòâåííîïîäîáíûå äåñèòòåðîâû çàìêíóòûå íåâûïóêëûå ïîëèýäðû áåç ñàìîïåðåñå÷å-

íèé, êîòîðûå äîïóñêàþò íåòðèâèàëüíûå íåïðåðûâíûå äåôîðìàöèè ñ ñîõðàíåíèåì óãëîâ ãðàíåé

è, â åâêëèäîâîì ñëó÷àå, ñ ñîõðàíåíèåì ïëîùàäåé ãðàíåé.

Íåïðåðûâíî èçãèáàåìûå ïî Êîøè çàìêíóòûå íåâûïóêëûå ïîëèýäðû-ôëåêñîðû áåç ñàìî-
ïåðåñå÷åíèé â R3 îòêðûòû Ð. Êîííåëè; èíâàðèàíòíîñòü îáúåìîâ ïîëèýäðîâ ïðè èçãèáà-
íèÿõ äîêàçàíà È.Õ. Ñàáèòîâûì. Ðåøåíèå ýòîé ïðîáëåìû âàæíî äëÿ òåîðèè îáîëî÷åê.
Êàê ïîä÷åðêèâàåò È.È. Âîðîâè÷ â Ïîñëåñëîâèè ê èçâåñòíîé ìîíîãðàôèè À.Â. Ïîãîðåëîâà,
íåîáõîäèìî èññëåäîâàòü óñòîé÷èâîñòü îáîëî÷åê, "èìåþùèõ íóëåâóþ æåñòêîñòü íà èçãèá è
êîíå÷íóþ æåñòêîñòü íà ðàñòÿæåíèå", ó êîòîðûõ "ýíåðãèÿ, íàêîïëåííàÿ ïðè ðàñòÿæåíèè,
ïðîïîðöèîíàëüíà èçìåíåíèþ ïëîùàäè". Òàêîå èññëåäîâàíèå ìîæåò ðàñøèðèòü êëàññ ìîäåëü-
íûõ ôëåêñîðîâ, îòêðûòûõ àâòîðîì.

Ñïèñîê ëèòåðàòóðû
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Î ñåðäöåâèíå øåñòèìåðíîé ýëàñòè÷íîé òðè-òêàíè E2

À. À. Ìèõååâà

(Òâåðñêîé ãîñóíèâåðñèòåò, Òâåðü, Ðîññèÿ)

E-mail address: heathjensen@yandex.ru

Ïóñòü M � äèôôåðåíöèðóåìîå ìíîãîîáðàçèå ðàçìåðíîñòè 2r, íà êîòîðîì çàäàíà òðè�òêàíü
W (r, r, r). Åå óðàâíåíèå z = f(x, y) ñâÿçûâàåò ïàðàìåòðû ñëîåâ òêàíè, ïðîõîäÿùèõ ÷åðåç
îäíó òî÷êó ìíîãîîáðàçèÿ M. Ñ äðóãîé ñòîðîíû, ýòî óðàâíåíèå îïðåäåëÿåò ëîêàëüíóþ
êîîðäèíàòíóþ êâàçèãðóïïó òðè-òêàíè. Íàïîìíèì [1], ÷òî ñ êàæäîé òî÷êîé ìíîãîîáðàçèÿ
M òðè-òêàíè ñâÿçàíà êîîðäèíàòíàÿ ëóïà (êâàçèãðóïïà ñ åäèíèöåé), èçîòîïíàÿ êîîðäèíàòíîé
êâàçèãðóïïå. Òðè-òêàíü íàçûâàåòñÿ ýëàñòè÷íîé (òêàíüþ E), åñëè â åå êîîðäèíàòíûõ ëóïàõ
âûïîëíÿåòñÿ òîæäåñòâî ýëàñòè÷íîñòè (x ◦ y) ◦ x = x ◦ (y ◦ x). Èçâåñòíî [1], ÷òî âñÿêàÿ òêàíü
E ÿâëÿåòñÿ ñðåäíåé òêàíüþ Áîëà (òêàíüþ Bm) ñïåöèàëüíîãî âèäà, òî åñòü òêàíè E îáðàçóþò
ñîáñòâåííûé ïîäêëàññ òêàíåé Bm. Ïîñëåäíèå õàðàêòåðèçóþòñÿ çàìûêàíèåì ñîîòâåòñòâóþùèõ
äîñòàòî÷íî ìàëûõ ñðåäíèõ êîíôèãóðàöèé Áîëà (Bm).

Èçâåñòíî [1] (ñì. òàêæå [2]), ÷òî òêàíü Bm (è òîëüêî òàêàÿ òêàíü) îïðåäåëÿåò íà áàçå
òðåòüåãî ñëîåíèÿ X3 ëîêàëüíóþ ãëàäêóþ êâàçèãðóïïó, íàçûâàåìóþ ñåðäöåâèíîé òêàíè Áîëà.
Îíà çàäàåòñÿ íà X3 óðàâíåíèåì:

z22 = C(z11, z12), (1)

ãäå C - ôóíêöèÿ, êîòîðàÿ ñâÿçûâàåò ïàðàìåòðû íàêëîííûõ ñëîåâ z11, z12, z22, âõîäÿùèõ â
ïðîèçâîëüíóþ êîíôèãóðàöèþ (Bm). Óðàâíåíèå (1) ïîëó÷àåòñÿ ïóòåì èñêëþ÷åíèÿ ïåðåìåííûõ
x1, x2, y1, y2 èç ñèñòåìû

z11 = f(x1, y1), z12 = f(x1, y2) = f(x2, y1), z22 = f(x2, y2),

ñîîòâåòñòâóþùåé çàìûêàíèþ íà òêàíè êîíôèãóðàöèé Bm. Èçâåñòíî [1], ÷òî ÷åòûðåõìåðíûõ
òêàíåé E, îòëè÷íûõ îò ãðóïïîâûõ òêàíåé, íå ñóùåñòâóåò. Íî øåñòèìåðíûå íåòðèâèàëüíûå
ýëàñòè÷íûå òðè-òêàíè ñóùåñòâóþò. Òàêèõ òêàíåé âñåãî äâå, îíè îáîçíà÷åíû E1 è E2.
Óðàâíåíèÿ ýòèõ òêàíåé íàéäåíû À.Ì. Øåëåõîâûì, (ñì. [1]), òðè-òêàíü E2 îïðåäåëÿåòñÿ
óðàâíåíèÿìè:

z1 = x1 + y1, z2 = x2 + y2e−2x1
+ (y1x3 − x1y3)e−2x1

. z3 = x3 + y3.

Äîêàçàíî
Ïðåäëîæåíèå. Ñåðäöåâèíà øåñòèìåðíîé ýëàñòè÷íîé òðè-òêàíè E2 çàäàåòñÿ

óðàâíåíèÿìè

z122 = 2z112 − z111, z222 = z212 + z212e
−2(z112−z111) − z211e

−2(z112−z111), z322 = 2z312 − z311. (2)

Ïîêàçàíî, ÷òî ëåâàÿ îáðàòíàÿ êâàçèãðóïïà êâàçèãðóïïû (2) îïðåäåëÿåò ñðåäíþþ òêàíü
Áîëà (òêàíü Bm), êîòîðàÿ ïðåäñòàâëÿåò ñîáîé ïðÿìîå ïðîèçâåäåíèå äâóõ òðè-òêàíåé:
äâóìåðíîé ïàðàëëåëèçóåìîé è ÷åòûðåõìåðíîé òêàíè Bm. Ïðè÷åì ïîñëåäíÿÿ ÿâëÿåòñÿ òêàíüþ
ïàðàáîëè÷åñêîãî òèïà êëàññà Π4 ïî êëàññèôèêàöèè À.Ä. Èâàíîâà [2].

Ñïèñîê ëèòåðàòóðû
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Òåîðåìà îá àðåàëüíîé áåñêîíå÷íî ìàëîé äåôîðìàöèè ñêîëüæåíèÿ

Ë. Ë. Áåçêîðîâàéíàÿ

Â. À. Ìîñêàëèê
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Îáúåêòîì èññëåäîâàíèÿ ÿâëÿþòñÿ àðåàëüíûå áåñêîíå÷íî ìàëûå äåôîðìàöèè. Âåêòîð
u(x1, x2) áóäåò âåêòîðîì ñìåùåíèÿ äëÿ àðåàëüíîé áåñêîíå÷íî ìàëîé äåôîðìàöèè òîãäà è
òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ óñëîâèÿ [1]

drdu = εijdx
idxj ,

εijg
ij = 0,

ãäå r(x1, x2) - ðàäèóñ-âåêòîð òî÷êè ïîâåðõíîñòè, à εij - ïåðâûé òåíçîð äåôîðìàöèè, g
ij - òåíçîð,

îáðàòíûé ê ìåòðè÷åñêîìó òåíçîðó. Â ðàáîòå äîêàçàíà

Òåîðåìà 1. Ïóñòü S ⊂ E3 - îäíîñâÿçíàÿ ïîâåðõíîñòü êëàññà C3,α(G), 0 < α < 1,
ïîëîæèòåëüíîé ãàóññîâîé êðèâèçíû, îäíîçíà÷íî ïðîåêòèðóþùàÿñÿ íà íåêîòîðóþ ïëîñêîñòü

E.Ïîâåðõíîñòü S äîïóñêàåò íåòðèâèàëüíûå àðåàëüíûå áåñêîíå÷íî ìàëûå äåôîðìàöèè

ñêîëüæåíèÿ îòíîñèòåëüíî ïëîñêîñòè E ñ âåêòîðîì ñìåùåíèÿ u(x1, x2) êëàññà C2,α(G),
êîòîðûé çàâèñèò îò äâóõ ïðîèçâîëüíûõ ôóíêöèé ε11 è ε12 ∈ C2,α(G); ε211 + ε212 6= 0.

Ðàññìàòðèâàåìàÿ çàäà÷à ñâîäèòñÿ ê ðåøåíèþ çàäà÷è Äèðèõëå âèäà:

zyyζxx − 2zxyζxy + zxxζyy = f (G) (1)

ς = 0 (∂G)

îòíîñèòåëüíî ôóíêöèè ζ = uk, u = ξi+ ηj + ζk. Â (1) z = z(x, y) - óðàâíåíèå ïîâåðõíîñòè S â
ïðÿìîóãîëüíûõ äåêàðòîâûõ êîîðäèíàòàõ , à ñâîáîäíûé ÷ëåí f = f(x, y, ε11, ε12) ∈ C0,α(G). Íà
îñíîâàíèè [2] óñòàíîâëåíî, ÷òî äëÿ êàæäîé ïàðû íàïåðåä çàäàííûõ ôóíêöèé ε11(x, y), ε12(x, y)
çàäà÷à Äèðèõëå èìååò åäèíñòâåííîå ðåøåíèå.

Îòìåòèì, ÷òî ïîâåðõíîñòü S ïðè çàäàííûõ óñëîâèÿõ ðåãóëÿðíîñòè íå äîïóñêàåò
íåòðèâèàëüíûõ áåñêîíå÷íî ìàëûõ èçãèáàíèé ñêîëüæåíèÿ [3].
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Î ïîâåðõíîñòÿõ F 2 èç En èõ èíäèêàòðèñå è ïðèíàäëåæíîñòè ïðîñòðàíñòâó E4

Þ. À. Àìèíîâ, ß. Ñ. Íàñåäêèíà

(ÔÒÈÍÒ ÍÀÍÓ Õàðüêîâ)

E-mail address: nasiedkina@ilt.kharkov.ua

Â äàííîé ðàáîòå ìû ðàññìàòðèâàåì ïîâåðõíîñòè F 2 â En, ó êîòîðûõ ýëëèïñ íîðìàëüíîé
êðèâèçíû íå âûðîæäåí è ïëîñêîñòü ýòîãî ýëëèïñà äëÿ êàæäîé òî÷êè x ïîâåðõíîñòè ïðîõîäèò
÷åðåç ýòó òî÷êó x. Áóäåì ãîâîðèòü, ÷òî òî÷êà x ∈ F 2 ïðèíàäëåæèò ê:

1) ýëëèïòè÷åñêîìó òèïó, åñëè òî÷êà x ëåæèò âíóòðè ýëëèïñà íîðìàëüíîé êðèâèçíû, 2)
ïàðàáîëè÷åñêîìó òèïó, åñëè x ëåæèò íà ýëëèïñå, 3) ãèïåðáîëè÷åñêîìó òèïó, åñëè x ëåæèò âíå
ýëëèïñà.

1. Î ïîâåðõíîñòÿõ ãèïåðáîëè÷åñêîãî òèïà â En.
Ìû ñòðîèì íà ïîâåðõíîñòè F 2 èíâàðèàíòíî-ãåîìåòðè÷åñêèì îáðàçîì íåêîòîðóþ ñåòü

êðèâûõ � õàðàêòåðèñòèê, êîòîðóþ íàçîâåì ñïåöèàëüíî ãèïåðáîëè÷åñêîé [2].

Òåîðåìà 1. Ïóñòü ïîâåðõíîñòü F 2 ⊂ En êëàññà C4 ñ íåâûðîæäåííûì ýëëèïñîì íîðìàëüíîé

êðèâèçíû ïðèíàäëåæèò ãèïåðáîëè÷åñêîìó òèïó. Ïóñòü D òðåóãîëüíàÿ îáëàñòü íà F 2

îãðàíè÷åííàÿ äâóìÿ õàðàêòåðèñòèêàìè � êðèâûìè η1 è η2 èç ðàçíûõ ñåìåéñòâ ñïåöèàëüíî

ãèïåðáîëè÷åñêîé ñåòè, âûõîäÿùèõ èç îäíîé òî÷êè, è íåêîòîðîé êðèâîé γ êëàññà C2,

ïåðåñåêàþùåé η1 è η2 è íå êàñàþùåéñÿ õàðàêòåðèñòèê. Ïóñòü âûïîëíÿþòñÿ êðàåâûå óñëîâèÿ

íà γ: ñóùåñòâóåò ãèïåðïëîñêîñòü E4 òàêàÿ, ÷òî êðèâàÿ γ è êàñàòåëüíàÿ ïîëîñà ïîâåðõíîñòè

âäîëü γ ëåæàò â E4. Òîãäà âñÿ îáëàñòü D ëåæèò â E4.

2. Î ïîâåðõíîñòÿõ ïàðàáîëè÷åñêîãî òèïà â En.
Äëÿ ïîâåðõíîñòåé ïàðàáîëè÷åñêîãî òèïà ìû äîêàçûâàåì íåñêîëüêî òåîðåì ñ ðàçëè÷íûìè

êðàåâûìè óñëîâèÿìè. Ïðèâåäåì òîëüêî îäíó èç íèç íèõ

Òåîðåìà 2. Ïóñòü ïîâåðõíîñòü F 2 ⊂ En êëàññà C5 ñ íåâûðîæäåííûì ýëëèïñîì

íîðìàëüíîé êðèâèçíû, ïðèíàäëåæèò ê ïàðàáîëè÷åñêîìó òèïó, è ïóñòü íåêîòîðàÿ êðèâàÿ

γ, ïåðåñåêàþùàÿ òðàíñâåðñàëüíî àñèìïòîòè÷åñêèå, ëåæèò â íåêîòîðîì ïðîñòðàíñòâå

E4 âìåñòå ñ êàñàòåëüíîé ïîëîñîé ïîâåðõíîñòè. Ïóñòü ãåîäåçè÷åñêàÿ êðèâèçíà

àñèìïòîòè÷åñêèõ ëèíèé íåîòðèöàòåëüíà. Ïóñòü îáëàñòü D ïîâåðõíîñòè F 2 îãðàíè÷åíà

êðèâîé γ, äâóìÿ àñèìïòîòè÷åñêèìè, ïðîõîäÿùèìè ÷åðåç êîíöû êðèâîé γ, è êðèâîé γ1,
òðàíñâåðñàëüíî ïåðåñåêàþùåé àñèìïòîòè÷åñêèå ëèíèè è íå èìåþùåé îáùèõ òî÷åê ñ γ. Òîãäà
D ïðèíàäëåæèò E4.

Äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû, âîñïîëüçóåìñÿ òåîðåìîé Å.Ì.Ëàíäèñà î åäèíñòâåííîñòè
äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà èç [1].

3. Î ïîâåðõíîñòÿõ ýëëèïòè÷åñêîãî òèïà â En.

Òåîðåìà 3. Ïóñòü âñå òî÷êè îäíîñâÿçíîé îáëàñòè D ýëëèïòè÷åñêèå è ïðèíàäëåæàò êëàññó

ðåãóëÿðíîñòè C4,α. Ïóñòü çàìêíóòàÿ êðèâàÿ γ êëàññà C1, ÿâëÿþùàÿñÿ ãðàíèöåé îáëàñòè

D ⊂ F 2, ëåæèò â E4. Òîãäà è âñÿ îáëàñòü D ëåæèò â E4.

Çàìåòèì, ÷òî â îòëè÷èå îò ïðåäûäóùèõ òåîðåì çäåñü ìû íå òðåáóåì, ÷òîáû êàñàòåëüíàÿ
ïîëîñà âäîëü γ ëåæàëà â E4.

Ñïèñîê ëèòåðàòóðû
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Î ÏÓ×ÊÀÕ ÑÂßÇÍÎÑÒÈ 1-ÃÎ È 2-ÃÎ ÒÈÏÀ ÍÀ ÑÅÌÅÉÑÒÂÅ
ÖÅÍÒÐÈÐÎÂÀÍÍÛÕ ÏËÎÑÊÎÑÒÅÉ, ÎÁÎÁÙÀÞÙÅÌ ÏÎÂÅÐÕÍÎÑÒÜ

Î. Ì. Îìåëüÿí

(Áàëòèéñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. È. Êàíòà,
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Ïðîäîëæèì ðàññìîòðåíèå m-ìåðíîãî ñåìåéñòâà Bp
m öåíòðèðîâàííûõ m-ïëîñêîñòåé

Lm(Lm
⋂
Tm = Lp, 0 < p < m). Èíäåêñû â ðàáîòå ïðèíèìàþò ñëåäóþùèå çíà÷åíèÿ:

I, · · · = 1, n; i, · · · = 1, p; α, · · · = p+ 1,m; a, · · · = m+ 1, 2m− p; u, · · · = 2m− p+ 1, n.

Óðàâíåíèÿ ñåìåéñòâà Bp
m èìåþò âèä [1]. Ñ ýòèì ñåìåéñòâîì àññîöèèðîâàíî

ãëàâíîå ðàññëîåíèå G(Bp
m), â êîòîðîì çàäàíà ãðóïïîâàÿ ñâÿçíîñòü ñ îáúåêòîì Γ,ïðè÷åì

äèôôåðåíöèàëüíûå óðàâíåíèÿ íà êîìïîíåíòû ýòîãî îáúåêòà íàéäåíû â [1].
Ïðîèçâåäåíî êîìïîçèöèîííîå îñíàùåíèå ñåìåéñòâà Bp

m [1], ñîñòîÿùåå â ïðèñîåäèíåíèè
ê êàæäîé ïëîñêîñòè Lm ñåìåéñòâà ÷åòûðåõ ïðîåêòèâíî-äîïîëíèòåëüíûõ ïëîñêîñòåé,
îïðåäåëÿåìûõ ñëåäóþùèìè ñîâîêóïíîñòÿìè òî÷åê:

Bi = Ai + λiA, Ba = Aa + λiaAi + λaA, Bα = Aα + λiαAi + λαA,

Bu = Au + λiuAi + λauAa + λαuAα + λaA.

Ïîêàæåì, ÷òî êîìïîçèöèîííîå îñíàùåíèå èíäóöèðóåò â ðàññëîåíèè G(Bp
m) ïó÷êè ñâÿçíîñòåé

1-ãî è 2-ãî òèïîâ.
Âíåñåì â âûðàæåíèÿ äëÿ äèôôåðåíöèàëîâ òî÷åê Bi, Ba, Bα, Bu êîâàðèàíòíûå

äèôôåðåíöèàëû ∇λ îñíàùàþùåãî êâàçèòåíçîðà λ, â ÷àñòíîñòè:

dBi = (. . . )jiBj + (. . . )aiBa + (. . . )αi Bα + (. . . )ui Bu + (∇λi +Mijω
j +Miαω

α)A, ...

Ïîëàãàÿ ïîëàãàÿ êîìïîíåíòû îáúåêòà Ì ðàâíûìè íóëþ, â ðåçóëüòàòå ïîëó÷èì ïó÷îê ñâÿçíîñòè
1-ãî òèïà

1
Γiα= λj

1
Γ
j

iα −(λjaλj−λa)Λaiα−(λjβλj−λβ)Λβiα+λiλα−(λjuλj+λauλa−λu−λauλjaλj−λβuλ
j
βλj)Λ

u
iα, ...
(1)

Îáðàùàÿ êîâàðèàíòíûå ïðîèçâîäíûå ∇ξλ îñíàùàþùåãî êâàçèòåíçîðà λ â íóëü, ìû
ïîëó÷àåì âûðàæåíèÿ îõâàòîâ äëÿ êîìïîíåíò ïó÷êà ñâÿçíîñòè 2-ãî òèïà, â ÷àñòíîñòè:

2
Γiξ= λkΓ

k
iξ + λiξ,

2
Γ
i
aξ = λib

0
Γ
b
aξ − λkaΓikξ + λiaξ,

2
Γ aξ = λbΓ

b
aξ − λjaΓjξ + λaξ,

2
Γ
i
αξ = λΓ

β
β
αξ − λ

Γ
α
i
kξ + λiαξ, ... (2)

Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 1. Ñåìåéñòâî Bp
m è åãî êîìïîçèöèîííîå îñíàùåíèå èíäóöèðóþò â àññîöèèðîâàííîì

ðàññëîåíèè G(Bp
m) ïó÷êè ñâÿçíîñòåé 1-ãî è 2-ãî òèïà ñ îáúåêòàìè

1
Γ

2
Γ, êîìïîíåíòû êîòîðûõ

îõâà÷åíû ïî ôîðìóëàì (1,2) è èì àíàëîãè÷íûì.
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khromova.olesya@gmail.com

Èññëåäîâàíèå ðèìàíîâûõ ìíîãîîáðàçèé ñ êîíôîðìíî (ïîëó)ïëîñêîé ðèìàíîâîé ìåòðèêîé, ò.å.
òàêèõ ðèìàíîâûõ ìíîãîîáðàçèé, ó êîòîðûõ òðèâèàëåí òåíçîð Âåéëÿ èëè ÷àñòü åãî êîìïîíåíò,
ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé ðèìàíîâîé ãåîìåòðèè â öåëîì. Ýòî îáóñëîâëåíî íåäàâíèìè
ðåçóëüòàòàìè ïî êîíôîðìíî ïîëóïëîñêèì ðèìàíîâûì ìíîãîîáðàçèÿì ñ ìåòðèêîé Ýéíøòåéíà
[1]. Ñïåêòðû äèôôåðåíöèàëüíûõ îïåðàòîðîâ íà ðèìàíîâûõ ìíîãîîáðàçèÿõ òàêæå èíòåíñèâíî
èçó÷àþòñÿ â ïîñëåäíåå âðåìÿ [2].

Â ðàáîòå èññëåäîâàí ñïåêòð îïåðàòîðà ñåêöèîííîé êðèâèçíû 3 è 4 � ìåðíûõ ãðóïï
Ëè ñ ëåâîèíâàðèàíòíîé êîíôîðìíî (ïîëó)ïëîñêîé ðèìàíîâîé ìåòðèêîé. Â òðåõìåðíîì
ñëó÷àå ïîëó÷åíû ôîðìóëû äëÿ íàõîæäåíèÿ ñòðóêòóðíûõ êîíñòàíò ìåòðè÷åñêèõ àëãåáð
Ëè ÷åðåç ñïåêòð îïåðàòîðà êðèâèçíû. Â ðàçìåðíîñòè 4 ïîñòðîåíû íîâûå íåòðèâèàëüíûå
ïðèìåðû êîíôîðìíî (ïîëó)ïëîñêèõ, íî íå êîíôîðìíî ïëîñêèõ ðèìàíîâûõ ìíîãîîáðàçèé.
Ïîëó÷åííûå ðåçóëüòàòû ðàñïðîñòðàíÿþòñÿ íà ñëó÷àé òðåõìåðíûõ ëîêàëüíî îäíîðîäíûõ
ðèìàíîâûõ ìíîãîîáðàçèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà ÐÔ äëÿ ïîääåðæêè
ìîëîäûõ ðîññèéñêèõ ó÷åíûõ è âåäóùèõ íàó÷íûõ øêîë (ãðàíò ÍØ�921.2012.1), ÔÖÏ ¾Íàó÷íûå
è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè¿ íà 2009�2013 ãã. (ãîñ. êîíòðàêò
�02.740.11.0457) , ãðàíòà ÔÖÏÊ (ñîãëàøåíèå �8206, çàÿâêà �2012-1.1-12-000-1003-014) , à òàê
æå ïðîãðàììû ñòðàòåãè÷åñêîãî ðàçâèòèÿ ÔÃÁÎÓ ÂÏÎÀëòÃÓ íà 2012-2016 ãîäû (ìåðîïðèÿòèå
¾Êîíêóðñ ãðàíòîâ¿ �2012.312.2.3).

Ñïèñîê ëèòåðàòóðû

[1] À. Áåññå Ìíîãîîáðàçèÿ Ýéíøòåéíà,- Ì., Ìèð, (1990), 704ñ.

[2] C. S. Gordon Survey of isospectral manifolds. Handbook of Di�. Geom.,- Amsterdam: N.-Holland
(2000), Vol. 1, P.747-778.
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Ôèíñëåðîâû äåôîðìàöèè ðèìàíîâûõ ìåòðèê

Â. È. Ïàíüæåíñêèé, Î. Ï. Ñóðèíà

(Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ïåíçà, Ðîññèÿ)

E-mail address: kaf_geom@mail.ru.

Îáñóæäàÿ ïðîáëåìû ïîñòðîåíèÿ òåîðèè ïîëÿ íà îñíîâå ôèíñëåðîâîé ãåîìåòðèè, Ikeda S. â
ðàáîòå [1] ïðåäëîæèë â êà÷åñòâå ìîäåëüíûõ ðàññìàòðèâàòü ïðîñòðàíñòâà Fn, ëèáî ñ ìåòðèêîé

gij(x, y) = e2σ(x,y)γij(x), (1)

ãäå γij(x) - ìåòðè÷åñêèé òåíçîð (ïñåâäî)ðèìàíîâà ìíîãîîáðàçèÿ, à σ(x, y) - íåêîòîðàÿ ôóíêöèÿ
íà åãî êàñàòåëüíîì ðàññëîåíèè, ëèáî ñ ìåòðèêîé

gij(x, y) = γij(x) + hij(x, y), (2)

ãäå ê ðèìàíîâó ìåòðè÷åñêîìó òåíçîðó ïðèáàâëÿåòñÿ íåêîòîðûé òåíçîð äåôîðìàöèè
ôèíñëåðîâà òèïà.

Èçó÷àþòñÿ ïðîñòðàíñòâà Fn ìåòðè÷åñêèé òåíçîð êîòîðûõ èìååò âèä

gij(x, y) = α · e2σγij + β · yiyj , (3)

ãäå α è β - ôóíêöèè òî÷êè x áàçèñíîãî ìíîãîîáðàçèÿ, σ - ôóíêöèÿ àðãóìåíòà z = 1
2γpsy

pys à
yi = γipy

p. Äëÿ ìåòðèêè (3) íàéäåíû êîýôôèöèåíòû óñå÷åííîé ñâÿçíîñòè êàðòàíîâñêîãî òèïà,
âû÷èñëåíû êîìïîíåíòû òåíçîðà êðèâèçíû è äîêàçàíî, ÷òî åñëè áàçèñíîå (ïñåâäî)ðèìàíîâî
ìíîãîîáðàçèå èìååò ïîñòîÿííóþ ñåêöèîííóþ êðèâèçíó, à α, β êîíñòàíòû, òî Fn ÿâëÿåòñÿ
ïðîñòðàíñòâîì èçîòðîïíîé ôëàãîâîé êðèâèçíû. Åñëè äîïîëíèòåëüíî åùå è σ = 0, òî ôëàãîâàÿ
êðèâèçíà ÿâëÿåòñÿ ïîñòîÿííîé.

Ñïèñîê ëèòåðàòóðû

[1] Ikeda S. On the theory of gravitational �ld in Finsler spaces.,- // Thensor, (1991), 50, N3, p.
256-262.
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Áåñêîíå÷íî ìàëûå ïðîåêòèâíûå ïðåîáðàçîâàíèÿ ðèìàíîâûõ ïðîñòðàíñòâ âòîðîãî

ïðèáëèæåíèÿ

Ïîêàñü Ñ. Ì., Êðóòîãîëîâà À. Â.

(Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè È.È. Ìå÷íèêîâà, Îäåññà, Óêðàèíà)

E-mail address: pokas@onu.edu.ua, 01link01@rambler.ru

Â ðèìàíîâîì ïðîñòðàíñòâå 2-îãî ïðèáëèæåíèÿ Ṽ 2
n äëÿ ðèìàíîâà ïðîñòðàíñòâà íåíóëåâîé

ïîñòîÿííîé êðèâèçíû ([3]) èçó÷àþòñÿ áåñêîíå÷íî ìàëûå ïðåîáðàçîâàíèÿ:

y′h = yh + ξ̃h(y)δt,

êîòîðûå ñîõðàíÿþò ãåîäåçè÷åñêèå.
Èññëåäóÿ óðàâíåíèÿ ([1], [2])

5̃kh̃ij = 2ψ̃kg̃ij + ψ̃(ig̃j)k,

ãäå
h̃ij = 5̃(iξ̃j),

ψ̃k =
1

n+ 1
g̃αβ5̃βkξ̃α,

â ÿâíîì âèäå íàéäåíû ïðåäñòàâëåíèÿ êîìïîíåíò âåêòîðà ñìåùåíèÿ ξ̃h(y) â âèäå ñòåïåííûõ
ðÿäîâ. Èññëåäóåòñÿ ñõîäèìîñòü ïîëó÷åííûõ ðÿäîâ.

Ñïèñîê ëèòåðàòóðû

[1] Í. Ñ. Ñèíþêîâ Ãåîäåçè÷åñêèå îòîáðàæåíèÿ ðèìàíîâûõ ïðîñòðàíñòâ Ìîñêâà, Íàóêà 1979,
255.

[2] Ë. Ï. Ýéçåíõàðò Ðèìàíîâà ãåîìåòðèÿ Ìîñêâà, ÈË., 1948, 316.

[3] Ñ. Ì. Ïîêàñü, Ë. Ã. Öåõìåéñòðóê Ïðèáëèæåíèå âòîðîãî ïîðÿäêà äëÿ ðèìàíîâà

ïðîñòðàíñòâà íåíóëåâîé ïîñòîÿííîé êðèâèçíû. Òåçèñû äîêëàäîâ ìåæäóíàðîäíîé
êîíôåðåíöèè ¾Ãåîìåòðèÿ â Îäåññå-2012¿, 2012, ñòð. 60.
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Îá îäíîì êëàññå ïîëóñèììåòðè÷åñêèõ ðèìàíîâûõ ïðîñòðàíñòâ

Ïîêàñü Ñ. Ì., Öåõìåéñòðóê Ë. Ã.

(Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè È.È. Ìå÷íèêîâà, Îäåññà, Óêðàèíà)

E-mail address: pokas@onu.edu.ua, lida2007gc@gmail.com

Ðàññìîòðèì ðèìàíîâî ïðîñòðàíñòâî Vn, îòíåñåííîå ê ïðîèçâîëüíîé ñèñòåìå êîîðäèíàò{
x1, x2..., xn

}
ñ ìåòðè÷åñêèì òåíçîðîì gij (x) è ïðîñòðàíñòâî 2-ãî ïðèáëèæåíèÿ Ṽ 2

n ,
àññîöèèðîâàííîå ñ Vn â îêðåñòíîñòè åãî ïðîèçâîëüíîé òî÷êè M0 [1]:

g̃ij(y) = gij
0

+
1

3
R
0
iαβjy

αyβ (1)

.
Çäåñü gij

0

= gij (M0) , R
0
iαβj = Riαβj (M0).

Êîìïîíåíòû îáúåêòà ñâÿçíîñòè ïðîñòðàíñòâà Ṽ 2
n èìåþò âèä

Γ̃hij (y) = −1

3
R
0

h
.(ij)ly

l +
1

3

∞∑
p=1

(−1)p+1
R
0

α
.(ij)my

mt(p)hα , (2)

ãäå

thj =
1

3
R
0
.l1l2jy

l1yl2 ,

t(p)hα = t(p−1)hα tαj (p = 2, 3, ...) .

Ðÿäû (2) ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî íà ìíîæåñòâå
∣∣thp ∣∣ < 1

n [2].

Èç (2) ñëåäóåò, ÷òî êîìïîíåíòû ñâÿçíîñòè ïðîñòðàíñòâà Ṽ 2
n ÿâëÿþòñÿ ñîâîêóïíîñòüþ

ëèíåéíûõ îäíîðîäíûõ ôóíêöèé òîãäà è òîëüêî òîãäà, êîãäà òåíçîð êðèâèçíû ïðîñòðàíñòâà Vn
â òî÷êå M0 óäîâëåòâîðÿåò óñëîâèÿì

Rh
.(l1l2)α

Rα
.(ij)l3

+ Rh
.(l2l3)α

Rα
.(ij)l1

+ Rh
.(l3l1)α

Rα
.(ij)l2

= 0 (3)

Èìåþò ìåñòî.
Òåîðåìà 1. Ðèìàíîâî ïðîñòðàíñòâî Vn, òåíçîðû êðèâèçíû êîòîðîãî â êàæäîé åãî òî÷êå

óäîâëåòâîðÿþò óñëîâèÿì (3), ÿâëÿþòñÿ ïîëóñèììåòðè÷åñêèì ðèìàíîâûì ïðîñòðàíñòâîì.
Òåîðåìà 2. Êîíôîðìíî-ïëîñêîå ðèìàíîâî ïðîñòðàíñòâî Vn (n > 3), òåíçîð êðèâèçíû

êîòîðîãî â êàæäîé åãî òî÷êå óäîâëåòâîðÿåò (3), ÿâëÿåòñÿ ïëîñêèì.
Ñëåäñòâèå 1. Ðèìàíîâî ïðîñòðàíñòâî êâàçèïîñòîÿííîé êðèâèçíû, òåíçîð êðèâèçíû

êîòîðîãî â êàæäîé åãî òî÷êå óäîâëåòâîðÿåò óñëîâèÿì (3), ÿâëÿåòñÿ ïëîñêèì.
Ñëåäñòâèå 2. Ðèìàíîâî ïðîñòðàíñòâî ïîñòîÿííîé êðèâèçíû, òåíçîð êðèâèçíû êîòîðîãî â

êàæäîé åãî òî÷êå óäîâëåòâîðÿåò óñëîâèÿì (3), ÿâëÿåòñÿ ïëîñêèì.

Ñïèñîê ëèòåðàòóðû

[1] Ñ.Ì. Ïîêàñü Ãðóïïû Ëè äâèæåíèé â ðèìàíîâîì ïðîñòðàíñòâå âòîðîãî ïðèáëèæåíèÿ

Èçâåñòèÿ Ïåíçåíñêîãî ãîñóäàðñòâåííîãî ïåäàãîãè÷åñêîãî óíèâåðñèòåòà èìåíè Â.Ã.
Áåëèíñêîãî, ôèçèêî-ìàòåìà-òè÷åñêèå íàóêè, �26, 2011, ñòð. 173-183.

[2] Ñ.Ì. Ïîêàñü, Öåõìåéñòðóê Ë.Ã. Ïðèáëèæåíèå 2-ãî ïîðÿäêà äëÿ ðèìàíîâî ïðîñòðàíñòâà

íåíóëåâîé ïîñòîÿííîé êðèâèçíû. Òåçèñû äîêëàäîâ Ìåæäóíàðîäíîé êîíôåðåíöèè
¾Ãåîìåòðèÿ â Îäåññå - 2012¿, ñòð. 60.
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Òîïîëîãèÿ ôóíêöèé ñ èçîëèðîâàííûìè êðèòè÷åñêèìè òî÷êàìè íà ãðàíèöå

òðåõìåðíîãî òåëà

À. Î. Ïðèøëÿê, Å.Í.Âÿò÷àíèíîâà

(ÊÍÓ, Êèåâ, Óêðàèíà)

E-mail address: prishlyak@yahoo.com

Â ðàáîòå [1] äëÿ òîïîëîãè÷åñêîé êëàññèôèêàöèÿ ôóíêöèé Ìîðñà íà ïîâåðõíîñòè áûëè ââåäåíû
ïîíÿòèÿ àòîìîâ è ìîëåêóë. Â äàííîé ðàáîòå ìû èñïîëüçóåì ýòè ìåòîäû äëÿ òîïîëîãè÷åñêîé
êëàññèôèêàöèè ôóíêöèé ñ èçîëèðîâàííûìè êðèòè÷åñêèìè òî÷êàìè íà ãðàíèöå òðåõìåðíîãî
òåëà.

Ïóñòü f : M → R � ôóíêöèÿ áåç âíóòðåííèõ êðèòè÷åñêèõ òî÷åê íà òðåõìåðíîì òåëå M è ñ
êîíå÷íûì ÷èñëîì êðèòè÷åñêèõ òî÷åê îãðàíè÷åíèÿ f∂ ôóíêöèè íà êðàé ∂M . Àòîìîì ôóíêöèè
íàçûâàåòñÿ êîìïîíåíòó îêðåñòíîñòè êðèòè÷åñêîãî óðîâíÿ M[y−ε, y+ε] = f−1([y − ε, y + ε])
ðàññëîåííóþ íà êîìïîíåíòû óðîâíåé ôóíêöèè, ñîäåðæàùóþ êðèòè÷åñêèå òî÷êè è ïåðåñåêàåòñÿ
ëèøü ñ îäíèì êðèòè÷åñêèì óðîâíåì. Êðèòè÷åñêàÿ òî÷êà íàçûâàåòñÿ ïîëîæèòåëüíîé, åñëè
ïîëå ãðàäèåíòà ôóíêöèè â íåé íàïðàâëåíî âóòðü ìíîãîîáðàçèÿ è îòèöàòåëüíîé, åñëè âíå.

Ïîñêîëüêó ðåãóëÿðíûé óðîâåíü L � êîìïàêòíàÿ ïîâåðõíîñòü ñ êðàåì, êîòîðàÿ íå ìåíÿåòñÿ
ïðè ìàëûõ èçìåíåíèÿõ ðåãóëÿðíîãî çíà÷åíèÿ, òî ïðîõîæäåíèå ïîëîæèòåëüíîé êðèòè÷åñêîé
òî÷êè ìåíÿåò ýòó ïîâåðõíîñòü íà ïîâåðõíîñòü ñ ïðèêëååííûì 2n-óãîëüíèêîì D ê L �iteppv.

Çàôèêñèðóåì îðèåíòàöèþ íà àòîìå. Çàíóìåðóåì ñòîðîíû, êîòîðûå ïðèêëåèâàþòñÿ
ñîãëàñíî ýòîé îðèåíòàöèè ÷èñëàìè 1, 2, ..., n.

Íà êàæäîé êîìïîíåíòå êðàÿ ∂L âûáåðåì îðèåíòàöèþ, êîòîðàÿ ñîâïàäàåò ñ îðèåíòàöèåé
ãðàíèöû ∂D. Íà÷íåì îáõîäèòü òó êîìïîíåíòó êðàÿ ∂L,êîòîðàÿ ñîäåðæèò ïðèêëååííóþ
ñòîðîíó 1, íà÷èíàÿ ñ íåå ïî îðèåíòàöèè. Âûïèøåì íîìåðà âñåõ ñòîðîí, êîòîðûå
ïðèêëåèâàþòñÿ ê ýòîé êîìïîíåíòå. Ïîëó÷èëè óïîðÿäî÷åííûé íàáîð ÷èñåë, êîòîðûé
íà÷èíàåòñÿ ñ 1. Òàê æå äëÿ êàæäîé êîìïîíåíòû çàïèøåì óïîðÿäî÷åííûé íàáîð ÷èñåë, òàê
÷òî íà ïåðâîì ìåñòå ñòîèò íàèìåíüøåå ÷èñëî â ýòîì íàáîðå. Ýòè íàáîðû áóäåì çàïèñûâàòü
â êðóãëûõ ñêîáêàõ, íàïðèìåð (1,3,2). Äëÿ êàæäîé êîìïîíåíòû ïîâåðõíîñòè L âûïèøåì
â êâàäðàòíûõ ñêîáêàõ âñå íàáîðû, êîòîðûå îòâå÷àþò êîìïîíåíòàì åå êðàÿ. Ýòè íàáîðû
óïîðÿäî÷èì ïî âîçðîñòàíèþ ïåðâîãî ÷èñëà â íàáîðå. Íàïðèìåð, [(1, 3), (2, 5), (4)]. Êðîìå òîãî
äëÿ êàæäîé êîìïîíåíòû ïîâåðõíîñòè L óêàæåì åå ðîä g (âåðõíèé èíäåêñ âîçëå ñïèñêà) è ÷èñëî
k êîìïîíåíò êðàÿ, ê êîòîðûì íå ïðèêëåèâàåòñÿ 2n-óãîëüíèê D (íèæíèé èíäåêñ). Íàïðèìåð,
ñïèñîê [(1, 3), (2)]32 äëÿ g = 3, k = 2. Åñëè ýòè èíäåêñû ðàâíÿþòñÿ 0, òî ìû èõ íå áóäåì ïèñàòü.

Ïîëó÷èëè äëÿ êàæäîé êîìïîíåíòû ïîâåðõíîñòè L ñïèñîê íàáîðîâ. Òàê ïîñòðîåííóþ
ïîñëåäîâàòåëüíîñòü ñïèñêîâ áóäåì íàçûâàòü êîäîì àòîìà.

Òåîðåìà. Êàæäûé àòîì ñ òî÷íîñòüþ äî ýêâèâàëåíòíîñòè ìîæåò áûòü âîñïðîèçâåäåí

ïî ñâîåìó êîäó. Äâà êîäà çàäàþò îäèíàêîâûå àòîìû, åñëè îäèí èç äðóãîãî ìîæåò áûòü

ïîëó÷åí öèêëè÷åñêîé çàìåíîé è ïåðåñòàíîâêîé ÷èñåë.

Â äîêëàäå áóäóò òàêæå îïèñàíû ïðîñòûå ìîëåêóëû, ïîëó÷åííûå ïîñëå ñêëåéêè ïðîñòûõ
àòîìîâ.

Ñïèñîê ëèòåðàòóðû
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Îäíîðîäíûå è íåîäíîðîäíûå ñàìîïîäîáíûå ôðàêòàëüíûå ìíîæåñòâà

Þ. Ñ. Ðåçíèêîâà

(Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, Êèåâ, Óêðàèíà)

E-mail address: yurss@mail.ru

Ðàññìîòðèì ìåòðè÷åñêîå ïðîñòðàíñòâî {M,ρ}, ãäå ρ � ôèêñèðîâàííàÿ ìåòðèêà, ñîõðàíÿþùàÿ
êîýôôèöèåíò ïîäîáèÿ k [2]. Âîñïîëüçîâàâøèñü êîìáèíèðîâàííûìè ïîäõîäàìè ê
êëàññèôèêàöèè ñàìîïîäîáíûõ ìíîæåñòâ [1, 2], ââåäåì ñëåäóþùèå îïðåäåëåíèÿ.

Îïðåäåëåíèå 1. Íåïóñòîå êîìïàêòíîå ìíîæåñòâî E ìåòðè÷åñêîãî ïðîñòðàíñòâà {M,ρ}
íàçûâàåòñÿ îäíîðîäíûì ñàìîïîäîáíûì ôðàêòàëüíûì ìíîæåñòâîì, åñëè{

E =
⋃n

i=1Ei, n > 1,

Ei
ki∼ E, 0 < ki < 1, i = 1, n.

Îïðåäåëåíèå 2. Íåïóñòîå êîìïàêòíîå ìíîæåñòâî E ìåòðè÷åñêîãî ïðîñòðàíñòâà {M,ρ}
íàçûâàåòñÿ íåîäíîðîäíûì ñàìîïîäîáíûì ôðàêòàëüíûì ìíîæåñòâîì, åñëè E =

(⋃n
i=1Ei

)⋃
Y, n > 1,

Ei
ki∼ E, , 0 < ki < 1, i = 1, n,

ãäå Y � ôèêñèðîâàííîå êîìïàêòíîå ïîäìíîæåñòâî â {M,ρ}.

Àíàëîãè÷íî, ìîæíî ââåñòè ñëåäóþùóþ êëàññèôèêàöèþ, îòîáðàæàþùóþ ïðèíàäëåæíîñòü
ôðàêòàëüíûõ ìíîæåñòâ ê îïðåäåëåííûì êëàññàì â çàâèñèìîñòè îò çíà÷åíèé ðàçìåðíîñòè
Õàóñäîðôà-Áåçèêîâè÷à [2], ïðèìåíèòåëüíî ê ôðàêòàëüíûì ìíîæåñòâàì â ñìûñëå îïðåäåëåíèé
(1), (2).

Îïðåäåëåíèå 3. Îäíîðîäíîå èëè íåîäíîðîäíîå ôðàêòàëüíîå ìíîæåñòâî íàçûâàåòñÿ:

• ôðàêòàëîì â øèðîêîì ñìûñëå, åñëè åãî ðàçìåðíîñòü Õàóñäîðôà-Áåçèêîâè÷à ñòðîãî

áîëüøå òîïîëîãè÷åñêîé ðàçìåðíîñòè;

• ôðàêòàëîì â óçêîì ñìûñëå, åñëè åãî ðàçìåðíîñòü Õàóñäîðôà-Áåçèêîâè÷à ïðèíèìàåò

äðîáíîå çíà÷åíèå;

• öåëîôðàêòàëîì, åñëè åãî ðàçìåðíîñòü Õàóñäîðôà-Áåçèêîâè÷à ïðèíèìàåò öåëîå çíà÷åíèå;

• êâàçèôðàêòàëîì, åñëè åãî ðàçìåðíîñòü Õàóñäîðôà-Áåçèêîâè÷à ñîâïàäàåò ñ

òîïîëîãè÷åñêîé;

• ãèïåðôðàêòàëîì, åñëè åãî ðàçìåðíîñòü Õàóñäîðôà-Áåçèêîâè÷à íà åäèíèöó ìåíüøå

òîïîëîãè÷åñêîé ðàçìåðíîñòè ïðîñòðàíñòâà.

Ïðåäëîæåííûé ïîäõîä ïîçâîëÿåò îäíîçíà÷íî îòíåñòè ê ôðàêòàëüíûì ìíîæåñòâàì,
íàïðèìåð, ìíîãîìåðíûé ïëàñòèí÷àòûé ñèìïëåêñ I òèïà (ôðàêòàëüíàÿ ïîâåðõíîñòü
� íåîäíîðîäíîå ñàìîïîäîáíîå ôðàêòàëüíîå ìíîæåñòâî â ñìûñëå îïðåäåëåíèÿ (2),
êâàçèãèïåðôðàêòàë) [3].
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Êðèâèçíà íåêîòîðûõ ìîäåëåé èíôîðìàöèîííîé ãåîìåòðèè

Ðûëîâ À.À.

(Ôèíàíñîâûé óíèâåðñèòåò ïðè Ïðàâèòåëüñòâå ÐÔ, Ìîñêâà, Ðîññèÿ)

E-mail address: alexander_rylov@mail.ru

Â ðàìêàõ èíôîðìàöèîííîé ãåîìåòðèè ñòàòèñòè÷åñêîé ìîäåëè [1] èññëåäóåòñÿ ñåìåéñòâî S

ðàñïðåäåëåíèé âåðîÿòíîñòåé {Pθ : θ = (θi)ni=1 ∈ Rn}, ãëàäêî ïàðàìåòðèçîâàííîå ïàðàìåòðàìè
θ. Íà òàêîé ìîäåëè åñòåñòâåííûì îáðàçîì îïðåäåëÿåòñÿ ãåîìåòðè÷åñêàÿ ñòðóêòóðà (g,K ),
íàçâàííàÿ â [2] ñòàòèñòè÷åñêîé. Ðîëü êîîðäèíàò íà ìíîãîîáðàçèè S èãðàþò ïàðàìåòðû θi,
ìåòðèêà g ñòðóêòóðû çàäàåòñÿ èíôîðìàöèîííîé ìàòðèöåé Ôèøåðà Iij(θ) =

∫
∂i ln p·∂j ln p·pdP,

ãäå p = p(x|θ) - ïëîòíîñòü âåðîÿòíîñòè ñëó÷àéíîé âåëè÷èíû îòíîñèòåëüíî íåêîòîðîé îáùåé
äîìèíèðóþùåé ìåðû P íà âûáîðî÷íîì ïðîñòðàíñòâå, ∂i = ∂

∂θi
. Êîâàðèàíòíûå êîìïîíåíòû

òåíçîðíîãî ïîëÿ K ñòðóêòóðû èìåþò âèä Kijk(θ) =
∫
∂i ln p · ∂j ln p · ∂k ln p · pdP.

Ïî çàäàííîé ñòàòèñòè÷åñêîé ñòðóêòóðå (g, K ) íà ìîäåëè S èíâàðèàíòíî îïðåäåëÿåòñÿ
îäíîïàðàìåòðè÷åñêîé ñåìåéñòâî α � ñâÿçíîñòåé ×åíöîâà-Àìàðè [1] ∇α = D + α · K, ãäå D

� ñâÿçíîñòü Ëåâè-×èâèòà ìåòðèêè g, α � ïàðàìåòð. Åñëè ñâÿçíîñòü ∇α èìååò ïîñòîÿííóþ
êðèâèçíó, òî ïîëó÷àåì ñòàòèñòè÷åñêóþ ñòðóêòóðó ïîñòîÿííîé α � êðèâèçíû [3].

Â äîêëàäå ñîïîñòàâëÿþòñÿ çíà÷åíèÿ êðèâèçí α � ñâÿçíîñòåé ×åíöîâà-Àìàðè òðåõ âàæíûõ
ñòàòèñòè÷åñêèõ ìîäåëåé: íîðìàëüíîé N [1], ëîãèñòè÷åñêîé L [3], [4] è ìîäåëè Ïàðåòî P [5].
Äëÿ ñâÿçíîñòè Ëåâè-×èâèòà, ò.å. ïðè α = 0, è äëÿ α = 2 èõ êðèâèçíû èìåþò ïîñòîÿííûå
çíà÷åíèÿ, óêàçàííûå â òàáëèöå:

∇α N L P
α = 0 −1

2 ≈ −1, 4 �2

α = 2 −3
2 ≈ −0, 98 �6
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Íåæåñòêèå ïîâåðõíîñòè âðàùåíèÿ ñ óïëîùåíèÿìè â ïîëþñàõ

È. Õ. Ñàáèòîâ1

(ÌÃÓ, Ìîñêâà è ßðÃÓ, ßðîñëàâëü; Ðîññèÿ)

E-mail address: isabitov@mail.ru

Ìû ðàññìàòðèâàåì ïîâåðõíîñòè âðàùåíèÿ, ãîìåîìîðôíûå ñôåðå, è èñïîëüçóÿ ìåòîä ðàáîòû
[1] äîêàçûâàåì ñëåäóþùóþ òåîðåìó.

Òåîðåìà 1. Äëÿ ëþáîãî äàííîãî íàòóðàëüíîãî ÷èñëà m ≥ 2 è ëþáîé ïàðû ÷èñåë (íå

îáÿçàòåëüíî öåëûõ) n1 ≥ 1, n2 ≥ 2, ñóùåñòâóåò ïîâåðõíîñòü âðàùåíèÿ S, èìåþùàÿ â

ïîëþñàõ óïëîùåíèÿ ïîðÿäêà p = 2n1 − 2 ≥ 0 è q = 2n2 − 2 ≥ 0 è äîïóñêàþùàÿ á.ì. èçãèáàíèÿ

ñ íåòðèâèàëüíîé ãàðìîíèêîé ñ íîìåðîì m, ïðè÷åì âîçìîæíî ëþáîå ñî÷åòàíèå óïëîùåíèé:

1) â îáîèõ ïîëþñàõ óïëîùåíèÿ èìåþò ïîðÿäîê p = q = 0 (ò.å. n1 = n2 = 1 è óïëîùåíèÿ

ôàêòè÷åñêè íåò); 2) â îäíîì ïîëþñå óïëîùåíèå åñòü, à â äðóãîì åãî íåò; 3) èëè, íàêîíåö,

îáà ïîëþñà èìåþò óïëîùåíèÿ. Âî âñåõ ñëó÷àÿõ ìîæíî ãàðàíòèðîâàòü, ÷òî è ïîâåðõíîñòü,

è ïîëå á.ì. èçãèáàíèÿ àíàëèòè÷íû âíå ïîëþñîâ, à â ïîëþñàõ ãëàäêîñòü ñëåäóþùàÿ: 1) è

ïîâåðõíîñòü, è á.ì. èçãèáàíèå àíàëèòè÷íû, åñëè îáà ïîëþñà áåç óïëîùåíèé (ò.å. n1 = n2 =
1); 2) è ïîâåðõíîñòü, è á.ì. èçãèáàíèå àíàëèòè÷íû âñþäó, åñëè â îáîèõ ïîëþñàõ óïëîùåíèÿ

÷åòíîãî ïîðÿäêà è ñîãëàñîâàíû ìåæäó ñîáîé ïðè äàííîì íîìåðå ãàðìîíèêè m; 3) â îñòàëüíûõ

ñëó÷àÿõ ãëàäêîñòü ïîâåðõíîñòè è ïîëÿ á.ì. èçãèáàíèÿ çàâèñèò îò ãëàäêîñòè ïîâåðõíîñòè è

ïîðÿäêà óïëîùåíèÿ â ïîëþñàõ (äîïîëíèòåëüíî ìîæíî óòâåðæäàòü, ÷òî åñëè ïîâåðõíîñòü

àíàëèòè÷íà, íî ïîðÿäêè óïëîùåíèé â ïîëþñàõ íå ñîãëàñîâàíû, á.ì. èçãèáàíèÿ áóäóò êëàññà

êîíå÷íîé ãëàäêîñòè).

Î ñîãëàñîâàííîñòè è íåñîãëàñîâàííîñòè ïîðÿäêîâ óïëîùåíèÿ â ïîëþñàõ ïîâåðõíîñòè
âðàùåíèÿ ñì. ðàáîòó [2].
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Íîâûå èíòåãðàëüíûå ôîðìóëû äëÿ êðèâûõ è ìíîãîóãîëüíèêîâ íà ïëîñêîñòè

È. Õ. Ñàáèòîâ1

(ÌÃÓ, Ìîñêâà è ßðÃÓ, ßðîñëàâëü; Ðîññèÿ)

E-mail address: isabitov@mail.ru

Èçâåñòíà ðîëü, êàêóþ èãðàþò ðàçíûå èíòåãðàëüíûå ôîðìóëû â ãåîìåòðèè êðèâûõ è
ïîâåðõíîñòåé. Äëÿ çàìêíóòîé ïëîñêîé êðèâîé îñíîâíîé òîïîëîãè÷åñêîé õàðàêòåðèñòèêîé
ÿâëÿåòñÿ åå èíäåêñ Ind, ðàâíûé ÷èñëó ïîâîðîòîâ êàñàòåëüíîé ê íåé ïðè ïîëíîì îáõîäå êðèâîé.
Ïóñòü C2-ãëàäêàÿ êðèâàÿ L çàäàíà óðàâíåíèåì

x = x(s), y = y(s)

â ôóíêöèè äëèíû äóãè s, à k(s) ÿâëÿåòñÿ åå êðèâèçíîé. Èçâåñòíî ðàâåíñòâî∫
L
k(s)ds = κ(L) = 2πInd(L).

Ìû äîêàçûâàåì ñëåäóþùåå îáîáùåíèå ýòîé êëàññè÷åñêîé ôîðìóëû.

Òåîðåìà 1. Èíòåãðàë ∫
L
k(s)(x′(s))p(y′(s))q ds

ðàâåí 0, åñëè õîòÿ áû îäíî èç íåîòðèöàòåëüíûõ öåëûõ ÷èñåë p èëè q ÿâëÿåòñÿ íå÷åòíûì.

Åñëè æå îáà ýòèõ ÷èñëà ÿâëÿþòñÿ ÷åòíûìè, òîãäà∫
L
k(s)(x′(s))2n(y′(s))2m ds =

(2n)!(2m)!

4n+mn!m!(n+m)!
κ(L), (n ≥ 0,m ≥ 0).

Ãëàäêî àïïðîêñèìèðóÿ ìíîãîóãîëüíèêè îêîëî èõ âåðøèí ìàëûìè äóãàìè âïèñàííûõ
îêðóæíîñòåé, ìîæíî ïîëó÷èòü àíàëîãè÷íûå ôîðìóëû è äëÿ ïëîñêèõ ìíîãîóãîëüíèêîâ,
îáîáùàþùèå ïðåäëîæåííóþ â [1] ôîðìóëó äëÿ ñóììû óãëîâ ìíîãîóãîëüíèêà

Ñïèñîê ëèòåðàòóðû
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Êâàäðàòè÷íîå ïðåäñòàâëåíèå ïëîñêèõ êðèâûõ

Â. Ì. Ñàâåëüåâ

(ËÍÓ, Ëóãàíñê, Óêðàèíà)

E-mail address: svm59@mail.ru

Ïóñòü α � ïëîñêàÿ êðèâàÿ çàäàííàÿ ÿâíûì óðàâíåíèåì y = f(x). Ïóñòü òàêæå ýòà êðèâàÿ íå
ïðîõîäèò ÷åðåç íà÷àëî êîîðäèíàò. Òîãäà åå êâàäðàòè÷íîå ïðåäñòàâëåíèå [2] γ = α⊗α çàäàåòñÿ
ñëåäóþùèì ðàäèóñ-âåêòîðîì

r(t) = (x2, xf(x), xf(x), f2(x)).

Èç âèäà ðàäèóñ-âåêòîðà èìååì γ ⊂ E3 ⊂ E4. Êðîìå òîãî, ïîíÿòíî, ÷òî êðèâàÿ γ ëåæèò íà
êîíóñå.

Âû÷èñëÿÿ âòîðóþ êðèâèçíó [1] k2 êðèâîé γ è ïðèðàâíèâàÿ åå íóëþ ïîëó÷èì ñëåäóþùåå
äèôôåðåíöèàëüíîå óðàâíåíèå

8xyy′y′′′ + 12x2y′y′′
2 − 12xyy′′

2 − 4x2y′
2
y′′′ − 4y2y′′′ = 0.

Ýòî óðàâíåíèå äîïóñêàåò ñëåäóþùèå ðåøåíèÿ

y = ax+ b, y = b

√
1− x2

a2
, y = b

√
x2

a2
− 1.

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà

Òåîðåìà 1. Êâàäðàòè÷íîå ïðåäñòàâëåíèå ýëëèïñà è ãèïåðáîëû åñòü ñîòâåñòâåííî ýëëèïñ è

ãèïåðáîëà.

Ñïèñîê ëèòåðàòóðû

[1] Þ. À. Àìèíîâ Ãåîìåòðèÿ ïîäìíîãîîáðàçèé., � Ê.: Íàóêîâà äóìêà., 2002.

[2] B. Y. Chen Diferential Geometry of semiring of immersions, I: General theory.,- Bull. Ins. Math.
Acad. Sinica 21 (1993), 1-34.
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ÐÅÀËÈÇÀÖÈß ÝÐËÀÍÃÅÍÑÊÎÉ ÏÐÎÃÐÀÌÌÛ ÄËß ÐÈÌÀÍÎÂÛÕ
ÏÐÎÑÒÐÀÍÑÒÂ

Ñ. Ñàìîõâàëîâ

(Ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Äíåïðîäçåðæèíñê, Óêðàèíà)

E-mail address: serg samokhval@ukr.net

Ïóñòü çàäàíà äåôîðìèðîâàííàÿ ãðóïïà äèôôåîìîðôèçìîâ T gH
X = {tx} àôôèííîãî

ïðîñòðàíñòâà X = {x} ñ çàêîíîì óìíîæåíèÿ (t×t′)x = ϕx(tx, t
′
x′) := Hx(Kx(tx)+Kx′(t′x′)), x′ =

x+Kx(tx), ãäåHx - îòîáðàæåíèå äåôîðìàöèè , Kx := H−1x [1]. Ýòèì íàX çàäàíà ñòðóêòóðà
àôôèííîé ñâÿçíîñòè (áåç êðó÷åíèÿ) ñ êîýôôèöèåíòàìè ñâÿçíîñòè γx = ∂λx(0) â áàçèñå ex =
kx · ∂x, ãäå λx(t) := ∂′ϕx(t, 0) è kx := ∂Kx(0) (çäåñü ∂ := ∂/∂t, ∂′ := ∂/∂t′, ∂x := ∂/∂x). Äëÿ
êàíîíè÷åñêîé äåôîðìàöèè , âäîëü ãåîäåçè÷åñêîé, ñîåäèíÿþùåé ïðîèçâîëüíûå äâå òî÷êè
x′ = x(s) è x = x(0), âñå êàñàòåëüíûå ê íåé âåêòîðû τx′ = hx′ ◦ ẋ(s), ãäå hx := k−1x , ñâÿçàíû
λ-ïåðåíîñîì: τx = λx(sτx) ◦ τx′ . Çàäàâàÿ êâàäðàò äëèíû âåêòîðà τ2x := η〈τx, τx〉, íà X çàäàåòñÿ
ñòðóêòóðà ðèìàíîâà ïðîñòðàíñòâà ñ ìåòðèêîé gx := hcx ◦ η ◦ hx (c - òðàíñïîíèðîâàíèå).
Ñâÿçíîñòü ñ ìåòðèêîé ñîãëàñóþòñÿ óñëîâèåì íåèçìåííîñòè äëèíû âåêòîðà τx ïðè λ-ïåðåíîñå:
η〈τx, τx〉 = Gx(sτx)〈τx, τx〉, ãäå Gx(sτx) := λcx(sτx) ◦ η ◦ λx(sτx). Ñòðóêòóðó ïðîèçâîëüíîãî
ðèìàíîâà ïðîñòðàíñòâà ìîæíà çàäàòü íà X òàêèì îáðàçîì, è â ýòîì ñìûñëå ãðóïïà T gH

X

îñóùåñòâëÿåò å¼ òåîðåòèêî-ãðóïïîâîå îïèñàíèå [1]. Ãðóïïà T gH
X íå îñòàâëÿåò èíâàðèàíòîâ

íà X, ïîýòîìó íå ìîæåò ðàññìàòðèâàòüñÿ êàê ãëàâíàÿ ãðóïïà ðèìàíîâà ïðîñòðàíñòâà (ïî
Ô.Êëåéíó [2]).

Ñ öåëüþ ðåàëèçàöèè ýðëàíãåíñêîé ïðîãðàììû äëÿ ðèìàíîâûõ ïðîñòðàíñòâ ðàññìîòðèì
ãðóïïó Gg

X = T g
X×)Λg íåëîêàëüíûõ àâòîìîðôèçìîâ ãðóïïû T gH

X , îñòàâëÿþùèõ ìåòðèêó gx
íåèçìåííîé: x′ = x + θ̃x, τ

′
x = Λ̃x ◦ τx′ , ãäå τx ∈ T gH

X , Gg
X ⊃ T g

X = {θ̃x}, à Gg
X ⊃ Λg = {Λ̃x}

- êàëèáðîâî÷íàÿ ãðóïïà âðàùåíèé. Ãðóïïà Gg
X ïàðàìåòðèçóåòñÿ ïàðàìè (θ̃x, Λ̃x) è îïèñûâàåò

äâèæåíèå ðåïåðà (ïî Ý.Êàðòàíó): e′x′ = Λ̃−1x ·ex′ . Äåôîðìèðóåì ãðóïïóGg
X ⇒ GgH

X = {(θx,Λx)},
ïîëàãàÿ: θ̃x = Kx(θx), Λ̃x = Λx ◦ πx(θx) ñ ñîáëþäåíèåì óñëîâèé ñîãëàñîâàíèÿ: πx(0) = 1,
∂πx(0) = γx, à òàêæå âûïîëíåíèÿ êîìïîçèöèîííîãî çàêîíà πx(sτx)◦πx′(s′τx′) = πx((s+s′)τx) äëÿ
π-ïåðåíîñîâ ξ′x = πx(sτx) ◦ ξx′ ïðîèçâîëüíûõ âåêòîðîâ ξx âäîëü ãåîäåçè÷åñêèõ. Â ýòîì ñëó÷àå
ãðóïïóGgH

X áóäåì íàçûâàòü ãðóïïîé ïàðàëëåëüíûõ ïåðåíîñîâ ðèìàíîâà ïðîñòðàíñòâà
è îáîçíà÷àòü DP .

Òåîðåìà. Òðàíñëÿöèîííûå ãåíåðàòîðû äåéñòâèÿ ãðóïïû DP â ðàññëîåíèè TX ÿâëÿþòñÿ

êîâàðèàíòíûìè ïðîèçâîäíûìè ∇x = ex + γx âåêòîðíûõ ïîëåé, à óñëîâèå èõ êîììóòàöèè

[∇x,∇x] = Rx + Cx · ∇x, ãäå Rx - òåíçîð êðèâèçíû ðèìàíîâà ïðîñòðàíñòâà è Cx

- êîýôôèöèåíòû íåãîëîíîìíîñòè ðåïåðíîãî ïîëÿ ex (ñòðóêòóðíîå óðàâíåíèå ðèìàíîâà

ïðîñòðàíñòâà) - íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ ãðóïïû DP , çàäàþùåé ñâîèì

äåéñòâèåì â TX äàííóþ ñòðóêòóðó íà X.

Ïðåîáðàçîâàíèÿ èç ãðóïïû DP ñîõðàíÿþò äëèíû âåêòîðîâ è óãëû ìåæäó íèìè, ïîýòîìó
ãðóïïà DP ÿâëÿåòñÿ ãëàâíîé ãðóïïîé ðèìàíîâà ïðîñòðàíñòâà [2].

Ñïèñîê ëèòåðàòóðû

[1] Ñ. Ñàìîõâàëîâ. Òåîðåòèêî-ãðóïîâèé îïèñ ðiìàíîâèõ ïðîñòîðiâ // Óêð. ìàò. æóðí., 55 (2003)
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Î ïîñòðîåíèè 4-ìåðíûõ íåëîðåíöåâûõ h-ïðîñòðàíñòâ.

Ã. À. Ñåðÿêèí

(ÊÔÓ, Êàçàíü, Ðîññèÿ)

E-mail address: George.Seryakin@kpfu.ru

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ 4-ìåðíûõ íåëîðåíöåâûõ ìíîãîîáðàçèé íóëåâîé ñèãíàòóðû,
îáëàäàþùåèõ ñèììåòðèÿìè â ôîðìå ïðîåêòèâíûõ äâèæåíèé. Ñ êàæäûì ïðîåêòèâíûì
äâèæåíèåì ñâÿçàíà ñîõðàíÿþùàÿñÿ âåëè÷èíà, êîòîðàÿ îñòàåòñÿ ïîñòîÿííîé âäîëü êàæäîé 4-
ãåîäåçè÷åñêîé è îïðåäåëÿåò çàêîí ñîõðàíåíèÿ.

Äëÿ òîãî, ÷òîáû âåêòîðíîå ïîëåX áûëî ïðîåêòèâíûì äâèæåíèåì, íåîáõîäèìî è äîñòàòî÷íî
âûïîëíåíèå ñëåäóþùèõ óñëîâèé:

(LXGAB);C = 2GABϕ;C +GACϕ;B +GBCϕ;A, (1)

çäåñü A,B = [1, ..., 4], LXGAB� ïðîèçâîäíàÿ Ëè ìåòðèêè GAB â íàïðàâëåíèè ïðîåêòèâíîãî
äâèæåíèÿ X, ϕ åñòü 1-ôîðìà, è òî÷êà ñ çàïÿòîé îçíà÷àåò êîâàðèàíòíîå äèôôåðåíöèðîâàíèå
îòíîñèòåëüíî ìåòðèêèGAB. Óðàâíåíèÿ (1) ðàçáèâàþòñÿ íà äâå ãðóïïû: óðàâíåíèÿ Ýéçåíõàðòà

hAB;C = 2GABϕ;C +GACϕ;B +GBCϕ;A (2)

è îáîáùåííûå óðàâíåíèÿ Êèëëèíãà

(LXGAB);C = hAB (3)

Ìåòðèêè, äîïóñêàþùèå íåòðèâèàëüíûå ðåøåíèÿ hAB 6= cGAB óðàâíåíèé Ýéçåíõàðòà,
íàçûâàþòñÿ h-ìåòðèêàìè, à ñîîòâåòñòâóþùèå ïðîñòðàíñòâà � h-ïðîñòðàíñòâàìè.

Â ðàáîòå 4-ìåðíûå h-ïðîñòðàíñòâà íåëîðåíöåâîé ñèãíàòóðû. Ïðè ïîìîùè ìåòîäà
êîñîíîðìàëüíîãî ðåïåðà À. Â. Àìèíîâîé [1] áûëè ïîëó÷åíû h-ìåòðèêè óêàçàííîãî òèïà è
èññëåäîâàíà èõ ñòðóêòóðà.

Ñïèñîê ëèòåðàòóðû

[1] À. Â. Àìèíîâà, Ïðîåêòèâíûå ïðåîáðàçîâàíèÿ ïñåâäîðèìàíîâûõ ìíîãîîáðàçèé, Ì.: �ßíóñ-
Ê�, 2003.
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Î ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèÿõ â öåëîì íåêîòîðûõ ñïåöèàëüíûõ

êëàññîâ êåëåðîâûõ ïðîñòðàíñòâ

Å. Í. Ñèíþêîâà

(Þæíîóêðàèíñêèé íàöèîíàëüíûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èìåíè Ê. Ä. Óøèíñêîãî,
Îäåññà, Óêðàèíà)

E-mail address: Marbel@ukr.net

Âûäåëåíû íåêîòîðûå íîâûå êëàññû â öåëîì ãîëîìîðôíî-ïðîåêòèâíî îäíîçíà÷íî îïðåäåëåííûõ
êåëåðîâûõ ïðîñòðàíñòâ. Â ÷àñòíîñòè äîêàçàíà

Òåîðåìà 1. Êîìïàêòíûå êåëåðîâû Cr ïðîñòðàíñòâà Kn(n > 2, r > 4), â êîòîðûõ ïðè

íåêîòîðûõ âåùåñòâåííûõ çíà÷åíèÿõ αi, i = 1, s íà ìíîæåñòâå ñèììåòðè÷íûõ äâàæäû

êîíòðàâàðèàíòíûõ òåíçîðîâ bij

bαβbγσPαγσβ ≥ 0 (≤ 0), (1)

ïðè÷åì ðàâåíñòâî íóëþ ìîæåò äîñòèãàòüñÿ ëèøü ïðè bij = ρ(x)gij, â öåëîì íå äîïóñêàþò

íåòðèâèàëüíûõ ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèé.

Òåíçîð Pαγσβ â (1) ñïåöèàëüíûì îáðàçîì âûðàæàåòñÿ ÷åðåç êîâàðèàíòíûå ïðîèçâîäíûå
âòîðîãî ïîðÿäêà òåíçîðîâ Ðèìàíà, Ðè÷÷è è ñêàëÿðíîé êðèâèçíû ðàññìàòðèâàåìîãî êåëåðîâîãî
ïðîñòðàíñòâà Kn. ×èñëà αi, i = 1, 8, ñîäåðæàòñÿ â ýòîì âûðàæåíèè.

×àñòíûì ñëó÷àåì òåîðåìû 1 ïðè α3 = 1, α1 = α2 = α4 = ... = α8 = 0 ÿâëÿåòñÿ

Òåîðåìà 2. Êîìïàêòíûå êåëåðîâû Cr ïðîñòðàíñòâà Kn(n > 2, r > 4), â êîòîðûõ íà

ìíîæåñòâå ñèììåòðè÷íûõ äâàæäû êîíòðàâàðèàíòíûõ òåíçîðîâ bij

bαβbγσ
(
Rα(γ,σ)β −Rαβ,γσ

)
≥ 0 (≤ 0),

ïðè÷åì ðàâåíñòâî íóëþ ìîæåò äîñòèãàòüñÿ ëèøü ïðè bij = ρ(x)gij, â öåëîì íå äîïóñêàþò

íåòðèâèàëüíûõ ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèé.

Èññëåäîâàíèÿ áàçèðóþòñÿ íà îñíîâíûõ óðàâíåíèÿõ ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèé
êåëåðîâûõ ïðîñòðàíñòâ, çàäàííûõ â âèäå ëèíåéíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â
êîâàðèàíòíûõ ïðîèçâîäíûõ, ïåðâîãî ïîðÿäêà, òèïà Êîøè ([1,2]) è èçâåñòíîé òåîðåìå Ãðèíà
([3,4]).

Ïðèâåäåíû ïðèìåðû êåëåðîâûõ ïðîñòðàíñòâ, óäîâëåòâîðÿþùèõ óñëîâèÿì
ñôîðìóëèðîâàííûõ òåîðåì.

Ñïèñîê ëèòåðàòóðû
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Ãåîìåòðè÷åñêèå îáúåêòû, èíâàðèàíòíûå îòíîñèòåëüíî êâàçè-ãåîäåçè÷åñêèõ

îòîáðàæåíèé ðèìàíîâûõ ïðîñòðàíñòâ ñ ñèìïëåêòè÷åñêîé ñòðóêòóðîé

Î. Ò. Ñèñþê

(ÎÍÓ, Îäåññà, Óêðàèíà)

E-mail address: olia-sisiuk@list.ru

Ðàññìàòðèâàëèñü êâàçè-ãåîäåçè÷åñêèå îòîáðàæåíèÿ ðèìàíîâûõ ïðîñòðàíñòâ ñ
ñèìïëåêòè÷åñêèìè ñòðóêòóðàìè.

Èññëåäîâàíèå âåäåòñÿ â òåíçîðíîé ôîðìå, ëîêàëüíî, â êëàññå âåùåñòâåííûõ äîñòàòî÷íî
ãëàäêèõ ôóíêöèé.

Êâàçè-ãåîäåçè÷åñêèå îòîáðàæåíèÿ áûëè ââåäåíû àêàäåìèêîì À.Ç.Ïåòðîâûì â ([1]) ïðè
èññëåäîâàíèè ïðîáëåìû ìîäåëèðîâàíèÿ (â ñìûñëå ïîâåäåíèÿ ïðîáíûõ ÷àñòèö) ôèçè÷åñêèõ
ïîëåé. Â ðåçóëüòàòå À.Ç.Ïåòðîâ ïðèøåë ê çàäà÷å êâàçè-ãåîäåçè÷åñêèõ îòîáðàæåíèé
ðèìàíîâûõ ïðîñòðàíñòâ V4 ñèãíàòóðû Ìèíêîâñêîãî. Â ([2]) ýòè îòîáðàæåíèÿ áûëè îáîáùåíû
íà ñëó÷àé ïðîèçâîëüíîé ðàçìåðíîñòè è ñèãíàòóðû.

Ïóñòü ðèìàíîâû ïðîñòðàíñòâà Vn
(
gij , F

h
i

)
è V n

(
gij , F

h
i

)
íàõîäÿòñÿ â êâàçè-ãåîäåçè÷åñêîì

îòîáðàæåíèè. Òîãäà èõ îñíîâíûå óðàâíåíèÿ â îáùåé ïî îòîáðàæåíèþ ñèñòåìå êîîðäèíàò
(
xi
)

èìåþò âèä:

Γ
h
ij(x) = Γhij(x) + ψ(i(x)δhj)(x) + ϕ(i(x)F hj)(x)

F(ij) = F (ij) = 0,

F(ij) = Fαj gαi, F (ij) = Fαj gαi,

ãäå Γ
h
ij ,Γ

h
ij êîìïîíåíòû îáúåêòîâ ñâÿçíîñòè ïðîñòðàíñòâ V n è Vn ñ ìåòðè÷åñêèìè òåíçîðàìè

g(ij) è g(ij), ñîîòâåòñòâåííî; ψi, ϕi - êîâåêòîðû; F
h
i - àôôèíîð; êðóãëûìè ñêîáêàìè îáîçíà÷åíî

ñèììåòðèðîâàíèå. Â ïðåäïîëîæåíèè, ÷òî àôôèíîð F îïðåäåëÿåò ñèìïëåêòè÷åñêóþ ñòðóòóðó
íà Vn è V n, ò.å.:

|F hi | 6= 0,

F(ij,k) = F (ij|k) = 0,

ãäå "," è "|" çíàêè êîâàðèàíòíîé ïðîèçâîäíîé ïî ñâÿçíîñòÿì Γ è Γ, ñîîòâåòñòâåííî,
ñòðîèòñÿ è èññëåäóåòñÿ ðÿä ãåîìåòðè÷åñêèõ îáúåêòîâ êàê íåîäíîðîäíûõ (òèïà ïàðàìåòðîâ
Òîìàñà â òåîðèè ãåîäåçè÷åñêèõ îòîáðàæåíèé ðèìàíîâûõ ïðîñòðàíñòâ), òàê è òåíçîðíîãî
õàðàêòåðà, èíâàðèàíòíûõ îòíîñèòåëüíî ðàññìàòðèâàåìûõ îòîáðàæåíèé. Âûäåëÿþòñÿ êëàññû
ïðîñòðàíñòâ, îäíîçíà÷íî îïðåäåëåííûõ îòíîñèòåëüíî êâàçè-ãåîäåçè÷åñêèõ îòîáðàæåíèé
ñèìïëåêòè÷åñêèõ ðèìàíîâûõ ïðîñòðàíñòâ.

Ñïèñîê ëèòåðàòóðû

[1] Ïåòðîâ À.Ç. Î ãåîäåçè÷åñêèõ îòîáðàæåíèÿõ ðèìàíîâûõ ïðîñòðàíñòâ íåîïðåäåëåííîé

ìåòðèêè .,- Èçâ. Êàçàíñê. ôèç î-âà. ïðè ÊÃÓ, (1949), 14, ñåð. 3, Ñ. 3-36.

[2] Êóðáàòîâà È.Í. Êâàçè-ãåîäåçè÷åñêèå îòîáðàæåíèÿ ðèìàíîâûõ ïðîñòðàíñòâ.,- Äèññ. íà
ñîèñê. ó÷åí. ñòåï. ê. ô.-ì. í. Îäåñ. ÎÃÓ, (1979), 99ñ.
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Âûïóêëûå ìíîãîãðàííèêè ñ èçîëèðîâàííûìè ñèììåòðè÷íûìè ãðàíÿìè

Â. È. Ñóááîòèí

(ÞÐÃÒÓ(ÍÏÈ), Íîâî÷åðêàññê, Ðîññèÿ)

E-mail address: geometry@mail.ru

Çàìêíóòûé âûïóêëûé ìíîãîãðàííèê â òð¼õìåðíîì åâêëèäîâîì ïðîñòðàíñòâå íàçûâàåòñÿ
ñèììåòðè÷íûì, åñëè îí èìååò õîòÿ áû îäíó íåòðèâèàëüíóþ îñü ñèììåòðèè. Áóäåì
ãîâîðèòü, ÷òî îñü ñèììåòðèè çàìêíóòîãî âûïóêëîãî ìíîãîãðàííèêà â òð¼õìåðíîì åâêëèäîâîì
ïðîñòðàíñòâå ïðîõîäèò ÷åðåç ãðàíü ìíîãîãðàííèêà, åñëè îíà ïåðïåíäèêóëÿðíà ýòîé ãðàíè è
ïåðåñåêàåò îòíîñèòåëüíóþ âíóòðåííîñòü ýòîé ãðàíè.

Ãðàíü, ÷åðåç êîòîðóþ ïðîõîäèò îñü ñèììåòðèè ìíîãîãðàííèêà áóäåì íàçûâàòü
ñèììåòðè÷íîé; â ïðîòèâíîì ñëó÷àå � íåñèììåòðè÷íîé.

Ñèììåòðè÷íóþ ãðàíü F ìíîãîãðàííèêà áóäåì íàçûâàòü èçîëèðîâàííîé, åñëè âñå
ãðàíè, âõîäÿùèå â çâåçäó F , ò.å.ñîñåäíèå ñ F ïî ðåáðó, íåñèììåòðè÷íû. Åñëè â
ìíîãîãðàííèêå êàæäàÿ ñèììåòðè÷íàÿ ãðàíü èçîëèðîâàíà, òî áóäåì ãîâîðèòü, ÷òî çàìêíóòûé
âûïóêëûé ìíîãîãðàííèê â òð¼õìåðíîì åâêëèäîâîì ïðîñòðàíñòâå ÿâëÿåòñÿ ìíîãîãðàííèêîì ñ

èçîëèðîâàííûìè ñèììåòðè÷íûìè ãðàíÿìè

Ðàíåå àâòîðîì ([1]) áûëè ðàññìîòðåíû ìíîãîãðàííèêè ñ èçîëèðîâàííûìè
íåñèììåòðè÷íûìè ãðàíÿìè. Â íàñòîÿùåé ðàáîòå íàéäåíà òî÷íàÿ âåðõíÿÿ îöåíêà
÷èñëà ãðàíåé ìíîãîãðàííèêîâ ñ èçîëèðîâàííûìè ñèììåòðè÷íûìè ãðàíÿìè ïðè íåêîòîðîì
åñòåñòâåííîì óñëîâèè. Áåç ýòîãî óñëîâèÿ ìíîãîãðàííèê ñ èçîëèðîâàííûìè ñèììåòðè÷íûìè
ãðàíÿìè ìîæåò èìåòü êàê óãîäíî áîëüøîå ÷èñëî ãðàíåé.

Òåîðåìà 1. Ïóñòü êàæäàÿ íåñèììåòðè÷íàÿ ãðàíü ìíîãîãðàííèêà ñ èçîëèðîâàííûìè

ñèììåòðè÷íûìè ãðàíÿìè âõîäèò â çâåçäó òîëüêî îäíîé ñèììåòðè÷íîé ãðàíè è ïóñòü â

çâåçäå êàæäîé íåñèììåòðè÷íîé ãðàíè íàéä¼òñÿ åù¼ òîëüêî îäíà íåñèììåòðè÷íàÿ ãðàíü

çâåçäû äðóãîé ñèììåòðè÷íîé ãðàíè. Òîãäà ìàêñèìàëüíî âîçìîæíîå ÷èñëî ãðàíåé òàêîãî

ìíîãîãðàííèêà ðàâíî 422.

Çàìåòèì, ÷òî ìíîãîãðàííèêè ñ èçîëèðîâàííûìè ñèììåòðè÷íûìè ãàíÿìè íå ÿâëÿþòñÿ
ìåòðè÷åñêè äâîéñòâåííûìè ê ìíîãîãðàííèêàì ñ èçîëèðîâàííûìè íåñèììåòðè÷íûìè ãðàíÿìè.

Ñïèñîê ëèòåðàòóðû

[1] Ñóááîòèí Â.È. Ñèììåòðè÷íûå ìíîãîãðàííèêè ñ èçîëèðîâàííûìè íåñèììåòðè÷íûìè

ãðàíÿìè.,- // Òðóäû ó÷àñòíèêîâ ìåæäóíàðîäíîé øêîëû-ñåìèíàðà ïî ãåîìåòðèè è àíàëèçó
ïàìÿòè Í.Â.Åôèìîâà. - Ðîñòîâ-íà-Äîíó,2008. Ñ. 74-75.

76



Î ñåðäöåâèíå íåêîòîðîé ÷åòûðåõìåðíîé òðè-òêàíè Áîëà ïàðàáîëè÷åñêîãî òèïà

Ã. À. Òîëñòèõèíà

(Òâåðñêîé ãîñóíèâåðñèòåò, Òâåðü, Ðîññèÿ)

E-mail address: tga 56@mail.ru

Èçâåñòíî [1], [2], ÷òî âñÿêàÿ ÷åòûpåõìåpíàÿ ñðåäíÿÿ òêàíü Áîëà (òêàíü Bm) ãpàññìàíèçóåìà, òî
åñòü ýêâèâàëåíòíà ãðàññìàíîâîé òêàíè, ïîpîæäàåìîé íà ãðàññìàíîâîì ìíîãîîáðàçèè ïðÿìûõ
G(1, 4) ïpîåêòèâíîãî ïpîñòpàíñòâà P 3 òðåìÿ ãèïåpïîâåpõíîñòÿìè, îäíà èç êîòîðûõ ÿâëÿåòñÿ
ïëîñêîñòüþ (îáîçíà÷èì åå π), à äâå äðóãèå ïpèíàäëåæàò îäíîé è òîé æå êâàäpèêå (îáîçíà÷èì
åå Q). Òàêèå òêàíè êëàññèôèöèpîâàíû ïî âèäó êâàäpèêè Q è åå âçàèìíîìó pàñïîëîæåíèþ
ñ ïëîñêîñòüþ π. Ïðè ýòîì ðàçëè÷àþò òêàíè òðåõ òèïîâ: ýëëèïòè÷åñêîãî (êâàäpèêà Q
îâàëüíàÿ), ãèïåðáîëè÷åñêîãî (êâàäpèêà Q êîëüöåâèäíàÿ) è ïàðàáîëè÷åñêîãî (êâàäpèêà Q
ÿâëÿåòñÿ êîíóñîì). Â [3] íàéäåíû óðàâíåíèÿ ÷åòûðåõìåðíûõ òðè-òêàíåé Bm ïàðàáîëè÷åñêîãî
òèïà, â òîì ÷èñëå óðàâíåíèÿ òêàíè Π∗:

z1 =
1√
x2y2

x2 − y2

x1 − y1
, z2 = z1x1 −

√
x2

y2
,

ãäå x2 6= 0, y2 6= 0, x1 − y1 6= 0. Äëÿ òêàíè Π∗ ãèïåðïëîñêîñòü π ïåðåñåêàåò êîíóñ Q
ïî íåâûðîæäåííîé äåéñòâèòåëüíîé êðèâîé âòîðîãî ïîðÿäêà. Ïóñòü B∗

l � ÷åòûðåõìåðíàÿ
ëåâàÿ òðè-òêàíü Áîëà, ñâÿçàííàÿ ñ òêàíüþ Π∗ ïðåîáðàçîâàíèåì ïàðàñòîôèè: êîîðäèíàòíàÿ
êâàçèãðóïïà òêàíè B∗

l ñóòü ëåâàÿ îáðàòíàÿ êâàçèãðóïïà −1f êîîðäèíàòíîé êâàçèãðóïïû f
òêàíè Bm. Èçâåñòíî [1], [4], ÷òî ëþáàÿ òêàíü Bl èíäóöèðóåò íà áàçå X ïåðâîãî ñëîåíèÿ
ëîêàëüíóþ êâàçèãðóïïó (∗) : X × X → X, íàçûâàåìóþ ñåðäöåâèíîé. Óðàâíåíèå ïîñëåäíåé
c = a ∗ b ñâÿçûâàåò ïàðàìåòðû ñëîåâ ïåðâîãî ñëîåíèÿ òêàíè, âõîäÿùèõ â ïðîèçâîëüíóþ
êîíôèãóðàöèþ (Bl), çàìûêàíèå êîòîðûõ õàðàêòåðèçóåò ëåâûå òêàíè Áîëà [1]. Èçâåñòíî [4], ÷òî
ñåðäöåâèíà ëåâîé òêàíè Áîëà èçîòîïíà ëåâîé ëóïå Áîëà, à ïîòîìó îïðåäåëÿåò íåêîòîðóþ ëåâóþ
òðè-òêàíü Áîëà, íå ýêâèâàëåíòíóþ, âîîáùå ãîâîðÿ, èñõîäíîé òêàíè. Îêàçàëîñü, ÷òî ñåðäöåâèíà
òêàíè B∗

l , ñâÿçàííîé ñ òêàíüþ Π∗, íå èçîòîïíà ëîêàëüíîé êîîðäèíàòíîé êâàçèãðóïïå òêàíè, à
îïðåäåëÿåìàÿ åþ ÷åòûðåõìåðíàÿ ëåâàÿ òêàíü Áîëà ñâÿçàíà ïðåîáðàçîâàíèåì ïàðàñòðîôèè ñ
÷åòûðåõìåðíîé òêàíüþ Bm ãèïåðáîëè÷åñêîãî òèïà. Ñïðàâåäëèâà

Òåîðåìà. Ïóñòü B∗
` � ÷åòûðåõìåðíàÿ ëåâàÿ òðè-òêàíü Áîëà, ñâÿçàííàÿ ïðåîáðàçîâàíèåì

ïàðàñòðîôèè ñ ÷åòûðåõìåðíîé ñðåäíåé òðè-òêàíüþ Áîëà Π∗ ïàðàáîëè÷åñêîãî òèïà. Ëåâàÿ

îáðàòíàÿ êâàçèãðóïïà ñåðäöåâèíû òðè-òêàíè B∗
` îïðåäåëÿåò ñðåäíþþ òðè-òêàíü Áîëà

ãèïåðáîëè÷åñêîãî òèïà.

Ïðè äîêàçàòåëüñòâå ñóùåñòâåííî èñïîëüçóþòñÿ àíàëèòè÷åñêèå õàðàêòåðèñòèêè òêàíåé
Áîëà ðàçëè÷íûõ òèïîâ è óñëîâèÿ èçîòîïíîñòè ñåðäöåâèíû è êîîðäèíàòíîé êâàçèãðóïïû òêàíè.

Ñïèñîê ëèòåðàòóðû

[1] Àêèâèñ Ì. À., Øåëåõîâ A. M. Ìíîãîìåðíûå òðè-òêàíè è èõ ïðèëîæåíèÿ//ìîíîãðàôèÿ/
Òâåðü, ÒâÃÓ. 2010. 308 ñ.

[2] Èâàíîâ À. Ä. Îá èíòåðïðåòàöèè ÷åòûðåõìåðíûõ òêàíåé Áîëÿ â òðåõìåðíîì

ïðîåêòèâíîì ïðîñòðàíñòâå// Ãåîìåòðèÿ îäíîðîäíûõ ïðîñòðàíñòâ, Ì.: Ìîñê. ãîñ. ïåä.
èí-ò. 1973. Ñ. 42�57.

[3] Èâàíîâ À. Ä. Î ÷åòûðåõìåðíûõ òêàíÿõ Áîëÿ ïàðàáîëè÷åñêîãî òèïà// Èçâ. Âóçîâ. Ìàò.
1976. �1. Ñ. 42�47.

[4] Òîëñòèõèíà Ã. À., Øåëåõîâ A. M. Î òðè-òêàíÿõ Áîëà ñ IC-ñâîéñòâîì// Èçâ. Âóçîâ. Ìàò.
2013. �5. Ñ. 25�35.
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Ñîâåðøåííûé ìåãàîêòàýäð È.Íüþòîíà-Ë.Øëåôëè

À.Ô. Òóðáèí

(Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, ÍÏÓ èì. Ì. Äðàãîìàíîâà, ã.Êèåâ, Óêðàèíà)

E-mail address: turbin@imath.kiev.ua

Âûïóêëûé ìíîãîãðàííèê â àôèííî åâêëèäîâîì ïðîñòðàíñòâå En, n ≥ 4, ÿ íàçûâàþ

ñîâåðøåííûì, åñëè îí ïðàâèëüíûé, ñàìîäâîéñòâåííûé (ïðàâèëüíûå ñàìîäâîéñòâåííûå

ìíîãîãðàííèêè � ãèïåðòåòðàýäðû Ë.Øëåôëè), çàïîëíÿåò ïðîñòðàíñòâî (�ìíîãîãðàííèê

Ã.Âîðîíîãî àâòîäóàëüíîé ðåøåòêè â En, n ≥ 4), íà âåðøèíàõ ìíîãîãðàííèêà, âïèñàííîãî â

ãèïåðñôåðó Sn−1 (R) ðàäèóñàR ðàçìåùàþòñÿ, êàñàÿñü äðóã äðóãà, ãèïåðñôåðû òîãî æå ðàäèóñà

(ðåøåíèå îáîáù¼ííîé ïðîáëåìû È.Íüþòîíà-Äæ.Ãðåãîðè).

Ñîâåðøåííûå ìíîãîãðàííèêè åñòü âî âñåõ ïðîñòðàíñòâàõ En, n ≥ 4. Âîçãëàâëÿåò ïàðàä

ñîâåðøåííûõ ìíîãîãðàííèêîâ ìåãàîêòàýäð È.Íüþòîíà-Ë.Øëåôëè (24, 96, 96, 24).
Óâèäåòü ñîâåðøåííûå ìíîãîãðàííèêè âEn, n ≥ 4, ãåîìåòðàì íà áîëåå ÷åì ïîëòîðà ñòîëåòèÿ

çàïðåòèëà íå (êàê îêàçàëîñü, íåâåðíàÿ) òåîðåìà îòâàæíîãî øâåéöàðñêîãî øêîëüíîãî ó÷èòåëÿ

Ë.Øëåôëè î ïðàâèëüíûõ ìíîãîãðàííèêàõ, ó êîòîðîãî íåò îãðàíè÷åíèé íà ÷èñëî ïðàâèëüíûõ

ìíîãîãðàííèêîâ, à ïîïûòêè å¼ äîêàçàòü (Ã.Êîêñòåð è äð.).

Äâà íåñîâìåñòèìûõ ìíîãîãðàííèêà, ó êîòîðûõ, òåì íå ìåíåå, ñîâïàäàåò ÷èñëî k-ìåðíûõ
ãðàíåé, 0 ≤ k ≤ n− 1, íàçîâ¼ì ñòðóêòóðíûìè áëèçíåöàìè.

Ñòðóêòóðíûé áëèçíåö ñîâåðøåííîãî ìåãàîêòàýäðà È.Íüþòîíà-Ë.Øëåôëè (24, 96, 96, 24) �
ãèïåðêóáîîêòàýäð (24, 96, 96, 24 = 8 + 16), ó êîòîðîãî 3-ãðàíè � êóáû è îêòàýäðû.

Ó ïîëóïðàâèëüíîãî àðõèìåäîâà òåëà (12, 24, 14), ãðîìêî íàçûâàåìîãî êóáîîêòàýäðîì, íå

óâèäåòü íè êóáà, íè îêòàýäðà. Òîëüêî èõ "óëûáêè"!

Ïóñòü RPn (m, k) � ðåãóëÿðíûé âûïóêëûé ìíîãîãðàííèê, m � ÷èñëî âåðøèí, k � ÷èñëî

ð¼áåð.

Ãðàíüþ Äà Âèí÷è ìíîãîãðàííèêà RPn (m, k) ÿ íàçûâàþ ðåãóëÿðíûé m-âåðøèííèê

RPn (m, r) â Ep, 4 ≤ p < n, n+ 1 ≤ r < k.
Ãðàíüþ Äà Âèí÷è ñîâåðøåííîãî ìåãàîêòàýäðà È.Íüþòîíà-Ë.Øëåôëè ÿâëÿåòñÿ óñå÷¼ííûé

îêòàýäð Àðõèìåäà (24, 36, 14), çàïîëíÿþùèé E3 êàê êóá (8, 12, 6) è ðîìáîäîäåêàýäð È.Êåïëåðà
(14, 24, 12).

Ñóïåðãðàíüþ Äà Âèí÷è ìíîãîãðàííèêà RPn (m, k) ÿ íàçûâàþ ðåãóëÿðíûé m-âåðøèííèê

RPp (m, q) , q < k.
Ñîâåðøåííûé ìåãàîêòàýäð È.Íüþòîíà-Ë.Øëåôëè (24, 96, 96, 24) ÿâëÿåòñÿ ñóïåðãðàíüþ Äà

Âèí÷è ïðîñòîãî ñàìîäâîéñòâåííîãî èêîñèàíîýäðà Äæ.Ãðåãîðè-À.Ïîãîðåëîâà (24, 144, 144, 24),
òð¼õìåðíûå ãðàíè êîòîðîãî � èêîñàýäðû (12, 30, 20).

Ìíîãîãðàííèê RPp (m− 2r, s), 4 ≤ p, 4 ≤ r < 1
2m, íå ÿâëÿþùèéñÿ p-ìåðíîé ãðàíüþ

ìíîãîãðàííèêà RPn (m, k), ÿ íàçûâàþ ãðàíüþ-ïðèçðàêîì ñîâåðøåííîãî ìåãàîêòàýäðà.

Ñîâåðøåííûé ïîëóìåãàîêòàýäð È.Íüþòîíà-Ë.Øëåôëè (12, 48, 48, 12) ÿâëÿåòñÿ ãðàíüþ-

ïðèçðàêîì ñîâåðøåííîãî ìåãàîêòàýäðà È.Íüþòîíà-Ë.Øëåôëè (24, 96, 96, 24).
Âèäåîñîïðîâîæäåíèå äîêëàäà: ñîâåðøåííûé ìåãàîêòàýäð È.Íüþòîíà-Ë.Øëåôëè, ãðàíè,

ãðàíè-ïðèçðàêè.
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Ãåîìåòðè÷åñêèé ñèíòåç â äåéñòâèè

À.Ô. Òóðáèí

(Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, ÍÏÓ èì. Ì. Äðàãîìàíîâà, ã.Êèåâ, Óêðàèíà)

E-mail address: turbin@imath.kiev.ua

Þ.Ä. Æäàíîâà

(Ãîñóäàðñòâåííûé óíèâåðñèòåò èíôîðìàöèîííî-êîììóíèêàöèîííûõ òåõíîëîãèé, ã.Êèåâ)

E-mail address: yuzhdanova@yandex.ru

Âåëèêèé È. Êåïëåð íàçûâàë ðîìáîäîäåêàýäð (14, 24, 12) "íàèáîëåå ïðàâèëüíîé ôèãóðîé,

êîòîðàÿ ïîäîáíî òðåóãîëüíèêàì, êâàäðàòàì è øåñòèóãîëüíèêàì çàïîëíÿåò âñå ïðîñòðàíñòâî".

Ðîìáîäîäåêàýäð È. Êåïëåðà (14 = 8 + 6, 24 = 12 + 12, 12 = 6 + 8 − 2) � ðåçóëüòàò

ãåîìåòðè÷åñêîãî ñèíòåçà äâóõ ïðàâèëüíûõ äâîéñòâåííûõ äðóã äðóãó ìíîãîãðàííèêîâ:

êóáà (8 = 14 − 6, 12, 6) è îêòàýäðà (6 = 14 − 8, 12, 8).
Â ïðîñòðàíñòâå E3 ãåîìåòðè÷åñêèé ñèíòåç íåñàìîäâîéñòâåííûõ âûïóêëûõ ìíîãîãðàííèêîâ

P3 (B,P,Γ), ó êîòîðûõ äëèíû ð¼áåð îäèíàêîâû è ñðåäè äâóìåðíûõ ãðàíåé åñòü

òðåóãîëüíèêè, äà¼ò ñóïåððîìáîýäðûÞ.À. Ìèòðîïîëüñêîãî P3 (B + Γ, 2R, 2 −B + Γ + 2R), 2-
ãðàíè êîòîðûõ ðîìáû. Ðåçóëüòàò ãåîìåòðè÷åñêîãî ñèíòåçà ðîìáîäîäåêàýäðà è äâîéñòâåííîãî

åìó óñå÷åííîãî îêòàýäðà Àðõèìåäà (12, 24, 14) � ñóïåððîìáîýäð Þ.À. Ìèòðîïîëüñêîãî

(32 = 12 + 20, 60 =30 + 30, 30 = 12 + 12 − 2).
Â ïðîñòðàíñòâå E4 ñîâåðøåííûé ìåãàîêòàýäð È.Íüþòîíà-Ë.Øëåôëè (24, 96, 96, 24)

� ðåçóëüòàò ãåîìåòðè÷åñêîãî ñèíòåçà äâóõ ñîâåðøåííûõ ïîëóìåãàîêòàýäðîâ È.Íüþòîíà-

Ë.Øëåôëè (12, 48, 48, 12).
Ðåçóëüòàò ãåîìåòðè÷åñêîãî ñèíòåçà ãèïåðêóáà (16, 32, 24, 8) è äâîéñòâåííîãî åìó

ìåãàòåòðàýäðà Ë.Øëåôëè (8, 24, 32, 16) � ñóïåððîìáîýäð Þ.À. Ìèòðîïîëüñêîãî

(24 = 16 + 8, 48, 36, 12). Ñóïåððîìáîýäð Þ.À. Ìèòðîïîëüñêîãî çàïîëíÿåò ïðîñòðàíñòâî

E4 è ÿâëÿåòñÿ ìíîãîãðàííèêîì Ã.Âîðîíîãî ðåø¼òêè â E4.

Â En, n ≥ 4, ãåîìåòðè÷åñêèé ñèíòåç íåñàìîäâîéñòâåííûõ âûïóêëûõ ìíîãîãðàííèêîâ

Pn

(
Γ0
n,Γ

1
n, ...,Γ

k
n, ...,Γ

n−1
n

)
, ãäå Γk

n � ÷èñëî k-ìåðíûõ ãðàíåé, ó êîòîðûõ äëèíû ð¼áåð îäèíàêîâû

è ñðåäè äâóìåðíûõ ãðàíåé åñòü òðåóãîëüíèêè, äà¼ò ñóïåððîìáîýäðû Þ.À. Ìèòðîïîëüñêîãî

Pn

(
Γ0
n + Γn−1

n , 2Γ1
n, ..., 2Γk

n, ...,Γ
0
n + Γn−1

n − 2
)
, ó êîòîðûõ 3-ãðàíè � àôôèííûå êóáû (8, 12, 6),

2-ãðàíè êîòîðûõ ðîìáû.

Ãåîìåòðè÷åñêèé ñèíòåç òð¼õ ïðàâèëüíûõ øåñòèìåðíûõ êîíòàêòíûõ ìåãàêóáîýäðîâ

È.Íüþòîíà-Í.Êóçåííîãî (60, 480, 720, 720, 480, 60) äà¼ò äåñÿòèìåðíûé ñóïåðñòðóííûé

ïðàâèëüíûé êîíòàêòíûé ìåãàêóáîýäð È. Íüþòîíà-Í. Êóçåííîãî (180, 2880, . . . , 2880, 180).
Âèäåîñîïðîâîæäåíèå äîêëàäà: ôàíòàñòè÷åñêèå ïî êðàñîòå îáðàçû ñèíòåçèðîâàííûõ

ìíîãîãðàííèêîâ.
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Íåïðåðûâíûå èçãèáàíèÿ îâàëîèäà ñ äûðêîé ïðè óñëîâèè îáîáùåííîé âòóëî÷íîé

ñâÿçè

Â. Ò. Ôîìåíêî

(Òàãàíðîã, ÒÃÏÈ èì. À.Ï. ×åõîâà)

E-mail address: vtfomenko@rambler.ru

The author proves that the ovaloid with a hole admits nontrivial bendings provided that the

ovaloid along the boundary subject to a hub.

Ðàññìîòðèì â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå îâàëîèä S ïîëîæèòåëüíîé ãàóññîâîé

êðèâèçíû è íåêîòîðóþ òî÷êó O íà íåì. Áóäåì ñ÷èòàòü, ÷òî òî÷êà O ÿâëÿåòñÿ íà÷àëîì

êîîðäèíàò è òåêóùàÿ òî÷êàM îâàëîèäà S èìååò ðàäèóñ-âåêòîð r. Ïóñòü, äàëåå, L � çàìêíóòàÿ

ãëàäêàÿ êðèâàÿ íà îâàëîèäå S, íå ïðîõîäÿùàÿ ÷åðåç òî÷êó O. Îáîçíà÷èì ÷åðåç S(L) êóñîê
îâàëîèäà S, îãðàíè÷åííûé êðèâîé L è íå ñîäåðæàùèé òî÷êó O. Èçâåñòíî, ÷òî ïîâåðõíîñòü

S(L) äîïóñêàåò íåïðåðûâíûå èçãèáàíèÿ. Îäíàêî, åñëè íà êðàé ïîâåðõíîñòè S(L) ïðè åå

èçãèáàíèè íàëîæèòü âíåøíþþ ñâÿçü, òî ïîâåðõíîñòü S(L) ìîæåò ñòàòü íåèçãèáàåìîé è äàæå

îäíîçíà÷íî îïðåäåëåííîé. Òàê, À.Ä. Àëåêñàíäðîâ è Å.Ï. Ñåíüêèí äîêàçàëè, ÷òî ïîâåðõíîñòü

S(L) íå äîïóñêàåò íåòðèâèàëüíûõ èçîìåòðè÷åñêèõ ïðåîáðàçîâàíèé ïðè óñëîâèè ñîõðàíåíèÿ

ðàññòîÿíèé òî÷åê êðàÿ L äî òî÷êè O.
Â ñëó÷àå, êîãäà êðàé L ïîâåðõíîñòè S(L) ëåæèò íà ôèêñèðîâàííîé ñôåðå S2(R,O) ðàäèóñà

R ñ öåíòðîì â òî÷êå O, òî óêàçàííàÿ âíåøíÿÿ ñâÿçü ÿâëÿåòñÿ ïî òåðìèíîëîãèè È.Í. Âåêóà

âòóëî÷íîé ñâÿçüþ.

Àíàëèòè÷åñêè âíåøíÿÿ ñâÿçü çàêðåïëåíèÿ êðàÿ ïîâåðõíîñòè S(L) îòíîñèòåëüíî òî÷êè O
çàïèñûâàåòñÿ â âèäå

(r, U) +
1

2
(U,U) = 0, (âäîëü L) (1)

ãäå U - ïîëå ñìåùåíèé òî÷åê êðàÿ ïîâåðõíîñòè S(L) ïðè åå èçîìåòðè÷åñêîì ïðåîáðàçîâàíèè.

Â ñâÿçè ñ ýòèì áóäåì ãîâîðèòü äàëåå, ÷òî ïîâåðõíîñòü S(L) ïðè èçãèáàíèè ïîä÷èíåíà

óñëîâèþ îáîáùåííîé âòóëî÷íîé ñâÿçè, åñëè èçãèáàþùåå ïîëå U
∗
ïîâåðõíîñòè S(L) âäîëü L

óäîâëåòâîðÿåò óñëîâèþ

(`, U) + Φ(U) = σ, (2)

ãäå ` - çàäàííîå âäîëü L âåêòîðíîå ïîëå, |`| 6= 0; Φ - çàäàííûé íåëèíåéíûé îïåðàòîð,σ -

çàäàííàÿ íà L ôóíêöèÿ.

Óñëîâèå (1) ïîëó÷àåòñÿ èç (2) ïðè ` = r, Φ(U) = 1
2(U,U), σ ≡ 0.

Íàñòîÿùåå ñîîáùåíèå ïîñâÿùåíî íåïðåðûâíûì èçãèáàíèÿì ïîâåðõíîñòåé S(L) ïðè óñëîâèè
îáîáùåííîé âòóëî÷íîé ñâÿçè (2).
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Åäèíñòâåííîñòü ðåãóëÿðíûõ çàìêíóòûõ âûïóêëûõ ïîâåðõíîñòåé

Þ. Ñ. Õîìè÷, Ë. À. Ãàðìàøîâà

(ÎÍÓ, Îäåññà, Óêðàèíà)

E-mail address: Yli4ka_h@mail.ru

Â ðàáîòå [1] ðàññìàòðèâàåòñÿ âîïðîñ î åäèíñòâåííîñòè ðåãóëÿðíîé çàìêíóòîé âûïóêëîé
ïîâåðõíîñòè S, ãëàâíûå ðàäèóñû êðèâèçíû êîòîðîé R1, R2 â òî÷êå ñ âíåøíåé íîðìàëüþ n
óäîâëåòâîðÿþò óðàâíåíèþ

f(R1R2, R1 +R2, n) + c · n = ϕ(n) (1)

ãäå c−ïîñòîÿííûé âåêòîð, ñîîòâåòñòâóþùèé ïîâåðõíîñòè S, à ôóíêöèÿ f−ïîëîæèòåëüíî
îäíîðîäíàÿ ïåðâîé ñòåïåíè îòíîñèòåëüíî êîìïîíåíò x1, x2, x3 åäèíè÷íîãî âåêòîðà n.
Ðåçóëüòàòû ýòèõ èññëåäîâàíèé ñôîðìóëèðîâàíû â ñëåäóþùåé òåîðåìå:

Òåîðåìà: Ïóñòü S1 è S2 − ïîâåðõíîñòè êëàññà C4, óäîâëåòâîðÿþùèå óðàâíåíèþ (1) ïðè
ïîñòîÿííûõ âåêòîðàõ c1 è c2 ñîîòâåòñòâåííî. Ïóñòü ψi −àíàëîãè÷íà ψ(x1, x2, x3) ôóíêöèÿ äëÿ
ïîâåðõíîñòè Si (i = 1, 2). Åñëè f ∈ C5,

∂F

∂R1
· ∂F
∂R2

> 0 (2)

è ∆(ψ1 − ψ2) + λ(ψ1 − ψ2) = 0, ãäå ∆− îïåðàòîð Ëàïëàñà, λ = const, òî ïîâåðõíîñòè S1 è S2
ðàâíû è ïàðàëëåëüíî ðàñïîëîæåíû.

Ïðèìåíÿÿ ýòó òåîðåìó ê êîíêðåòíûì ôóíêöèÿì f = f(R1R2, R1 + R2, n), ïîëó÷åí
ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà: Ïóñòü S1 è S2 − ïîâåðõíîñòè êëàññà C4, óäîâëåòâîðÿþùèå óðàâíåíèþ

(R1 +R2)
2

−4(R1R2)2
+ c · n = ϕ(n)

ïðè ïîñòîÿííûõ âåêòîðàõ c1 è c2 ñîîòâåòñòâåííî. Ïóñòü ψi −àíàëîãè÷íà ψ(x1, x2, x3) ôóíêöèÿ
äëÿ ïîâåðõíîñòè Si (i = 1, 2). Åñëè ∆(ψ1 − ψ2) + λ(ψ1 − ψ2) = 0, ãäå ∆− îïåðàòîð Ëàïëàñà,
λ = const 6= −10, òî ïîâåðõíîñòè S1 è S2 ðàâíû è ïàðàëëåëüíî ðàñïîëîæåíû.

Åñëè f(R1R2, R1 + R2, n) =
(R1 −R2)

2

4(R1R2)2
− Ýéëåðîâà ðàçíîñòü â óðàâíåíèè (1), òî óñëîâèå

(2) òåîðåìû åäèíñòâåííîñòè â ðàáîòå [1] íå âûïîëíÿåòñÿ. Ñëåäîâàòåëüíî, ïîâåðõíîñòè ñ
îäèíàêîâîé Ýéëåðîâîé ðàçíîñòüþ â òî÷êàõ ñ ïàðàëëåëüíûìè è îäèíàêîâî íàïðàâëåííûìè
âíåøíèìè íîðìàëÿìè n íå âñåãäà ðàâíû è ïàðàëëåëüíî ðàñïîëîæåíû.

Ñïèñîê ëèòåðàòóðû

[1] Ìåäÿíèê À. È. Òåîðåìû åäèíñòâåííîñòè äëÿ ðåãóëÿðíûõ çàìêíóòûõ âûïóêëûõ

ïîâåðõíîñòåé.,- // Óêð. ãåîì. ñá. - 1983. - Âûï. 21. - Ñ. 86-88.
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Îïðåäåëåíèå îáëàñòè óñòîé÷èâîñòè ëàìèíàðíîãî òå÷åíèÿ ïëåíêè æèäêîñòè

Â. Õ. Êèðèëîâ, Í. Ï. Õóäåíêî

(ÎÍÀÏÒ, Îäåññà, Óêðàèíà)

E-mail address: khudenkon@mail.ru

Èññëåäîâàíèå áåçâîëíîâîãî òå÷åíèÿ íà ïîâåðõíîñòè ïëåíêè æèäêîñòè ïðîâîäèëîñü íà
îñíîâàíèè óðàâíåíèÿ ïîãðàíè÷íîãî ñëîÿ [1]: Ïðåäïîëàãàåì ïàðàáîëè÷åñêîå ðàñïðåäåëåíèå
ïðîäîëüíîé ñêîðîñòè Âîëíîâîé õàðàêòåð ñâîáîäíîé ïîâåðõíîñòè îïðåäåëÿåòñÿ èç óðàâíåíèÿ

σ

ρ
k3h3h′′′ + (cωh2 − 2, 4hqck + 1, 2q2k − gh3 cosβ)h′ − 3ν(ch+ q0 − ch0) + gh3 sinβ = 0

Íà ñâîáîäíîé ïîâåðõíîñòè áåçâîëíîâîãî òå÷åíèÿ ðàññìàòðèâàåì ìàëîå âîçìóùåíèå â âèäå
áåãóùåé âîëíû

h = h0(1 + ϕ).

Äëÿ âîçìóùåíèÿ ϕ ñâîáîäíîé ïîâåðõíîñòè ñ òî÷íîñòüþ äî ÷ëåíîâ âòîðîãî ïîðÿäêà ìàëîñòè
èìååì

σ

ρ
k3h40ϕ

′′′+kh0(c
2h20−2, 4h0q0c+1, 2q20−gh30 cosβ)ϕ′−3ν(ch0(1+ϕ)+q0−ch0)+gh30(1+ϕ)3 sinβ = 0.

Ðåøåíèå äàííîãî óðàâíåíèÿ ïðåäñòàâëåíî â âèäå ìàëîãî ïî àìïëèòóäå äëèííîâîëíîâîãî
âîçìóùåíèÿ

ϕ(t, x) = α · exp(kcim) · exp(ik(x− cret)).

Ïðîâåäåííûå èññëåäîâàíèÿ ïîêàçàëè, ÷òî óñëîâèå óñòîé÷èâîñòè kcim < 0 âûïîëíÿåòñÿ åñëè
0, 3 < cre < 1, 2. Åñëè æå 1, 2 < c1 < 3, òî ëàìèíàðíîå áåçâîëíîâîå òå÷åíèå íåóñòîé÷èâî (kcim >
0), ïðè÷¼ì äàííàÿ íåóñòîé÷èâîñòü ÿâëÿåòñÿ íå àáñîëþòíîé, à êîíâåêòèâíîé, ò.å. àìïëèòóäà
âîçìóùåíèÿ ýêñïîíåíöèàëüíî ðàñò¼ò ñî âðåìåíåì âíèç ïî ïîòîêó.

Ñïèñîê ëèòåðàòóðû

[1] Â. Å. Íàêîðÿêîâ, Á. Ã. Ïîêóñàåâ, È. Ð. Øòåéáåð. Âîëíîâàÿ äèíàìèêà ãàçî- è
ïàðîæèäêîñòíûõ ñðåä // Ì. - Ýíåðãîàòîìèçäàò, (1990), 248 ñ.
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Èíôèíèòåçèìàëüíûå êîíôîðìíûå ïðåîáðàçîâàíèÿ, ñîõðàíÿþùèå òåíçîð

Ýéíøòåéíà

Å. Å. ×åïóðíàÿ

(ÎÍÝÓ, Îäåññà, Óêðàèíà)

E-mail address: culeshova@ukr.net

Óðàâíåíèÿ èíôèíèòåçèìàëüíûõ êîíôîðìíûõ ïðåîáðàçîâàíèé èìåþò âèä [1],[2] :

ξi,j = ξij ;
ϕ,i = ϕi;
ξi,j + ξj,i = ϕgij ;
ξi,jk = ξαR

α
kji +

1
2(ϕkgij + ϕjgik − ϕigjk)

ϕij =
2

n−2

(
ξαRij,α + ξα,iR

α
j + ξα,jR

α
i +

gij
2(n−1) (ξ

αR,α + ϕR)
) (1)

Òåíçîð

Eij
def
= Rij −

1

n
Rgij (2)

íàçûâàþò òåíçîðîì Ýéíøòåéíà [3]. Èç òðåáîâàíèÿ ñîõðàíåíèÿ òåíçîðà 2 âûòåêàåò, ÷òî ïîìèìî
ñèñòåìû 1 äîëæíî âûïîëíÿòüñÿ óðàâíåíèå

LξEij = ξαEij,α + ξα,iE
α
j + ξα,jE

α
i = 0 (3)

Íàìè äîêàçàíû ñëåäóþùèå òåîðåìû:

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû èíôèíèòåçèìàëüíûå êîíôîðìíûå ïðåîáðàçîâàíèÿ îñòàâëÿëè

èíâàðèàíòíûì òåíçîð Ýéíøòåéíà Eij = Rij − 1
nRgij, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

âûïîëíÿëîñü óñëîâèå:

LξZ
h
ijk = 0.

Çäåñü ñèìâîë Lξ îçíà÷àåò ïðîèçâîäíóþ Ëè âäîëü ïîëÿ ξ, à òåíçîð

Zhijk
def
= Rhijk −

R

n(n− 1)
(δhkgij − δhj gik), (4)

íàçûâàåòñÿ òåíçîðîì êîíöèðêóëÿðíîé êðèâèçíû.

Òåîðåìà 2. Ïðîñòðàíñòâî, â êîòîðîì âîçìîæíû èíôèíèòåçèìàëüíûå êîíôîðìíûå

ïðåîáðàçîâàíèÿ, îñòàâëÿþùèå èíâàðèàíòíûì òåíçîð Ýéíøòåéíà, íåîáõîäèìî äîëæíî áûòü

ýêâèäèñòàíòíûì.

Ñïèñîê ëèòåðàòóðû
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Êîíôîðìíûå îòîáðàæåíèÿ è ñîõðàíåíèå íåêîòîðûõ ãåîìåòðè÷åñêèõ îáúåêòîâ

Å. Â. ×åðåâêî

(ÎÍÝÓ, Îäåññà, Óêðàèíà)

E-mail address: cherevko@usa.com

Îòîáðàæåíèÿ ñ ñîõðàíåíèåì ðàçëè÷íûõ ãåîìåòðè÷åñêèõ îáúåêòîâ èçó÷àëèñü â ðàáîòàõ
[1], [3], â ÷àñòíîñòè, òåíçîðà åíåðãèè-èìïóëüñà â [2], [5]. Îñîáûé èíòåðåñ âûçâàí ê
êîíôîðìíûì îòîáðàæåíèÿì, ïîñêîëüêó ïðè ïîñëåäíèõ âñåãäà ñîõðàíÿåòñÿ àëãåáðàè÷åñêèé òèï
ïðîñòðàíñòâà-âðåìåíè, ñîãëàñíî êëàññèôèêàöèè Ïåòðîâà [4]. Ïóñòü ðèìàíîâû ïðîñòðàíñòâà
(Vn, g) è (V n, g) íàõîäÿòñÿ â êîíôîðìíîì ñîîòâåòñòâèè, ïîýòîìó, èõ ìåòðè÷åñêèå òåíçîðû
ñâÿçàíû ñîîòíîøåíèåì:

gij = e2ϕgij .

Íàçîâåì òåíçîð

Eij
def
= Rij − κRgij . (1)

îáîáùåííûì òåíçîðîì Ýéíøòåéíà. Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Åñëè (Vn, g) è (V n, g), (n > 3) íàõîäÿòñÿ â êîíôîðìíîì ñîîòâåòñòâèè, òàê, ÷òî

îáîáùåííûé òåíçîð Ýéíøòåéíà Eij = Rij − κRgij ñîõðàíÿåòñÿ ïðè îòîáðàæåíèè, ïðè÷åì

κ 6= 1
n , òî èíâàðèàíò ϕ, ïîðîæäàþùèé îòîáðàæåíèå, äîëæåí óäîâëåòâîðÿòü ñèñòåìå

äèôôåðåíöèàëüíûõ óðàâíåíèé:

∇jϕi = ϕiϕj −
1

2
gij∆1ϕ,

óñëîâèÿ èíòåãðèðóåìîñòè êîòîðîé èìåþò âèä:

ϕαR
α
ijk = 0.

Ïðè ýòîì, òåíçîð Ðèìàíà Rhijk, òåíçîð Ðè÷÷è Rij, ïðîèçâåäåíèå Rgij òàêæå ÿâëÿþòñÿ

èíâàðèàíòíûìè.

Ñïèñîê ëèòåðàòóðû
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Êîíöèðêóëÿðíûå òåíçîðíûå ïîëÿ è ãåîäåçè÷åñêèå îòîáðàæåíèÿ

È. Ã. Øàíäðà

(Ôèíàíñîâûé óíèâåðñèòåò, Ìîñêâà, Ðîññèÿ)

E-mail address: ma-tematika@yandex.ru

Îïðåäåëåíèå 1. Âåêòîðíîå ïîëå φ íà ïñåâäîðèìàíîâîì ïðîñòðàíñòâå (M, g) íàçûâàåòñÿ
êîíöèðêóëÿðíûì, åñëè îíî óäîâëåòâîðÿåò óñëîâèþ

∇Xφ = ρ ·X

ïðè íåêîòîðîì ñêàëÿðíîì ïîëå ρ, ãäå ∇ � ñâÿçíîñòü Ëåâè-×èâèòû. Ãîâîðÿò, ÷òî
êîíöèðêóëÿðíîå ïîëå îòíîñèòñÿ ê îñíîâíîìó òèïó, åñëè ρ 6= 0, è ê èñêëþ÷èòåëüíîìó òèïó �
â ïðîòèâíîì ñëó÷àå.

Êîíöèðêóëÿðíûå ïîëÿ èãðàþò âàæíóþ ðîëü â òåîðèè ãåîäåçè÷åñêèõ îòîáðàæåíèé,
ïðîåêòèâíûõ è êîíôîðìíûõ ïðåîáðàçîâàíèé è â ýòîé ñâÿçè èçó÷àëèñü ìíîãèìè àâòîðàìè.

Â ðàáîòå ââåäåíî ïîíÿòèå òåíçîðíîãî êîíöèðêóëÿðíîãî ïîëÿ è äîêàçàíû ñëåäóþùèå
óòâåðæäåíèÿ [1]-[3].

Òåîðåìà 1. Ïñåâäîðèìàíîâû ïðîñòðàíñòâà, äîïóñêàþùèå êîíöèðêóëÿðíîå òåíçîðíîå ïîëå,

îáðàçóþò çàìêíóòûé îòíîñèòåëüíî ãåîäåçè÷åñêèõ îòîáðàæåíèé êëàññ.

Òåîðåìà 2. Ïóñòü ïñåâäîðèìàíîâî ïðîñòðàíñòâî (M, g) äîïóñêàåò íåòðèâèàëüíîå

ãåîäåçè÷åñêîå îòîáðàæåíèå íà ïñåâäîðèìàíîâî ïðîñòðàíñòâî (M̄, ḡ) è íà (M, g)
ñóùåñòâóåò êîíöèðêóëÿðíàÿ q-ôîðìà îñíîâíîãî òèïà, òîãäà íà (M̄, ḡ) òàêæå ñóùåñòâóåò

êîíöèðêóëÿðíàÿ q-ôîðìà îñíîâíîãî òèïà.

Ñïèñîê ëèòåðàòóðû
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Î òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè ôóíêöèé

Â. Â. Øàðêî

(Èíñòèòóò ìàòåìàòèêè, Êèåâ, Óêðàèíà)

E-mail address: sharko@imath.kiev.ua

Ïóñòü X è Y - òîïîëîãè÷åñêèå ïðîñòðàíñòâà, à f è g - íåïðåðûâíûå îòîáðàæåíèÿ èç X â
Y . Íåïðåðûâíûå îòîáðàæåíèÿ f è g íàçûâàþòñÿ òîïîëîãè÷åñêè ýêâèâàâàëåíòíûìè, åñëè
ñóùåñòâóþò ãîìåîìîðôèçìû h : X → X è k : Y → Y òàêèå, ÷òî k · f = g · h.

Ëåììà 1. Ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ f : [0, 1] → [0, 1], êîòîðàÿ íå ÿâëÿåòñÿ

òîïîëîãè÷åñêè ýêâèâàëåíòíîé íèêàêîé ãëàäêîé ôóíêöèè g : [0, 1]→ [0, 1].

Òåîðåìà 1. Äëÿ êàæäîé êóñî÷íî-ëèíåéíîé ôóíêöèè f , çàäàííîé íà R1 è èìåþùåé m
ëîêàëüíûõ ýêñòðåìóìîâ, ñóùåñòâóåò ïîëèíîì ñòåïåíè m + 1, êîòîðûé òîïîëîãè÷åñêè

ýêâèâàëåíòåí ôóíêöèè f .

Èçâåñòíî [1], ÷òî ñóùåñòâóåò êîíå÷íîå ÷èñëî òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ïîëèíîìîâ
ñòåïåíè n > 1 îò k > 0 ïåðåìåííûõ, îäíàêî íåèçâåñòíî èõ ÷èñëî è íåò óñëîâèé, äàþùèõ
âîçìîæíîñòü óñòàíîâèòü, êîãäà äâà ïîëèíîìà òîïîëîãè÷åñêè ýêâèâàëåíòíû.

Ñóùåñòâóþò ïîëèíîìû ðàçíûõ ñòåïåíåé îò äâóõ ïåðåìåííûõ, êîòîðûå òîïîëîãè÷åñêè
ýêâèâàëåíòíûå.

Ïîëèíîìû, óäîâëåòâîðÿþùèå óðàâíåíèþ, Ëàïëàñà íàçûâàþòñÿ ãàðìîíè÷åñêèìè.
Ãàðìîíè÷åñêèå P (x, y) = x3 − 3xy2 − 3x è Q(x, y) = −y3 + 3x2y − 3y òîïîëîãè÷åñêè
íåýêâèâàëåíòíûå. Îíè èìåþò ïî äâå íåâûðîæäåííûå êðèòè÷åñêèå òî÷êè, êîîðäèíàòû
êîòîðûõ (±1, 0). Äëÿ P (x, y) ýòè êðèòè÷åñêèå òî÷êè ëåæàò íà ðàçíûõ ëèíèÿõ óðîâíÿ, à äëÿ
Q(x, y) îíè ëåæàò íà îäíîé ëèíèè óðîâíÿ. Ñëåäîâàòåëüíî P (x, y) è Q(x, y) òîïîëîãè÷åñêè
íåýêâèâàëåíòíûå.

Ëåììà 2. Ãàðìîíè÷åñêèå ïîëèíîìû îò äâóõ ïåðåìåííûõ ðàçíûõ ñòåïåíåé âñåãäà

òîïîëîãè÷åñêè íåýêâèâàëåíòíûå.

Ëåììà 3. Ãðàôû Êðîíðîäà-Ðèáà ãàðìîíè÷åñêèõ ïîëèíîìîâ ðàçíûõ ñòåïåíåé íå èçîìîðôíû.

Ãàðìîíè÷åñêèé ïîëèíîì P = P (x, y) êàíîíè÷åñêèì îáðàçîì çàäàåò ôóíêöèþ PK−R íà åå
ãðàôå Êðîíðîäà-Ðèáà ΓK−R(P ), êîòîðàÿ íàçûâàåòñÿ K − R îáðàçîì ïîëèíîìà P = P (x, y).
Çíà÷åíèå PK−R â òî÷êå x ∈ ΓK−R(P ) ðàâíî çíà÷åíèþ P = P (x, y) íà ñîîòâåòñòâóþùåé x
êîìïîíåíòå ñâÿçíîñòè ëèíèè óðîâíÿ [2].

Ãàðìîíè÷åñêèé ïîëèíîì íàçûâàåòñÿ ãàðìîíè÷åñêèì ïîëèíîìîì îáùåãî ïîëîæåíèÿ, åñëè
íà åãî ëèíèè óðîâíÿ ëåæèò íå áîëåå îäíîé êðèòè÷åñêîé òî÷êè [3].

Òåîðåìà 2. Ãàðìîíè÷åñêèå ïîëèíîìû îáùåãî ïîëîæåíèÿ áóäóò òîïîëîãè÷åñêè

ýêâèâàëåíòíûìè òîãäà è òîëüêî òîãäà, êîãäà îíè K −R ýêâèâàëåíòíûå.
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Êâàíòóâàííÿ äðóãîãî ìåòîäó Ëÿïóíîâà

Þ. Â. Øàðêî ( Iîíiíà)

(Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ, Êè¨â, Óêðà¨íà)

E-mail address: sun_set@ukr.net

([1]) Äëÿ íóëåâîãî ðåøåíèÿ íåàâòîíîìíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïðåäëîæåíû
äèñêðåòíûå óñëîâèÿ óñòîé÷èâîñòè è àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî Ëÿïóíîâó.

Â ðàáîòi çàïðîïîíîâàíî äèñêðåòíèé àíàëîã äðóãîãî ìåòîäó Ëÿïóíîâà äëÿ íåàâòîíîìíî¨
ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

dx(t)/dt = f(t,x(t)).

Òåîðåìà 1. Íåõàé â îáëàñòi U çàäàíà íåàâòîíîìíà ñèñòåìà çâè÷àéíèõ äèôåðåíöiàëüíèõ

ðiâíÿíü dx(t)/dt = f(t,x(t)) i âèêîíó¹òüñÿ óìîâà f(t,0) = 0. Ïðèïóñòèìî, ùî â îáëàñòi U
iñíó¹ çáiæíà ïîñëiäîâíiñòü êóñêîâî ãëàäêèõ ãiïåðïîâåðõîíü Hn

p . ßêùî ìàéæå â óñiõ òî÷êàõ

x ∈ Hn
p (p = 1, 2, ...) çíà÷åííÿ ôóíêöi¨

S(t,x) = < ~Nχ
p (t,x),

−→
f (t,x) >

áóäå íåâiä'¹ìíèì, òîäi íóëüîâèé ðîçâ'ÿçîê öi¹¨ ñèñòåìè áóäå ñòiéêèì çà Ëÿïóíîâèì.

(Ìè ïîçíà÷èëè ÷åðåç
−→
f (t,x) = (1, f1(t,x), . . . , fn(t,x)).

Òåîðåìà 2. Íåõàé â îáëàñòi U çàäàíà íåàâòîíîìíà ñèñòåìà çâè÷àéíèõ äèôåðåíöiàëüíèõ

ðiâíÿíü dx(t)/dt = f(t,x(t)) i âèêîíó¹òüñÿ óìîâà f(t,0) = 0. Ïðèïóñòèìî, ùî â îáëàñòi

U iñíó¹ çáiæíà ïîñëiäîâíiñòü ðiçíèõ êóñêîâî ãëàäêèõ ãiïåðïîâåðõîíü Hn
p , ó ÿêèõ ñíãóëÿðíi

ïiäìíîæèíè Σp ¹ äèñêðåòíèé íàáið òî÷îê. ßêùî â óñiõ òî÷êàõ x ∈ Hn
p\Σp (p = 1, 2, ...)

çíà÷åííÿ ôóíêöi¨

S(t,x) = < ~N(t,x),
−→
f (t,x) >

áóäå äîäàòíiì i â îáëàñòÿõ Kn+1
p \Kn+1

p+1 iíâàðiàíòíi ìíîæèíè ñèñòåìè dx(t)/dt = f(t,x(t))
âiäñóòíi, òîäi íóëüîâèé ðîçâ'ÿçîê öi¹¨ ñèñòåìè áóäå ñòiéêèì , àëå íå àñèìïòîòè÷íî ñòiéêèì

çà Ëÿïóíîâèì. (Ìè ïîçíà÷èëè ÷åðåç
−→
f (t,x) = (1, f1(t,x), . . . , fn(t,x)), à ÷åðåç Kn+1

p -

ìíîãîâèä ç ãðàíèöåþ Hn
p ).

Òåîðåìà 3. Íåõàé â îáëàñòi U çàäàíà ñèñòåìà dx(t)/dt = f(t,x(t)) i iñíó¹ çáiæíà

ïîñëiäîâíiñòü êóñêîâî ãëàäêèõ ãiïåðïîâåðõîíü Hn−1
i . ßêùî ìàéæå â óñiõ òî÷êàõ x ∈ Hn−1

i

çíà÷åííÿ ôóíêöi¨

S(t,x) = < ~Nχ
p (t,x),

−→
f (t,x) >

áóäå íåâiä'¹ìíèì i ïðîìiíü L ¹ ¹äèíîþ iíâàðiàíòíîþ ìíîæèíîþ äëÿ ñèñòåìè dx(t)/dt =
f(t,x(t)), òîäi i íóëüîâèé ðîçâ'ÿçîê öi¹¨ ñèñòåìè, áóäå àñèìïòîòè÷íî ñòiéêèì çà Ëÿïóíîâèì.

Ñïèñîê ëiòåðàòóðè

[1] Øàðêî Þ.Â. Êâàíòóâàííÿ äðóãîãî ìåòîäó Ëÿïóíîâà.,- Çáiðíèê ïðàöü Iíñòèòóòó
ìàòåìàòèêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè. - 2012, - Òîì 9, �2 - Ñ. 376-384.
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C.300-307.
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Êëàññèôèêàöèÿ ïðàâèëüíûõ óíèâåðñàëüíûõ òîæäåñòâ äëèíû 4 â ãëàäêîé ëóïå

À. Ì. Øåëåõîâ

(Òâåðñêîé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òâåðü, Ðîññèÿ)

E-mail address: amshelekhov@rambler.ru

Òîæäåñòâî S1(x, y, ..., u) = S2(x, y, ..., u) íàçûâàåòñÿ ïðàâèëüíûì, åñëè ñëîâà S1(x, y, ..., u)
è S2(x, y, ..., u) ðàçëè÷àþòñÿ òîëüêî ðàññòàíîâêîé ñêîáîê, òî åñòü èìåþò îäèíàêîâóþ äëèíó è
ïîðÿäîê ñëåäîâàíèÿ ïåðåìåííûõ â íèõ îäèíàêîâûé. Â äàëüíåéøåì ðàññìàòðèâàþòñÿ òîëüêî
íåñîêðàòèìûå òîæäåñòâà. Òîæäåñòâîì òèïà Áîëà íàçûâàþò ïðàâèëüíîå òîæäåñòâî äëèíû 4 ñ
òðåìÿ ðàçëè÷íûìè ïåðåìåííûìè.

Òîæäåñòâî â ëóïå Q íàçûâàåòñÿ óíèâåðñàëüíûì [1], åñëè îíî âûïîëíÿåòñÿ âî âñåõ ëóïàõ,
èçîòîïíûõ Q. Èçâåñòíî [1], ÷òî óíèâåðñàëüíûìè ÿâëÿþòñÿ òîæäåñòâî àññîöèàòèâíîñòè,
ïðàâîå è ëåâîå òîæäåñòâà Áîëà, òîæäåñòâî Ìóôàíã. Ïðîèçâîëüíî âçÿòîå òîæäåñòâî
íå ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, óíèâåðñàëüíûì, íî îíî ìîæåò îêàçàòüñÿ óíèâåðñàëüíûì â
íåêîòîðîì ïîäìíîãîîáðàçèè ëóï, êîòîðîå îïèñûâàåòñÿ íåêîòîðûì äðóãèì óíèâåðñàëüíûì
òîæäåñòâîì. Íàïðèìåð, òîæäåñòâî êîììóòàòèâíîñòè íå ÿâëÿåòñÿ óíèâåðñàëüíûì, íî îíî
áóäåò óíèâåðñàëüíî â ìíîãîîáðàçèè àññîöèàòèâíûõ ëóï, òî åñòü ãðóïï [1]. Âñÿêîå òîæäåñòâî
T óíèâåðñàëüíî â ìíîãîîáðàçèè ëóï, êîòîðîå îïðåäåëÿåòñÿ óíèâåðñàëüíûì òîæäåñòâîì,
ïðîèçâîäíûì îò òîæäåñòâà T . Ìíîãîîáðàçèå ëóï, îïðåäåëÿåìîå óíèâåðñàëüíûì òîæäåñòâîì,
èíâàðèàíòíî îòíîñèòåëüíî èçîòîïèè. Íàçîâåì òàêèå ìíîãîîáðàçèÿ ëóï I-èíâàðèàíòíûìè.

Ïóñòü T � íåêîòîðîå òîæäåñòâî â ëóïå Q. Òðåáóÿ, ÷òîáû îíî âûïîëíÿëîñü âî âñåõ ãëàâíûõ
èçîòîïàõ Q, ìû òàêèì îáðàçîì âûäåëèì I-èíâàðèàíòíîå ïîäìíîãîîáðàçèå ëóï, â êîòîðûõ
òîæäåñòâî T óíèâåðñàëüíî. Åñëè ëóïà Q(·) � ãëàäêàÿ ëóïà ðàçìåðíîñòè r ñ îïåðàöèåé z = x·y,
òî âñå åå ãëàâíûå èçîòîïû ÿâëÿþòñÿ êîîðäèíàòíûìè ëóïàìè ñîîòâåòñòâóþùåé òðè-òêàíè W ,
çàäàííîé òåì æå óðàâíåíèåì z = x · y íà ìíîãîîáðàçèè Q × Q. Ýòîò ïîäõîä ïîçâîëÿåò
îõàðàêòåðèçîâàòü êëàññ òêàíåé, ñîîòâåòñòâóþùèõ èñêîìîìó óíèâåðñàëüíîìó òîæäåñòâó, ñ
ïîìîùüþ îñíîâíûõ òåíçîðîâ òêàíè.

Îáîçíà÷èì, êàê îáû÷íî, ÷åðåç R, B`, Br, Bm, M , E è H êëàññû òêàíåé: ãðóïïîâûõ,
ëåâûõ, ïðàâûõ è ñðåäíèõ Áîëà, Ìóôàíã, ýëàñòè÷íûõ è øåñòèóãîëüíûõ, è òåìè æå ñèìâîëàìè
îáîçíà÷èì ñîîòâåòñòâóþùèå I-èíâàðèàíòíûå ìíîãîîáðàçèÿ ëóï.

Ïóñòü òåïåðü T � ïðàâèëüíîå òîæäåñòâî äëèíû 4 â ãëàäêîé ëóïå Q. Âåðíû
Òåîðåìà 1. Åñëè T � òîæäåñòâî îò îäíîé ïåðåìåííîé, òî îíî óíèâåðñàëüíî

â ìíîãîîáðàçèè ëóï H, îïðåäåëÿåìûõ ïðîèçâîäíûì òîæäåñòâîì îò òîæäåñòâà
ìîíîàññîöèàòèâíîñòè [2].

Òåîðåìà 2. Åñëè T � òîæäåñòâî îò ÷åòûðåõ ïåðåìåííûõ, òî îíî óíèâåðñàëüíî â
ìíîãîîáðàçèè R [2].

Òåîðåìà 3. Åñëè T � òîæäåñòâî îò òðåõ ïåðåìåííûõ (òîæäåñòâî òèïà Áîëà), òî îíî
óíèâåðñàëüíî â îäíîì èç ñëåäóþùèõ ìíîãîîáðàçèé ëóï: R, B`, Br, M .

Òåîðåìà 4. Èìååòñÿ âñåãî 26 òîæäåñòâ T ñ äâóìÿ ïåðåìåííûìè. Èç íèõ 7 óíèâåðñàëüíû
â ìíîãîîáðàçèè B`, 7 � â ìíîãîîáðàçèè Br; 2 � â ìíîãîîáðàçèè E; 6 ïðèíàäëåæàò I-
èíâàðèàíòíûì ìíîãîîáðàçèÿì ëóï, ñîäåðæàùèìñÿ â ìíîãîîáðàçèè M ; 4 ïðèíàäëåæàò
I-èíâàðèàíòíûì ìíîãîîáðàçèÿì ëóï, ñîäåðæàùèìñÿ â ìíîãîîáðàçèè Bm è îäíîâðåìåííî
ñîäåðæàùèì ìíîãîîáðàçèå E.

Ñïèñîê ëèòåðàòóðû

[1] Áåëîóñîâ Â. Ä. Îñíîâû òåîðèè êâàçèãðóïï è ëóï. Ì., Íàóêà, 1967, 223 ñ.

[2] Øåëåõîâ À. Ì. Êëàññèôèêàöèÿ ìíîãîìåpíûõ òpè-òêàíåé ïî óñëîâèÿì çàìûêàíèÿ. Ïpîáëåìû
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Îáîáùåííûå ñòðóêòóðû íà ãëàäêèõ ìíîãîîáðàçèÿõ

Â. Ì. Êóçàêîíü,À. Ì. Øåëåõîâ

(ÎÍÀÏÒ, Îäåññà, Óêðàèíà; Òâåðñêîé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òâåðü, Ðîññèÿ)

E-mail addresses: kuzakon_v@ukr.net, amshelekhov@rambler.ru

Ìû ðàçâèâàåì ïîíÿòèå îáîáùåííîãî ãëàâíîãî ðàññëîåíèÿ, ââåäåííîå â [1], è îáîáùàåì
ñ ýòèõ æå ïîçèöèé ïîíÿòèå G-ñòðóêòóðû. Îáîáùåííîå ãëàâíîå ðàññëîåíèå � ýòî òàêîå
ðàññëîåíèå, â êàæäîì ñëîå êîòîðîãî äåéñòâóåò r�ìåðíàÿ ãðóïïà Ëè, ãëàäêî çàâèñÿùàÿ îò
ñëîÿ. Òàêèì îáðàçîì, ðå÷ü èäåò î ñåìåéñòâå ãðóïï Ëè èëè î ãëàäêîé äåôîðìàöèè ãðóïïû Ëè.
Ïóñòü G(x) � ãëàäêîå ñåìåéñòâî ãðóïï Ëè ðàçìåðíîñòè r, èëè ãëàäêàÿ n-ïàðàìåòðè÷åñêàÿ
äåôîðìàöèÿ ãðóïïû Ëè, ãäå x � ïàðàìåòð äåôîðìàöèè. Áóäåì äàëåå ïðåäïîëàãàòü, ÷òî
ïðîñòðàíñòâî ïàðàìåòðîâ äåôîðìàöèè ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì ðàçìåðíîñòè n.

Äîêàçàíà

Òåîðåìà 1. Ïóñòü P � ãëàäêîå ìíîãîîáðàçèå ðàçìåðíîñòè n + r. Íà P çàäàíà ñòðóêòóðà

îáîáùåííîãî ãëàâíîãî ðàññëîåíèÿ òîãäà è òîëüêî òîãäà, êîãäà íà P ñóùåñòâóþò 1-ôîðìû ωi

è ωa, óäîâëåòâîðÿþùèå ñòðóêòóðíûì óðàâíåíèÿì

dωi = −ωij ∧ ωj , dωa = −1

2
Cabc(x)ω

b ∧ ωc + ωaj ∧ ωj ,

ïðè÷åì ôóíêöèè Cabc(x) êîñîñèììåòðè÷íû ïî íèæíèì èíäåêñàì è óäîâëåòâîðÿþò

òîæäåñòâàì ßêîáè; a, b, c, d, e, . . . = 1, 2, . . . r; i, j, k, . . . = r + 1, . . . r + n.

Ïóñòü äàëåå G(x) � ãëàäêàÿ äåôîðìàöèÿ â GL(n), òî åñòü n-ïàðàìåòðè÷åñêîå ñåìåéñòâî r-
ìåðíûõ ïîäãðóïï ãðóïïû GL(n), ãëàäêî çàâèñÿùåå îò ïàðàìåòðà x. Îáîçíà÷èì ïðîñòðàíñòâî
ïàðàìåòðîâ äåôîðìàöèè ÷åðåç M , è áóäåì ñ÷èòàòü, ÷òî M � ãëàäêîå ìíîãîîáðàçèå
ðàçìåðíîñòè n.

K-îáîáùåííîé G-ñòðóêòóðîé BG(x) íà ìíîãîîáðàçèè M íàçîâåì ïîäìíîãîîáðàçèå â
ðàññëîåíèè B(M) ðåïåðîâ ìíîãîîáðàçèÿ M òàêîå, ÷òî äëÿ ëþáîé òî÷êè p èç BG(x) è äëÿ
ëþáîãî g èç GL(n) òî÷êà p · g ïðèíàäëåæèò BG(x) òîãäà è òîëüêî òîãäà, êîãäà g ∈ G(x), ãäå
x = π(p). Ïðè ýòîì p · g(v) = p(gv), v ∈ V, è ñ÷èòàåòñÿ, ÷òî âñå G(x) äåéñòâóþò â íåêîòîðîì
ôèêñèðîâàííîì n-ìåðíîì âåêòîðíîì ïðîñòðàíñòâå V ñî ñòàíäàðòíûì áàçèñîì.

Äîêàçàíà

Òåîðåìà 2. Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå ðàçìåðíîñòè n. Íà M çàäàíà K-îáîáùåííàÿ

G-ñòðóêòóðà BG(x) òîãäà è òîëüêî òîãäà, êîãäà áàçèñíûå ôîðìû ωi ýòîãî ìíîãîîáðàçèÿ

óäîâëåòâîðÿþò ñòðóêòóðíûì óðàâíåíèÿì âèäà

dωi = aijα(x)ω
j ∧ θα + bijkω

j ∧ ωk,

dθα = −1

2
Cαβγ(x)θ

β ∧ θγ + θαj ∧ ωj ,

ãäå ôóíêöèè Cαβγ(x) êîñîñèììåòðè÷íû ïî íèæíèì èíäåêñàì, óäîâëåòâîðÿþò òîæäåñòâó

ßêîáè è ñâÿçàíû ñ ôóíêöèÿìè aijα(x) ñîîòíîøåíèÿìè

akj[α(x)a
i
|k|β](x) = Cγαβ(x)a

i
jγ(x),

α, β, γ, ε, . . . = 1, 2, . . . r; i, j, k, . . . = 1, . . . n.

Ñïèñîê ëèòåðàòóðû

[1] Êóçàêîíü Â.Ì. Generalized �ber bundles with connections// Ukr. J. Phys. 1998, v. 43, n. 7, pp. 14-16.
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Î òðè-òêàíÿõ Áîëà ñ êîâàðèàíòíî ïîñòîÿííûì òåíçîðîì êðèâèçíû.

À. Ì. Øåëåõîâ, Å. À. Îíîïðèåíêî

(Òâåðñêîé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òâåðü, Ðîññèÿ; ÌÏÃÓ, Ìîñêâà)

E-mail address: amshelekhov@rambler.ru; katrinonoprienko@mail.ru

Íà ãëàäêîì ìíîãîîáðàçèè ðàçìåðíîñòè 2r ðàññìàòðèâàþòñÿ ìíîãîìåðíûå ñðåäíèå òðè-
òêàíè Áîëà (îáîçíà÷èì èõ BO

m), ó êîòîðûõ òåíçîð êðèâèçíû êîâàðèàíòíî ïîñòîÿíåí
îòíîñèòåëüíî ñâÿçíîñòè ×åðíà. Êàê èçâåñòíî [1], ñ òðè-òêàíüþ ñâÿçàíà àëãåáðà Àêèâèñà,
ñîñòîÿùàÿ èç äâóõ îïåðàöèé: áèíàðíîé, îïðåäåëÿåìîé òåíçîðîì êðó÷åíèÿ òêàíè, è òåðíàðíîé,
îïðåäåëÿåìîé åå òåíçîðîì êðèâèçíû. Îáîçíà÷èì àëãåáðû, îïðåäåëÿåìûå ýòèìè îïåðàöèÿìè,
÷åðåç A è B ñîîòâåòñòâåííî.

Äîêàçàíû ñëåäóþùèå ïðåäëîæåíèÿ.
Òåîðåìà 1. Äëÿ òêàíåé ñ êîâàðèàíòíî ïîñòîÿííûì òåíçîðîì êðèâèçíû 1) ïðîèçâîäíàÿ

àëãåáðà A′ âõîäèò â ñðåäíåå è ïðàâîå ÿäðà àëãåáðû B; àëãåáðà ãîëîíîìèè ñâÿçíîñòè ×åðíà
âõîäèò â àëãåáðó äèôôåðåíöèðîâàíèé àëãåáðû A.

Òåîðåìà 2. Ïðè r = 2 êëàññ òêàíåé BO
m ñîâïàäàåò ñ êëàññîì ãðóïïîâûõ òêàíåé.

Òåîðåìà 3. Ïðè r = 3 êëàññ òêàíåé BO
m ñîâïàäàåò ñ êëàññîì òêàíåé E, òî åñòü ñ

òî÷íîñòüþ äî èçîòîïèè ñîäåðæèò âñåãî äâå ýëàñòè÷íûå òêàíè E1 è E2 (ñì. [1], [2]).

Ñïèñîê ëèòåðàòóðû

[1] Àêèâèñ Ì. À., Øåëåõîâ À. Ì. Ìíîãîìåðíûå òðè-òêàíè è èõ ïðèëîæåíèÿ. Òâåðü, Òâåðñêîé ãîñ-ò,
2010, 307 ñ.

[2] Øåëåõîâ À. Ì. Îá àíàëèòè÷åñêèõ påøåíèÿõ ópàâíåíèÿ x(yx) = (xy)x. Ìàòåì. çàìåòêè 50 (1991),
N 4, 132�140.
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Ãîëîìîðôíûå ãåîìåòðè÷åñêèå îáúåêòû íà òðàíñâåðñàëüíûõ ðàññëîåíèÿõ

Â. Â. Øóðûãèí

(Êàçàíñêèé (Ïðèâîëæñêèé) ôåäåðàëüíûé óíèâåðñèòåò, Êàçàíü, Ðîññèÿ)

E-mail address: Vadim.Shurygin@ksu.ru

Ñî ñëîåíèåì F êîðàçìåðíîñòè q íà ãëàäêîì n = (q+p)-ìåðíîì ìíîãîîáðàçèèM àññîöèèðóåòñÿ
ðàññëîåíèå TA

trM òðàíñâåðñàëüíûõ A-ñêîðîñòåé íà M [1], îïðåäåëÿåìûõ ëîêàëüíîé àëãåáðîé
A â ñìûñëå À.Âåéëÿ [2], [1]. Åñëè ñëîåíèå F çàäàåòñÿ àòëàñîì ñ ïðåîáðàçîâàíèÿìè êîîðäèíàò
xi

′
= f i

′
(xi, yα), yα

′
= fα

′
(xi, yα), i = 1, . . . , q, yα = q + 1, . . . , n, ãäå ∂f i

′
/∂yα = 0,

òî íà TA
trM èíäóöèðóåòñÿ àòëàñ ñ ïðåîáðàçîâàíèÿìè êîîðäèíàò Xi′ = F i

′
(Xi, yα), yα

′
=

fα
′
(xi, yα), ãäå Xi ∈ A, à Xi′ = F i

′
(Xi, yα) � ãîëîìîðôíûå (A-äèôôåðåíöèðóåìûå) ôóíêöèè,

ÿâëÿþùèåñÿ ïðîäîëæåíèÿìè ôóíêöèé f i
′
[1]. Ïîýòîìó TA

trM íåñåò íà ñåáå ñòðóêòóðó ãëàäêîãî
ìíîãîîáðàçèÿ íàä A, ìîäåëèðóåìîãî A-ìîäóëåì Aq ⊕ Rp. Ìíîãîîáðàçèå TA

trM íåñåò íà
ñåáå êàíîíè÷åñêèå ñëîåíèÿ, ê êîòîðûì îòíîñèòñÿ, â ÷àñòíîñòè, ñëîåíèå F ′, ñëîè êîòîðîãî
îïðåäåëÿþòñÿ ëîêàëüíî óðàâíåíèÿìè Xi = const (mod Annm), ãäå m � ìàêñèìàëüíûé
èäåàë àëãåáðû A, à Annm � àííóëÿòîð èäåàëà m. Íàëè÷èå íà TA

trM ñòðóêòóðû ãëàäêîãî
ìíîãîîáðàçèÿ íàä A ïîçâîëÿåò ðàññìàòðèâàòü íà TA

trM ãîëîìîðôíûå ïîëÿ ãåîìåòðè÷åñêèõ
îáúåêòîâ Λ : TA

tr P
r
n,qM → TA

tr F , ãäå P rn,qM � ãëàâíîå ðàññëîåíèå ðàññëîåííûõ r-ðåïåðîâ
íà M (P rn,qM îáðàçîâàíî r-äæåòàìè ðîñòêîâ â íóëå èçîìîðôèçìîâ êàíîíè÷åñêîãî ñëîåíèÿ
êîðàçìåðíîñòè q íà ïðîñòðàíñòâå Rn íà ñëîåíîå ìíîãîîáðàçèå M), à F � ðàññëîåííîå
ìíîãîîáðàçèå, íà êîòîðîì çàäàíî äåéñòâèå ðàññëîåííîé äèôôåðåíöèàëüíîé ãðóïïû Grn,q
(ãðóïïà Ëè Grn,qM îáðàçîâàíà r-äæåòàìè ðîñòêîâ â íóëå àâòîìîðôèçìîâ êàíîíè÷åñêîãî
ñëîåíèÿ êîðàçìåðíîñòè q íà ïðîñòðàíñòâå Rn íà ñåáÿ). Ê îáúåêòàì òàêîãî ðîäà îòíîñÿòñÿ,
â ÷àñòíîñòè, A-ïðîäîëæåíèÿ TA

tr λ : TA
tr P

r
n,qM → TA

tr F ïðîåêòèðóåìûõ ïîëåé ðàññëîåííûõ

ãåîìåòðè÷åñêèõ îáúåêòîâ λ : P rn,qM → F , ïîëó÷àåìûå ïðèìåíåíèåì ê λ ôóíêòîðà TA
tr .

Ðàññëîåíèå P rn,qM åñòåñòâåííî âëîæåíî â ðàññëîåíèå TA
tr P

r
n,qM . Ãîëîìîðôíîå ïîëå

ãåîìåòðè÷åñêèõ îáúåêòîâ Λ íà TA
trM òèïà TA

tr F èíäóöèðóåò íà M ïîëå ãåîìåòðè÷åñêèõ
îáúåêòîâ λ = πtr ◦ Λ|P rn,qM òèïà F , ãäå πtr : TA

tr F → F � êàíîíè÷åñêàÿ ïðîåêöèÿ. Âîçíèêàåò
âîïðîñ î íàõîæäåíèè óñëîâèé, ïðè êîòîðûõ ãîëîìîðôíîå ïîëå ãåîìåòðè÷åñêèõ îáúåêòîâ Λ íà
TA
trM òèïà TA

tr F ýêâèâàëåíòíî A-ïðîäîëæåíèþ TA
tr λ, ò. å. î íàõîæäåíèè óñëîâèé, ïðè êîòîðûõ

Λ ìîæíî ïåðåâåñòè â TA
tr λ A-äèôôåîìîðôèçìîì Θ : TA

trM → TA
trM , ñîõðàíÿþùèì ñëîè

ðàññëîåíèÿ TA
tr , ò. å. A-äèôôåîìîðôèçìîì, ïðîåêòèðóþùèìñÿ â òîæäåñòâåííîå îòîáðàæåíèå

id : M → M . Âñÿêèé A-äèôôåîìîðôèçì Θ : TA
trM → TA

trM ðàññëîåíèÿ Âåéëÿ íà
ñåáÿ, ñîõðàíÿþùèé ñëîè ýòîãî ðàññëîåíèÿ, îïðåäåëÿåòñÿ ñå÷åíèåì θ = Θ|M : M → TAM ,
ïðåäñòàâëÿþùèì ñîáîé ìîðôèçì ñëîåíèé F è F ′.

Òåîðåìà 1. A-ãëàäêîå ïîëå ãåîìåòðè÷åñêèõ îáúåêòîâ Λ : TA
tr P

r
n,qM → TA

tr F ýêâèâàëåíòíî

A-ïðîäîëæåíèþ TA
tr λ òîãäà è òîëüêî òîãäà, êîãäà

Λ|P rn,qM = Lθλ

äëÿ íåêîòîðîãî ñå÷åíèÿ θ : M → TA
trM , ïðåäñòàâëÿþùåãî ñîáîé ìîðôèçì ñëîåíèé F è F ′,

ãäå Lθλ = TA
tr λ ◦ θrn,q : P rn,qM → TA

tr F � òðàíñâåðñàëüíûé äæåò Ëè, à θrn,q � ïðîäîëæåíèå

ñå÷åíèÿ θ íà ðàññëîåíèå P rn,qM .
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Êîíöèðêóëÿðíîå âåêòîðíîå ïîëå íà ëîêàëüíî êîíôîðìíî-êåëåðîâîì
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Ïóñòü M � ðèìàíîâî ìíîãîîáðàçèå, X(M) � C∞(M)-ìîäóëü ãëàäêèõ âåêòîðíûõ ïîëåé íà M ,
X∗(M) � äóàëüíûé ìîäóëü äèôôåðåíöèàëüíûõ 1-ôîðì íà M .

Îïðåäåëåíèå 1. [1] Âåêòîðíîå ïîëå ξ ∈ X(M) íàçûâàåòñÿ òîðñîîáðàçóþùèì, åñëè ∇ξ =
ρid + a ⊗ ξ äëÿ íåêîòîðûõ ρ ∈ C∞(M) è a ∈ X∗(M). Äèôôåðåíöèàëüíóþ 1-ôîðìó a
è ôóíêöèþ ρ íàçîâåì õàðàêòåðèñòè÷åñêèìè. Òîðñîîáðàçóþùåå âåêòîðíîå ïîëå íàçûâàåòñÿ
êîíöèðêóëÿðíûì, åñëè da = 0, íàçûâàåòñÿ ñïåöêîíöèðêóëÿðíûì, åñëè a = 0, è íàçûâàåòñÿ
ðåêóððåíòíûì, åñëè ρ = 0.

Ïóñòü S = {g, J} � 2n-ìåðíàÿ ïî÷òè ýðìèòîâà (êîðî÷å, AH-) ñòðóêòóðà íà M , J2 = −id,
〈JX, JY 〉 = 〈X,Y 〉 (ýíäîìîðôèçì J íàçûâàåòñÿ ïî÷òè êîìïëåêñíîé ñòðóêòóðîé).

Îïðåäåëåíèå 2. Èíòåãðèðóåìàÿ AH-ñòðóêòóðà íàçûâàåòñÿ ýðìèòîâîé ñòðóêòóðîé.
Ýðìèòîâà ñòðóêòóðà íàçûâàåòñÿ êåëåðîâîé ñòðóêòóðîé, åñëè åå ôóíäàìåíòàëüíàÿ ôîðìà
Ω(X,Y ) = 〈X, JY 〉 çàìêíóòà.

Îïðåäåëåíèå 3. Ýðìèòîâà ñòðóêòóðà, çàäàííàÿ íà ìíîãîîáðàçèè M , íàçûâàåòñÿ ëîêàëüíî
êîíôîðìíî-êåëåðîâîé (êîðî÷å, ËÊÊ-) ñòðóêòóðîé, åñëè ñóùåñòâóåò îòêðûòîå ïîêðûòèå U ={
Uα

}
α∈A ìíîãîîáðàçèÿ M è ñèñòåìà Σ = {σα : Uα → R}α∈A ãëàäêèõ ôóíêöèé òàêèõ, ÷òî{

J |Uα , g̃α = e−2σαg|Uα

}
� êåëåðîâà ñòðóêòóðà äëÿ ëþáîãî α ∈ A. Ãëàäêîå ìíîãîîáðàçèå, íà

êîòîðîì ôèêñèðîâàíà ËÊÊ-ñòðóêòóðà, íàçûâàåòñÿ ËÊÊ-ìíîãîîáðàçèåì.

Çàìêíóòàÿ äèôôåðåíöèàëüíàÿ 1-ôîðìà ω íà ìíîãîîáðàçèè M , òàêàÿ, ÷òî ω|Uα = 2dσα,
íàçûâàåòñÿ ôîðìîé Ëè. Âåêòîðíîå ïîëå ξ, äóàëüíîå ôîðìå Ëè, íàçûâàåòñÿ âåêòîðîì
Ëè. ËÊÊ-ìíîãîîáðàçèå, âåêòîð Ëè êîòîðîãî ðåêóððåíòåí, íàçîâàþò ðåêóððåíòíûì ËÊÊ-
ìíîãîîáðàçèåì. Äîêàçàíû òåîðåìû:

Òåîðåìà 1. Âåêòîð Ëè ËÊÊ-ìíîãîîáðàçèÿ ïîñòîÿííîé êðèâèçíû ÿâëÿåòñÿ êîíöèðêóëÿðíûì
âåêòîðíûì ïîëåì.

Òåîðåìà 2. Êîìïàêòíîå ìíîãîîáðàçèå M ïîñòîÿííîé êðèâèçíû íå äîïóñêàåò ñîáñòâåííîé
ðåêóððåíòíîé ËÊÊ-ñòðóêòóðû.
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All our constructions are made in the Euclidean plane R2. Let S(x, r) denote the closed ball of
radius r > 0 centered at x. For A ⊂ R2, let Ωr(A) = ∩{S(x, r) | x ∈ A} (see [1]).

A pair (A,B) of nonempty compact convex subsets of R2 is said to be a pair of constant relative
width r > 0 if A−B = S(0, r). In [1] it is proved that this is equivalent to the following: A = Ωr(B),
B = Ωr(A).

Denote by RW(r) the set of pairs (A,B) of constant relative width r > 0 satisfying the condi-
tions:

(i) A lies in the upper half-plane and touches the x-axis;
(ii) B lies in the right half-plane and touches the y-axis.
The topology on the set RW(r) is induced by the product topology and the Hausdor� metric

on the factors.
The Lie group S1 acts on the space RW(r) by the rotations. (Actually, this means that the

result of rotation around the origin must be shifted so that it satis�es conditions (i) and (ii).) The
only �xed point of this action is the pair K = (S((r/2, r/2), r/2), S((r/2, r/2), r/2)).

Our results are in the spirit of [2, 3]. We demonstrate that the orbit space (RW(r) \ {K})/S1

is a Q-manifold (Q stands for the Hilbert cube) which contains various Eilenberg-MacLane spaces
of the form K(π, n), n = 1, 2. These spaces are shown to be Q-manifolds as well.
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Canonical structures and distributions on homogeneous k-symmetric spaces
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Canonical structures of classical types such as almost complex (J2 = −id), almost product
(P 2 = id), f -structures of K. Yano (f3 + f = 0) and some others on homogeneous k-symmetric
spaces play a remarkable role in the theory of homogeneous manifolds and its applications [1],
[2]. These structures are closely related to the canonical invariant distributions on homogeneous
k-symmetric spaces. In this talk, we intend to present new results in the following directions.

We indicate algebraic criteria under which the base canonical distributions belong to the classes
F (foliations), AF (anti-foliations), TGF (totally geodesic foliations) on homogeneous k-symmetric
spaces endowed with the "diagonal" Riemannian metrics. It implies, in particular, a wide collection
of invariant Riemannian almost product structures for the Naveira classi�cation [3].

Further, we study left-invariant f -structures on Riemannian 2-step nilpotent Lie groups and
obtain their relation to the classes of Hf (Hermitian f -structures) and NKf (nearly K�ahler f -
structures) in the generalized Hermitian geometry [4], [1]. Speci�cally, we apply canonical f -
structures on homogeneous k-symmetric spaces to construct left-invariant f -structures of such a
kind on the 5- and 6-dimensional generalized Heisenberg groups as well as on some other Lie groups.

Recently, a�nor structures initiated by the golden ratio (so-called "golden structures") were
introduced [5]. These structures F satisfy the equation F 2 = F + id. We indicate all the canonical
"golden structures" on homogeneous k-symmetric spaces and discuss some their properties.

Finally, we present new results for arbitrary regular Φ-spaces [1] which include homogeneous
k-symmetric spaces (Φk = id). It gives the opportunity to generalize some previous results and
their applications to the generalized Hermitian geometry. In particular, we characterize those base
canonical f -structures on naturally reductive regular Φ-spaces which are nearly K�ahler f -structures.
As a corollory, it follows the result from [6] that any base canonical f -structure on a naturally
reductive homogeneous k-symmetric space is a nearly K�ahler f -structure.
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If two X and Y regular spaces are soabsolute then they have several general properties, for
example c (X) = c (Y ) , d (X) = d (Y ) , πw (X) = πw (Y ) and if one of these spaces is compact,
�nally compact, paracompact, locally compact, complete in the meaning of Czech respectively, then
so is another one [1]. In the work it is proved that if regular spaces X and Y are co-absolute, then
psh (X) = psh (Y ).

Let's mention some de�nitions. A continuous map f : X → Y is called a perfect map if X is
Hausdor� space, f is a closed map and all preimages f−1(y) are compact spaces [1]. A continuous
map f : X → Y is called separable if for every x1 6= x2 ∈ X satisfying condition f(x1) = f(x2),
there exist disjoint neighborhoods in X. A continuous map f : X → Y of the space X onto the
space Y is called irreducible if f(A) 6= Y for every proper closed subset A of X. A topological space
is called extremely disconnected if for every open set U ⊂ X the closure [U ] is open in X.

De�nition [2]. An absolute of a topological space X is an extremely disconnected space qX

such that there exists separable perfect irreducible map πx : qX
onto−→ X.

A cardinal τ is said to be precaliber of a space X if every family of cardinality τ consisting of
nonempty open subsets of X contains a subfamily of cardinality τ with the �nite intersection.

The cardinal min{τ : τ+ � precaliber for X} is called the predshanin number of X and denoted
by psh (X).

Theorem 1. [2,3]. If a map f : X → Y is �onto� and tau is precaliber of the space X, then tau
is precaliber of Y too.

Theorem 2. [1]. The map f : X → Y , where f(X) = Y is closed i� for any open subset U of
X the set f≈ (U) =

{
y ∈ Y : f−1 (y) ⊂ U

}
is open in Y .

Theorem 3. Let regular spaces Xand Y be co-absolute. Then pk (X) = pk (Y ).
Proof. Suppose pk (X) = τ ≥ ℵ0. Theorem 1 implies pk (Y ) ≤ pk (X). Inversely, let µ =

{Uα : α ∈ A } be a family of nonempty open sets of X and pk (Y ) = τ ≥ ℵ0. Consider the
system f≈ (µ) = {f≈ (Uα) : α ∈ A}, where f≈ (Uα) =

{
y ∈ Y : f−1 (y) ⊂ Uα

}
. Then by virtue

of theorem 2 the system f≈ (µ) has open sets in Y . Since pk (Y ) = τ ≥ ℵ0 there exists a subset

A
′ ⊂ A such that

∣∣∣A′
∣∣∣ = τ and the system

{
f≈ (Uα) : α ∈ A

′ ⊂ A
}

has the �nite intersection

property. Then the inverse image f−1 (f≈ (Uα)) ⊂ Uα is open in X for every f≈ (Uα) ∈ f≈ (µ) since

the mapping f is continuous. From the fact that the system
{
f≈ (Uα) : α ∈ A

′ ⊂ A
}
has the �nite

intersection property we have that the system
{
f≈ (Uα) : α ∈ A

′ ⊂ A
}
has the �nite intersection

property too.
Corollary. Let regular spaces X and Y are co-absolute. Then psh (X) = psh (Y ).
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In last years a great interest attracts the study of the bound states energies of di�erent ex-
otic complex quantum systems such as hadronic, muonic atomic system etc. The correct treating
spectra of these systems obviously requires a consistent account of the tiny radiative e�ects in the
relativistic Dirac approximation. The standard approach to accounting for radiative corrections
is the perturbation theory formalism on parameters 1/Z, α·Z(α is a �ne structure constant). It
permits evaluations of the relative contributions of di�erent expansion energy terms as the functions
of Z. However, the serious problems in this approach are connected with correct de�nition of the
Lamb shift self-energy part, vacuum polarization contribution etc in a case of the heavy systems
with large values of Z.

The main purpose of our work is to carry out new consistent procedure for quantization of states
of the relativistic Dirac equation with directly introduced radiative vacuum-polarization potential
of the Uerling type and present basis of a new theory and its application to calculating spectra of
exotic complex quantum systems (muonic systems etc). As usually, the zeroth approximation is
usually generated by the e�ective ab initio model functional, constructed on the basis of the gauge
invariance principle. The zeroth order basis is generated by the solution of the Dirac equation
with spherically symmetric potential that includes the nuclear, self-consistent �eld and vacuum-
polarization potentials. Using the local properties of all potentials, the relativistic Dirac equation
can be standardly written in the central �eld in a two-component form. The important advancement
of our approach is connected with using the gauge invariant procedures of generating relativistic
orbitals basis's [1] and more correct treating the radiative e�ects. As example of application of our
approach we have carry out the numerical calculation of the energy eigen values spectra and eigen
functions basis for the muonic hydrogen with a direct accounting of the radiative corrections. It
is worth to present our �nal result for the corresponding Lamb shift correction (in meV), which is
202.06± 0.10 , which is in a reasonable agreement with the known Borie result 202.055± 0.12 [2].
It is important to note that the last result is obtained within the above cited expansion and surely
this approach can not be used for studying the Lamb shift in more heavy and complicated systems
than the muonic hydrogen. At the same time from the beginning our approach is non-perturbative
and oriented on studying more heavy and complicated systems too [3].
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By use of the hierarchies [1] of squared eigenfunction symmetries for the Lax type vector �elds
on the extended dual space to the Lie-algebra of the Laurent series by the usual shift operator
E the Lax integrable (2+1)-dimensional generalization of the discrete modi�ed Korteweg-de Vries
equation are obtained as the system of two evolutions

dfi/dτ = (−M1
1 + δi1l)fi, df∗i /dτ = (M1

1 − δi1l)∗f∗i , (1)

dfi/dT = (l3+ −M3
1 + δi1l

3)fi, df∗i /dT = (−l3+ +M3
1 − δi1l3)∗f∗i ,

where l := E +
∑2

i=1 fiE(E − 1)−1f∗i , f = (f1, f2, f
∗
1 , f

∗
2 )
> ∈ M4 ⊂ S(Z;C4), the subscript "+"

designates a projection of the corresponding operator on the Lie subalgebra of power series by the
shift operator E , δik, is a Kronecker symbol, k ∈ {1, 3}, τ, t ∈ R are evolution parameters, and
M s

1 =
∑s−1

p=0(l
pf1)(E − 1)−1((l∗)s−1−pf∗1 ), s ∈ {1, 3}, with the compatibility condition

dl3+/dτ = [l3+,M
1
1 ]+, (2)

where l3+ = E3 +w2E2 +w1E +w0, w0, w1, w2 ∈ S(Z;C). Considering the eigenvalues λ1, . . . , λN of
the associated spectral problem

ly = λy,

where y ∈ S(Z;C) and λ ∈ C is a spectral parameter, as smooth by Frechet functionals on M4, one
investigate the di�erential-geometric properties of the invariant with respect to the system (1)-(2)
�nite-dimensional Bargmann type subspace

M4
N = {f ∈M4 : gradLN [f(n)] = 0}, LN = −γ0 +

∑N

j=1
cjλj ,

where γ0 =
∑

n∈Z
∑2

i=1 fi(n)f
∗
i (n), is a local conservation law of the system (1)-(2), cj ∈ C,

j ∈ {1, . . . , N}.
By means of the Gel'fand-Dikii relationship [2] for di�erential forms on discrete manifolds the

vector �elds d/dτ and d/dT , reduced upon the submanifoldM4
N ⊂M4, are shown to be Hamiltonian

with respect to the exact canonical symplectic structure. The Lax representations for the reduced
upon the subspaceM4

N ⊂M4 vector �elds are given by the monodromy matrix of the corresponding
matrix spectral problem. Among the coe�cients of the expansions of the traces of the monodromy
matrix natural powers by poles one can choice the set of 3N functionally independent conservation
laws, being involutive with respect the Poisson bracket, generated by the found symplectic structure.
This set of conservation laws provides the Liouville integrability of the reduced vector �elds d/dτ
and d/dT .
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Every science purposes predicting a future state of system under consideration. Consequently,
the main problem of science can be de�ned as: "Is it possible to predict a future behaviour of
process using its past states?" Conventional approach applied to resolve this problem consists in
building an explanatory model using an initial data and parameterizing sources and interactions
between process properties. Unfortunately, that kind of approach is realized with di�culties, and
its outcomes are insu�ciently correct. According to modern theory of prediction, time series is
considered as random realization, when the randomness is caused by a complicated motion with
many independent degrees of freedom. Chaos is alternative of randomness and occurs in very
simple deterministic systems. Although chaos theory places fundamental limitations for long-rage
prediction (see e.g. [1]), it can be used for short-range prediction since ex facte random data can
contain simple deterministic relationships with only a few degrees of freedom.

Within a development of geometry of a chaos here We present new combined approach to
treating a deterministic chaos in the complex systems, which includes new elements of advanced
techniques such as the multi-fractal formalism, wavelet analysis, optimal propagators method, mu-
tual information approach, correlation integral analysis, false nearest neighbor algorithm, Lyapunov
exponent's analysis, memories function formalism, surrogate data method etc [2]. As application of
the method we have applied it to analyzing the signal's temporal series in modelling interactions in
a few vibrational systems [3] and search of an existence of chaotic behavior in these systems. The
correlation dimension and optimal propagators methods provide a low fractal-dimensional attractor
thus suggesting a possibility of the existence of chaos. The method of surrogate data, for detecting
nonlinearity, provides signi�cant di�erences in the correlation exponents between the original data
series and the surrogate data sets. The Lyapunov exponents analysis supports conclusion that the
systems studied exhibits low-D chaos.
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The purpose of the work is to develop a new e�ective numerical approach to problem of quan-
tization of states of the relativistic Dirac-Slater [1] equations and further using the corresponding
eigen function basis in the calculations of the permitted beta transitions by means of the golden
Fermi-rule. A great importance should be turn on calculating the optimized sets of eigen func-
tions and correspondingly eigen values. To provide and check ful�lling the gauge invariance in
the optimized Dirac-Slater method we use method the QED gauge-invariant approach [2] and the
Yord equalities. It should be noted the key features of our method, namely, the correlation ef-
fects are accounted for in the zeroth approximation by means introducing an additional correlation
Gunnarsson-Lundqvist potential into the Dirac-Slater equations. The correction due to the �nite
size of a nucleus (the charge distribution in a nucleus is modelled within the homogeneous charged
ball and Gauss models) is accounted for in the zeroth approximation of the perturbation theory in
an electric and vacuum-polarization potentials, which are substituted to the Dirac-Slater equations
(i.e on the non-perturbative basis) [3]. As an example, it is carried out calculating the beta-decay
parameters for a number of the permitted beta transitions. Calculation for superpermitted transi-
tions has demonstrated good agreement between theory and experiment that is practically identical
or better than in a case of the standard Dirac-Fock, Hartree-Fock atomic models and Coulomb
approximation due to the ful�lling the gauge invariance condition (i.e. more accurate account for
exchange-correlation e�ects). Calculation of the in�uence for the atomic self-consistent �eld type on
the Fermi function shows that for little and intermediate values of nuclear charge Z a di�erence in
the data, provided by di�erent methods is quite little, however for big Z (for example, 241Pu-241Am)
it becomes quite signi�cant (till a few percents in comparison with non-relativistic data). It' carried
out a quantitative estimate of di�erence between values of the Fermi function under de�nition of by
means of values of the radial electron wave functions on the boundary of a nucleus and by means of
the squares of expansion amplitudes of radial wave functions for r near zero). It is shown that with
a growth of Z a di�erence in values of the Fermi function, which are de�ned according to di�erent
methodics, is increased. The same conclusion is right for a behavior of the integral Fermi function,
de�ned on the boundary of a nucleus and on the basis of amplitudes in zero.
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In the paper [1] a projectively inductively closed functors were de�ned (shortly, p.i.c.-functors).
Let F : Tych → Tych be a functor and Fn ⊂c` F , n ∈ ω. We write that F is the union of Fn

(F =
∞⋃
n=0

Fn), if F (X) =
∞⋃
n=0

Fn(X) for every Tychono� space X.

De�nition. The functor F : Tych → Tych is said to be σ- p.i.c.-functor, if F =
∞⋃
n=0

(Fn)β ,

where Fn is p.i.c.-functor.
For example, the functor expω is σ- p.i.c.-functor

Theorem 1. If F =
∞⋃
n=0

Fn and each Fn is σ- p.i.c.-functor, then F is σ- p.i.c.-functor.

Theorem 2. For each n a functor Pn is σ- p.i.c.-functor.
De�nition. A space X is called a (strongly)-

∑
-space if there exists σ-discrete family N and

such cover C of closed σ-compact subsets of the space X that from the openness of sets c ∈ C and
c ⊂ U it implies that c ⊂ F ⊂ U for F ∈ N .

Theorem 3. Let F be a p.i.c functor of �nite degree and X be a paracompact
∑
space. Then

dimFβ(X) ≤ k dimX + dimF (k)

Theorem 4. Let F : Tych → Tych be a σ- p.i.c.-functor of �nite degree k, X be a paracompact∑
space and F (X) is a normal space. Then

dimF (X) ≤ k dimX + dimF (k)

Corollary 1. Let F : Tych → Tych be a σ- p.i.c.-functor of �nite degree k, X be a paracompact
σ-space and F (X) is a normal space. Then

dimF (X) ≤ k dimX + dimF (k)

Corollary 2. Let F : Tych→ Tych be a σ- p.i.c.-functor of �nite degree k, X be a strati�able
space and F (X) is a normal space. Then

dimF (X) ≤ k dimX + dimF (k)
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In the suggestive paper [1], it was de�ned the notations of bounded Fr�echet manifolds and
bounded (or MCk) maps between Fr�echet spaces. In this paper we de�ned tangent bundle and
second order tangent bundle for these manifolds in the sense of Yano and Ishihara; taking into
account that in this setting the group of automorphisms has a topological group structure, we
proved that bounded Fr�echet tangent bundles are vector bundles. This fact permits us to de�ne a
connection via a connection map which is impossible to de�ne for proper Fr�echet manifolds.

Dodson and Galanis [2] proved that in the cases of Banach manifolds and those Fr�echet
manifolds which can be obtained as projective limit of Banach manifolds, in the presence of a
linear connection the second order tangent bundle is a vector bundle. We obtain the similar
result for bounded Fr�echet manifolds. Moreover, culminating with these constructions, one can
de�ne vector �elds, second order vector �elds and sprays. We proved the existence and uniqueness
of the integral curve of a vector �eld. Let M be a bounded Fr�echet manifold madolled on a
Fr�echet space F and let TM be its tangent bundle. The results formulated in the following theorems:

Theorem TM admits a vector bundle structure over M with �ber of type F and structure
group Aut(F ).

Theorem The second order tangent bundle T 2M of M becomes vector bundle if and only
if M admits linear connection.

Theorem Let ξ : M → TM be a vector �led. Then there exits an integral curve for ξ at
p ∈M . Furthermore, any two such curves are equal on the intersection of their domains.

It turned out with some exceptions (those facts which negatively in�uenced by the lack of
a general solvability theory of ordinary di�erential equations) many results of the geometry of
Banach manifolds can be worked out for bounded Fr�echet manifolds. We should mention why these
manifolds are important. The formulated approach which leads to construct such manifolds provides
valuable tools to obtain new results which would be impossible to prove for proper Fr�echet manifolds.
For example, in [3] it was obtained the Sard's theorem and as we shall see we are able to de�ne local
geometric structures such as linear connection via a connection map. The de�ned connection for
proper Fr�echet manifolds does not imply that the Christo�el symbol Γα : ϕα(Uα) → L(F × F ;F )
is a tensor �eld. Therefore, we need stronger de�nition (via a connection map) to prove that the
curvature and torsion are tensors.
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A new approach to quantization of the states for the Schr�odinger equation with a crossed electric
and magnetic �eld potential is developed within the operator perturbation theory (OPT) [1]. New
numerical approach has been carried out to calculating the energy eigen values and eigen functions
of the energies, Stark resonances widths and probabilities of transitions between Stark and Zeemane
sublevels for atomic system in the crossed DC electric and magnetic �elds. According to the OPT
[2] , the zeroth order Hamiltonian in the Schr�odinger equation with a crossed electric and magnetic
�eld potential is de�ned by the set of the orthogonal eigen values and eigen functions without
specifying the explicit form of the corresponding zeroth order potential. it allows to overcome the
formal and numerical di�culties. The OPT smallness parameter is of the order of G/E, where G
and E are the �eld width and the characteristic eigen values of energy. We have proven a theorem
that G/E remains less than 1/n even in the vicinity of the "new continuum" boundary (n is the
principal quantum number). It should be reminded that perturbation in the OPT does not coincide
with the electric (or magnetic) �eld potential, though they disappear simultaneously.

As example of application, we present the calculation results for the energy eigen values of the
ground state for hydrogen in the dc electric and magnetic �elds [3]. For comparison there are also
listed the results of the ground state energy eigen values obtained on the basis of the Turbiner's
standard perturbation theory SPT (look, for example, review in [2] ). Analysis shows that the both
results are in the reasonable agreement, at least till the �eld strengths values 0.04 atomic units.
Further in a case more strong �eld it begins to increase the di�erence between our theory data and
the SPT results. It is important underline that our results are obtained in the �rst PT order, i.e.
already the �rst PT order provides the physically reasonable results. From the one hand, for weak
�eld strength values an excellent agreement between both approaches can be easily explained. From
the other hand, the standard PT formalism falls in a case of consideration the strong electric or
magnetic or both simultaneously �elds. Our theory is absolutely valid in a case of the strong DC
electric �eld due to using the OPT formalism as the zeroth approximation.
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A problem of quantization of the quasistationary states for the relativistic Dirac equation with
the singular or non-singular nuclear potentials is of a great importance in treating di�erent many-
body problems of the constructive mathematical and theoretical physics, di�erential geometry etc.
our interest is provided by a necessity of solving a problem of the eigen-values spectrum and eigen-
functions for an e�ective relativistic Hamiltonian of the �nite heavy many-body Fermi-systems and
further application to quantitative treating hyper�ne structure parameters of these systems and
description of the electroweak interactions with calculating the corresponding weak amplitudes for
transition, in which a parity non-conservati0on e�ect takes a place.

In our work a new constructive approach to quantization of the bound and quasistationary
(scattering) states of the relativistic Dirac equation with a non-singular (singular) potential is
proposed. Further we develop a new approach to calculating the radiative and weak amplitudes of
the transitions with parity non-conservation, provided by e-N electroweak interaction [1]. Our new
approach is based on the combined relativistic mean �eld model and relativistic gauge-invariant
many-body perturbation theory with using the optimized one-quasiparticle representation [2]. The
correction due to the �nite size of a nucleus is accounted for in the relativistic Dirac equation (zeroth
approximation of the perturbation theory) in the electric and vacuum-polarization potentials on
the non-perturbation basis. The charge distribution in a nucleus is modelled within the relativistic
mean �eld model. The e�ectiveness of the quantization procedure and correctness of the one-
quasiparticle representation (zeroth relativistic Dirac approximation) are checked on example of
accurate calculating parity non-conserving dipole amplitudes for a number of the �nite heavy Fermi-
systems. A theorem, providing reconstruction of the conservation e�ect, has been proven.

New approach is applied in calculating the hyper�ne structure parameters, parity non-
conservation radiative amplitudes for a set of the heavy �nite Fermi-systems with accounting of
exchange-correlation, Breit, weak e-e interactions, radiative and nuclear (magnetic moment distri-
bution, �nite size, neutron �skin�) corrections, nuclear-spin dependent corrections due to anapole
moment, Z-boson ( (AnVe) current) exchange, combined hyper�ne and Z boson exchange ((VnAe)
current) interactions. The weak charge is determined for a number of the heavy systems and com-
parison with the corresponding Standard model data is performed.Finally, we present an application
of a new method to description of the cooperative e-g-nuclear processes in the heavy �nite Fermi-
systems and calculating the corresponding decay amplitudes with using the optimized basises of the
Dirac equation eigen functions.
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Recently, B. Sahin researched submanifolds in a locally product Riemannian manifold and gave a
very interesting results.

In this talk, we recall a locally decomposable Riemannian manifold with an almost constant
curvature and a semi-slant submanifold of an almost product manifold. Then, we consider the
length of the second fundamental form and the mean curvature of a semi-slant submanifold in a
locally decomposable Riemannian manifold with an almost constant curvature. Finally, we consider
a semi-slant submanifold with the parallel second fundamental form in a locally decomposable
Riemannian manifold with an almost constant curvature.
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In a (pseudo)Riemannian manifoldM we give a covariant and coordinate-homogeneous descrip-

tion of the second order Ostrohrads'kyj mechanics, in the case where the integral curves are invariant

under the changes of the dynamical parameter along them.

Let us recall the de�nition of the Liouville form on T∗(TM),

Λ = p.dx+ p(1). du ,

and the de�nition of the Legendre map,

Le : T 3M → T∗(TM) over TM

℘(1) def= p(1) ◦ Le =
∂L

∂u̇
,

℘
def
= p ◦ Le =

∂L

∂u
−Dτ℘

(1) ,

where Dτ denotes the total derivative, Dτ = u
∂

∂x
+ u̇

∂

∂u
+ ü

∂

∂u̇
.

A function L(x, u, u̇), de�ned on T 2M , constitutes a parameter-ambivalent variational problem

δ
∫
Ldτ = 0 if and only if it satis�es the Zermelo conditions:

Z1
def
= uα℘(1)

α = 0 , (Z1)

uα℘α + u̇α℘(1)
α − L = 0 .

Following Gr�asser, Rund, and Weyssenho�, we present the system of generalized canonical

equations for the second order autonomous and parameter-ambivalent variational problem in the

form

Le−1iXdΛ = −λLe−1dH − µdZ1 , (*)

where the function Z1 = p(1)nu
n is well de�ned and along the Legendre map it gives rise to the

�rst of Zermelo conditions (Z1), Le
−1Z1 = Z1. The functions λ and µ are some undetermined

multipliers and the symbol Le−1 denotes the reciprocal image with respect to the map Le of the

succeeding di�erential form.

We introduce the following change of variables in the phase space:

Φ :

{
π(1)n = p(1)n ◦ φ−1

πn = pn ◦ φ−1 − Γlmnu
mp(1)l ◦ φ−1

Proposition 1. Let H depend on (x, u, π, π(1)) through the quantities γ = u · u, η = π(1) · π(1),
ψ = π.u, ν = π(1). u, π · π, π(1).π. In this case the exterior di�erential equation (*) is equivalent to

the following system of ODEs (the prime denotes the covariant derivative)

dx

dτ
= u ,

u′n =

(
∂H

∂ψ

)−1 [
2
∂H

∂η
gnkπ(1)k +

∂H

∂ν
un
]

+ µun ,

π′n = −Rnkmlumukπ(1)l ,

π(1)′n = −
(
∂H

∂ψ

)−1 [
2
∂H

∂γ
un +

∂H

∂ν
π(1)n

]
− πn − µπ(1)n .
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Subject of present paper is the geometry of foliation de�ned by closed 1-form on compact
manifold of constant curvature. In paper everywhere smoothness of manifolds,foliations and maps
is a class C∞.

It is known that leaves of foliation F on compact manifold M given by closed form ω, are
mutually di�eomorphic[3]. Also It is known there is a riemannian metric g on manifold M ,such
that foliation F is a riemannian foliation of (M, g) [5]. Remind that foliation F is called a riemannian
foliation if every geodesic orthogonal at some point to a leaf of foliation F remains orthogonal to
leaves of F at all points. Riemannian foliation were investigated by Rienhart �rst[4].

Foliation F on riemannian manifold is called totally geodesic if every geodesic tangent to a leaf
of foliation at at one point lies on this leaf. It means every leaf is a totally geodesic submanifolds.
Geometry of geodesic foliation was researched in works [1],[2],[6].

The following Theorem shows that leaves of riemannian foliation on smooth connected compact
riemannian manifold (M, g) of constant nonnegative curvature are isometric.

Theorem. Let (M, g) be a smooth connected compact riemannian manifold of constant non-
negative curvature. If F is riemannian foliation de�ned by closed form ω then F is a total geodesic
foliation with isometric leaves.

Corollary 1. Under the conditions of the theorem M is the manifold of constant zero curvature.
Corollary 2. Under the conditions of the theorem the fundamental group of each leaf of

foliation F isomorphic to the group A ⊂ π1(M).

Actually restriction p1 : L̃ → L of covering map p̃ : M̃ → M to the leaf L̃ of foliation F̃ is the
covering map, where L is the leaf of F.

As the manifold M̃ di�eomorphic to the direct product L̃ × R1, where L̃ is any level surface
of function f, fundamental group π1(L̃) is isomorphic to π1(M̃)[1]. Here follows the statement of
Corollary 2.

Example. Consider the di�erential form ω = a1dx1+a2dx2+...+andxn, where a1, a2, ..., an are
real numbers. This form induce the di�erential form on n-dimensional torus Tn = Rn/Zn , where
Z is the set of integers. Equation ω = 0 de�nes the foliation F codimension one on Tn. If rang of
numbers {a1, a2, · · · an} over the set of rational numbers is equal to k, then group A ⊂ π1(M) is the
Z + Z + · · ·+ Z, here n− k summands.

References

[1] Blumenthal R., Hebda J. Ehresman connections.//Indiana Math.J., V.33. No.4 -1984, pp.
597-611.

[2] Hermann R. A su�cient condition that a mapping of Riemannian manifolds be a �ber
bundle //Proc. Amer. Math. Soc. 11. 1960. P. 236-242.

[3] Imanishi H. On the Theorem of Denjoy-Sackteder for Codimension one foliations without
Holonomy. - J. Math. Kyoto Univer. 14, 3, 1974, pp. 607-634.

[4] Reinhart B. Foliated manifolds with bundle-like metrics, - Ann. of Math. 69 (1959), 119-
132.

[5] Sackteder R. Foliations and Pseudogroups. -American J.Math.87, 1965, pp.79-102.

[6] Tondeur Ph. Foliations on Riemannian manifolds, -Springer.: Verlag, 1988.

106



Matter from Toric Geometry and its Search at the LHC

T.V. Obikhod

(Institute for Nuclear Research NAS of Ukraine, 03068 Kiev, Ukraine)

E-mail address: obikhod@kinr.kiev.ua

Toric geometry is applied for construction the enhanced gauge groups in F-theory [1] compact-
i�ed on elliptic Calabi-Yau fourfolds [2, 3]. The Hodge numbers calculated from the polyhedra for
the chain H = SU(1), ..., SU(5), SO(10), E6, E7 determine the number of tensor multiplets, vector
multiplets and hypermultiplets of solitonic states that appear from singularities of elliptic �bration.
Due to duality between the compacti�cation of E8 × E8 heterotic string and the type IIA string
compacti�cation on a Calabi-Yau manifold [4] there is a natural sequence of E-group embeddings
which gives the matter content of Minimal Supersymmetric Standard Model and the possibility of
searching for supersymmetry at the LHC.
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A function f(z) is pseudo-harmonic at a point p ∈ R2 if there exist a neighborhood U(p) and a
homeomorphism ϕ of U(p) onto open unit disk in the plane such that ϕ(p) = 0 and f ◦ ϕ−1(z) is
harmonic and is not constant (see [1]).

A function f is called pseudo-harmonic in the plane if it is pseudo-harmonic at all its points
(see [1]).

Let T be a tree, �nite or in�nite. Denote by V0 the set of all vertices of T of degree 1.
Let S2 be a 2-sphere. We �x a point s ∈ S2.
A continuous mapping Φ : T → S2 is plane if it complies with the following properties:

(i) Φ−1(s) = V0;

(ii) the set Φ(T ) ∪ {s} is closed in S2;

(iii) Φ|T\V0
: T \ V0 → S2 is the homeomorphism onto its image.

A continuous mapping Ψ : T \ V0 → R2 is plane, if there exist a plane mapping Φ : T → S2 and
a homeomorphism ψ : R2 → S2 \ {s} such that

Ψ = ψ−1 ◦ Φ|T\V0
.

Let us consider a �nite forest T = T1 t . . . t Tn (a �nite disjoint union of trees).
A continuous mapping Ψ : T \ V0 → R2 is plane if all mappings Ψi = Ψ|Ti\V0

: Ti \ V0 → R2 are
plane, and also Ψ(Ti \ V0) ∩Ψ(Tj \ V0) = ∅ for i 6= j, i, j ∈ {1, . . . , n}.

Theorem 1. Assume that degree of every vertex of a �nite forest T either is 1 or is an even number

greater than 2.

Let Ψ : T \ V0 → R2 be a plane mapping.

Then there exists a pseudo-harmonic function f : R2 → R, such that Ψ(T \ V0) = f−1(0).
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An advanced technique based on the joint use of principal component method and the wavelet
analysis has been developed to analysis and treating nonlinear geophysical spatially-temporal sig-
nals. The combined principal component and wavelet analysis allows combining the possibility to
reveal the spatial features of the former and to reveal the temporal ones by the latter. Our al-
gorithm includes the wavelet decomposition for analyzing various signals series according to the
methodic [1]. The non-decimated wavelet transform that has temporal resolution at coarser scales
and allows to isolate time series of the major components of �nancial sets a direct way is used.
Besides, generalized non-conservative �nite-di�erences scheme method has been developed to solve
the corresponding atmosphere general dynamics equations. It is based on the earlier developed
generalized non-conservative �nite di�erences scheme for the task of propagating a laser pulse in a
non-linear medium [2].

As application we have studied a number of geophysical systems, which are characterized by
directly manifested chaotic properties. For example, a new algorithm has been applied to analysis
of the di�erent geophysical patterns such as the whether ones, the ozone concentration spatially-
temporal distribution etc. Our numerical analysis has quantitatively shown that the changes in
weather patterns (over the Eastern Europe) occur coherently. It has been numerically discovered a
direct link between the presence of the so-called blocking anticyclone processes in the North Atlantic
and its absence over Ukraine. It has been found that that the so-called NAO impacts dominantly
spatiotemporal variability of European total ozone content at synoptic time and spatial scales.
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Hermitian f -structures is one of the main classes in the generalized Hermitian geometry �eld
(see, for example, [1]). The class Hf is de�ned by T (X,Y ) = 0 condition where T is composition

tensor explicitly evaluated in [1]:
T (X,Y ) = 1

4f(∇fX(f)fY −∇f2X(f)f2Y ),
where ∇ is the Levi-Civita connection of (pseudo)Riemannian manifold (M, g), X,Y ∈ X(M).

Let's point the recent fact concerning Hermitian f -structures on (pseudo)Riemannian manifolds.
It was found that any base canonical f -structure [2] fi on arbitrary homogeneous Φ-spaces of any
order k (homogeneous k-symmetric spaces in the other terminology) with the special set of metrics
belongs to the class Hf i� 3i 6= k or [mi,mi] ⊂ h [3]. Investigation of the algebraic sums of these
structures fi is an extension of the pointed fact. Let us formulate preliminary information (for
example, see necessary references in [3]) and the discovered theorem.

Let G/H (G is a connected Lie group) be a homogeneous Φ-spaces of order k. Denote by g
and h Lie algebras for G and H respectively. The canonical reductive decomposition g = h ⊕ m
corresponding to the automorphism ϕ = dΦe can be represented as

g = h⊕m = m0 ⊕m = m0 ⊕m1 ⊕ ...⊕mu,
where u = [k2 ], some of mi can be trivial. Any canonical f -structure can be represented as

f = (ζ1J1, . . . , ζsJs),
where J1, . . . , Js (s = [k−1

2 ]) are specially de�ned almost complex structures (J2
i = −1) on

m1, . . . ,ms, ζi ∈ {−1; 0; 1}, i = 1, s, f |mu = 0 for even k. The structure f is denoted by fi
(i.e. fi is the base canonical f -structure) if subspace mi isn't trivial, ζi = 1 and other ζj = 0.

Let's consider now the set of G-invariant Riemannian metrics on a homogeneous Φ-spaces G/H
of order k in the case of semisimple compact Lie algebra g with Killing form B. Using the well
known bijective correspondence between the G-invariant metrics and the Ad(H)-invariant inner
products on the canonical reductive complement m let take the next family:

〈X,Y 〉 = λ1B(X1, Y1) + ...+ λuB(Xu, Yu),
where X,Y ∈ g, i = 1, u, Xi, Yi ∈ mi, λi ∈ R, λi < 0. New results are formulated in

Theorem 1. Consider a homogeneous Φ-space M = G/H of order k with the pointed metric g =
〈·, ·〉 and arbitrary base canonical f -structures fv, fw, fz on M , with v > w > z. The structure fv +
fw + fz is of class Hf if and only if for each triple (i, j, t) from the set {(v, w, z), (v, z, w), (w, z, v)}
the conditions below simultaneously hold:

1) 2i+ j 6= k and i+ 2j 6= k and 3t 6= k or [mt,mt] ⊂ h.
2) 2i+ j 6= k and i+ 2j 6= k and i+ j + t 6= k or [mi,mj ] ⊂ mi−j.

The author is grateful to Vitaly V. Balashchenko for helpful discussions and recommendations
related to this article.
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calculation of the eigen values for highly excited states

T. B. Tkach

(OSENU, Odessa, Ukraine)

E-mail address: quantper@mail.ru

We present a new analytical and (numerical) approach to quantization of the stationary (quasi-
stationary) states of the Dirac equation within a one-channel quantum defect approximation. There
is a essential di�erence between the task on the eigen values and eigen functions for the bound and
continuum states. The general method includes the optimized relativistic model potential and
quantum defect approximation combined with the energy approach and many-body perturbation
theory with zeroth order optimized 1-particle representation [1]. The key feature of the presented
theory is an implementation of the relativistic model potential (quantum defect approximation) to
the frames of the gauge-invariant relativistic energy formalism for studying spectral parameters of
Rydberg many-body systems. At �rst, we have formulated a consistent relativistic quantum defect
on the gauge-invariant basis. Let us note that usually the most exact version of the relativistic
quantum defect approximation is provided by using the empirical data in order to determine the
quantum defect values for di�erent states. New approach has allowed to generalize the general theory
of quantum defect and get a new ab initio optimized scheme, satisfying a principle of minimization
for the gauge dependent radiative contributions to imaginary part of energy of the system for the
certain class of the photon propagator calibration.

As object of studying we have calculated di�erent parameters for the highly excited states of a
number of atomic systems, namely, the lithium-and beryllium-like ones. There are calculated eigen
values of an energy and oscillator strengths of the di�erent transitions from ground state to the
low-excited and Rydberg states. The comparison of calculated oscillator strengths with available
theoretical and experimental (compillated) data is performed [2] and demonstrates an consistency
and e�ectiveness of our new approach.

References

[1] A. V. Glushkov Relativistic Quantum Theory.,- Odessa, Astroprint, (2008), 700p.

[2] A. V. Loboda, T. B. Tkach Generalized anergy approach in an electron-collisional spectroscopy

of multicharged ions.,- Journ. of Phys. C Ser. 397: 1, (2012), P. 012027 (6p.)

111
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Usually the multi-con�guration Hartree-Fock and Dirac-Fock approaches are used in calculations
of the energy eigen values and di�erent spectral parameters for many-body atomic systems. Though
these approaches provide the most reliable version of calculation, nevertheless, as a rule, detailed
description of the method for studying role of the gauge-invariant contributions and more tiny
radiative corrections is lacking. Serious problems are connected with correct de�nition of the high-
order correlation corrections etc. The further improvement of this method is connected with using
the gauge invariant procedures of generating relativistic orbital basis's and more correct treating the
above cited e�ects [1]. Especially a serious di�culties are arisen under consideration and calculation
of the key characteristics for so called forbidden transition in atomic systems.

Here we present a new gauge-invariant version of the relativistic many-body perturbation theory
approach with optimized Dirac-Fock zeroth approximation to description of the forbidden radiative
transitions characteristics in spectra of the heavy atomic systems. We have presented an improved
procedure for quantization of the stationary and quasi-stationary states for the corresponding Dirac-
Fock equations and developed new precise scheme for calculating the forbidden radiative transition
probabilities [2]. New scheme is based on the relativistic energy approach and gauge-invariant
QED perturbation theory (PT) formalism with using the optimized one-quasi-particle represen-
tation and precise accounting for the exchange-correlation e�ects [3]. There are carried out the
calculations of energy eigen values and eigen functions, probabilities and oscillator strengths for
the radiative transitions in spectra of a number heavy atomic systems and performed a detailed
comparison with available alternative theoretical and experimental data for the cited systems. has
been performed studying of the asymptotic properties of the eigen functions and numerical features
of the corresponding radiative transition integrals.
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A new approach to quantization of the stationary (quasi-stationary) states of the Dirac equation
for many-body (N-body) quantum (atomic) systems is developed. The new method is based on ab
initio version of the quantum electrodynamics perturbation theory for the N-quasi-particle systems
with using comprehensive, gauge invariant relativistic orbital basis's generation scheme [1] and
e�ective procedure of the Fano-Byorke type for calculating the perturbation operator matrix ele-
ments for N-quasi-particle states and with accurate accounting the complex correlation e�ects. The
recurrence relationships between the three-body and two-body matrix elements have been obtained.
It has been proven a theorem establishing a link between gauge non-invariant contributions into the
matrix elements and quality of the eigen functions basis of the corresponding Dirac operator.

New approach is applied in calculation of the characteristics for dielectronic satellites of spec-
tral lines for multicharged ions. New spectral data have been obtained for characteristics Na-like
satellite lines within a full relativistic perturbation theory [1] calculation. An e�ective procedure
for theoretical modelling the dielectronic satellites spectra of multicharged ions is carried out and
applied to modelling spectra of Na-like multicharged ions and others. This scheme is based on using
obtained relativistic, gauge-invariant calculation data and statistical procedure of accounting line
intensity distribution for transitions between con�gurations with great number of lines [2]. It is
more exact in comparison with widely used schemes on basis of data by the multi-con�guration
Dirac (Hartree)- Fock calculation and especially e�ective under studying complex con�gurations,
where it is realized an intermediate case and spectrum is linear-striped one.
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The work is devoted to development of a new procedure for quantization of the stationary (qua-
sistationary) states of the relativistic Klein-Gordon-Fock equation in application to pionic atomic
systems and calculation of the spectra, radiative corrections, hyper�ne structure parameters for
these systems. Our new approach is ab initio, relativistic method allowing to carry out a consistent
calculation of the spectra for pionic systems with an account of relativistic, nuclear, radiative e�ects
within the gauge-invariant QED perturbation theory in version [1]. The analytical and numerical
estimates regarding a quantitative link between a consistence of the quantization procedure, a qual-
ity of the nucleus structure modeling and accuracy of calculating energy and spectral properties of
systems have been received. The wave functions zeroth basis is found from the relativistic Klein-
Gordon-Fock equation. The potential includes the self-consistent ab initio potential, the electric and
polarization potentials of a nucleus plus some other potentials for accounting of more tiny e�ects
(such as exchange-correlation ones etc). In order to make modelling a nuclear charge distribution
in a nucleus the Gauss model has been used. Within the method of di�erential equations [1], the
corresponding nuclear potential is found as solution of the di�erential equations system. The en-
ergy shift is connected with a length of the pion-nuclear scattering (scattering amplitude for zeroth
energy). It has been proven a theorem establishing a link between a quality wave functions zeroth
basis and value of the gauge non-invariant contribution to energy.

As application of the approach, the data on energy characteristics (transition energies and
probabilities) of the di�erent transitions group in the pionic systems, including estimating the values
of the strong pion-nuclear interaction energy levels shifts and widths, de�ning the corrections due to
the e-screening, vacuum polarization, relativistic recoil e�ects etc are presented and compared with
available other theoretical and experimental results [2]. It is considered an advanced approach to
rede�nition of the pion-nucleon phenomenological optical model potential parameters and increasing
an accuracy of the hadronic transitions energies de�nition.
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We consider n-dimensional smooth manifold Mn with Laptev's structure equations

Dωi = ωj ∧ θij (i, ... = 1, n).

After prolongation we obtain

Dθij = θkj ∧ θik + ωk ∧ θijk,

besides according to Laptev's lemma the following condition holds

θijk ∧ ωj ∧ ωk = 0 ⇔ θi[jk] ∧ ω
j ∧ ωk = 0,

which is written as follows:

θi[jk] = λijklω
l; λi(jk)l = 0, λi[jkl] = 0 ⇒ λi{jkl} = 0,

where square brackets denote alternation, round brackets � symmetrisation, and curly brackets �

cycling. In the general case, when λijkl 6= 0, we will say about semiholonomic smooth manifold Mn.

In the specal case, when λijkl = 0, we call Mn a holonomic smooth manifold HMn.

The structure equations of the space of projective Cartan's connection Pn,n we rewrite as follows:

Dωi = ωj ∧ ωi
j + Si

jkω
j ∧ ωk, Dωi = ωj

i ∧ ωj +Rijkω
j ∧ ωk,

Dωi
j = ωk

j ∧ ωi
k + δijωk ∧ ωk + ωj ∧ ωi +Ri

jklω
k ∧ ωl,

besides the components of curvature-torsion tensor R = {Si
jk, R

i
jkl, Rijk} satisfy di�enertial

comparisons

∆Si
jk ≡ dSi

jk + Sl
jkω

i
l − Si

lkω
l
j − Si

jlω
l
k
∼= 0 (modωi),

∆Ri
jkl − δijSm

klωm − Si
klωj

∼= 0, ∆Rijk +Rl
ijkωl

∼= 0.

1. The tensor of projective curvature-torsion R contains the tensor of a�ne curvature-torsion

{Si
jk, R

i
jkl}, which includes torsion tensor Si

jk.

2. Three analogues of Ricci-Bianchi identities are invariant in the space Pn,n only in the case of

real torsion Si
jk = 1

n−1(δijSk − δikSj), where Sk is a tensor.

3. The space Pn,n with the real torsion is a semiholonomic n-dimensional smooth manifold.

4. In the space without torsion P
′
n,n (Sk = 0) the tensor of projective curvature-torsion R

degenerates into the tensor of center-projective curvature {Ri
jkl, Rijk}, which contains the tensor

of a�ne curvature Ri
jkl.

5. The vanishing of non-holonomicity tensor Ri
[jk]l distingiushes the holonomic space HP

′
n,n.
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