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Mixed volumes/areas and distribution of zeros of holomorphic
functions

Bulat N. Khabibullin
(Bashkir State University, Ufa, Bashkortostan, Russian Federation)
E-mail: khabib-bulat@mail.ru

Roman R. Muryasov
(Bashkir State University, Ufa, Bashkortostan, Russian Federation)
E-mail: romrumur@yandex.ru

We denote by N:={1,2,... }, R, Rt := {z € R: z > 0}, R} :=R"\0, and C the sets of natural, of
real, of positive, of strictly positive, and of complez numbers, each endowed with its natural order (<,
sup /inf), algebraic, geometric and topological structure.

Mixed areas/volumes. Let S be a bounded subset in C with the support function [1, Ch. 1], [2]

) t
Sps(=) iz, swpRe(z).  sps(t) i, Sps(e”). and  As(t) i (sps)iu(t)+ [ sps(a)da.

ze€Cyes ER

where (spg)les is the left derivative of spg. The mized area (of Minkowski) F(S1,S2) of bounded sets
51,52 C Cis integrals |1, Ch. 1, 3], [2], [3, § 4]

1 2m 1 2m
F(Sl7 SQ) = 5 /0 Sp51 (t) dASQ (t) = 5 /O (SPS]SPSQ A (SpS] )feft (SPSQ){eft) (t) dt = F(SQ’ Sl)

Convexity with respect to a pair of functions. Let I C R be an open interval, and let f1: I — R
and fo: I — R be a pair of functions. A function g: I — R will be called convex with respect to the
pair f1, fo, or, briefly, (fi, f2)-convez if there is a number d > 0 such that for each x1,x9 € I with
|z1 — 22| < d and for each Cy, C3 € R such that

g(z1) < Crfiwr) + Cof(m1), g(x2) < Crfi(x2) + Cof (22),

we have g(z) < C1f1(x) + Cof (2) for each x € (x1,22) [4, Ch. I, § 1]. So, if g: R} — R} is (f1, fo)-
convex for the pair fi: z — and f1: x — 1/z, then we say that ¢ is (x,1/z)-convex.
z € R} x € RY

Entire functions in C. Even the following special result develops [3, § 4], [5], [6, Ch. 3, 4.2].
Let f # 0 be an entire function of exponential type with the indicator of growth of f denoted by

1
Indy()(2) 1= timsup /2]
0<r—+oo r 2EC

R.

The function Ind;[f] is convex and positive homogeneous on C. Therefore, there is a non-empty convex
compact set Iy C C with Spr, = Indy[f] called the indicator diagram of this entire function f.

Theorem 1. Let f # 0 be an entire function of exponential type with the indicator diagram Iy. Suppose
that the function f vanish on a sequence Z = (zp)reny C C, i.e., f(zi) =0 for each k € N. If K is a
non-empty conver compact subset in C, and g: R} — R} is an increasing (z,1/x)-convez function on
R}, such that

* 7
0 < liminf 9(z) < limsup 9(z) < 400, (1)
0<z—+o00 T 0<z—4oco <L
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then
1
limsup lim sup # Z ( )spK( Zk ) <F(Iy,K). (2)

g — ok
1<a—+oo r——+o0 fg(l/x) dz r<|zg|<ar |Zk‘ |Zk‘
r

Besides, for the identity function g: x — and for any non-empty conver compact subsets S and
x € R}

K in C, there is an entire function f # 0 of exponential type with zero sequence Z = (zi)xeny C C and
the indicator diagram Iy = S such that we have the equality in (2).

Theorem 1 can be extended to entire functions of finite order p € R™ of one or several complex
variables with significant generalizations of mixed areas/volumes for p-convex sets. Thus, we obtain
numerous exact results on the completeness of systems of entire functions in classical function spaces
on sets in C™ for n € N in terms of the mutual indicator of entire function and set [5], [6, Ch. 3, 4.2].

Here we note only the simplest version of the application of Theorem 1 to completeness questions.

Completeness of exponential systems. For a compact subset S of C, we denote by C'(S)NHol(int.5)
the normed space of all continuous functions f: S — C such that the restriction f to the interior intS
of S is holomorphic if this interior intS is non-empty, equipped with the norm || f| s := sup‘f(s)|.

ses

Theorem 2. Let S be a compact subset of the complex plane such that C\ S is connected. Let
Z = (zg)ren C C be a sequence of pairwise distinct numbers. If there are a non-empty compact convez
subset K C C and an increasing (x,1/x)-convex function g: R} — R satisfying (1) such that

1 -
limsup lim sup # E g(m)spK(%> > F(I,K).
1<a—+o0 r—-+4oo fg(l/x) dz r<|zx|<ar k k

T

then the closure of the linear hull of {e**: k € N} in C'(S)NHol(intS) coincides with C(S)NHol(intS).

Holomorphic functions in the unit disk/ball. In [7] and [8], we first used p-trigonometrically
convex and p-subspherical functions to study zero sets of holomorphic functions on the unit disk in C
and on the unit ball in C", respectively. Some of these results can be obtained in a more general form
in terms of mixed areas/volumes and Hausdorff measures of zero sets.

The research was supported by a Grant of the Russian Science Foundation, Project No. 18-11-00002.
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