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On the algorithm of degenerations and fundamental groups
as a tool to understand algebraic surfaces

Meirav Amram
(Shamoon College of Engineering, Ashdod, Israel)
E-mail: meiravt@sce.ac.il

The classification of algebraic surfaces in the moduli space has been an interesting question for
many years. Fundamental groups are very nice invariants in classification of algebraie surfaces.

We consider an algebraic surface X in some projective space. We project’ X onto the projective
plane CP?, using a generic projection, and get the branch curve S in CP?. The curve S is a
cuspidal curve with nodes and branch points, and it can tell a lot about X. We can get the
presentation of the fundamental group G of the complement of S in CP?. Group G.does not
change when the complex structure of X changes continuously. In fact, all surfaces in the same
component of the moduli space have the same homotopy type and therefore have the same group

G.

But it is difficult to describe S explicitly, and therefore it is not easy to write down a presentation
for G. To tackle this problem, we use a nice degeneration and regeneration algorithm. And
together with the use of some regeneration rules and the van-Kampen Theorem, we get the
presentation of G. We note that despite these techniques, we still cannot skip some algebraic
work in order to determine what G is.

If G is too complicated, we can calculate its quotient, which is the fundamental group Ggy
of the Galois cover of X, and also this quotient does not change when the complex structure
of X changes continuously. Some examples of such calculations appear in [1] and [2]. In [1] we
prove that surfaces with Zappatic singularity of type Ry, have a trivial Gg,. And in 2] we divide
surfaces with degree 6 degenerations to two sets: trivial or non-trivial Gg,. Moreover, some
other works were done in this research domain, for example for surfaces with different Zappatic
singularities, and surfaces that degenerate to non-planar shapes.

In the end of the talk I will present an output of a new computer algorithm, developed jointly
with U. Sinichkin (TAU, Israel). This algorithm provides the presentation of the fundamental
group G, when the branch curve S'is given.

REFERENCES
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Foliations on closed three-dimensional Riemannian
manifolds with a bounded mean curvature of leaves

Dmitry V. Bolotov
(B. Verkin ILTPE of NASU, 47 Nauky Ave., Kharkiv, 61103, Ukraine)
E-mail: bolotov@ilt.kharkov.ua

Recall that a foliation F of codimension one on a smooth 3-manifold M is called taut if its
leaves are minimal submanifolds of M for some Riemannian metric on M. In [1] it was proved
that if F is taut, then a number of cohomological classes H?*(M) realized as Euler classes e(F)
of tangent distribution to JF is finite.

We present the following result.

Theorem 1. Let Vy, 19, Ko, Hy be fized positive constants, and M be a closed oriented irreducible
three-dimensional Riemannian manifold with the following properties:
(1) the volume Vol(M) < Vy;
(2) the sectional curvature K of Riemannian manifold M satisfies the inequality | K| < Ko;
(8) min{inj(M), #KT} > 19, where inj(M) is the injectivity radius of M.
Then only a finite number C(Vy,io, Ko, Hy) of cohomological classes in H*(M) are realized as

FEuler class e(F) of the tangent distribution to a transversally oriented codimension one foliation
F on M whose leaves have a mean curvature H satisfying the inequality |H| < Hy.

REFERENCES
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Topological issues about the 6D ISST in Physics

Enzo Bonacci
(The Physics Unit of ATINER, Athens, Greece)
E-mail: enzo.bonacci@physics.org

The recent proposals of a three-directional time [6], of a time vector |7], and of a 6D spacetime
with SO(3,3) symmetry [5], have renewed the interest for the hexadimensional extension of Ein-
stein’s General Relativity formulated two decades ago via three-dimensional time |1, 2, 3]. We
wish to enrich the discussion about the hypothetical 6D geometrodynamics by giving a topolog-
ical response to two fundamental questions: 1) Why should the spacetime manifold require six
dimensions instead of four? 2) Why should the two extradimensions be timelike? The 4D universe
is supported by an intuitive logic: in order to describe an event, we need to know where and when
it is occurring, for a total amount of four coordinates (three spatial and one temporal). Although
reasonable, the current representation of the spacetime’s intimate structure could be incomplete:
we suggest adding the spin angular velocity among its intrinsic properties. If we assume that
each point of the continuum is a structureless rotating sphere of null radius, we obtain a 6D in-
herently spinning spacetime (acronym ISST). In the ISSTconstruction, we choose to neglect both
the spinning magnitude and its direction (up or down), focusing only on the plane of rotation
(perpendicular to the spinning axis) as essential information about how an event happens. The
two parameters defining the orientation of the rotation plane of a spinning point are interpreted
as time extradimensions because they are surely not spacelike (i.e., not related to the position
in a fixed Ozyz reference frame) and, as surface measures, they are basically timelike [4]. Our
geometric analysis raises open questions ranging from the observation of a preferential arrow of
time to the role of temporal “hidden variables" in classic quantum phenomena.
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Characterized cycles integration on D-modules as solutions
in L-holomorphic bundles

Francisco Bulnes
(IINAMEI A.C., Research Department in Mathematics and Engineering, TESCHA, Mexico.)
E-mail: francisco.bulnes@tesch.edu.mx

From a moduli space developed to establish the equivalences between different characteristic
cycles classes; where some are objects of a complex holomorphic bundle and others elements
of a sheaf of coherent D-modules, are determined co-cycles that represent solutions of the field
equations in the holomorphic context and Lagrangian submanifolds. The characteristic cycles
of the category of Lagrangian submanifolds are solutions to the field equation on IL-holomorphic
bundles in the space-time M (as complex Riemannian manifold) with singularities. We have the
following technical lemma:

Lemma 1 (F. Bulnes). Characteristic cycles in C(G), as Lagrangians have their equivalent in a
flat space P44 (corresponding to the spertwistor space PT), as lines bundles in P. The cycles

in C(G), are solutions of the field equation on LL-holomorphic bundles to the space-time M, which
includes singularities.



One-dimensional Monotone Non-autonomous Dynamical
Systems and Strange Nonchaotic Attractors

David Cheban
(Moldova State University)
E-mail: david.ceban@usm.md

This work is devoted to the study of the dynamics of one-dimensional monotone non-autonomous
(cocycle) dynamical systems and strange nonchaotic attractors. A description of the structure
of their invariant sets, omega limit sets, Bohr/Levitan almost periodic and almost automorphic
motions, global attractors, pinched and minimal sets is given. An application of our general
results is given to scalar differential and difference equations. Below we give some of our results
for discrete dynamical systems generated by scalar difference equations.

Below we will use the terminology and notation from [1]. Let (¥, d) be a ecomplete metric space
and (Y, Z, o) be a dynamical system on the space Y and C(Z x¥, R) be the space of all continuous
functions f : Z x Y — R equipped with the compact-open topology.

Consider the scalar difference equation

ut +1) = fo(t,y), u), (y €¥) (1)

where f € C(Y x Z,R). Denote by o(t,u,y) a unique solution of equation (1) passing through
the point u € R at the initial moment ¢ = 0.
From the general properties of solutions of equation (1) we have

©(0,u,y) =wu for any u € R and y € Y;

et +1,u,y) =t @(1,u,y),0(r,y)) for any t, 7 €Z,, u € Rand y € V;

the mapping (¢, u,y) — ¢(t,u,y) from Z, x R X Y — R is continuous;

if the function f is monotonically increasing in v € R uniformly with respect to y € Y,
then one has ¢(t, u1,y) < p(t,uq,y) for any t € Z, and y € Y.

o oe

Taking in consideration a. — b. we can conclude that every equation (1) with monotonically
increasing right hand side f generates a monotone cocycle (R, ¢, (Y, T, o)) with discrete time Z .

Quasi-periodically forced monotone maps. An m-dimensional torus is denoted by 7™ :=
R™ /277, Let (T™, T, o) be an irrational winding of 7™ with the frequency v = (v1,va,...,v) €
R™. Consider difference equation

u(t+1) = f(o(t,w), u), (2)
where f € C(7T™ x R,R), w € 7™ and (7™, T,0) is an irrational winding of 7™ with the
frequency v .= (¥, 1s,...,14,) € R™. Denote by ¢(t,u,w) the unique solution of equation (2)

passing through the point v € R ate the initial moment ¢ = 0. If the function f is monotonically
increasing in u € R uniformly with respect to w € 7™, then the mapping ¢ : Zy x R x 7™ — R
((t,u,w) — @(t,u,w)) possesses the properties a. — d.
Theorem 1. Let f € C(Z x R, R). Assume that the following conditions hold:

(1) there ezist a solution ¢(t,uo, f) of equation

o' = f(t ) (3)

bounded on Z. ;
(2) the function f is strongly Poisson stable in t € Z uniformly with respect to u on every
compact subset of R.

Then the following statements hold:
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(1) the w-limit set wy, (ro := (uo, f) € R x H(f)) of point xq is a nonempty, conditionally
compact and invariant set of skew-product dynamical system (X,Z.,7);

(2) h(wl’o) =Y = H(f)7

(8) the set wy, contains at least one but at most two minimal sets;

(4) if M C wy, is a minimal set, then every point x = (u, f) € M is strongly Poisson stable;

(5) if the function f is almost recurrent (respectively, recurrent) in t € 7 uniformly with
respect to u on every compact subset of R and M C w,, is a minimal set, then every point
z = (u, f) € M is almost recurrent (respectively, recurrent);

(6) if the function f is almost automorphic in t € Z uniformly with respect to w on every
compact subset of R, then the minimal set M C wy, is almost automorphic.

Theorem 2. Assume that equation (3) is uniformly dissipative, then the following statements
hold:

(1) the cocycle (R, ¢, (H(f),Z,0)) associated by equation (3) admits a compact global attractor
21 I ={l,[ g € H(])};
(2) a(g),B(g) € 1,, and hence, 1, C [a(g), B(g)], where
a(g) :==inf{u € I;} and [(g) :=sup{u€ I };
(3) the scalar function 5 : H(f) — R, g — B(g) (respectively, o : H(f) — R, g — a(g)) is
upper semi-continuous (respectively, lower semi-continuous);

(4)
p(t,alg),9) = alalt, 9)) (4)

w(t, 5(g), 9) = B(o(t,g)) ) (5)

foranyt € Z and g € H(f);
(5) if the function f is strictly Poisson stable in t-€ 7 uniformly with respect to u on every
compact subset of R, then there exists a residual subset G C H(f) such that for any g € G

the solution ¢(t,a(g),q) (respectively, ¢(t,B(g),g)) of equation
a'=g(t,x) (9€GCH(f)) (6)

(respectively,

18 compatible;
(6) Iy = [alg), P(g)] for any.g € H(f).

Remark 3. Suppoese that a(go) = B(go) for some gy € H(f). Then a(g) = S(g) for a residual
set G C H(f) of g € G. This type of attractors are called Strange Nonchaotic Attractors (see,
for example, [3, Ch.I] and the bibliography therein).
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Holomorphically Projective Mappings of Kahler Manifolds
Preserving The Generalized Einstein Tensor

Yevhen Cherevko
(Department of Physics and Mathematics Sciences, Odesa National University of Technology
112, Kanatnaya Str., 65039, Odesa, Ukraine)
E-mail: cherevko@usa.com

Vladimir Berezovski
(Department of Mathematics and Physics, Uman National University of Horticulture 1,
Institutskaya, 20300, Uman, Ukraine)
E-mail: berez.volod@gmail.com

Josef Mikes
(Department of Algebra and Geometry, Faculty of Science, Palacky University Olomouc
Kiitkovského 511/8, CZ-771 47 Olomouc, Czech Republic)

E-mail: josef .mikes@upol.cz

Yuliya Fedchenko
(Department of Physics and Mathematics Sciences; Odesa National University of Technology
112, Kanatnaya Str., 65039, Odesa, Ukraine)
E-mail: fedchenko.julia@ukr.net

Holomorphically projective mappings which preserved the Einstein tensor

Ry,

Ej= Ry — ==

were studied in [1]. Preserving the stress-energy tensor

Rgz’j
2

by conformal mappings was explored in (3], [5]. It’s worth for noting that in many classical issues
e. g. [2, p. 359], just the latter is referred to as the Einstein tensor.
Let us refer to

Sij = Rij =

Qiij d:Of Rij — K}Rgij. (1)

as the generalized Einstein tensor. Here x is a constant. Conformal mappings which pre-
serving the introduced tensor were explored in [6].

It is known that a covariant vector 1); determining holomorphically projective mapping between
two Kihler spaces (V", J,g) and (V' J,7) should satisfy the equations
« 1 o)
Vig = Yithj = Va7 Va]] + —— (Rij = Ryy). (2)

Here we denote by comma ") covariant derivative respect to the metric g of a space (V" J, g).
The affinor J!" is referred to as a complez structure. The structure is the same for both manifolds.
The symbols R;; and R;; denote Ricci tensors of spaces (V" J, g) and (V",J,9) respectively.

It follows from (38) that the deformation of the generalized Einstein tensor can be written as

@ij — Gij = Ei]‘ — mﬁﬁij — Ri]‘ + HRgi]—. (3)
Taking account of the preservation requirement, i. e. &;; = €;;, from (38) we get

Eij — Ri]‘ = Hﬁgij — RRgij. (4)



Since (38) holds we can rewrite (38) as
— « B R 5—
Vij = Vit — YaJiPpJ; + n—+2(Rg"7 — Rgij). (5)

Let us recall that R = R;;g".

Differentiating (38) covariantly with respect to z* and the connection I' which is compatible
with the metric ¢ of the manifold (V", J, g), alternating in j and k and using the Ricci identity,
we obtain the conditions of integrability:

K — —
VWi, = n—_|_2<akR§ij — 0;Rgy, — OnRgij + 0; Rgir), (6)
where R
def K
Wh, < R+ — 2(5§?gik — 0pgiy — I T+ T Ty — 20 T). (7)

Finally, we can summarize by the theorem

Theorem 1. If manifolds (V",.J,g) and (V",.J,g) are in holomorphically projective correspon-
dence and the mapping preserves the tensor €;; = R;; — kRyg,;, then the function v generating the
mapping, must satisfy the system of PDE’s (38) whose conditions of integrability are (38). Also,
the tensor I/Vj;k 15 preserved by the mapping.
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Some questions about virtual Legendrian knots

Vladimir Chernov
(Dartmouth College, Hanover, USA)
E-mail: vladimir.chernov@dartmouth.edu

Rustam Sadykov
(Kansas State University)
E-mail: rstsdk@gmail.com

Virtual Legendrian knots were introduced by Cahn and Levi and jointly with Sadykov we
proved the Kuperberg type theorem for them. We will discuss a few open questions about the
virtual Legendrian knots including the versions of the Ding-Geiges Theorem, Arnolds 4 cusp
conjecture and the applications of this to causality in spacetimes with the changing topology of
the spacelike section in the spirit of our works with Nemirovski.
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Morse-Smale flows in the Boy’s surface

Luca Di Beo
(Taras Shevchenko National University of Kyiv, Kyiv, Ukraine)
E-mail: dibeoluca@gmail.com

Morse-Smale (MS) dynamical systems are amongst the simplest possible dynamical systems,
with strong restrictions imposed on its critical points. In this thesis, I present a brief history of
the development of the theory, along with the introduction of important definitions, theorems
and lemmas. Moreover, I investigate MS systems in the Boy’s surface (P‘) with emphasis on
optimal ones. A method relying only on topological features has been used in order to classify
MS systems in P‘. A review of some topological properties of this space is presented in order to
construct the necessary arguments that allowed the discovery of this type of flow in P°.

At the time this thesis was written, there was no current work in the literature regarding the
classification of all optimal MS flows in P‘. Hence, my original contribution to knowledge here is
the finding of all 342 optimal MS flows in P‘, the finding of all 80 optimal Projective MS (PMS)
flows (Projective MS flows in P‘are those MS flows in P‘that can be extended to MS flow in RP?)
in P, and the exposure of a few non-optimal ones, as a preparatory path for future researchers,
all up to symmetry.
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Morita equivalence of non-commutative Noetherian schemes

Yuriy Drozd
(Institute of Mathematics NASU)
E-mail: y.a.drozd@gmail.com

This is a joint work with Igor Burban, see [1].

The classical Morita theorem (see, for instance, |3, Ch. 18]) claims that the categories of modules
over rings A and B are equivalent if and only if there is a finitely generated projective generator
P of the category of right A-modules such that End4 P ~ B. Then this equivalence is established
by the functor P ®4 —. If A and B are Noetherian, the same is the criterion of equivalence of
their categories of finitely generated modules. On the other hand, Gabriel [2] proved that two
Noetherian schemes X and Y are isomorphic if and only if the categories of coherent (or, which
is the same, of quasi-coherent) sheaves of Ox- and Oy-modules. are equivalent. We present here
a result which is, in some sense, a combination and generalization of these two classical theorems.

Definition 1. (1) A non-commutative Noetherian scheme (NCNS) is a pair X = (X, Ox),
where X is a separated Noetherian scheme and Ox is a sheaf of Ox-algebras which is
coherent as a sheaf of Ox-modules. We denote by Coh X and QCoh X respectively the
categories of coherent and quasi-coherent sheaves of left Ox-modules.

Note that the category QCohX is locally Noetherian and Coh X is its subcategory of
Noetherian objects. Therefore, they uniquely define each other.

(2) Two NCNS X and Y are called Morita equivalent if the categories Coh X and CohY (or,
which is the same, QCoh X and QCoh Y) are equivalent.

(3) A NCNS X is called central if Ox ecoincides with the center of Oy, i.e. for every point
x € X the ring Ox, is the center of the algebra Ox ,.

Proposition 2. For every NCNS X = (X, Ox) there is a Noetherian scheme Z and a morphism
¢ Z — X such that the NCNS X = (Z, p*Ox) is central and Morita equivalent to X. Moreover,
the ring of global sections I'(Z, Og) is isomorphic to the center of the category CohX, i.e. the
endomorphism ring of the identity functor idconx. If the scheme X is excellent, the morphism ¢
is finite.

Thus, studying Morita equivalence, we can only consider central schemes. The following result
is an analogue of the Gabriel’s theorem.

Theorem 3. If a NOCNS X = (X, Ox) is central, the scheme X is determined by the category
QCoh X (or, which is the same, by CohX) up to an isomorphism.

Actually, we give an explicit construction that restores X from QCoh X, namely, from the so
called spectrum of this category in the sense of Gabriel [2], i.e. isomorphism classes of indecom-

posable injective objects. It is important that this construction also recovers affine open coverings
of X.

Definition 4. A coherent sheaf of right Ox-modules P is called a local progenerator for X if for
every point x € X its stalk P, is a projective generator of the category of right Ox ,-modules.

Our main result if the following.

Theorem 5. Let X = (X,0x) and Y = (Y, Oy) be central NCNS. They are Morita equivalent
if and only if there is an isomorphism ¢ : Y — X and a local progenerator P for X such that
¢*(Endo, P) ~ Oy. Then this equivalence is established by the functor ¢*(P ®o, —).
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Note that even if X =Y, the isomorphism ¢ need not be identity. If it is so, this equivalence
is called central.

We also specialize this theorem for the case of non-commutative curves, where it gives a sort of
“globalization” of the known results on the local-global correspondence from the theory of lattices
over orders (or integral representations of rings).

Definition 6. A non-commutative curve is a NCNS X = (X, Ox) such that X is excellent and
of pure dimension 1 and Oy is reduced, i.e. contains no nilpotent ideals.

We always suppose X central and connected (in the central case, it just means that X is
connected). We denote by Qx the sheaf of fractions of Oy and set Ox = Qx®Qp, Ox. We denote
Q(X) =T(X, Qx) and Q(X) = I'(X, Qx). Note that Q(X) is a semisimple ()(X')-algebra and for
every closed point z € X the ring Ox , is an Ox ,-order in this algebra. Since X is excellent, the

set Sing(X) of such closed points # € X that this order is not maximal is finite (it follows from
[4, Ch. 6]).

Theorem 7. Let X = (X, Ox) and Y = (X, Oy)) be two central non-commutative curves with the
same central curve X. They are centrally Morita equivalent if and only if the following conditions
are satisfied:

e the semisimple Q(X)-algebras Q(X) and Q(Y) are centrally Morita equivalent;

e Sing(X) = Sing(Y);

o for every x € Sing(X) the Ox ,-orders Ox and Oy, (or, which is the same, their m,-
completions) are centrally Morita equivalent.
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Some critical point results for Fréchet manifolds

Kaveh Eftekharinasab
(Institute of Mathematics of NAS of Ukraine)
E-mail: kaveh@imath.kiev.ua

Linking techniques (see [1]) provide significant results in critical points theory.  We present
linking theorem and some of its corollaries, namely a mountain pass theorem and a three crit-
ical points theorem for Keller C'-functional on C'-Fréchet manifolds. We refer to [2] for the
definitions.

Theorem 1 (Linking Theorem, [2]). Let M be a C*- Fréchet manifold endowed with a complete
Finsler metric p and let ¢ : M — R be a closed Keller C!-functional. Suppose {Sy,S,C} is
a linking set through v € C(Sy, T), C is closed and p(y(Sy),C) > 0. Suppose the following
conditions hold

(1) s = sup,(g,) < infop — 1,
(2) ¢ satisfies the Palais-Smale condition at

— inf 1
¢ = inf sup o(7(@)), (1)

where H :— {h € C(S,T) : hlas, = 7}
Then c is a critical value and ¢ > 1. Furthermore, if ¢ =1 then Cr(p,c) N C # .
The theorem yields the following corollaries:

Theorem 2 (Mountain Pass Theorem, [2]). Suppose that zo,x1 € M, xo belongs to an open
subset U C M and x, ¢ U. Let o : M — R be a closed a Keller C-functional satisfying the
following condition:

(1) max{p(xo), p(x1)} < infoy@(@) i— i;
(2) ¢ satisfies the Palais-Smale condition at

ci— inf sup @(h(t)), (2)
heC e(0,1]

where C :— {h € C([0,1], M) : h(0) =z, h(1) = z1}.
Then ¢ is @ critical value and ¢ > 1. If ¢ =i then Cr(p,c) NU # 0.

Theorem 3 (Three Critical Points Theorem, [2]|). Let M be a connected Fréchet manifold and
@ : M — R a closed a Keller C}-functional satisfying the Palais-Smale condition at all levels. If
@ has two minima, then ¢ has one more critical point.

We apply the mountain pass theorem and the Minimax principle to prove the following theorem
which provides the sufficient conditions for a local diffeomorphism to be a global one.

Theorem 4. [2| Let M, N be connected C'- Fréchet manifolds endowed with complete Finsler
metrics 8, p respectively. Assume that o : M — N is a local diffeomorphism of class Keller C!.
Let T: N — [0,00] be a closed Keller C}-functional such that Z(x) = 0 if and only if x = 0 and
Z'(x) = 0 if and only if v = 0. If for any ¢ € N the functional ¢, defined by

¢q(r) = L(p(x) = q)

satisfies the Palais-Smale condition at all levels, then ¢ is a Keller C-global diffeomorphism.
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On partial preliminary group classification of some class of
(1 + 3)-dimensional Monge-Ampere equations.
One-dimensional Galilean Lie algebras.

Vasyl Fedorchuk
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A solution of many problems of the geometry, theoretical physics, astrophysics, differential
equations, nonlinear elasticity, fluid dynamics, optimal mass transportation, one-dimensional gas
dynamics and etc. has reduced to investigation of classes of Monge-Ampere equations in the
spaces of different dimensions and different types. At the present time, there are a lot of papers
and books in which those classes have been studied by different methods.

Let us consider the following class of (1 + 3)-dimensional Monge-Ampére equations:

det (uul/) =F (.I'O, Z1,T2, T3, U, Uy, U1, U2, U3) )

0%u ou

s Upy = azua%, Uy = Bz w,v,a=0,1,2,3.
Here, M (1,3) is a four-dimensional Minkowski space, F' is an arbitrary real smooth function.
For the group classification of this class we have used the classical Lie-Ovsiannikov approach.

At the present time, we have performed partial preliminary group classification of the class under

consideration, using one-dimensional nonconjugate Galilean subalgebras of the Lie algebra of the

Poincaré group P(1,4).

In my report, I plan to present some of the results obtained concerning with partial preliminary
group classification of the class under consideration.

where u = u(z), x = (xo, 1,2, 23) € M(1,3)
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On packing and lattice packing of Minkowski-Chebyshev
balls

Nikolaj Glazunov
(Glushkov Institute of Cybernetics NASU, Kiev)
E-mail: glanm@yahoo.com

The Minkowski hypothesis was formulated in [1] and refined in |2, 3, 4]. Regarding the concepts
of the geometry of numbers, see [5].

Let

Dy ={(z,y), p>1} CR? (1)
be the 2-dimension region:

" + |y[” < 1. (2)

Let
A(p,o) = (T+O’)(1+Tp)_%(1+0p)_%, (3)

be the function defined in the domain

M:oo>p>1,1<0<a,=(2—1), (4)

of the {p, o} plane, where ¢ is some real parameter; here 7 = 7(p, o) is the function uniquely
determined by the conditions

AP+ BP =1 0<71<T7,
where
1 1
A= A(p,o)=(1+7")"» = (1+0")7, (5)
B =B(p,0)=o(1+0") rr(l+7")7, (6)
7, is defined by the equation

20 =7 =1+7),0<7, <1 (7)

Proposition 1. The function A(p, o) in region M determines the moduli space of admissiblel
lattices of the rigion D, each of which contains three pairs of points on the boundary of D,.

Proposition 2. Let A(D,) be the critical determinant of the region |z|P + |y|P < 1. Let AP and
A,(}) be two D,-admissible lattices each of which contains three pairs of points on the boundary
of D, and with the property that (1,0) € AI()O), (—27P 271/p) ¢ Az()l). Under these conditions the
lattices are uniquely defined.

Let d(AY), d(AY) be determinants of the lattices. Let ALY = A(p,1) = Zfﬂj—:i, AP =
A(p,0p) = %Up'
Proposition 3. d(AY) = A(p, Tp), d(AS)) = A(p, 1).

Remark 4. For example in the case p = 2 the lattice A§°> has the determinant d(AéO)) = \/73 and

is defined by generators a; = (1,0),as = (3, \/75)
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Theorem 5. |[6]
A(p,1), 1<p<2 p=>po
A D — ) ) b Y
(D) { A(p,0p), 2 <p < po;
here py is a real number that is defined unique by conditions A(po, 0p) = A(po, 1), 2,57 < py <
2,58.

Definition 6. In two-dimensional case we will call geometric figures of the form |z|? + |y|P <
R, R > 0, with p > pg the two-dimensional Minkowski-Chebyshev balls.

In cases of dimension grater then two, when the constant py is unknown, we will call geometric
figures of the form |z1|P + |xo|? + |z3P + -+ - + |z4|P < R, R > 0, the n-dimensional Minkowski-
Chebyshev balls if p is a sufficiently large.

We investigate packing and lattice packing by equal Minkowski-Chebyshev balls of n-dimensional
Euclidean spaces and also of corresponding spheres.

Proposition 7. Let Z? be the integer lattice in R? with a point in the origin. Then the density
of packing by two-dimensional open Minkowski-Chebyshev balls over the lattice Z* tends to unity
as p tends to infinity

Conjecture 8. Let A be the integer (n > 2)-dimensional lattice in R™ with a point in the origin.
Then the density of packing by n-dimensional open Minkowski- Chebyshev balls over the lattice A
tends to unity as p tends to infinity

Problem 9. Is there an analogue of Theorem 5 in the case of geometric bodies of the form

|21 [P+ |z2fP + |&g|” + - + |z < 1,n > 2,

Problem 10. If there exists an analogue of Theorem 5 in the case of geometric bodies of the
form

|21+ |zoff + |za]? + -+ |2, [P < 1,0 > 2,
what is the value of the constant py .
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Unbounded order and norm convergence of some operators
on Banach lattices

Omer GOK
(Yildiz Technical University, Faculty of Arts and Sciences, Mathematics Department, Esenler,
Istanbul, TURKEY)
E-mail: gok@yildiz.edu.tr

Let X be a Banach space. An operator T : X — X is said to be demicompact if, for every
bounded sequence (x,) in X such that (z, — T'z,) converges to x € X, there is a convergent
subsequence of (z,). For example, each compact operator is demicompact. But; the converse
is not true in general. If the identity operator I : X — X on the infinite dimensional Banach
space X, then —I is demicompact but it is not compact. We say that an operator T': X — X
is weakly demicompact if, for every bounded sequence (z,) in X such that (z, — Txy) weakly
converges in X, there is a weakly convergent subsequence of (x,,). Every demicompact operator is
weakly demicompact. An operator T': X — Y between Banach spaces is called Dunford-Pettis if
it carries weakly compact subsets of X onto compact subsets of ¥. Equivalently, for each weakly
null sequence (z,,) we have ||T'z,|| — 0 as n — co. An operatorI": X — X is called unbounded
demi Dunford-Pettis if, for every sequence (x,,) in X such that @, — 0in (X, X’) and (z, —Tx,)
unbounded norm converges to 0 as n — 0o, we have (x,) unbounded norm convergent to 0. For
example, for the identity operator I : [*° — [*°; —I is unbounded demi Dunford-Pettis operator.

Theorem 1. Let E be a Banach lattice. Bvery Dunford-Pettis operator T : E — E is unbounded
demi Dunford-Pettis.

In this study, we characterize the operators on Banach lattices that under which conditions
they satisfy unbounded demicompactness property.

REFERENCES

[1] C.D. Aliprantis, O. Burkinshaw. Positive OperatorsAcademic Press, London, 1985.

[2] H.Benkhaled, A. Elleuch, A. Jeribi, The class of order weakly demicompact operators, RACSAM, 114, 76,
2020.

[3] Y.A. Dabborasad, E.Y. Emelyanov, M.A.A. Marabeh, ur-convergence in locally solid vector lattices, Positivity,
22, 1065-1080, 2018.

[4] W.V. Petryshyn, Construction of fixed points of demicompact mappings in Hilbert space, J. Math. Anal.
Appl., 14, 276-284,1966.



21

An explicit formula for the A-polynomial of the knot with
Conway’s notation C(2n,4)
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An explicit formula for the A-polynomial of the knot with Conway’s notation C'(2n,4) up to
repeated factors is presented.

The main purpose of the paper is to find the explicit formula for the A-polynomial of the knot
with Conway’s notation C'(2n,4) up to repeated factors. Let us denote the knot with Conway’s
notation C'(2n,4) by Tb, and the A-polynomial of the knot with Conway’s notation C'(2n,4) by
Ag,. The following theorem gives the explicit formula for the A-polynomial of T5,.

Theorem 1. The A-polynomial As, = Ao, (L, M) is given explicitly by

Azn = pan(u)pan(—u)
where
ZQno (VJHL) 2[5 (]\42)_L%J_2 | 5 | +i4n (LM? + 1)—2 | L | —it2n
x (—2LMS 4 LM* — LM? — M* + M2z + M2 — 2)L'7]
X (LM24 L+ M2t 1) (=3LM? + L+ M? + 2 — 3)L 7
x ((=1)" (LM2+ )-2LM2+L+M2+2—2) ifn >0,
sa (L om0 ()Ll L2 S (e gy doel e
K (=2LMS + LMAS LM? — M* + M2z + M2 — 2)L'F)
X (MRt L+ M? + 2+ 1) (<3LM? + L+ M2 + 2 — 3) L7
X ((D)HE2LM? + L M? + 2= 2) = LM? — 1) ifn <0,

pan(z) =

and

w=V5L2M* — 212M?2 + L2 — 2LM* + 120 M2 — 2L + M* — 2M?2 + 5.

FIGURE 1.1. A two bridge knot with Conway’s notation C(2n,4) for n > 0 (left)
and for n < 0 (right)
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The symplectic invariants of 3-webs
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The classical web geometry ([1],[2],[4]) studies invariants of foliation families with respect to
pseudogroup of diffeomorphisms. Thus for the case of planar 3-webs the basic semi invariant is
the Blaschke curvature ([3]). It is also curvature of the Chern connection ([4]) that are naturally
associated with a planar 3-web.

Let D C R? be a connected and simply connected domain in the plane, equipped with sym-
plectic structure given by differential 2-form @ = dx A dy in the standard coordinates on the
plane.

Remind that a 3-web in the domain is a family of three foliations being in general position.
We’ll assume that these foliations are integral curves of differential 1-forms w;, ¢« = 1,2,3, and
write

W3 = (w1, wa, ws3) ,

where w; € Q! (D) are such differential 1-forms that w; A w; #0'in D, if i # j.

Definition 1. We say that two planar 3-webs W3 and W3 given in domains D and D respectively
are symplectively equivalent if there is a symplectomorphism ¢ : D — D such that ¢ (W3) = W3

Proposition 2. Let W5 = (wq,wq, w3) and W3 = (w1, Wa,ws) be two planar 3-webs in domains D
and D respectively given by normalized
wi + Wy w3 =0. (1)

differential forms. Then a diffeomorphism ¢ : D — D establishes a symplectic equivalence of
3-webs if and only if

¢* (&Z) = EWo (1),
where (0,e) € Az X Zy, and Ag C S3 is the subgroup of even permutations and Zs = {1, —1}.

In our case normalization (1) and the above proposition shows that the Chern form = is itself
symplectic invariant of 3-webs.
Let’s write down ~ in following form

Y = Tiwy + Tawz + Taws,
where functions x; € C*° (D) are barycentric coordinates of 7, i.e.
1+ 29+ 23 =1.

Then we have

dw1 = (.7}3 - .7}2) w1 N W,
dwy = (77 —x3)wi A we,
dU.)3 = (.Z’Q - .7}1) w1 N wa.

Using the second normalization (1) condition we’ll rewrite these relations in the following form
dwi == )\lQ, 1= 1,2,3, (2)

Al = T3 — T, Ay =T — T3, A3 = Tg — 7,
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and )
$1:§(1+)\2—)\3),£B2:

Theorem 3. Functions

(14 A — ).

W

(1+)\3—)\1),$3:

Wl =

Ji = AN+ A+,
Jo = A AN+ AN,
S = (8-) (8- ) (% - %)
Js = A2A2\2
are symplectic invariants of 3-webs.
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Solutions to Mumford’s second problem on theta functions
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In his book Tata Lectures on Theta Mumford asks whether there is a systematic way to derive
relations between theta functions of rational characteristics and their derivatives. We solve this
problem using the residue theorem. ( Joint work with Julia Bernatska)
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Let M be a compact connected surface and P is a real line R or a circle S'. Denote by F(M, P)
the space of smooth functions f € C*°(M, P) satisfying the following conditions:

1) the function f takes constant value at M and has no eritical point in 9M;
2) for every critical point z of f there is a local presentation f.: R?> — R of f near z such
that f, is a homogeneous polynomial R? — R without multiple factors.

Let X be a closed subset of M. Denote by D(M, X) the group of C*-diffeomorphisms of M fixed
on X, that acts on the space of smooth functions C'*° (M, P) by the rule: (f,h) — f o h, where
he D(M,X), f e C®(M,P).

The subset S(f, X) ={h € D(M,X) | fo h= f}is called the stabilizer of f with respect to
the action above and O(f,X) = {foh |h € D(M, X) is orbit of f. Denote by D;q(M, X) the
identity path component of D(M, X) and let S'(f, X) = S(f) N D;u(M, X).

Homotopy types of stabilizers and orbits of Morse functions were calculated in a series of papers
by Sergiy Maksymenko, Bohdan Feshchenko, Elena Kudryavtseva and others. Furthermore, pre-
cise algebraic structure of such groups for the case M # S?, T? was described in [1]. In particular,
the following theorem holds.

Theorem 1. [1]| Let M be a connected compact oriented surface except 2-sphere and 2-torus and
let f € F(M,P). Then S (f,0M) € B, where B is a minimal class of groups satisfying the
following conditions:

1) 1eB;

2)if A,B € B, then A x B € B;

S ifAe B andn > 1, then A, Z € B.

Note that a group G belongs to the class B iff G is obtained from trivial group by a finite
number of operations x, (,Z. It is easy to see that every group G € B can be written as a word
in the alphabet A ={1,7Z,(,), X,,,U4,...}. We will call such word a realization of the group
G in the alphabet A.

Denote by 8;(G) the number of symbols Z in the realization w of group G. The number £, (G)
is the rank of the center Z(G) and the quotient-group G/[G,G] (Theorem 1.8 [2]). Note, this
number depends only on the group G, not the presentation w. Moreover, 51(G) is first Betti
number of O(f).

Edge of I'y will be called external if it is incident to the vertex of I'y that is corresponding to
a non-degenerate critical point of f or non-fixed boundary component of M with respect to the
action of S'(f, W) for f-adapted submanifold X which contains W = S! x 0. Otherwise, it will
be called internal. Denote by 40rb;,, (M, W) the number of orbits of the action of S'(f, W) on
internal edges of I'f, .
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Theorem 2. Let M be a disk D* or a cylinder C = S' x [0,1] and f € F(M, P). Then
10rbine (M, W) = pr(m0S' (f,0M)),
where W = OM if M = D? or W = S x 0 if M is a cylinder.
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Let E be a complex vector space over a compact boundaryless manifold M. In this communi-
cation, GG denotes either the group of non-formal, invertible bounded classical pseudodifferential
operators or the group of invertible elements of the algebra of non-formal, maybe unbounded,
classical pseudodifferential operators of integer order, equipped with a given diffeology which
makes classical composition and inversion smooth. H is the normal subgroup of G of operators
which are equal to Id up to a smoothing operator. We also assume that the group H s regular
for its subgroup diffeology. We analyze the short exact sequence

Id—-H —G— G/H — 1d,

where G/H is understood as a group of formal pseudodifferential operators, along the lines of
the theory of principal bundles, where, G is the total space, G/H is the base space and H is the
structure group.

Problem 1. There is actually no local slice G/H — G, or in other words the principal bundle
G — G/H has no known local trivialization.

Therefore, one has to consider what has been called by Souriau as "structure quantique" in
[4] and diffeological connections along the lines of Iglesias-Zemmour [1] in order to interpret the
so-called smoothing connections described in |2] (that we generalize here for S' to any M) in
terms of horizontal paths. More precisely, we show:

Theorem 2. Any smoothing connection in the sense of |2| defines a diffeological connection along
the lines of 1].

and we explain how one can understand the notion of curvature of covariant derivatives, with
values in smoothing operators, in terms of curvature of a connection 1-form on G — G/H.

Then, we specialize to M = S!, by giving more examples of smoothing connections, and explain
in this context how the Schwinger cocyle is, in cohomology, a first Chern form of the principal
bundle G' = G/H for a given smoothing connection. We finish the exposition of the results
by showing that higher Chern forms #r(QF) of this connection with curvature Q define closed
2k—cocycles on the Lie algebra of G, and that the cocycle obtained for £ = 2 is non trivial, along
the lines of [3].

As a conclusion, we give open problems related both to our construction and to the interpre-
tation of index-like problems on pseudodfferential operators.
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Topological actions of wreath products

Sergiy Maksymenko
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E-mail: maks@imath.kiev.ua

Let G and H be two groups acting on path connected topological spaces X and Y respectively.
Assume that H is finite of order m and the quotient maps p : X — X/G and ¢ : ¥ — Y/H
are regular coverings. Then it is well-known that the wreath product G ! H naturally acts on
W = X™ x Y, so that the quotient map r : W — W/(G { H) is also a regular covering. We
give an explicit description of 7 (W/(Gt H)) as a certain wreath product m (X/G) %, m (Y/H)
corresponding to a non-effective action of m(Y/H) on the set of maps H — m(X/G) via the
boundary homomorphism 0y : 7 (Y/H) — H of the covering map g.

Such a statement is known and usually exploited only when X and Y are contractible, in which
case W is also contractible, and thus W/(G ¢ H) is the classifying space of GUH.

The applications are given to the computation of the homotopy types of orbits of typical
smooth functions f on orientable compact surfaces M with respect to the natural right action of
the groups D(M) of diffeomorphisms of M on C>*(M,R).
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The geometrical properties of degenerations of curves and
surfaces

Jia-Li Mo
(School of Mathematics, Soochow University, China.P.R)
E-mail: mojiali0722@126.com

In this talk, we will mainly discuss the topology and arithmetic properties of degenerations of
curves and surfaces. First, we investigate the influences of the base points of eubie pencils on the
Mordell-Weil groups in this part. We pay attention to 8, 7 ,6 and 5 base points in general position
for such cubic pencil, and classify these cubic pencils. And we give the following theorem:

Theorem 1. This is the main theorem (taken from [2]).

Given n (= 8,7,6,5) points in general position in P2, S : sHy +tHy = 0, [s,t] € P! is a cubic
pencil with n (= 8,7,6,5) simple base points. Then, the Mordell-Weil groups of the fibrations are
1somorphic to two types respectively:

3 3 2 4
By: =2 +2()_pt)+ > at' +1°, P =22 + 822+ 2O _pt) + > aqt' +1° (1)

=0 =0 =0 =0
4 2 3
EY: =2+ alpo+pt+°)+ ) gt P +tay=2"+a) pt)+ > et —t' (2
i=0 =0 =0

2 2 2 3
E . v+ Cy=2" 42> pt)+ O _at), v’ +tey=2"+20> pt)+ O _at')  (3)
i=0 1=0

i=0 =0

DY R psry = 22 4 pata® + (pst® 4 pot®)x + pet* 4+ ° (4)

A Del Pezzo surface X is either P! x P! or the blow-up of P? in m (m = 1,---,8) points in
general position. The degree d of X is defined to be d = 9 —m. As an application, we give a new
proof of the mumber of (—1) curves in Del Pezzo surfaces.

Theorem 2. The number of (—1) curves in Del Pezzo surfaces of degree 1,2,3,4 is 240, 56, 27
and 16 respectively.

In the second part, we talk about the surfaces of minimal degree in P". In fact, the degree of
such surface is n — 1. The fundamental group of Galois cover of surface is an important invariant
of the moduli space of such surfaces. In [1], we use the tools of degenerations of surfaces to prove
the following theorem:

Theorem 3. The Galois cover of the surface of minimal degree is simple-connected and general
type.

In the end, we give an open question:

Question: It is well known that the fundamental groups of most surfaces of general type are
non commutative. But it is not easy to find concrete examples of such surfaces. Let a; be a series
of integral number whose limit is infinity. How to give a series of surfaces of degree a; whose the
fundamental groups of Galois covers are all non commutative?
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Nilpotent aaproximations in the Goursat Monster Tower
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In the paper "Kumpera—Ruiz algebras in Goursat flags are optimal in small lengths" (J. Math.
Sciences 126 (2005), 1614 —1629) we conjectured that the two notions ’strongly nilpetent’ (Def-
inition 3 up there) and ’tangential’ (Definition 6 up there) are but synonyms in the world of
Goursat flags. Now a concrete road map to a possible proof of that long-standing conjecture is
being proposed.
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The role of topological invariants in the study of the early
evolution of the Universe

Tetiana Obikhod
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Questions of the evolution of the Universe, the nature of forces and physical processes at
an early stage of the evolution of the Universe are the most relevant in theoretical high-energy
physics. The evolution of the Universe is connected with phase transitions in vacuum, represented
by alternating minima and maxima of the potential. The discovery of the Higgs boson led to
the problem of a metastable vacuum in the mechanism of electroweak symmetry breaking and
confirmed the hypothesis that a vacuum decay took place. Such a transition in vacuum between
two minima can be represented in D-brane language. D-brane approach is realized through Planck
brane in the left minimum of potential and TeV brane in the right minimum of potential. Every
D-brane presented in terms of vector bundle is characterized by topological invariant, [1|. So, the
calculation of topological invariants informs us about the possibility of phase transitions between
different states of vacuum.

We considered two universal bundles o : (Va(R%),p, G2(R?)), oS = (Vo(R®), p, G2(RP)) which
are isomorphic to vector bundles, 73,7$ correspondingly. Taking into account the theorem on the
existence of a vector bundle V)11 (R") — S™71, (2] for n > 4, and using the fact

we presented the exact sequence
0 — m3(Vi(RY)) = ma(Ja(R))
We used the equivalence of homotopic groups
m3(Vi(RY)) = m3(Va(R?))
ma(Va(R°)) = ma(Va(R°))
according to [2] with /' = Re= 1,k = 1.
Using the faet that D-branes can be represented as a vector bundles with a base - a sphere
and using the embedding of spheres, S* C S°, we observe a transition from one solitonic state in
the form of D5-brane to D4-brane with the corresponding equidistant set of energy levels. The

obtained result signals about the possibility of phase transitions in the form of vacuum decay
from Planck brane to TeV brane.

Z.
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Definition 1. Open O-spheroid with rank n, or O-spheroid with rank n, in a metric space (X, p)
with a metric p, n € N| is a set

A={r e X|p(x,x1)+ -+ p(z,2,) < a},

where x1, ...z, are different fixed points of the space (X, p), called the foci, and a is a fixed
positive number, called the distance. We can get a respective definition in linear normed spaces.

Definition 2. Closed O-spheroid with rank n in a metric space (X, p) with a metric p;n € N, is
a set

A= {$ € X‘p(xaxl) + e +p(x)$n) S CL},
where x4, ...,x, are different fixed points of the space (X, p), called the foci, and a is a fixed
positive number, called the distance. We can get a respective definition in linear normed spaces.

Remark 3. S,(z1,...,%,;a) is an open O-spheroid with rank n with the foci in points z1, . .., z,
and the distance a. If we talk about open O-spheroid understanding what namely O-spheroid we
discuss, we note it S,,.

Definition 4 (|11, c. 193|). Border of (open or closed) O-spheroid with rank n, or n-ellipse with
the foci 21, ..., x, and the distance a, in a metric space (X, p) we name the set

A={zxe X|p(x,x1) + -+ plz,2,) = a}.
Definition 5. Focal closeness of our O-spheroid with rank n equals to

,/T(S”(xb <o Tnj a)) = 1§TZ.IEJI1S”P(%, xj)'

Definition 6. Focal remoteness of our O-spheroid with rank n equals to

O(Sy(r1,4- -, x0;0)) = 1<I§1<83}in p(zi, ;).

Definition 7. If all the foci belong to O-spheroid, then it is called a multicentered one.

Theorem 8. Let’s assume we have an O-spheroid S, (x1,...,T,;a) in a metric space (X, p) with
a metric p, n > 1. If it is multicentered then
a
S,) < .
m(Sn) <
Theorem 9. Let’s assume we have an O-spheroid S, (x1,...,T,;a) in a metric space (X, p) with
a metric p, n > 1. If we have that
a
d(S,) < ,
(Sn) <

then this O-spheroid is multicentered.

Theorem 10. FEither all open and closed O-spheroids in arbitrary metric space (X, p) with a
metric p, or their borders, are bounded sets.

Remark 11. All closed O-spheroids in any Euclidean metric space (R™,p) with a standard
metric p are compact sets.
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Definition 12. Metric space (X, p) with a metric p is called convez, if next conditions are
satisfied:

1) X is a linear vector space;

2) V{x,y,z} C X Va € [0;1] we get:

plaz + (1 —a)y, z) < ap(z, z) + (1 — a)p(y, 2).

Theorem 13. If (X, p) is a convex metric space with a metric p, then V{z1,...,2,} C X Va >0
open O-spheroid S, (x1,...,x,;a) is a connected set.

Remark 14. All O-spheroids in linear normed spaces are connected sets.

Theorem 15. If (X, p) is a convex metric space with a metric p, then V{@, ... ey} € X Va > 0
open O-spheroid S, (x1,...,x,;a) is a connected set.

Theorem 16. Let’s assume that S, (x1,...,x,;a) is a non-empty O-spheroid in a convex metric
space (X, p) with a metric p. Then its border is equal to its boundary.

Definition 17 (|7, c. 236|). Fermat-Torricelli point for fixed points {z,...,&,} is such point

T € X, that Vo € X:
k=1 k=1

Definition 18. Voronoi radius of O-spheroid S, (71, ..., x,;a) we call number
R(S,) = inf ).
(Sa) = sup inf p(@5)
Theorem 19. Let’s assume that S, (x1,...,&,;a) is a non-empty O-spheroid in any Euclidean

metric space (R™, p) with a standard metric p, meanwhile T is a Fermat—Torricelli point for its
foci. Then next inequality is correct:

@3 p(T, )

k=1

< R(S,).

——— < R(S.)
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Infinitesimal deformations of surfaces of negative Gaussian
curvature with a stationary Ricci tensor

T. Podousova
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N. Vashpanova
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E-mail: vasha.nina@ukr.net

In [1] it was proved that every simply connected surface S € C* non-zero Gaussian and middle
of curvatures admits infinitely small (in.sm.) first-order deformations with a stationary Ricci
tensor whose tensor fields have the representations

Taﬁ = @gaﬁ’ Tk = Qpadak + Hacaﬁdka

where functions p (z!,2%) and o (2!, 2%) of class C? satisfy the following second-order partial
differential equation:
(d*P¢a) 5+ 2HQ = papc™d + pac®’(d5) . (1)

Let S be a surface of negative Gaussian curvature. Then (1) is an equation of hyperbolic type,
which in asymptotic lines takes the form

12 + dpg F lps + co = f(11) (2)

where d, [, ¢ are known functions of the point S, u (2!, z?) is predefined function.
For equation (2), consider the Darboux problem: We will look for such an integral that takes
certain values on the characteristics z' = 28, 2% = 2%; p (2!, 23) = \(2!), ¢ (z), 2?) = 7(2?).
Then each pair of functions will A(x'), 7(2?) match the only solution ¢(z!,2?) equation (2)
with known right side [2].

Fair

Theorem 1. Every simply connected surface of negative Gaussian curvature of the class C* and
without umbilical points admits ain.sm.deformations of the first order with preservation of the
Ricci tensor. In this case, the strain temsors are expressed in terms of a preassigned function of
two variables and two arbitrary functions of the class C*, each from one variable.

It should be noted that many phenomena in mechanics, physics, and biology are reduced to the
study of hyperbolic equations. To describe these phenomena completely for hyperbolic equations,
the Darboux problem is posed.
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Structures of optimal flows on the Boy’s and Girl’s surfaces
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For a closed oriented surface, the Morse-Smale flows with a minimum number of fixed points
(optimal ms-flow) has a single source and sink, is defined by a chord diagram, and can be embed-
ded in R3 [3]. For the projective plane, the optimal flow has three critical points, but it cannot
even be mapped on any immersion in R®. The simplest immersions with one triple point are
Boy’s and Girl’s surfaces [1, 2]. Each of the surfaces has a natural stratification (cellular struc-
ture). It consists of one O-strata, three 1-strata (A, B, C') and four 2-strata. In the Boy’s surface
2-strata are set by their boundaries: A, B, C, ABA-'CAC~'BCB=!. On the Girl’s surface, the
boundaries of 2-strata are as follows: A, B, ABA-'CB~', AC~'C—~1BC.

We describe all possible structures of flows on these surfaces with respect to the homeomorphism
(isotopy) of the surface using separatrix diagrams and methods of papers [4, 5, 6, 7.

For the flows with one isolated point and a minimum number of separatrices, there are 18 (108)
structures per Boy’s surface (with one separatrix) and 3 (6) structures per Girl’s surface (without
separatrices).

For optimal ms-flows on the surfaces as stratified sets, there are 342 (2004) and 534 (1058)
flows, respectively. These flows have by 4 fixed points: O-strata and by one point on each 1-strata.

There are 80 (438) and 118 (230) different structures for the ms-flows on the projective plane
that are mapping on these surfaces. The flows have by 3 sources, 3 sinks and 5 saddles (0-strata
has triple counting and points from 1-stratas have double counting).
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About solvability of the matrix equation AX = B over
Bezout domains

Volodymyr M. Prokip
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E-mail: v.prokip@gmail.com

Let R be a Bezout domain with identity e # 0, i.e. R is an integral domain in which every
finite generated ideal is principal. Further, let R,,,, denote the set of m x n matrices over R, and
GL(n,R) be the set of n x n invertible matrices over R. In what follows, [ is the identity n x n
matrix, 0y, is the zero m x k matrix, d;(A) € R is an ideal generated by the 7—th order minors
of the matrix A € Ry, , 0 = 1,2,...,min{m,n}.

Let A € R,,,, and B € R,,; be nonzero matrices. Consider the nonhomogeneous matrix
equation

AX = B, (1)
where X is unknown matrix in R, ;. Denote by Ap = [A B] € R, n+r the extended matrix
of the linear equations (1). It is known (see [1], [3], [4], [6]) that the equation (1) over a Bezout
domain R is solvable if and only if rank A = rank Ap = r and d;(A) = d;(Ap) foralli = 1,2, ... 7.

The problem of solvability of the equation (1) has drawn the attention of many mathematicians
(see [1]-[12] and references therein). This is explained not only by the theoretical interest to
this problem ([1], [3], [4], 6], [8]-[11]), but also by the existence of numerous applied problems
connected with the necessity of solution of linear matrix equations ([2], [5], [7], [12]). It may be
noted, that the equation (1) over Bezout domains is important in automatic control theory [2].

1. On application of the Hermite Normal Form. In the Bezout domain R we fix a set of
non-associated elements R. Every non-associated element a € R we associated with a complete
system of residues modulo ideal (a). Let A € R, and rank A = r. Further, we assume that the
first row of the matrix A is nonzero. For the matrix A there exists W € GL(n,R) such that

Hl Oml,nfl
AW = H, = j Om2,n—2 = [H(A) Om,n—r}

Hr Omr,n—r

is a lower block-triangular matrix, where H(A) € R, H; = {iﬂ € Ry 1, Hy = {hjl }f] €
hrl B hrrfl hr

Risz2, .., Hp = . . . . € R,, and m; +mg + --- +m, = m. The elements h;
belong to the set of non-associated elements R for all i = 1,2,...,r. Moreover, in the first rows
[hil o hii hi] of the matrices H;, ¢ > 2, the elements h;; belong to a complete system of
residues modulo ideal (h;) for all j = 1,2,...,4 — 1. The lower block-triangular matrix H, is

called the (right) Hermite normal form of the matrix A and it is uniquely defined for A (see [3]).

In this parch we propose necessary and sufficient conditions of solvability for the equation (1)
over a Bezout domain in terms of the Hermite normal forms of m x (n + k) matrices [A 0y, ]
and [A B}. A method for finding its solutions is also given. In what follows, we assume that
the fest row of the matrix A is nonzero.

Theorem 1. Let A € R,,,,, and B € R,,, ;. The matriz equation AX = B s solvable over a
Bezout domain R if and only if the Hermite normal forms of matrices [A Om,k] and [A B} are
coincide.
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It is easy to see that matrix equation (1) is solvable over a Bezout domain R if and only if the
matrix equation H(A)Y = B is solvable over R. Let Y € R, be the solution of H(A)Y = B.

. . . Yol . . .
Then for arbitrary matrix P € R,,_,; the matrix Xp = w1t [ PO} is a general solution of equation

(1). Theoretically speaking, the solution X, = W™! Yo of equation (1) can be written as

Omfr,n
the matrix expression Xy = T Xp, where T' € R,,,,. Thus, Xp is the right divisorof X, for an
arbitrary matrix P € R,,_,;. Given the solution X, we determine all possible ranks of other
solutions of the equation (1), i.e. rankB < rankXp < n 4 rankB — rankA.
2. A method of matrix transformations. In this part we apply matrix transformations
for established conditions under which the equation (1) is solvable.
Let A € R,,,, and B € R, be nonzero matrices and let rank A = r > 1. For A there

exist matrices U € GL(m,R) and V € GL(n,R) such that UAV = ¢ Orn—s

Om—r,r Omfr,nfr
C € R,,. It is clear that det C' = ¢ # 0. In what follows C* = Adj C' means the classical adjoint
matrix of the matrix C, i.e. C*C' = cl,.. Based on the above, we obtain the following theorem.

, Where

Theorem 2. The matriz equation AX = B is solvable over a Bezout domain R if and only if

UB = 0 D , where D € R, , and C*D = cG, where G € R, .
m—r,k

If the equation AX = B 1is solvable, then for arbitrary matriz () € R,,_, the matriz Xq =
Ut {g} is a general solution of equation AX = B.

From Theorem 2 we obtain the following comment. Let A, B € R,,,,, be nonzero matrices and
let rank A < n. Suppose the matrix equation AX = B is solvable and X € R,,, is its general

solution. Then AX = B has solutions X; € Ry, ¢ = 1,2,..., such that Xy = )?Z-TZ-, where
Ty € Ry

Presented results above can be extended to linear nonhomogeneous equations over commutative
rings of a more general algebraic nature.
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Regularization Method for a class of inverse problem
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Here are the names of (almost all) predefined theorem-like environments.
Theorem 1. For given f € H and g € H the problem

{ Zt(gﬁ))i;lu(t) = f, 0<t< Ty (1)

has a unique solution u € C([0,T),H)NC*((0,T), H) given by
u=e g4+ AN~ e M) f (2)

(JA. Goldstein, Semi-groups of linear operators and applications, Ozford university, press New
York. 1985.).

Lemma 2. ForO0<a <1 etp>0, on a les estimations suivantes :

1 2\ =2 -2 I -
supps1(1 — v W14+ X)) 2 < max(L, TP, T )maz(a, (ln(ﬁ)) P) (3)
ﬁne_)\nTi N
SUPnzag INEBT: <max(l, T} )ﬁ,z =1,2 (4)
B N
e (T PRI AW < maz(l, A )av (5)
With
1
Qi ey} (6)
Problem 3.

Let H be a separable Hilbert space with the inner product (.;.) and the norm ||.|| and let A: H —
H be a positive self-adjoint linear operator with a compact resolvent. Consider the following final
value problem:

u(Ty) = U,y (7)

where 0 < 17 < T and ¥, is a given function on H Our purpose is to identify the initial condition
©(0) and the unknown source f from the overspecied data u(73) = Wy, Uy € H
Hence, the inverse problem can be formulated as follows: determine f and ¢ such that

{ w(t) + Au(t) = f, 0<t< Ty

{ u(t) + Au(t) = f, 0<t< Ty

8
u(O) =g ( )
from the data

u T1 = \111
{ume )
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Corollary 4. Let f et g the solutions of (1) , f° et g° be the modified Tikhonov approzimations,
Let 19 and ¥3 be the measured data at Ty and Ty satisfying (9), If the regularization parameter is

2 o .2
chosen as a = (— )@+ and a = (—=)®2+2 spectively then, the following error estimates hold
E E g
1 2

respectively:

Y4

0 .2 1 O (pit!
=21 < maa(1, 77 T ymaa(() 2, T Jrman(L T (R 2

(ln(__l)p1-+-2)p1

(10)
2+ po

o .2 1 0 P2
lo—g2| < max(L, T, TP ymax((5) =7, T a5 =B ?

(zn(%)pg +2)pe

(11)
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Broadening of some vanishing theorems of global character
about holomorphically projective mappings of Kahlerian
spaces to the noncompact but complete ones.

Helena Sinyukova
(State institution «South Ukrainian National Pedagogical University named after K. D.
Ushinsky»)
E-mail: olachepok@ukr.net

The generalized Bochner technique (see, for example, [1]) allows to broad to the noncompact
but compete Kahlerian spaces some well-known theorems of holomorphically projective unique
definability that have been proved previously for the compact ones (see, for example, [2]). Thus,
the next theorems are true.

Theorem 1. Complete connected noncompact Kahlerian C"-space K™ (n > 2, r > 4) with
positive defined metric tensor and the Finstein tensor that doesn’t equal to zero, that satisfies the
recurrent conditions

[e} mj i 1 [e} V) mj i i o ijklm
T B = Y15 (Gl + o) T ST 5,

g ijkl,m

where
8 __ 3 af of ¥ o o
Tiji = n0GR0 + 06Ty — gk = P + Frea )T
B _ 8
TS/ = 67 Ry, — R, P
F]?' — components of tensor of complex structure, R;; — components of Ricci tensor, Ey, — com-
ponents of Finstein tensor of the space K™; WUk Wiiklm — components of some contravariant

tensors, " " denotes the corresponding covariant differentiation, doesn’t admit non-trivial (differ-
ent from affine) holomorphically projective mappings on the whole.

Theorem 2. Complete connected noncompact Kahlerian C"-space K™ (n > 2, r > 4) with
positive defined metric tensor and the Finstein tensor that doesn’t equal to zero, that satisfies the
recurrent conditions A A ‘

B(lkaﬁh)ng@ _ ‘Pi(l(,);cﬁ)sllk + Pi(laﬁ)szl7 (1)
where

B B B
lDz? = 0; R — 0, RS, 4 '

Ri; — components of Ricei tensor, E;; — components of Einstein tensor of the space K™; S S —
components of some contravariant tensor, "," denotes the corresponding covariant differentiation,
doesn’t admit non-trivial (different from affine) holomorphically projective mappings on the whole.

Recurrent conditions (1) may also be transformed to the more general form.
Examples of Kahlerian spaces of considered types are known.
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The weight of T-topologies on n-element set that consistent
with close to the discrete topology on (n — 1)-element set
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E-mail: stegpol@gmail.com

The topologies on an n-element set with weight k& > 2"! (k is the number of the elements of
the topology) are called close to the discrete topology. In [1] all Ty-topologies have been listed
using the topology vector, an ordered set of the nonnegative integers (g, s, ..., ), «; is one
less than the number of the elements in the minimum neighborhood M; of the element ;. In [2]
To-topologies on an n-element set with the vectors (0, ..., 0, o, 1, @) and (0,...,0,1,1, ;) in the
case M,,_1NM,_5 = () have been investigated. These Tp-topologies are consistent with close to the
discrete topology on (n—1)-element set with the vectors (0;...40, «,,_1) and the vector (0, ...,0,1,1)
in the case M, N M,_5 = (). The question about 7j-topologies which are consistent with close
to the discrete topology on (n — 1)-element set with vectors (0,...,0,1,...,1), 1 < k < n — 3,

k
where all n — 1 — k two-element minimum neighborhoods have only one common point, remains
unresolved. This work we found the weight of these Ty-topologies.
So, the vector of Ty-topologies has the form: (0,...,0,1,...,1,0,), 1 <k <n—-3,2<a, <n-—1

k n—k—1
and ', +1 My, = {21}. The following cases are possible for the minimum neighborhood M,, of
the element z,,:

1. ﬂfn_:lkﬂ My, N M, = {a1}, 80 M, = {21, ..., 24, Tn—(an—a), o ot z,}. The general formula

TV
ap—d

for the weight has the form |7| =272 4 2k=1 4 2k=d 4 ok=d . (on—k—(an—d+1) _ 1)
2. ﬂ:;;lkﬂ M,, "M, = (). The general formula for the weight has the form |r| = 27~2 4 2k=1 4
2]{3—(1” _|__ 2]43—(0677,“1‘1) . (2774—]6—1 _ 1)
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On ternary assymetric medial top-quasigroups

Fedir Sokhatsky
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Let @ be an m element set. A ternary operation f defined on () is called invertible and the pair
(Q; f) is a quasigroup of the order m, if for every a, b of @) the terms f(x,a,b), f(a,z,b), f(a,b,x)
define permutations of ). To each ternary quasigroup (Q; f) of the order m there corresponds a
Latin cube of order m, i.e., a 3-dimensional array on m distinet symbols from @), each of which
occurs exactly once in any line of the array.

A triplet (fi, fo, f3) of ternary operations is called orthogonal [1]; if for all ay, as,a3 € @ the
system

f1($1,$2,1’3) = aq,
f2<$1,w2,$3) = A2,
f3(3317352,963) = das

has a unique solution, i.e., superimposition of the corresponding cubes gives a cube such that
every triplet of elements of () appears exactly once in it.

Geometric interpretation of orthogonality is its relationships with geometric nets. This appli-
cation is well-studied for binary operations and the respective k-nets, projective and affine planes
(see for example [2], [3]). Relationships between ¢-tuples of orthogonal n-ary quasigroups of order
m and (¢, m,n)-nets were studied.in [4], [5], [6]. The respective nets have the same combinatorial
and algebraic properties.

For every permutation o € Sy a o-parastrophe °f of an invertible ternary operation f is defined
by

f(T10, Vo0, T35) = Tao = [(T1, 72, 73) = T4
In particular, a o-parastrophe is called:

e an i-th division if o = (i4) for i = 1,2,3;

e principal if 4o = 4.
Therefore, each ternary operation has at most 4! = 24 parastrophes; among them 3! = 6 principal
parastrophes. An invertible operation and the respective quasigroup are called assymetric if all its
parastrophes are different. A quasigroup is called totally parastrophic orthogonal (top-quasigroup),

if each triplet of its different parastrophes are orthogonal. Binary assymetric top-quasigroups were
studied in [7], for ternary case the following statements are true.

Theorem 1 ([8]). A quasigroup (Q; f) is medial if and only if there exists an abelian group (Q; +)
such that

J(w1, 22, 23) = Q121 + Pom2 + Y323 + a, (1)

where p1, @2, w3 are pairwise commuting automorphisms of (Q;+) and a € Q.
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Theorem 2. Let (Q; f) be a medial ternary quasigroup (Q; f) with (1) and 71, 7o, 73 € Sy. The
parastrophes "'f , 2 f are orthogonal if and only if the determinant

9017'1 @27‘1 8037'1
QPITQ (1027'2 SO3T2

Pir3  P2r3 P3r3
is an automorphism of the group (Q;+), where @4 := J and J(x) := —zx.

Note, that the pairwise commuting automorphisms ¢, o, @3, J generate a commutative
subring K of the ring End(Q;+). Let U/ := (11,12, v3) be a triplet of injections of the set {1, 2,3}
into the set {1,2,3,4}. The polynomial

Yir Y2 V3un
di(V1, 72,73, V4) = | Ve Vove V3w
Yivs V2vs  V3us

over the commutative ring K will be called invertible-valued over a set H C K, if all its values
are automorphisms of the group (Q;+) when the variables 1, Y2, 73, 74 take their values in H.

Theorem 3. A ternary medial quasigroup (Q; f) with (1) is a top-quasigroup if and only if each
polynomial dy is invertible-valued over the set {1, pa, 3, sk, where o = J.

Theorem 4 (|9]). A ternary medial assymetriec top-quasigroup over a cyclic group of the order
m exists if and only if the least prime factor of m 1s greater than 19.
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Extension theorems for holomorphic bundles on complex
manifolds with boundary

Andrei Teleman
(Aix Marseille Univ, CNRS, 12M, Marseille, France)
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We begin with the following important result due to Donaldson [Do| for Kéhler, and Xi [Xi]
for general Hermitian complex manifolds with boundary:

Theorem 1. Let ):( be a compact complex manifold with non-empty boundary 09X, g be a Her-
mitian metric on X and € be a holomorphic bundle on X. Let h be a Hermitian metric on the
restriction E|gx. There exists a unique Hermitian metric H on £ satisfying the conditions

ANgFy =0, Hlpx = h,
where Fyy € A2(X,End(£)) denotes the curvature of the Chern connection associated with H.

Note that the map H +— A,Fy is a non-linear second order elliptic differential operator, so the
system AyFyg = 0, H|pgx = h can be viewed as a non-linear Dirichlet problem. The theorem of
Donaldson and Xi states that this non-linear Dirichlet problem is always uniquely sovable.

Note also that the analogue statement for closed manifolds (i.e. in the case 9X = {)) does
not hold. Indeed, the classical Kobayashi-Hitchin correspondence states that, for a holmorphic
bundle £ on a closed Hermitian manifold (X, g), the equation AyFy = 0 is solvable if and only if
deg,(£) = 0 (which is a topological condition if g is Kihlerian) and & is polystable with respect
to g (see |LT]).

Recall that a unitary connection V on a Hermitian differentiable bundle (E, H) on X is called
Hermitian Yang-Mills if A,Fy = 0, F¥* = 0. In the classical case dimg(X) = 2 — which plays
a fundamental role in Donaldson theory — these conditions are equivalent to the anti-self-duality
condition F¢ = 0.

In [Do| Donaldson shows that Theorem 1 has important geometric consequences:

Corollary 2. Let X be a compact complex manifold with non-empty boundary, g be a Hermitian
metric on X and (E,H) be a Hermitian differentiable bundle on X. There exists a natural
bijection between:

(1) the moduli space of pairs (€,60) consisting of a holomorphic structure € on E and a dif-
ferentiable trivialization 0 of F|yx,

(2) the moduli space of pairs (V, 1) consisting of a Hermitian Yang-Mills connection on (E, H)
and a differentiable unitary trivialization T of E|yx.

In other words, the moduli space of boundary framed holomorphic structures on E can be
identified with the moduli space of boundary framed Hermitian Yang-Mills connection on (F, H).

In the special case when X is the closure of a strictly pseudoconvex domain (with smooth
boundary) in C", Donaldson states the following result which gives an interesting geometric
interpretation of the quotient C*°(9.X, GL(r,C))/O>=(X, GL(r,C)) of the group of smooth maps
90X — GL(r, C) by the subgroup formed by those such maps which extend smoothly and formally
holomorphically to X:

Corollary 3. Let O=(X, GL(r, C)) be the group of smooth, formally holomorphic GL(r, C)-valued
maps on X, identified with a subgroup of C*°(0X,GL(r,C)) via the restriction map.
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There exists a natural bijection between the moduli space of boundary framed Hermitian Yang-
Mills connections on the trivial U(r)-bundle on X and the quotient C*(0X, GL(r,C))/O>(X,GL(r,C)).

The idea of proof: Taking into account Corollary 2, it suffices to construct a bijection between
the quotient C*(0X, GL(r,C))/O>(X,GL(r,C)) and the moduli space of boundary framed holo-
morphic structures on the trivial differentiable bundle X x C". The construction is very natural:
one maps the congruence class [f] of a smooth map f : X — GL(r,C) to the gauge class of
the pair (the trivial holomorphic structure on X x C", f). The main difficulty is to prove the
surjectivity of the map obtained in this way. This follows from the following existence result:

Proposition 4. Let X be the closure of a strictly pseudoconvex domain (with smooth boundary)
in C" and & be a smooth, topologically trivial holomorphic bundle on X .- Then & admits a global
smooth trivialization on X which is holomorphic on X.

The statement follows using Grauert’s classification theorem for bundles on Stein manifolds
and the following extension theorem, which is proved in [Do| only for n = 2:

Proposition 5. Let X be the closure of a relatively compact strictly pseudoconvex domain (with
smooth boundary) in C" and & be a smooth, topologically trivial holomorphic bundle on X. Then
E extends holomorphically to an open neighborhood U of X in C™.

In my talk I will explain the idea of proof of the following general extension theorem (see [T]):

Theorem 6. Let M be a complex manifold, X € M an open submanifold of M whose closure X
has smooth, strictly pseudoconvexr boundary in M. Let G be a complex Lie group, m: Q — M a
differentiable principal G-bundle on M and J a holomorphic structure on the restriction P :— Q|x.

There exists an open neighborhood M' of X in M and a holomorphic structure J' on Q|
which extends J.

The proof uses methods and techniques introduced in [HiNa| and [Cal].

In the special case when M = C" and G = GL(r,C) one obtains as corollary Proposition 5
(and hence Corollary 3) in full generality. Moreover, one also obtains the following generalization
of this corollary:

Theorem 7. Let G = K© be the complexification of a compact Lie group K, X be a compact
Stein manifold awith boundary and.g be a Hermitian metric g on X. The moduli space of boundary
framed Hermitian Yang-Mills connections on the trivial K-bundle on (X, g) can be identified with
the quotient C*(0X,G)/O>(X, Q).
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Recent progress in Iwasawa theory of knots and links
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We briefly survey joint works with Ryoto Tange, Hyuga Yoshizaki, and Sohei Tateno.

Twisted Iwasawa invariants of knots |1|. Let K be a knot in S® with g = m(S? — K) and
let X,, = X = S® — K denote the Z/nZ-cover for each n € Z-. Let p be a prime number and let
m € Z with ptm. Let p: mxg — GLx(O,) be a representation over a finite extension Oy of the
p-adic number field Q, and let A,(¢) denote the twisted Alexander polynomial. Then we have
the following.

Theorem 1. Let (K,p,m,p) be as above. Then there exists some \,p,v € 7 such that for
any n > 0, |Hi(Xppn, pltor| = PP holds. (We have NrA,(T) = p*(X + p(lower terms)) in
Z,(T]))

For each (K,p,p), there exists some m such that X/|O,] : Zp] = degA,(t). Hence for each K,
there exists some (p, p,m) such that X coincides with the genus of K.

For each (p,K,p), u’s and X’s determine whether A,(t) is monic in Oyt] and whether K is
fibered.

Example 2. (1) The \’s of the lifts pf, @ m — SLy(O) of the holonomy representation of the
figure eight knot K = 4;.

(2) For any SLa-representations of the twist knots J(2,2k) (k € Z), we have ;. = 0. We may
expect that if k£ # 0, £1, then there exists some pof J(2,2k) with x> 0.

Weber’s class number problem for knots [2|. Weber’s class number problem for number
fields is mostly unsolved for 200 years. Yoshizaki [3] recently pointed out that the sequence of
the class numbers converges in the ring of p-adic integers Z,. In the knot theory side, we obtain
the following.

Theorem 3. Let K be a knot in S® and let p be a prime number. Then the sizes of the p-torsion
subgroups of Hy(Xm;Z) converges in Z,. The limit value is given by the roots of unity that are
close to the roots of the Alexander polynomial Ak (t).

Example 4. The limit values for the torus knot 7,; (a,b € Z; coprime) and the twist knot
J(2,2k) (k € Z).

Iwasawa invariants of the Z/-covers of links [4]. Cuoco-Monsky gave a variant of the
Iwasawa class number formula for Zpd—extensions of number fields and pointed out the existence
of the term O(1). In our side, we have the following.

Theorem 5. Let L be a d-component link in a rational homology 3-sphere M and let Y, —
X = M — L denote the Z/nZd—cover. Then there exists some X\, u such that the size of p-
torsion subgroup of Hy(Y,,Z) is given by PP A 0M) e O(1) is the Bachmann-
Landau notation. If M is an integral homology 3-sphere, then the Zpd—cover 1s Greenberg, namely,
O(1) is a constant.

Example 6. The values pu, A, and O(1) of Solomon’s link 4% and the twisted Whitehead link
Wak—1 (k € Z). We have a link with O(1) # 0 and a link with any u € Zso.



51

REFERENCES

[1] Ryoto Tange and Jun Ueki. Twisted Iwasawa invariants of knots, preprint, 2022. arXiv:2203.03239

[2] Jun Ueki and Hyuga Yoshizaki. On Weber’s class number problem for knots, preprint, 2022.

[3] Hyuga Yoshizaki, A New Continued Fraction Expansion and Weber’s Class Number Problem, in preparation,
2020. arXiv: 2010.06399

[4] Sohei Tateno and Jun Ueki. Jwasawa invariants of Zz‘f—covers of links, in preparation, 2022.




52

IIpo Tun rpaccmaHoBoro oopasy HOBEPXOHb 3 IIJIOCKOIO
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ITosepxua V? kmacy C*. k > 1 y mpocropi MiHKOBCcbKOTO 'R, Ha3HBAETHCA MPOCIOPOEONO-
dibroto (waconodibroro, i30MponHol0), SIKIIO JOTHYHA ILJIONMHA JIO HEl B KOXKHIl TOYIl € 1po-
CTOPOBOMOIOHOIO (Tacono/IibHo, i30TponHo0). Bynemo posrsigari Taki 1BoBuMIpHI mOBepxHi
npocropy ‘R4 abo Taki o6acTi Ha X MOBEPXHAX, y AKHUX THI JOTHIHOI IIONIMHNA B KOXKHIIl
TouIi onuH i Toif cammii. I[Ipn rpaccMaHoBOMY BioOpazkeHHi HoBepxHi V2 B rpaccMamiB MHOTO-
B, PG(2,4) orpumaemo zpacemanosut obpas nosepxui V2. I'paccManis 06pag LpocTOpoBOIO/Ii-
6Hoi (uaconoibHoT) JBOBUMIPHOT MOBEPXHI MpocTopy 'R, € JBOBUMIPHUM IIiJIMHOIOBHJIOM MHO-
rOBUJIy YaconoibHux (1mpocTopoBonouibHux) romut [2|. [HyKoBaHa MeTpuka rpaccMaHOBOIO
obpazy Moxke OyTH 3HAKOBU3HAYEHOIO, 3HAKOHEBU3HATEHOIO @00 BUPOJZKEHOI0, & 3HAYUTDH I'Dac-
cMaHiB 00pa3 Moxke OyTH JIBOBHMIPHOIO TPOCTOPOBOIIOMIOHO0, YACOMOTIOHOI0 a00 130TPOITHOIO T10-
BEepXHEI0. 3’sICyeMO MTUTaHHSI PO TUI I'PACCMAHOBOTO 00pa3y MOBEPXOHD 3 IIJIOCKOK HOPMaJIbHOIO
3B SI3HICTIO.

[TousaTTs 11710CKOT HOPMAaJILHOI 3B SI3HOCTI I IMHOTOBU/IY PUMAHOBOTO MHOTOBHU/TY OYJIO BBEIEHO
E.Kapranowm [1]. [TiaMHOroBU M 3 JIOCKOK HOPMAJILHOMO 3B A3HICTIO € I IMHOTOBUJIAMU 3 HYJThO-
BUM TEH30POM CKPYTYy. BaxK/mBOIO BJIACTUBICTIO MTOBEPXOHD 3 IIJIOCKOIO HOPMAJILHOIO 3B S3HICTIO
€ icHyBaHHSI KOOD/IMHATHOI CITKH, BiJTHOCHO SIKOI IIEPIy Ta oOU/IBI APYTi KBaApaTudHi (hopMEI MO-
’KHa OJIHOYACHO 3BECTH IO JiiaroHajbHoro Buiy. Ilg KoopjuHaTHa CiTKa € CITKOIO JIiHIil KpUBUHMU.
[ToBepxHi 3 TJI0CKOIO HOPMAJIBLHOIO 3B’ A3HICTIO Ta X rpaccMaHoBi obpasn y rpoctopi MiHKOBCHKO-
o0 MAalOTh IIle JOJATKOBL BJIACTUBOCTI:

1) axmo rpaccmafopuit 06pas uaconomionoi mosepxmi V2 C! Ry 3 IJI0CKOI0 HOPMAJIbHOIO
3B SI3HICTIO HEBUPOMZKEHNI, TO BiH € 9aCOIOII0HOI0 IOBEPXHEIO;

2) HEBUPO/KEHUIi IrPpacCcMaHOBHiE 06pa3 IPOCTOPOBOIOIIGHOT TIOBEPXHI 3 ILJIOCKOK HOPMAaJIbHOIO
3B SI3HICTIO MOXKe OyTI ab0 IIPOCTOPOBOIIOAIOHOI0, a0 YacOmomiOH0I0, a060 I30TPOITHOIO TOBEPXHEIO;

3) THIL HEBUPOJIZKEHOI'® I'PacCMaHoOBOro obpasy rineprobepxHi V2 JiesKoro TpUBUMIpHOTO T1ijI-
pocTopy mpoctopy 'R, €miBIajae 3 THIIOM HOBepxHi V2.
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IIpo icHyBaHHA reJe3MTHO CUMETPUYHIX IICEBAOPiMaHOBUX
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Cepet pobIT 110 T€OIE3NTHNM Bi00paskeHHsIM TICEBJIOPIMAHOBIAX IPOCTOPIB 0COOIMBE MicIl 3a-
fimae pobora 1896 poky T. Jlesi-UeiTu, B sKiit BiH, BUXOJ4YN 3 PIBHAHD JUHAMIKU, CPOPMYITIOBAB
[IOCTAHOBKY 3a/1a4i Ta oTprMaB ocHOBHI piBHsiHHS |1]. OcobmBierio po6oTn € BUKOPUCTAHHS TeH-
30PHUX METOJIIB.

[Ticasa Toro, K TEH30PHI METOMN JOCTIIKEHHS 3afiHaiIn JOMIHY049] mosuIiil B audepeHIiaTbHii
reometpii, I'. Beitns, JI.II. Eitzeaxapr, B.®. Karan, I'.I. Kpyakosu4, A.C. Coom0BHIKOB Ta iHIIi
o0y 1yBaJil CTPYHKY TeOpPilo reoJIe3NYHNX BiJoOpazkeHb ITCEBIOPIMAHOBUX ITPOCTOPIB, iHBapiaH-
THY BiJTHOCHO BHOOPY CUCTEMU KOODJIMHAT.

Hosnit momrox 1151 Teopist orpumadia micasa pobir M.C. CuriokoBa, sKuil 3BiB 3aja9y J10
JIOCJIIJIZKeHHs JIiHIfHOT cucremu udepeHIfaJbHuX piBHAHb [2].

BzaemHuo omgHo3HAYHA BiIOBIIHICTD MiXK TOYKAMHU IICEBJIOPIMAHOBUX ITPOCTOpiB V,, 3 MeTpu-
YHUM TEH30POM (;; Ta V,, 3 METPUYIHIM TEH30POM Jij HaBUBAETHCHA I'€0JIE3UIHUM BiJJOOparKeHHAM,
SKIIO TIPH Hill KOYKHA T'eoJle3ndHa JIiHisg V), IepeXOMUTh B reojle3nyHy JiHio V.

IIceBopimaniB npocTip V,,, B gKOMy icHye TeH30p A i, 4, TaKwit, mo A; i, 4 ; = 0, Ha3uBa-
10Th A-cumerpuaanM. TyT koma “”8HaK KoBapiaHTHOI TOXimHOI 10 3B’d3H0CTi V,,. [eomesntano
A-cUMeTPpUYIHIM HA3UBAEMO IICEBIOPIMAHIB IIPOCTIP, B IKOMY yMOBa A-CHMETPUIHOCTI BUKOHY-
€ThCs JIJIT KOBapiaHTHOI TOXIAHOI 110 3B’SIBHOCTI Ie0/Ie3UYHO BiJIIIOBIIHOIO JaHOMY HpoCcTOpy Vi,
TICeBIOPIMAHOBOFO TpocTopy Vi [3].

3okpema, AKIO g Tersopa Pigui neesopimanosoro npocropy V, BUKOHyeThea ymoBa Vi [ =
0 (TyT V 3HAK KOBapiaHTHOI ITOX1HOI IO 3B’SI3HOCTI \_/n), TO TaKiif MPOCTIP HA3BUBAEMO T€OAE3UIHO
Pigyi cumerpuanuM. AKINO 1151 yMOBa BUKOHYETHCS JIJIsT TeH30pa PiMamna, To mpocTip Mae Ha3By
reoJIe3UIHO CUMETPUIHUIN.

JloBejieHO, MO HE iCHY€E Teo/ie3mIHO Pivdi cuMeTpUIHUX TPOCTOPIB BIAMIHHUX BiJI POCTOPIB
Eitaimnreitaa, a TakoxK, 1110 He iCHYE Neoe3udHO CUMETPUIHUX ITICEBIOPIMAHOBHUX IPOCTOPIB Bij-
MIHHEX Bl IIPOCTOPIB CTaJIOl KPUBUHU.

Takum arHOM, Teojie3udHo Piddi cuMeTpuyHi Ta reoJIe3UIHO CUMETPHYHI MPOCTOPU iCHYIOTH
JIMIIE TOJIl, KOJIM BOHU 1pocTopu EiiHinTeiina Ta mpocTopu CTaJIol KPUBUHUA BiJIIIOBITHO.
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I'eomerpuyHi 00’eKTH, iIHBapiaHTHI BiJHOCHO
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CTPYKTYPOIO
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HocipryBasmcst KBasi-reojie3ndsi Bijobpaxkenns 1] ysaraabHeHO-PEKypEHTHUX IPOCTOPIB a-
pabosiunoro tuity [3] (Vo gij, FI') 1 (V. Gi5). Ocrosui piBusinms Takoro BigoGpazkenms B cyMicHiit
3a BiJJOOpazKeHHSAM crcTeMi KoopanHar (x') MaroTh Burs 3]

T (2) = Tl (2) + i (2)dh + () Fli(a),

« il nl — «
Fij=—Fj, Fij=gt], Fij=s=FdF;=0uF;,
h o
FIFY =0
bl R
F(i,j) & F(iQJ)7
=h . . . . .
Fij, F?j - KOMIIOHEHTH 00’eKTiB 3B’a3H0CTI V), 1 Vi, 15, o - JedKl KoBeKTOpH; ~,” - 3HAK KOBapi-
aHTHOI HoXiIHOI B V/,.
. .. . h _ h
dArmo audepenmianbai piBHAHHS 71 adinopa HaOYBaOTh BUTJISLY F(i, 5= F(Z.qj), MH Ha-
3UBaEMO aMiHOPHY CTPYKTYPY y3araJbHEHO-PEKYPEHTHOIO, a IIpU Ehj = Fihqj - PEeKypeHTHO-
mapaboIiIHOIO.

Mu BBazkaemo, 10 y3araJbHEeHO-PEKYPEHTHa CTPYKTypa iHTErpoBHa i KBa3i-reojie3andHe Bij-

obpazkenHs 36epirae BeKTOp y3arajbHenoi peKypenTHocTi [3], orzxke B mpocropi (V,, ;) s adbi-
HOPAa Fih BUKOHYIOTHCH CITIBBITHOITIEHHS

F(I;\j) = F(?Qj),
- 3HaK KoBapiaHTHO! moxinHol BinHocHO 38’s13H0CTi I B V.

[TobyieBarHo TeomeTpuaHi 00’€KTH, iHBApiaHTHI BIJIHOCHO KBa3i-re0Ie3UIHOTO BilOOparKeHHS
y3arajbHEHO-PEKYPEHTHAX HPOCTOPIB MapaboidHOTO THUITY, & TAKOXK PEKYPEHTHO-TIAPabOidIHUX
npocropis. HaBoaurhes psim yMoB Ha Il 00’€KTH, IO HPU3BOISITEH A0 TOrO, IO y3arajJbHEHO-
PEKYPEHTHHH TPOCTip NapaboJiTHOTO TUITY JIoycKae mapabosiany K-cTtpykTypy, jiis akoi F (};7 o=
0, & peKypPEHTHO-ITAPAOOITHII IIPOCTIP JIOIYCKAE KEJIEPOBY CTPYKTYPY MapabOiTHOrO THILY.

Bugdeno crieriayibHi TUIIN KBa3i-reoe3UIHAX BijIoOpaskeHb y3araJibHEHO-PEKYPEHTHUX ITPOCTO-
PpiB, IO 30epirafTh AedKi TeH30PU BHYTPIIIHLOIO XapaKTepy.

7 |77

Je
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ABTOoMopdHiI dyHKIII Ta aaredbpu ABOBUMIPHIX
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Hexait D — BigkpuTuii omuHuYHUN KPYT KOMILJICKCHOI ILJIONUHE. B riyibbepToBOMYy IpOCTOpI
L?(D) BBEeMO HACTYIIHI OIEpaTOPH:

K — nobpe Bimomnit omeparop Beprmama;

W = W, — yuirapuuit (i3oMeTpudmuii) onepaTop 3BazK€HOIO 3CyBY, YTBODEHMUI mapaboiHimM
abo rinepbosivHIM JIpoOHO-JTiHIHIM TIepeTBOpeHHsIM g € G Kpyra D B cebe, jie G — HecKindeHa
UKJIIYHA KOMYTATHBHA T'PYIIA, MOPOJZKEHA MIEPETBOPEHHIM ¢, 3 OJHi€I0 a00 JBOMa HEPYXOMUMU
i TpaHIYHUMHI TOYKAMHU BCiX 3CYyBiB, IO JIexKaTh Ha abCOIOTI.

Hexait, mami, 2 nmoznadae C*-anaredpy 6e3 3cyBy, sika MOPOJZKEHA OINEPATOPaMHU, M0 MAIOTh
ursan A = a(z) [ +b(z) K+ L, ne I — onqunnanmii, L — KoMakThuii, KoedinienTu a, b € aBroMop-
dbaumu dynkuigmu, To6To 3310B0sIbHAITL YMoBaM a(g(2)) = a(z), b(g(z)) = b(2), HenepepBHUME
Ha PIMAHOBIM OBEPXHI I'PYIIU.

Busuaerbes C*-anrebpa B, mopopkeHa ycimMa orneparopaMi BULJISALY

+o0
B= " AW’
Jj=—00
ne A; — oneparopu ajrebpu 2.
Bussngerncd, mo anredbpa B e posmupeHnaM aarebpu 2 3a jonomoroio onepaTopis scysy W,
ne g € G. Bynyerbes ajirebpa CHMBOJIIB Ta BCTAHOBJIHOETHCSI KpUTePiil dpperoIbMOBOCTI J1Tst
orieparopiB C*-ayredbpu B.
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B [3] Mmu gocikyBaiu audeomopdizmu nceBio-piMaHOBIUX IPOCTOPIB, AKi € KBa3i-reOIe3nTHIMUI
Bijjobpazkenusivu 1] i BojiHOUacC Maiixke-reojesndannmu 2-ro puiy [2]. OCHOBHI PiBHSIHHSI TAKOIO
sinobpazkenns (Vy,, gij, FI') i (V. gy;) B cymicuiii 3a sino6pazenmsay cucrenmi koopaunar (*) ma-
I0Th BHIVISAT [3]

T, (x) = Tl (2) + (2) 67 o (@) B ()

j ij 7) (i DN

5’ Tin— .. — 7 o
Fij=—Fji, Fij=gFiq Fij=—Fj, Fi;=70.F,
h o
FOFY =0
h  _ ph
Fagp = Fatp»
7h h ) : ) VA : ” »
ae L'y, Iy - komnonenTn 00’ex®is 38’st3H0CTi Vi 1 Vo, 1, 5 - JlesiKi KoBekTOpH; 7,7 - 3HAK KOBa-

piaHTHOT MTOXiHOT B V,.

AdiHopHY CTPYKTYpY, s siKOl gudepeHIiaabHi PiBHAHHA HAOyBalOTh BULJIsALY F) (};7 5=
MW HA3WBAEMO y3arajbHEHO-PEKYPEHTHOIO, & IIPU th] = E-hqj - PEKypeHTHO-IapabO i THOIO.

Y BUINAJKY, KOJM B OCHOBHHX DIBHSHHSIX KBa3i-reojie3maHoro Bimobpazkennsi ¥;(x) = 0, iioro
Ha3UBaIOTh KAHOHIUHWM.

Orpumana JiHiftHa dopMa OCHOBHUX PIBHSHb KAHOHIUHUX KBa3i-IeOJIe3UIHUX BiT0OparkKeHb
PEKyPEHTHO-TIapabOATHIX TPOCTOPiB. 3 11 JOMOMOIOMI0 JIOBEIeHI OCHOBHI T€OpeMH Teopil KaHo-
HIYHIX KBa3i-reome3mdHuX BiToOpakeHb PEKypPeHTHO-TIAPabOIIYHIX IPOCTOPIB, SIKi JAIOTh 3MOLY
1y1st Oy/Ib-SKOLO 11ceB10-piManosoro upocropy (Vi gij, F!) 3 pekypenTHO-TIapaboianoo adginop-
HOIO CTPYKTYPOIO OTHO3HAYHO BiIITOBICTH Ha MUTAHHS, JTOIIyCKAE BiH PO3IJISIyBaHe Bi100OparkKeHHs
97 Hi.

Jami po3ryisHy TO KaHOHIYHE KBa3i-Teo/Ie3uvHe BiIoOpaskeHHsT peKYPEeHTHO-T1apabo i gHOTO TTPO-
cropy (Va, gij, F") na nomycumerpuunnii ipoctip V., ot:ke Tesop Pimana V,, 3a10B0/bHSIE yMO-
BaM

—h
Rz]kH 07

Im) —
7|7 - 3Hak KoBapiaHTHOI HOXijHOI B V.
Iosenena

e

Teopema 1. Sxwo pexypermmo-napaboriviuts npocmip (Vy, gii, FY) donyckae nempusianve xa-

HOMIYHE KBa3i-2e0de3urte 61000pascenmna Ha NOAYCUMEMPUIHUT V ,, o UKOHYEMBCA NPUHATM-
ni odna 3 ymos: p; ; = ali; — ;q; abo RiaFja = bF};, npu dearxux meatanmax a,b.
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I'eomeTpig HAOIMKEeHHA A1 pocTopy adiHHOI 3B’ SI3HOCTI
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Posrisinemo tipoctip adinnol 38’ a3H0CTI 6€3 CKpyTy A,,, BiJHECEHMIT 10 JOBLIBHOT CHETEME KO-

opmunar {z', 2% ... 2"}, 3 06’ekTOM 3B s13HOCTI FZ(w), My (zl) — dikcosana TOIKa MBOIO TPOCTO-
py. Iobyayemo HoBuit npocTip A, BiaHecenuii 10 koopmunar {y',y%,..., y"}, 3i cBoiM 06’ekTOM
3B’SI3HOCTI Ffj(y), AKNN 38/1a€ThCe CIIIBBITHOIIEHHAM
~ 1
hooy h ! ho_
Fz’j<y) = _gﬁ.(zj)l Yy, Ae %%.ijl = R'L]l(M()) (1)

Ko cucreMa KOOpaMHAT y BUXIJHOMY IpocTopi A, € KaHOHIYHOMIO 3 modaTkoMm y Touri M,
TO 00’€KT 3B’SI3HOCTI f?j peaJtizye HabJIMKEHHsT TEPIIIOro MOPSIKY s F?j BUXIiTHOTO TTPOCTOPY i
TOMY BiZIoOpazkae reoMeTpUYHI BIACTHBOCTI A, 3 JiedKUM cTylieHeMm TogHOCTi |1, 4].

Bupuaorbest JesKi BIacTuBocTi mpoctopy A,. 30Kpema, JOBEIEHO, 10 CHCTeMa KOOPUHAT
{y', 9, ..., y"} € pimanoBoIO 3 MouaTKOM y To4UIi My.

Hamami posrigmaoTbesa aHaATITHIHI 1HQIHITE3NMAIbHL PYXA B MPOCTOPI A,

Y™ =yh + M (y) ot, ne £"(y)— BekTOp 3MimenHms. (2)
Kommnonentu BekTopa £ (i) IIyKAIoThest y BALIS CTENCHEBUX PsIiB.
h(y) = a" + Z%h <o + Zahlz 2Py, ne dtaly, , — xoucranTh. (3)
k=1
[Tpu moctizKenni OCHOBHUX PiBHSHD [2, 3]
4 ger ol e ) dE" -
Ll (y) = o - X grh+ & m—ir?jzo (4)
0yl dy’ oy~ (93/1 oyl oy~
y SBHOMY BHIVIZ/I 3HAIICHO BEKTOD fh( E
&) = Y- et ®)
= —— e
Y Kk —1) e A
k=0
_Rzlllﬂy y ’ tgp)% - t&p_l)it?‘ (p=2,3,...). (6)

30
JloBeera abCcoTIOTHA Ta piBHOMlpHa 3012KHICTD UX PSJIIB Y JlesKiit ob1acTi. BuBuaeThest nmuTanHs
PO MOPSAMAOK IpyrH JIi po3ryIdgnyTHX pyXis.
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Hocnizkyroun maifizke konrakrai Maorosuin, K.fduno, C.Xoy 1 B.Yen [1] giitim 10 noHsTTsI
K6adpucmpPyYKMypu, CTPYKTYpHNIiT adiHop gKOi 3a,10B0/bHAE piBHanHIO ¢! + @2 = 0.
.. . . 5 — =k
Mu susuaemo 3F-mianapui sifo6pazxenns |2] ncesno-pisanosux upocropis (V. gij, FI') 1 (V4. Gy, F)
3 abiHOPHOIO CTPYKTYPOIO IIEBHOI'O BULY, OCHOBHI PIHAHHS AKUX B 3araJIbHiil 3a BiIoOpasKeHHAM
cucremi KoopAuHAT (') MaIOTh BUIVISLI:

—h
() )+ Z G (x )(x
Jie
S
EM =6, Fh " Fh F“Fh Fh F"‘F" Fl(z) = F, (),
FO}cLF[?FfE§+F£F;a:OJ giaFj :_gja‘Fiav E},L ‘F'L|j_07
=h . . - . . S .
FZ, F, - KOMIOHeHTH 00’eKTiB 3B’s3mocTi Vi, 1 V,, BINOBIHO; ¢;(z) - Jesiki KOBEKTODH; Fih -
acinop; <, >, < | > - 3HaKN KoBapiaHTHOI MOXigHOI B V,, i V.
Mu noBesu, 1m0 3a TaK#EX yMOB Ha adinop npocropu V, i V,, € JOKaJIbHO 3BEJICHUMHI i MAIOThH
BUTJISIT TOOYTKY L -
Vn N Vm X Vn—m7 vn = Vm X vn—ma
JIO0 TOTO 2K Ha KOMIOHEHTaX Horo Jo0yTKy 3F-mmanapne sinobpaxenns f : V,, — V, innykye F-
IIaHApHE Bmo6pa>KeHH51 [3] f1: Vin — V,,, mapabosiuno keseposux npocropis [3| 1 F-manapue
BiOOpasKeHH fo : Vi = Vi py €INTHYHO KeJIEPOBUX IIPOCTOPIB [3).
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Posrigmaerhest cucrema HeMHITHUX PisHANEBO-DYHKIIIOHAILHUAX PIBHIHD BUIISITY

z(qt) = Ax (t) + f (tya (t+ 1)), (1)
Y BUIIQJKY, KOJI BUKOHYIOTHCS HACTYIIHI YMOBH:
(1) A - nificaa (n x n)-marpung Buriaagy A = diag (A1, Ag), ne Ay, Ay - giiicui (p X p) Ta
(r x r)-marpumi (p+7r=mn),det A2 0. f: R xR? — R",

ft,zt+1) = (fft, 2 (t+1),22(t+1), f2(t, 2t (t+1),22(t+1))), q - geaxa
JiiicHa JToJaTHA CTaJa.

(2)

£ — (2 ) S (|3t - 3+ |2 - 2,
2 (6,308 — 2 (15, 3)| < b (&' - &'+ [22 - ).
ze I, Iy - pesixi poparni €ai, mo gamessars sin Il =1 (1), l2 =12 (1), & = 0,2 = Onpu 1 = 0).

Toxi cucrema piBHsiHB (1) 3anuimeTses y BAT/Is

{ zt (gt) = Mt (t) + f1 (¢, 2t (¢
t

1),
22 (qt) = Boz? (1) + 2 (£ 21 ( 1 (2)

+
+
2= (fp+1v"'7fp+7")'

) B3a€MHO-OJIHO3HAYHY 3aMiHy 3MIHHUX

Y

IS ZL’ - (1517 xp) x2 . ($p+17 .. prrr) f - (fh .. 7fp
Bornan @emenko, [09.05.2022 15:04] Buxonasmm B (2

1 (t) =y () + 7 (1),
Ty (t) = ya (t) + %2 (1),

ne v (t) = (1 (t),72 (t)) - HenepepBHUIT OOMeEKEHNUIT PO3B’ 30K cucTeMH (2), OTPIMAEMO CHCTEMY
PIBHAHD

Y2 (qt) = Moy (1) + F2 (t,y' (t+ 1) 97 (E+ 1))

Bekrop-yuxuii F* (¢, y*, y?), F? (t,y', y*) sagosoabusaiors ymosi 2.1 F* (¢,0,0) = 0, F? (¢,0,0) =
0. st cucremu (3) JoBejieHa HACTYIIHA TEOPEMA.
Teopema. Hexali sukonyromovca ymosu 1-2 1 ymoeu:
30<N<I<N,e=1,2,...p,5=p+1,2,..n,0<p<n,qg>1;
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T—A"7 X1
Todi cucmema pisnans (3) mae cim’io nenepepsnux oomescerur npu t > T > 0 (T - desaxa do-
CMAMHYLO BEAUKA 00aMHA CMAAG) PO3E A3KIE Y 6U2AADL PAJIG

y'(t) = Zyi(t),yg(t) = ny(t%

ne yk(t), y2(t), i = 0,1,... - deaxi nenepepeni obmesrceni npu t > T > 0 eexmop-dynruii.

4.9:max{ 2y 2 }<1, del >N >max{\,i=1,....p}, 1 <A, <min{)\,i=p+1,...
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Mu Bupuaemo F-mamaphi BijoOpazkenHs (1ceBo-)piMaHOBUX MPOCTOPIB 3 ahiHOPHOI CTPY-
KTypolo nesHoro tuiy ([2]).

B pimanosomy mpocropi (V,,, g;;) adinop F Jh BU3HAYAE CUMILIEKTUIHY cTpyKTypy([3]), axrmo
none Tersopa Tuity (0,2)  Fij = Ff*ga; 3310BOJIbHAE yMOBAM;

Fijr+ Firi+ Frij =0, Fj;+Ep=0, Fj=Fga, |El'| # 0,
Jle  3HaK KOBapiaHTHOI MOXiTHOI B MPOCTOPI S,.

Mg 00upaeMo CTPYKTYPY OLIBIT 3araJbHOrO THITY, BiJIMOBJISIIOTICH Bijl BAMOI'M HEBUPOK IEHOCT]
adinopa. Byjemo nasusaru 11 mativice cumnaekmuynoro, a (1ceBo-)piMaHOBHIi IPOCTIP 3 TAKOIO
CTPYKTYPOIO - MAGINHCE CUMNACKIMULHUM.

Hani mu mocnmijkyemo F-mnaHaphi BimobpazkeHH: ICeBI0-piMaHOBUX IpocTopiB V, i V, B
npuyIiensi, uro adinop F BH3HauUA€ MaiizKe CHMIUIEKTHYHY CTPYKTYpy Ha V, i V. Ix ocroHi
PIBHAHHA MAIOTh BUTJIA

L, () = P () o i (2)00 () + pa(e) FB (@),

—h y L= .
e Fij, Ff’j - KOMIIOHEHTHU 00’€KTiB 3B’a3H0CTi V,, 1 Vi, 15, p; - Jeski koBekTopu. [loseiena
Teopema 1. Matioice cumnaexmuamuti npocmip (Vi,, gi;) donyckae nempusiasvre F-naanapne

ns Yij
sidobpasicerns modi & MIAbKU Modl, KOAU 6 HbOMY ICHYE HEOCOOAUBUT CUMEMPUIHUT MENIOD ;j

muny (0,2), axut 3a0080avHA€ OUPEPEHUIANHUM DIGHAHHAM
o T 1 1
Qijk = —Pal gix — PaFy gik — PiFjk — PjFik,
-F;‘aaaj = _-F}qaai
npu deamomy sexmopi P*; # 0.

Jami 3a AOIOMOrO0 @;; MH OTPHMYeMO iHeapianmue nepemeoperna(|4]) , ke mapy maiizke
CAMILIEKTUIHAX IIPOCTOPIB, IO 3HAXOAATHCS B HETPHUBiaJbHOMY [F-ILIaHapHOMY BigoOparkemHi,
[IEPETBOPIOE B HOBY Mapy MaiizKe CUMILUIEKTUIHUX ITPOCTOPIB, MO TaKOXK 3HAXOATHCA B HETPUBH-
aJibHOMY F-1utanapHoMy BijloOparkeHHi, aJjie BiAIOBial0o9oMy iHIIOMY adiHopy:

1 1
(5.555,).

N(9,5.0,F): (S.258,) — (5.5

3aB/IIKN IIHOMY 3’sIBHJIACS MOYKJIMBICTH OTPUMAHHS BEJIUKOI KiJIBKOCTI NMPUKJIAJIIB Tap Maiixke
CUMILJIEKTUIHAX MTPOCTOPIB, IKi 3HAXOIATHCA B F-rmanapHoMy BigoOparkeHHi.
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