http://imath.kiev.ua/~topology/conf/agma2017/




Chairman: Prishlyak A.
(Kyiv, Ukraine)
Balan V.
(Bucharest, Romania)
Banakh T.

(Lwiv, Ukraine)
Fedchenko Yu.
(Odesa, Ukraine)
Fomenko A.
(Moscow, Russia)
Fomenko V.
(Taganrog, Russia)
Glushkov A.
(Odesa, Ukraine)
Haddad M.

(Wadi al-Nasara, Syria)
Herega A.

(Odesa, Ukraine)
Khruslov E.
(Kharkiv, Ukraine)
Kirichenko V.
(Moscow, Russia)
Kirillov V.

(Odesa, Ukraine)
Konovenko N.
(Odesa, Ukraine)

Li1sT OF TOPICS

Algebraic methods in geometry

Differential geometry in the large

Geometry and topology of differentiable manifolds
General and algebraic topology

Dynamical systems and their applications
Geometric problems in mathematical analysis
Geometric and topological methods in natural sciences
History and methodology of teaching in mathematics

ORGANIZERS

The Ministry of Education and Science of Ukraine
Odesa National Academy of Food Technologies
The Institute of Mathematics of the National Academy of Sciences of Ukraine
Taras Shevchenko National University of Kyiv
The International Geometry Center

PROGRAM COMMITTEE

Maksymenko S.
(Kyiv, Ukraine)
Matsumoto K.
(Yamagata, Japan)
Mashkov O.
(Kyiv, Ukraine)
Mykytyuk 1.
(Lwiv, Ukraine)
Milka A.
(Kharkiv, Ukraine)
Mikesh J.
(Olomoue, Czech Republic)
Mormul P.
(Warsaw, Poland)
Moskaliuk S.
(Wien, Austri)
Panzhenskiy V.
(Penza, Russia)
Pastur L.
(Kharkiv, Ukraine)
Plachta L.
(Krakov, Poland)
Pokas S.

(Odesa, Ukraine)
Polulyakh E.
(Kyiv, Ukraine)

Rahula M.
(Tartu, Estonia)
Sabitov I.
(Moscow, Russia)
Savchenko A.
(Kherson, Ukraine)
Sergeeva A.
(Odesa, Ukraine)
Strikha M.
(Kyiv, Ukraine)
Shvets V.
(Odesa, Ukraine)
Shelekhov A.
(Tver, Russia)
Shurygin V.
(Kazan, Russia)
Vlasenko 1.
(Kyiv, Ukraine)
Zadorozhnyj V.
(Odesa, Ukraine)
Zarichnyi M.
(Lwiv, Ukraine)
Zelinskiy Y.
(Kyiv, Ukraine)



ADMINISTRATIVE COMMITTEE

Egorov B., chairman, rector of the ONAFT;

Povarova N., deputy chairman, Pro-rector for scientific work of the ONAFT;

Mardar M., Pro-rector for scientific-pedagogical work and international communications of the
ONAFT;

Fedosov S., Director of the International Cooperation Center of the ONAFT;

Volkov V., Director of the Educational Research Institute of Mechanics, Automation and Com-
puter Systems named after P. M. Platonov;

Bukaros A., Dean of the Faculty of automation, mechatronics and robotics

ORGANIZING COMMITEE

Kirillov V. Hladysh B. Maksymenko S.
Konovenko N. Nuzhnaya N. Khudenko N.
Fedchenko Yu. Osadchuk E. Cherevko E.



55

Some extremal and structural properties of finite ultrametric spaces

O. Dovgoshey
(Function theory department, Institute of Applied Mathematics and Mechanics of NASU,
Dobrovolskogo str. 1, Slovyansk 84100, Ukraine)
E-mail: oleksiy.dovgoshey@gmail.com

E. Petrov
(Function theory department, Institute of Applied Mathematics and Mechanics of NASU,
Dobrovolskogo str. 1, Slovyansk 84100, Ukraine)
E-mail: eugeniy.petrov@gmail.com

H.-M. Teichert
(Institute of Mathematics, University of Liibeck, Ratzeburger Allee 160, 23562 Liibeck, Germany)
E-mail: teichert@math.uni-luebeck.de

We describe some extremal and structural properties of finite ultrametric spaces which have the strictly
n-ary representing trees and the representing trees with injective internal labeling.
Recall some definitions. The spectrum of an ultrametric space (X, d) is the set

Sp(X) = {d(x,y): z,y € X}.

For a graph G = (V, E), the sets V = V(G) and E = E(G) are called the set of vertices (or nodes) and
the set of edges, respectively. Let (X, d) be an ultrametric space with |X| > 2 and the spectrum Sp(X)
and let r € Sp(X) be nonzero. Define by G, x a graph for which V(G, x) = X and

({u,v} € E(Grx)) & (d(u,v) =1).

Denote by G’ the subgraph of the graph G obtained from G by deleting of isolated vertices. With every
finite ultrametric space (X, d) we can associate a labeled rooted tree T, see [1]. By Bx we denote the
set of all balls of the space X.

Theorem 1. Let (X, d) be a finite nonempty ultrametric space. The following conditions are equivalent.

(i) The diameters of different nonsingular balls are different.

(ii) The internal labeling of Tx is injective.
) G%X is a complete multipartite graph for every r € Sp(X) \ {0}.
(iv) The equality |B x| = |X|+ |[Sp(X)|—1 holds.

Let (X,d) be an ultrametric space. Recall that balls By, ..., By in (X, d) are equidistant if there is
r > 0 such that d(z;,x;) = 7 holds whenever z; € B; and z; € B; and 1 <1 < j <k.

Theorem 2. Let (X, d) be a finite nonempty ultrametric space and let n > 2 be integer. The following
conditions are equivalent.
(i) Tx is strictly n-ary.
(ii) For every monzero r € Sp(X) the graph G%X is the union of p complete n-partite graphs, where
p is a number of all internal nodes of Tx labeled by r.
(i1i) For every nonsingular ball B € By there are the equidistant balls By, ..., B, € Bx such that
B = U Bj and diam B; < diam B for every j € {1,...,n}.
j=1
() The equality (n — 1)|By |+ 1 = n|Y| holds for every ball Y € Bx.

Let T be a rooted tree and let v be a node of T'. Denote by 6 (v) the out-degree of v, i.e., 6T (v) is
the number of children of v, and write

AT(T) = 5t (v),
(1) Jha (v)
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i.e., AT(T) is the maximum out-degree of V(7). It is clear that v € V(T) is a leaf of T' if and only if
5% (v) = 0. Moreover, T is strictly n-ary if and only if the equality

§T(w)=n
holds for every internal node v of T'. Let us denote by I(T') the set of all internal nodes of T.

Lemma 3. The inequality
V(D) < AT(D)|I(T)] +1

holds for every rooted tree T. If |V (T)| = 2, then this inequality becomes the equality if and only if T' is
strictly n-ary with n = AT (T).
Corollary 4. The inequality
AF(Tx) X[ -1

A+ (Tx)—1
holds for every finite nonempty ultrametric space (X,d). This inequality becomes an equality if and only
if Tx is a strictly n-ary rooted tree with n = AT (Tx).

IBx| >

Proposition 5. Let (X,d) be a finite ultrametric space with |X| > 2. Then the inequality
20T (Tx) | X| - AT (Tx) = | X]
At (Tx) -1
holds. This inequality becomes an equality if and only if Tx is a strictly n-ary rooted tree withn = AT (Tx)
and with the injective internal labeling.

2[Bx| > [Sp(X)| +

Corollary 6. Let (X,d) be a finite ultrametric space with | X| > 2 and let n = AT (Tx). The following
conditions are equivalent.
(i) Tx is a strictly n-ary tree with injective internal labeling.
(ii) G;,X is complete n-partite graph for every r € Sp(X).
(iii) The equality
20 (T )| X| — AT (Tx) — | X]
A+ (Tx) — 1

2|Bx| = [Sp(X)| +
holds.
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