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On the algorithm of degenerations and fundamental groups
as a tool to understand algebraic surfaces

Meirav Amram
(Shamoon College of Engineering, Ashdod, Israel)

E-mail: meiravt@sce.ac.il

The classification of algebraic surfaces in the moduli space has been an interesting question for
many years. Fundamental groups are very nice invariants in classification of algebraic surfaces.

We consider an algebraic surface X in some projective space. We project X onto the projective
plane CP2, using a generic projection, and get the branch curve S in CP2. The curve S is a
cuspidal curve with nodes and branch points, and it can tell a lot about X. We can get the
presentation of the fundamental group G of the complement of S in CP2. Group G does not
change when the complex structure of X changes continuously. In fact, all surfaces in the same
component of the moduli space have the same homotopy type and therefore have the same group
G.

But it is difficult to describe S explicitly, and therefore it is not easy to write down a presentation
for G. To tackle this problem, we use a nice degeneration and regeneration algorithm. And
together with the use of some regeneration rules and the van-Kampen Theorem, we get the
presentation of G. We note that despite these techniques, we still cannot skip some algebraic
work in order to determine what G is.

If G is too complicated, we can calculate its quotient, which is the fundamental group GGal

of the Galois cover of X, and also this quotient does not change when the complex structure
of X changes continuously. Some examples of such calculations appear in [1] and [2]. In [1] we
prove that surfaces with Zappatic singularity of type Rk have a trivial GGal. And in [2] we divide
surfaces with degree 6 degenerations to two sets: trivial or non-trivial GGal. Moreover, some
other works were done in this research domain, for example for surfaces with different Zappatic
singularities, and surfaces that degenerate to non-planar shapes.

In the end of the talk I will present an output of a new computer algorithm, developed jointly
with U. Sinichkin (TAU, Israel). This algorithm provides the presentation of the fundamental
group G, when the branch curve S is given.
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Foliations on closed three-dimensional Riemannian
manifolds with a bounded mean curvature of leaves

Dmitry V. Bolotov
(B. Verkin ILTPE of NASU, 47 Nauky Ave., Kharkiv, 61103, Ukraine)

E-mail: bolotov@ilt.kharkov.ua

Recall that a foliation F of codimension one on a smooth 3-manifold M is called taut if its
leaves are minimal submanifolds of M for some Riemannian metric on M . In [1] it was proved
that if F is taut, then a number of cohomological classes H2(M) realized as Euler classes e(F)
of tangent distribution to F is finite.

We present the following result.

Theorem 1. Let V0, i0, K0, H0 be fixed positive constants, and M be a closed oriented irreducible
three-dimensional Riemannian manifold with the following properties:

(1) the volume V ol(M) ≤ V0;
(2) the sectional curvature K of Riemannian manifold M satisfies the inequality |K| ≤ K0;
(3) min{inj(M), π

2
√
K0
} ≥ i0, where inj(M) is the injectivity radius of M .

Then only a finite number C(V0, i0, K0, H0) of cohomological classes in H2(M) are realized as
Euler class e(F) of the tangent distribution to a transversally oriented codimension one foliation
F on M whose leaves have a mean curvature H satisfying the inequality |H| < H0.
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Topological issues about the 6D ISST in Physics
Enzo Bonacci

(The Physics Unit of ATINER, Athens, Greece)
E-mail: enzo.bonacci@physics.org

The recent proposals of a three-directional time [6], of a time vector [7], and of a 6D spacetime
with SO(3,3) symmetry [5], have renewed the interest for the hexadimensional extension of Ein-
stein’s General Relativity formulated two decades ago via three-dimensional time [1, 2, 3]. We
wish to enrich the discussion about the hypothetical 6D geometrodynamics by giving a topolog-
ical response to two fundamental questions: 1) Why should the spacetime manifold require six
dimensions instead of four? 2) Why should the two extradimensions be timelike? The 4D universe
is supported by an intuitive logic: in order to describe an event, we need to know where and when
it is occurring, for a total amount of four coordinates (three spatial and one temporal). Although
reasonable, the current representation of the spacetime’s intimate structure could be incomplete:
we suggest adding the spin angular velocity among its intrinsic properties. If we assume that
each point of the continuum is a structureless rotating sphere of null radius, we obtain a 6D in-
herently spinning spacetime (acronym ISST). In the ISSTconstruction, we choose to neglect both
the spinning magnitude and its direction (up or down), focusing only on the plane of rotation
(perpendicular to the spinning axis) as essential information about how an event happens. The
two parameters defining the orientation of the rotation plane of a spinning point are interpreted
as time extradimensions because they are surely not spacelike (i.e., not related to the position
in a fixed Oxyz reference frame) and, as surface measures, they are basically timelike [4]. Our
geometric analysis raises open questions ranging from the observation of a preferential arrow of
time to the role of temporal “hidden variables" in classic quantum phenomena.
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Characterized cycles integration on D-modules as solutions
in L-holomorphic bundles

Francisco Bulnes
(IINAMEI A.C., Research Department in Mathematics and Engineering, TESCHA, Mexico.)

E-mail: francisco.bulnes@tesch.edu.mx

From a moduli space developed to establish the equivalences between different characteristic
cycles classes; where some are objects of a complex holomorphic bundle and others elements
of a sheaf of coherent D-modules, are determined co-cycles that represent solutions of the field
equations in the holomorphic context and Lagrangian submanifolds. The characteristic cycles
of the category of Lagrangian submanifolds are solutions to the field equation on L-holomorphic
bundles in the space-time M (as complex Riemannian manifold) with singularities. We have the
following technical lemma:

Lemma 1 (F. Bulnes). Characteristic cycles in C(G), as Lagrangians have their equivalent in a
flat space Pn+4d, (corresponding to the spertwistor space PT), as lines bundles in P̃. The cycles
in C(G), are solutions of the field equation on L-holomorphic bundles to the space-time M, which
includes singularities.
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One-dimensional Monotone Non-autonomous Dynamical
Systems and Strange Nonchaotic Attractors

David Cheban
(Moldova State University)

E-mail: david.ceban@usm.md

This work is devoted to the study of the dynamics of one-dimensional monotone non-autonomous
(cocycle) dynamical systems and strange nonchaotic attractors. A description of the structure
of their invariant sets, omega limit sets, Bohr/Levitan almost periodic and almost automorphic
motions, global attractors, pinched and minimal sets is given. An application of our general
results is given to scalar differential and difference equations. Below we give some of our results
for discrete dynamical systems generated by scalar difference equations.

Below we will use the terminology and notation from [1]. Let (Y, d) be a complete metric space
and (Y,Z, σ) be a dynamical system on the space Y and C(Z×Y,R) be the space of all continuous
functions f : Z× Y → R equipped with the compact-open topology.

Consider the scalar difference equation

u(t+ 1) = f(σ(t, y), u), (y ∈ Y ) (1)

where f ∈ C(Y × Z,R). Denote by ϕ(t, u, y) a unique solution of equation (1) passing through
the point u ∈ R at the initial moment t = 0.

From the general properties of solutions of equation (1) we have
a. ϕ(0, u, y) = u for any u ∈ R and y ∈ Y ;
b. ϕ(t+ τ, u, y) = ϕ(t, ϕ(τ, u, y), σ(τ, y)) for any t, τ ∈ Z+, u ∈ R and y ∈ Y ;
c. the mapping (t, u, y)→ ϕ(t, u, y) from Z+ × R× Y → R is continuous;
d. if the function f is monotonically increasing in u ∈ R uniformly with respect to y ∈ Y ,

then one has ϕ(t, u1, y) ≤ ϕ(t, u2, y) for any t ∈ Z+ and y ∈ Y .
Taking in consideration a. − b. we can conclude that every equation (1) with monotonically

increasing right hand side f generates a monotone cocycle 〈R,ϕ, (Y,T, σ)〉 with discrete time Z+.
Quasi-periodically forced monotone maps. An m-dimensional torus is denoted by T m :=

Rm/2πZm. Let (T m,T, σ) be an irrational winding of T m with the frequency ν = (ν1, ν2, . . . , νm) ∈
Rm. Consider difference equation

u(t+ 1) = f(σ(t, ω), u), (2)

where f ∈ C(T m × R,R), ω ∈ T m and (T m,T, σ) is an irrational winding of T m with the
frequency ν = (ν1, ν2, . . . , νm) ∈ Rm. Denote by ϕ(t, u, ω) the unique solution of equation (2)
passing through the point u ∈ R ate the initial moment t = 0. If the function f is monotonically
increasing in u ∈ R uniformly with respect to ω ∈ T m, then the mapping ϕ : Z+ ×R× T m → R
((t, u, ω)→ ϕ(t, u, ω)) possesses the properties a.− d.
Theorem 1. Let f ∈ C(Z× R,R). Assume that the following conditions hold:

(1) there exist a solution ϕ(t, u0, f) of equation

x′ = f(t, x) (3)

bounded on Z+;
(2) the function f is strongly Poisson stable in t ∈ Z uniformly with respect to u on every

compact subset of R.
Then the following statements hold:
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(1) the ω-limit set ωx0 (x0 := (u0, f) ∈ R × H(f)) of point x0 is a nonempty, conditionally
compact and invariant set of skew-product dynamical system (X,Z+, π);

(2) h(ωx0) = Y := H(f);
(3) the set ωx0 contains at least one but at most two minimal sets;
(4) ifM⊆ ωx0 is a minimal set, then every point x = (u, f) ∈M is strongly Poisson stable;
(5) if the function f is almost recurrent (respectively, recurrent) in t ∈ Z uniformly with

respect to u on every compact subset of R andM⊆ ωx0 is a minimal set, then every point
x = (u, f) ∈M is almost recurrent (respectively, recurrent);

(6) if the function f is almost automorphic in t ∈ Z uniformly with respect to u on every
compact subset of R, then the minimal setM⊆ ωx0 is almost automorphic.

Theorem 2. Assume that equation (3) is uniformly dissipative, then the following statements
hold:

(1) the cocycle 〈R, ϕ, (H(f),Z, σ)〉 associated by equation (3) admits a compact global attractor
[2] I = {Ig| g ∈ H(f)};

(2) α(g), β(g) ∈ Ig, and hence, Ig ⊆ [α(g), β(g)], where

α(g) := inf{u ∈ Ig} and β(g) := sup{u ∈ Ig};
(3) the scalar function β : H(f) → R, g → β(g) (respectively, α : H(f) → R, g → α(g)) is

upper semi-continuous (respectively, lower semi-continuous);
(4)

ϕ(t, α(g), g) = α(σ(t, g)) (4)
(respectively,

ϕ(t, β(g), g) = β(σ(t, g)) ) (5)
for any t ∈ Z and g ∈ H(f);

(5) if the function f is strictly Poisson stable in t ∈ Z uniformly with respect to u on every
compact subset of R, then there exists a residual subset G ⊆ H(f) such that for any g ∈ G
the solution ϕ(t, α(g), g) (respectively, ϕ(t, β(g), g)) of equation

x′ = g(t, x) (g ∈ G ⊆ H(f)) (6)
is compatible;

(6) Ig = [α(g), β(g)] for any g ∈ H(f).

Remark 3. Suppose that α(g0) = β(g0) for some g0 ∈ H(f). Then α(g) = β(g) for a residual
set G ⊆ H(f) of g ∈ G. This type of attractors are called Strange Nonchaotic Attractors (see,
for example, [3, Ch.I] and the bibliography therein).
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Holomorphically Projective Mappings of Kähler Manifolds
Preserving The Generalized Einstein Tensor

Yevhen Cherevko
(Department of Physics and Mathematics Sciences, Odesa National University of Technology

112, Kanatnaya Str., 65039, Odesa, Ukraine)
E-mail: cherevko@usa.com

Vladimir Berezovski
(Department of Mathematics and Physics, Uman National University of Horticulture 1,

Institutskaya, 20300, Uman, Ukraine)
E-mail: berez.volod@gmail.com

Josef Mikeš
(Department of Algebra and Geometry, Faculty of Science, Palacký University Olomouc

Kř́ǐrkovského 511/8, CZ-771 47 Olomouc, Czech Republic)
E-mail: josef.mikes@upol.cz

Yuliya Fedchenko
(Department of Physics and Mathematics Sciences, Odesa National University of Technology

112, Kanatnaya Str., 65039, Odesa, Ukraine)
E-mail: fedchenko_julia@ukr.net

Holomorphically projective mappings which preserved the Einstein tensor

Eij = Rij −
Rgij
n

were studied in [1]. Preserving the stress-energy tensor

Sij = Rij −
Rgij

2

by conformal mappings was explored in [3], [5]. It’s worth for noting that in many classical issues
e. g. [2, p. 359], just the latter is referred to as the Einstein tensor.

Let us refer to
Eij

def
= Rij − κRgij. (1)

as the generalized Einstein tensor. Here κ is a constant. Conformal mappings which pre-
serving the introduced tensor were explored in [6].

It is known that a covariant vector ψi determining holomorphically projective mapping between
two Kähler spaces (V n, J, g) and (V

n
, J, g) should satisfy the equations

ψi,j = ψiψj − ψαJαi ψβJβj +
1

n+ 2
(Rij −Rij). (2)

Here we denote by comma ′′,′′ covariant derivative respect to the metric g of a space (V n, J, g).
The affinor Jhi is referred to as a complex structure. The structure is the same for both manifolds.
The symbols Rij and Rij denote Ricci tensors of spaces (V n, J, g) and (V

n
, J, g) respectively.

It follows from (38) that the deformation of the generalized Einstein tensor can be written as

Eij − Eij = Rij − κRgij −Rij + κRgij. (3)

Taking account of the preservation requirement, i. e. Eij = Eij, from (38) we get

Rij −Rij = κRgij − κRgij. (4)
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Since (38) holds we can rewrite (38) as

ψi,j = ψiψj − ψαJαi ψβJβj +
κ

n+ 2
(Rgij −Rgij). (5)

Let us recall that R = Rijg
ij.

Differentiating (38) covariantly with respect to xk and the connection Γ which is compatible
with the metric g of the manifold (V n, J, g), alternating in j and k and using the Ricci identity,
we obtain the conditions of integrability:

ψαW
α
ijk =

κ

n+ 2
(∂kRgij − ∂jRgik − ∂kRgij + ∂jRgik), (6)

where
W h
ijk

def
= Rh

ijk +
κR

n+ 2
(δhj gik − δhkgij − Jhj Jik + Jhk Jij − 2Jhi Jjk). (7)

Finally, we can summarize by the theorem

Theorem 1. If manifolds (V n, J, g) and (V
n
, J, g) are in holomorphically projective correspon-

dence and the mapping preserves the tensor Eij = Rij−κRgij, then the function ψ generating the
mapping, must satisfy the system of PDE’s (38) whose conditions of integrability are (38). Also,
the tensor W h

ijk is preserved by the mapping.
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Some questions about virtual Legendrian knots
Vladimir Chernov

(Dartmouth College, Hanover, USA)
E-mail: vladimir.chernov@dartmouth.edu

Rustam Sadykov
(Kansas State University)
E-mail: rstsdk@gmail.com

Virtual Legendrian knots were introduced by Cahn and Levi and jointly with Sadykov we
proved the Kuperberg type theorem for them. We will discuss a few open questions about the
virtual Legendrian knots including the versions of the Ding-Geiges Theorem, Arnolds 4 cusp
conjecture and the applications of this to causality in spacetimes with the changing topology of
the spacelike section in the spirit of our works with Nemirovski.
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Morse-Smale flows in the Boy’s surface
Luca Di Beo

(Taras Shevchenko National University of Kyiv, Kyiv, Ukraine)
E-mail: dibeoluca@gmail.com

Morse-Smale (MS) dynamical systems are amongst the simplest possible dynamical systems,
with strong restrictions imposed on its critical points. In this thesis, I present a brief history of
the development of the theory, along with the introduction of important definitions, theorems
and lemmas. Moreover, I investigate MS systems in the Boy’s surface (P‘) with emphasis on
optimal ones. A method relying only on topological features has been used in order to classify
MS systems in P‘. A review of some topological properties of this space is presented in order to
construct the necessary arguments that allowed the discovery of this type of flow in P‘.

At the time this thesis was written, there was no current work in the literature regarding the
classification of all optimal MS flows in P‘. Hence, my original contribution to knowledge here is
the finding of all 342 optimal MS flows in P‘, the finding of all 80 optimal Projective MS (PMS)
flows (Projective MS flows in P‘are those MS flows in P‘that can be extended to MS flow in RP 2)
in P‘, and the exposure of a few non-optimal ones, as a preparatory path for future researchers,
all up to symmetry.
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Morita equivalence of non-commutative Noetherian schemes
Yuriy Drozd

(Institute of Mathematics NASU)
E-mail: y.a.drozd@gmail.com

This is a joint work with Igor Burban, see [1].
The classical Morita theorem (see, for instance, [3, Ch. 18]) claims that the categories of modules

over rings A and B are equivalent if and only if there is a finitely generated projective generator
P of the category of right A-modules such that EndA P ' B. Then this equivalence is established
by the functor P ⊗A −. If A and B are Noetherian, the same is the criterion of equivalence of
their categories of finitely generated modules. On the other hand, Gabriel [2] proved that two
Noetherian schemes X and Y are isomorphic if and only if the categories of coherent (or, which
is the same, of quasi-coherent) sheaves of OX- and OY -modules are equivalent. We present here
a result which is, in some sense, a combination and generalization of these two classical theorems.

Definition 1. (1) A non-commutative Noetherian scheme (NCNS ) is a pair X = (X,OX),
where X is a separated Noetherian scheme and OX is a sheaf of OX-algebras which is
coherent as a sheaf of OX-modules. We denote by CohX and QCohX respectively the
categories of coherent and quasi-coherent sheaves of left OX-modules.
Note that the category QCohX is locally Noetherian and CohX is its subcategory of
Noetherian objects. Therefore, they uniquely define each other.

(2) Two NCNS X and Y are called Morita equivalent if the categories CohX and CohY (or,
which is the same, QCohX and QCohY) are equivalent.

(3) A NCNS X is called central if OX coincides with the center of OX, i.e. for every point
x ∈ X the ring OX,x is the center of the algebra OX,x.

Proposition 2. For every NCNS X = (X,OX) there is a Noetherian scheme Z and a morphism
φ : Z → X such that the NCNS X̃ = (Z, φ∗OX) is central and Morita equivalent to X. Moreover,
the ring of global sections Γ(Z,OZ) is isomorphic to the center of the category CohX, i.e. the
endomorphism ring of the identity functor idCohX. If the scheme X is excellent, the morphism φ
is finite.

Thus, studying Morita equivalence, we can only consider central schemes. The following result
is an analogue of the Gabriel’s theorem.

Theorem 3. If a NCNS X = (X,OX) is central, the scheme X is determined by the category
QCohX (or, which is the same, by CohX) up to an isomorphism.

Actually, we give an explicit construction that restores X from QCohX, namely, from the so
called spectrum of this category in the sense of Gabriel [2], i.e. isomorphism classes of indecom-
posable injective objects. It is important that this construction also recovers affine open coverings
of X.

Definition 4. A coherent sheaf of right OX-modules P is called a local progenerator for X if for
every point x ∈ X its stalk Px is a projective generator of the category of right OX,x-modules.

Our main result if the following.

Theorem 5. Let X = (X,OX) and Y = (Y,OY) be central NCNS. They are Morita equivalent
if and only if there is an isomorphism φ : Y → X and a local progenerator P for X such that
φ∗(EndOX P) ' OY. Then this equivalence is established by the functor φ∗(P ⊗OX −).
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Note that even if X = Y , the isomorphism φ need not be identity. If it is so, this equivalence
is called central.

We also specialize this theorem for the case of non-commutative curves, where it gives a sort of
“globalization” of the known results on the local–global correspondence from the theory of lattices
over orders (or integral representations of rings).

Definition 6. A non-commutative curve is a NCNS X = (X,OX) such that X is excellent and
of pure dimension 1 and OX is reduced, i.e. contains no nilpotent ideals.

We always suppose X central and connected (in the central case, it just means that X is
connected). We denote by QX the sheaf of fractions of OX and set QX = QX⊗OX

OX. We denote
Q(X) = Γ(X,QX) and Q(X) = Γ(X,QX). Note that Q(X) is a semisimple Q(X)-algebra and for
every closed point x ∈ X the ring OX,x is an OX,x-order in this algebra. Since X is excellent, the
set Sing(X) of such closed points x ∈ X that this order is not maximal is finite (it follows from
[4, Ch. 6]).

Theorem 7. Let X = (X,OX) and Y = (X,OY)) be two central non-commutative curves with the
same central curve X. They are centrally Morita equivalent if and only if the following conditions
are satisfied:

• the semisimple Q(X)-algebras Q(X) and Q(Y) are centrally Morita equivalent;
• Sing(X) = Sing(Y);
• for every x ∈ Sing(X) the OX,x-orders OX,x and OY,x (or, which is the same, their mx-
completions) are centrally Morita equivalent.
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Some critical point results for Fréchet manifolds

Kaveh Eftekharinasab
(Institute of Mathematics of NAS of Ukraine)

E-mail: kaveh@imath.kiev.ua

Linking techniques (see [1]) provide significant results in critical points theory. We present
linking theorem and some of its corollaries, namely a mountain pass theorem and a three crit-
ical points theorem for Keller C1-functional on C1-Fréchet manifolds. We refer to [2] for the
definitions.

Theorem 1 (Linking Theorem, [2]). Let M be a C1- Fréchet manifold endowed with a complete
Finsler metric ρ and let ϕ : M → R be a closed Keller C1

c -functional. Suppose {S0, S, C} is
a linking set through γ ∈ C(S0,T), C is closed and ρ(γ(S0), C) > 0. Suppose the following
conditions hold

(1) s :− supγ(S0) ≤ infC ϕ −: i,
(2) ϕ satisfies the Palais-Smale condition at

c :− inf
h∈H

sup
x∈S

ϕ(γ(x)), (1)

where H :− {h ∈ C(S,T) : h|∂S0 = γ}.
Then c is a critical value and c ≥ i. Furthermore, if c = i then Cr(ϕ, c) ∩ C 6= ∅.

The theorem yields the following corollaries:

Theorem 2 (Mountain Pass Theorem, [2]). Suppose that x0, x1 ∈ M , x0 belongs to an open
subset U ⊂ M and x1 /∈ U . Let ϕ : M → R be a closed a Keller C1

c -functional satisfying the
following condition:

(1) max{ϕ(x0), ϕ(x1)} ≤ inf∂U ϕ(x) :− i;
(2) ϕ satisfies the Palais-Smale condition at

c :− inf
h∈C

sup
t∈[0,1]

ϕ(h(t)), (2)

where C :− {h ∈ C([0, 1],M) : h(0) = x0, h(1) = x1}.
Then c is a critical value and c ≥ i. If c = i then Cr(ϕ, c) ∩ U 6= ∅.
Theorem 3 (Three Critical Points Theorem, [2]). Let M be a connected Fréchet manifold and
ϕ : M → R a closed a Keller C1

c -functional satisfying the Palais-Smale condition at all levels. If
ϕ has two minima, then ϕ has one more critical point.

We apply the mountain pass theorem and the Minimax principle to prove the following theorem
which provides the sufficient conditions for a local diffeomorphism to be a global one.

Theorem 4. [2] Let M,N be connected C1- Fréchet manifolds endowed with complete Finsler
metrics δ, ρ respectively. Assume that ϕ : M → N is a local diffeomorphism of class Keller C1

c .
Let I : N → [0,∞] be a closed Keller C1

c -functional such that I(x) = 0 if and only if x = 0 and
I ′(x) = 0 if and only if x = 0. If for any q ∈ N the functional φq defined by

φq(x) = I(ϕ(x)− q)
satisfies the Palais-Smale condition at all levels, then ϕ is a Keller C1

c -global diffeomorphism.
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A solution of many problems of the geometry, theoretical physics, astrophysics, differential
equations, nonlinear elasticity, fluid dynamics, optimal mass transportation, one-dimensional gas
dynamics and etc. has reduced to investigation of classes of Monge-Ampère equations in the
spaces of different dimensions and different types. At the present time, there are a lot of papers
and books in which those classes have been studied by different methods.

Let us consider the following class of (1 + 3)-dimensional Monge-Ampére equations:

det (uµν) = F (x0, x1, x2, x3, u, u0, u1, u2, u3) ,

where u = u(x), x = (x0, x1, x2, x3) ∈M(1, 3), uµν ≡
∂2u

∂xµ∂xν
, uα ≡

∂u

∂xα
, µ, ν, α = 0, 1, 2, 3.

Here, M(1, 3) is a four-dimensional Minkowski space, F is an arbitrary real smooth function.
For the group classification of this class we have used the classical Lie-Ovsiannikov approach.

At the present time, we have performed partial preliminary group classification of the class under
consideration, using one-dimensional nonconjugate Galilean subalgebras of the Lie algebra of the
Poincaré group P (1, 4).

In my report, I plan to present some of the results obtained concerning with partial preliminary
group classification of the class under consideration.
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On packing and lattice packing of Minkowski-Chebyshev
balls
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The Minkowski hypothesis was formulated in [1] and refined in [2, 3, 4]. Regarding the concepts
of the geometry of numbers, see [5].

Let
Dp = {(x, y), p > 1} ⊂ R2 (1)

be the 2-dimension region:
|x|p + |y|p < 1. (2)

Let
∆(p, σ) = (τ + σ)(1 + τ p)−

1
p (1 + σp)−

1
p , (3)

be the function defined in the domain

M : ∞ > p > 1, 1 ≤ σ ≤ σp = (2p − 1)
1
p , (4)

of the {p, σ} plane, where σ is some real parameter; here τ = τ(p, σ) is the function uniquely
determined by the conditions

Ap +Bp = 1, 0 ≤ τ ≤ τp,

where
A = A(p, σ) = (1 + τ p)−

1
p − (1 + σp)−

1
p , (5)

B = B(p, σ) = σ(1 + σp)−
1
p τ(1 + τ p)−

1
p , (6)

τp is defined by the equation

2(1− τp)p = 1 + τ pp , 0 ≤ τp ≤ 1. (7)

Proposition 1. The function ∆(p, σ) in region M determines the moduli space of admissiblel
lattices of the rigion Dp each of which contains three pairs of points on the boundary of Dp.

Proposition 2. Let ∆(Dp) be the critical determinant of the region |x|p + |y|p < 1. Let Λ
(0)
p and

Λ
(1)
p be two Dp-admissible lattices each of which contains three pairs of points on the boundary

of Dp and with the property that (1, 0) ∈ Λ
(0)
p , (−2−1/p, 2−1/p) ∈ Λ

(1)
p . Under these conditions the

lattices are uniquely defined.

Let d(Λ
(0)
p ), d(Λ

(1)
p ) be determinants of the lattices. Let ∆

(1)
p = ∆(p, 1) = 4−

1
p

1+τp
1−τp , ∆

(0)
p =

∆(p, σp) = 1
2
σp.

Proposition 3. d(Λ
(0)
p ) = ∆(p, σp), d(Λ

(1)
p ) = ∆(p, 1).

Remark 4. For example in the case p = 2 the lattice Λ
(0)
2 has the determinant d(Λ

(0)
2 ) =

√
3

2
and

is defined by generators a1 = (1, 0), a2 = (1
2
,
√

3
2

).
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Theorem 5. [6]

∆(Dp) =

{
∆(p, 1), 1 < p ≤ 2, p ≥ p0,
∆(p, σp), 2 ≤ p ≤ p0;

here p0 is a real number that is defined unique by conditions ∆(p0, σp) = ∆(p0, 1), 2, 57 ≤ p0 ≤
2, 58.

Definition 6. In two-dimensional case we will call geometric figures of the form |x|p + |y|p ≤
R,R > 0, with p ≥ p0 the two-dimensional Minkowski-Chebyshev balls.
In cases of dimension grater then two, when the constant p0 is unknown, we will call geometric
figures of the form |x1|p + |x2|p + |x3|p + · · · + |xn|p ≤ R,R > 0, the n-dimensional Minkowski-
Chebyshev balls if p is a sufficiently large.

We investigate packing and lattice packing by equal Minkowski-Chebyshev balls of n-dimensional
Euclidean spaces and also of corresponding spheres.

Proposition 7. Let Z2 be the integer lattice in R2 with a point in the origin. Then the density
of packing by two-dimensional open Minkowski-Chebyshev balls over the lattice Z2 tends to unity
as p tends to infinity

Conjecture 8. Let Λ be the integer (n > 2)-dimensional lattice in Rn with a point in the origin.
Then the density of packing by n-dimensional open Minkowski-Chebyshev balls over the lattice Λ
tends to unity as p tends to infinity

Problem 9. Is there an analogue of Theorem 5 in the case of geometric bodies of the form
|x1|p + |x2|p + |x3|p + · · ·+ |xn|p < 1, n > 2,

.

Problem 10. If there exists an analogue of Theorem 5 in the case of geometric bodies of the
form

|x1|p + |x2|p + |x3|p + · · ·+ |xn|p < 1, n > 2,

what is the value of the constant p0 .

References

[1] H. Minkowski, Diophantische Approximationen, Leipzig: Teubner (1907).
[2] C. Davis, Note on a conjecture by Minkowski, J. London Math. Soc., 23, 172–175 (1948).
[3] H. Cohn, Minkowski’s conjectures on critical lattices in the metric {|ξ|p + |η|p}1/p, Annals of Math., 51, (2),

734–738 (1950).
[4] G. Watson, Minkowski’s conjecture on the critical lattices of the region |x|p + |y|p ≤ 1 , (I), (II), Jour. London

Math. Soc., 28, (3, 4), 305–309, 402–410 (1953).
[5] J. Cassels, An Introduction to the Geometry of Numbers, Berlin: Springer-Verlag (1997).
[6] N. Glazunov, A. Golovanov, A. Malyshev,

Proof of Minkowski’s hypothesis about the critical determinant of |x|p+ |y|p < 1 domain , Research in Number
Theory 9. Notes of scientific seminars of LOMI. 151(1986), Nauka, Leningrad, 40–53.



20

Unbounded order and norm convergence of some operators
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Let X be a Banach space. An operator T : X → X is said to be demicompact if, for every
bounded sequence (xn) in X such that (xn − Txn) converges to x ∈ X, there is a convergent
subsequence of (xn). For example, each compact operator is demicompact. But, the converse
is not true in general. If the identity operator I : X → X on the infinite dimensional Banach
space X, then −I is demicompact but it is not compact. We say that an operator T : X → X
is weakly demicompact if, for every bounded sequence (xn) in X such that (xn − Txn) weakly
converges in X, there is a weakly convergent subsequence of (xn). Every demicompact operator is
weakly demicompact. An operator T : X → Y between Banach spaces is called Dunford-Pettis if
it carries weakly compact subsets of X onto compact subsets of Y . Equivalently, for each weakly
null sequence (xn) we have ‖Txn‖ → 0 as n→∞. An operator T : X → X is called unbounded
demi Dunford-Pettis if, for every sequence (xn) in X such that xn → 0 in σ(X,X ′) and (xn−Txn)
unbounded norm converges to 0 as n→∞, we have (xn) unbounded norm convergent to 0. For
example, for the identity operator I : l∞ → l∞, −I is unbounded demi Dunford-Pettis operator.

Theorem 1. Let E be a Banach lattice. Every Dunford-Pettis operator T : E → E is unbounded
demi Dunford-Pettis.

In this study, we characterize the operators on Banach lattices that under which conditions
they satisfy unbounded demicompactness property.
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An explicit formula for the A-polynomial of the knot with Conway’s notation C(2n, 4) up to
repeated factors is presented.

The main purpose of the paper is to find the explicit formula for the A-polynomial of the knot
with Conway’s notation C(2n, 4) up to repeated factors. Let us denote the knot with Conway’s
notation C(2n, 4) by T2n and the A-polynomial of the knot with Conway’s notation C(2n, 4) by
A2n. The following theorem gives the explicit formula for the A-polynomial of T2n.

Theorem 1. The A-polynomial A2n = A2n(L,M) is given explicitly by

A2n = p2n(u)p2n(−u)

where

p2n(z) =





∑2n
i=0

(b i
2c+n
i

)
2−2b i+1

2 c−i (M2)
−b i

2c−2b i+1
2 c+i+n (LM2 + 1)

−2b i+1
2 c−i+2n

× (−2LM6 + LM4 − LM2 −M4 +M2z +M2 − 2)b
i+1
2 c

× (LM2 + L+M2 + z + 1)
i
(−3LM2 + L+M2 + z − 3)b

i−1
2 c

× ((−1)i+1 (LM2 + 1)− 2LM2 + L+M2 + z − 2) if n ≥ 0,
∑−2n

i=0

(b i−1
2 c−n
i

)
2−2b i+1

2 c−i (M2)
−b i

2c−2b i+1
2 c+i−n (LM2 + 1)

− 1
2
−2b i+1

2 c−i−2n

× (−2LM6 + LM4 − LM2 −M4 +M2z +M2 − 2)b
i+1
2 c

× (LM2 + L+M2 + z + 1)
i
(−3LM2 + L+M2 + z − 3)b

i−1
2 c

× ((−1)i (−2LM2 + L+M2 + z − 2)− LM2 − 1) if n < 0,
and

u =
√

5L2M4 − 2L2M2 + L2 − 2LM4 + 12LM2 − 2L+M4 − 2M2 + 5.

s
t

s
t

Figure 1.1. A two bridge knot with Conway’s notation C(2n, 4) for n > 0 (left)
and for n < 0 (right)
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The symplectic invariants of 3-webs

Konovenko Nadiia
(ONTU, Odesa, Ukraine)

E-mail: ngkonovenko@gmail.com

The classical web geometry ([1],[2],[4]) studies invariants of foliation families with respect to
pseudogroup of diffeomorphisms. Thus for the case of planar 3-webs the basic semi invariant is
the Blaschke curvature ([3]). It is also curvature of the Chern connection ([4]) that are naturally
associated with a planar 3-web.

Let D ⊂ R2 be a connected and simply connected domain in the plane, equipped with sym-
plectic structure given by differential 2-form Ω = dx ∧ dy in the standard coordinates on the
plane.

Remind that a 3-web in the domain is a family of three foliations being in general position.
We’ll assume that these foliations are integral curves of differential 1-forms ωi, i = 1, 2, 3, and
write

W3 = 〈ω1, ω2, ω3〉 ,
where ωi ∈ Ω1 (D) are such differential 1-forms that ωi ∧ ωj 6= 0 in D, if i 6= j.

Definition 1. We say that two planar 3-websW3 and W̃3 given in domains D and D̃ respectively
are symplectively equivalent if there is a symplectomorphism φ : D→ D̃, such that φ (W3) = W̃3.

Proposition 2. Let W3 = 〈ω1, ω2, ω3〉 and W̃3 = 〈ω̃1, ω̃2, ω̃3〉 be two planar 3-webs in domains D
and D̃ respectively given by normalized

ω1 + ω2 + ω3 = 0. (1)

differential forms. Then a diffeomorphism φ : D → D̃ establishes a symplectic equivalence of
3-webs if and only if

φ∗ (ω̃i) = εωσ(i),

where (σ, ε) ∈ A3 × Z2, and A3 ⊂ S3 is the subgroup of even permutations and Z2 = {1,−1}.
In our case normalization (1) and the above proposition shows that the Chern form γ is itself

symplectic invariant of 3-webs.
Let’s write down γ in following form

γ = x1ω1 + x2ω2 + x3ω3,

where functions xi ∈ C∞ (D) are barycentric coordinates of γ, i.e.

x1 + x2 + x3 = 1.

Then we have

dω1 = (x3 − x2)ω1 ∧ ω2,

dω2 = (x1 − x3)ω1 ∧ ω2,

dω3 = (x2 − x1)ω1 ∧ ω2.

Using the second normalization (1) condition we’ll rewrite these relations in the following form

dωi = λiΩ, i = 1, 2, 3, (2)
λ1 = x3 − x2, λ2 = x1 − x3, λ3 = x2 − x1,
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and
x1 =

1

3
(1 + λ2 − λ3) , x2 =

1

3
(1 + λ3 − λ1) , x3 =

1

3
(1 + λ1 − λ2) .

Theorem 3. Functions

J1 = λ2
1 + λ2

2 + λ2
3,

J2 = λ2
1λ

2
2 + λ2

1λ
2
3 + λ2

2λ
2
3,

Jw =
(
λ2

2 − λ2
1

) (
λ2

3 − λ2
1

) (
λ2

3 − λ2
2

)

J3 = λ2
1λ

2
2λ

2
3

are symplectic invariants of 3-webs.
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Solutions to Mumford’s second problem on theta functions
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In his book Tata Lectures on Theta Mumford asks whether there is a systematic way to derive
relations between theta functions of rational characteristics and their derivatives. We solve this
problem using the residue theorem. ( Joint work with Julia Bernatska)
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LetM be a compact connected surface and P is a real line R or a circle S1. Denote by F(M,P )
the space of smooth functions f ∈ C∞(M,P ) satisfying the following conditions:

1) the function f takes constant value at ∂M and has no critical point in ∂M ;
2) for every critical point z of f there is a local presentation fz : R2 → R of f near z such

that fz is a homogeneous polynomial R2 → R without multiple factors.
Let X be a closed subset ofM . Denote by D(M,X) the group of C∞-diffeomorphisms ofM fixed
on X, that acts on the space of smooth functions C∞(M,P ) by the rule: (f, h) 7−→ f ◦ h, where
h ∈ D(M,X), f ∈ C∞(M,P ).

The subset S(f,X) = {h ∈ D(M,X) | f ◦ h = f} is called the stabilizer of f with respect to
the action above and O(f,X) = {f ◦ h |h ∈ D(M,X) is orbit of f . Denote by Did(M,X) the
identity path component of D(M,X) and let S ′(f,X) = S(f) ∩ Did(M,X).

Homotopy types of stabilizers and orbits of Morse functions were calculated in a series of papers
by Sergiy Maksymenko, Bohdan Feshchenko, Elena Kudryavtseva and others. Furthermore, pre-
cise algebraic structure of such groups for the caseM 6= S2, T 2 was described in [1]. In particular,
the following theorem holds.

Theorem 1. [1] Let M be a connected compact oriented surface except 2-sphere and 2-torus and
let f ∈ F(M,P ). Then π0S ′(f, ∂M) ∈ B, where B is a minimal class of groups satisfying the
following conditions:

1) 1 ∈ B;
2) if A,B ∈ B, then A×B ∈ B;
3 if A ∈ B and n ≥ 1, then A on Z ∈ B.

Note that a group G belongs to the class B iff G is obtained from trivial group by a finite
number of operations ×, onZ. It is easy to see that every group G ∈ B can be written as a word
in the alphabet A = {1,Z, (, ) ,×, o2, o3, o4, . . . }. We will call such word a realization of the group
G in the alphabet A.

Denote by β1(G) the number of symbols Z in the realization ω of group G. The number β1(G)
is the rank of the center Z(G) and the quotient-group G/[G,G] (Theorem 1.8 [2]). Note, this
number depends only on the group G, not the presentation ω. Moreover, β1(G) is first Betti
number of O(f).

Edge of Γf will be called external if it is incident to the vertex of Γf that is corresponding to
a non-degenerate critical point of f or non-fixed boundary component of ∂M with respect to the
action of S ′(f,W ) for f-adapted submanifold X which contains W = S1 × 0. Otherwise, it will
be called internal. Denote by ]Orbint(M,W ) the number of orbits of the action of S ′(f,W ) on
internal edges of Γf |X .
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Theorem 2. Let M be a disk D2 or a cylinder C = S1 × [0, 1] and f ∈ F(M,P ). Then

]Orbint(M,W ) = β1(π0S
′
(f, ∂M)),

where W = ∂M if M = D2 or W = S1 × 0 if M is a cylinder.
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Let E be a complex vector space over a compact boundaryless manifold M. In this communi-
cation, G denotes either the group of non-formal, invertible bounded classical pseudodifferential
operators or the group of invertible elements of the algebra of non-formal, maybe unbounded,
classical pseudodifferential operators of integer order, equipped with a given diffeology which
makes classical composition and inversion smooth. H is the normal subgroup of G of operators
which are equal to Id up to a smoothing operator. We also assume that the group H is regular
for its subgroup diffeology. We analyze the short exact sequence

Id→ H → G→ G/H → Id,

where G/H is understood as a group of formal pseudodifferential operators, along the lines of
the theory of principal bundles, where, G is the total space, G/H is the base space and H is the
structure group.

Problem 1. There is actually no local slice G/H → G, or in other words the principal bundle
G→ G/H has no known local trivialization.

Therefore, one has to consider what has been called by Souriau as "structure quantique" in
[4] and diffeological connections along the lines of Iglesias-Zemmour [1] in order to interpret the
so-called smoothing connections described in [2] (that we generalize here for S1 to any M) in
terms of horizontal paths. More precisely, we show:

Theorem 2. Any smoothing connection in the sense of [2] defines a diffeological connection along
the lines of [1].

and we explain how one can understand the notion of curvature of covariant derivatives, with
values in smoothing operators, in terms of curvature of a connection 1-form on G→ G/H.

Then, we specialize toM = S1, by giving more examples of smoothing connections, and explain
in this context how the Schwinger cocyle is, in cohomology, a first Chern form of the principal
bundle G → G/H for a given smoothing connection. We finish the exposition of the results
by showing that higher Chern forms tr(Ωk) of this connection with curvature Ω define closed
2k−cocycles on the Lie algebra of G, and that the cocycle obtained for k = 2 is non trivial, along
the lines of [3].

As a conclusion, we give open problems related both to our construction and to the interpre-
tation of index-like problems on pseudodfferential operators.
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Let G and H be two groups acting on path connected topological spaces X and Y respectively.
Assume that H is finite of order m and the quotient maps p : X → X/G and q : Y → Y/H
are regular coverings. Then it is well-known that the wreath product G o H naturally acts on
W = Xm × Y , so that the quotient map r : W → W/(G o H) is also a regular covering. We
give an explicit description of π1(W/(G oH)) as a certain wreath product π1(X/G) o∂Y π1(Y/H)
corresponding to a non-effective action of π1(Y/H) on the set of maps H → π1(X/G) via the
boundary homomorphism ∂Y : π1(Y/H)→ H of the covering map q.

Such a statement is known and usually exploited only when X and Y are contractible, in which
case W is also contractible, and thus W/(G oH) is the classifying space of G oH.

The applications are given to the computation of the homotopy types of orbits of typical
smooth functions f on orientable compact surfaces M with respect to the natural right action of
the groups D(M) of diffeomorphisms of M on C∞(M,R).
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The geometrical properties of degenerations of curves and
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In this talk, we will mainly discuss the topology and arithmetic properties of degenerations of
curves and surfaces. First, we investigate the influences of the base points of cubic pencils on the
Mordell-Weil groups in this part. We pay attention to 8, 7 ,6 and 5 base points in general position
for such cubic pencil, and classify these cubic pencils. And we give the following theorem:

Theorem 1. This is the main theorem (taken from [2]).
Given n (= 8, 7, 6, 5) points in general position in P2, S : sH1 + tH2 = 0, [s, t] ∈ P1 is a cubic

pencil with n (= 8, 7, 6, 5) simple base points. Then, the Mordell-Weil groups of the fibrations are
isomorphic to two types respectively:

E8 : y2 = x3 + x(
3∑

i=0

pit
i) +

3∑

i=0

qit
i + t5, y2 = x3 + t2x2 + x(

2∑

i=0

pit
i) +

4∑

i=0

qit
i + t5 (1)

E∨7 : y2 = x3 + x(p0 + p1t+ t3) +
4∑

i=0

qit
i, y2 + txy = x3 + x(

2∑

i=0

pit
i) +

3∑

i=0

qit
i − t4 (2)

E∨6 : y2 + t2y = x3 + x(
2∑

i=0

pit
i) + (

2∑

i=0

qit
i), y2 + txy = x3 + x(

2∑

i=0

pit
i) + (

3∑

i=0

qit
i) (3)

D∨5 : y2 + p5xy = x3 + p4tx
2 + (p8t

2 + p2t
3)x+ p6t

4 + t5 (4)

A Del Pezzo surface X is either P1 × P1 or the blow-up of P2 in m (m = 1, · · · , 8) points in
general position. The degree d of X is defined to be d = 9−m. As an application, we give a new
proof of the number of (−1) curves in Del Pezzo surfaces.

Theorem 2. The number of (−1) curves in Del Pezzo surfaces of degree 1, 2, 3, 4 is 240, 56, 27
and 16 respectively.

In the second part, we talk about the surfaces of minimal degree in Pn. In fact, the degree of
such surface is n− 1. The fundamental group of Galois cover of surface is an important invariant
of the moduli space of such surfaces. In [1], we use the tools of degenerations of surfaces to prove
the following theorem:

Theorem 3. The Galois cover of the surface of minimal degree is simple-connected and general
type.

In the end, we give an open question:
Question: It is well known that the fundamental groups of most surfaces of general type are

non commutative. But it is not easy to find concrete examples of such surfaces. Let ak be a series
of integral number whose limit is infinity. How to give a series of surfaces of degree ak whose the
fundamental groups of Galois covers are all non commutative?
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In the paper "Kumpera–Ruiz algebras in Goursat flags are optimal in small lengths" (J. Math.
Sciences 126 (2005), 1614 – 1629) we conjectured that the two notions ’strongly nilpotent’ (Def-
inition 3 up there) and ’tangential’ (Definition 6 up there) are but synonyms in the world of
Goursat flags. Now a concrete road map to a possible proof of that long-standing conjecture is
being proposed.
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Questions of the evolution of the Universe, the nature of forces and physical processes at
an early stage of the evolution of the Universe are the most relevant in theoretical high-energy
physics. The evolution of the Universe is connected with phase transitions in vacuum, represented
by alternating minima and maxima of the potential. The discovery of the Higgs boson led to
the problem of a metastable vacuum in the mechanism of electroweak symmetry breaking and
confirmed the hypothesis that a vacuum decay took place. Such a transition in vacuum between
two minima can be represented in D-brane language. D-brane approach is realized through Planck
brane in the left minimum of potential and TeV brane in the right minimum of potential. Every
D-brane presented in terms of vector bundle is characterized by topological invariant, [1]. So, the
calculation of topological invariants informs us about the possibility of phase transitions between
different states of vacuum.

We considered two universal bundles α5
2 : (V2(R5), p, G2(R5)), α6

2 : (V2(R6), p, G2(R6)) which
are isomorphic to vector bundles, γ5

2 , γ
6
2 correspondingly. Taking into account the theorem on the

existence of a vector bundle Vρ(n)+1(Rn)→ Sn−1, [2] for n > 4, and using the fact

PRn−1

PRn−2
→ V1(Rn) = Sn−1

we presented the exact sequence
0→ π3(V1(R4))→ π4(V1(R5)) = Z.

We used the equivalence of homotopic groups
π3(V1(R4)) = π3(V2(R5))

π4(V1(R5)) = π4(V2(R6))

according to [2] with F = R, c = 1, k = 1.
Using the fact that D-branes can be represented as a vector bundles with a base - a sphere

and using the embedding of spheres, S4 ⊂ S5, we observe a transition from one solitonic state in
the form of D5-brane to D4-brane with the corresponding equidistant set of energy levels. The
obtained result signals about the possibility of phase transitions in the form of vacuum decay
from Planck brane to TeV brane.
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Definition 1. Open O-spheroid with rank n, or O-spheroid with rank n, in a metric space (X, ρ)
with a metric ρ, n ∈ N, is a set

A = {x ∈ X | ρ(x, x1) + · · ·+ ρ(x, xn) < a},
where x1, . . . , xn are different fixed points of the space (X, ρ), called the foci, and a is a fixed
positive number, called the distance. We can get a respective definition in linear normed spaces.

Definition 2. Closed O-spheroid with rank n in a metric space (X, ρ) with a metric ρ, n ∈ N, is
a set

A = {x ∈ X | ρ(x, x1) + · · ·+ ρ(x, xn) ≤ a},
where x1, . . . , xn are different fixed points of the space (X, ρ), called the foci, and a is a fixed
positive number, called the distance. We can get a respective definition in linear normed spaces.

Remark 3. Sn(x1, . . . , xn; a) is an open O-spheroid with rank n with the foci in points x1, . . . , xn
and the distance a. If we talk about open O-spheroid understanding what namely O-spheroid we
discuss, we note it Sn.

Definition 4 ([11, с. 193]). Border of (open or closed) O-spheroid with rank n, or n-ellipse with
the foci x1, . . . , xn and the distance a, in a metric space (X, ρ) we name the set

A = {x ∈ X | ρ(x, x1) + · · ·+ ρ(x, xn) = a}.
Definition 5. Focal closeness of our O-spheroid with rank n equals to

π(Sn(x1, . . . , xn; a)) := min
1≤i<j≤n

ρ(xi, xj).

Definition 6. Focal remoteness of our O-spheroid with rank n equals to

Φ(Sn(x1, . . . , xn; a)) := max
1≤i<j≤n

ρ(xi, xj).

Definition 7. If all the foci belong to O-spheroid, then it is called a multicentered one.

Theorem 8. Let’s assume we have an O-spheroid Sn(x1, . . . , xn; a) in a metric space (X, ρ) with
a metric ρ, n > 1. If it is multicentered then

π(Sn) <
a

n− 1
.

Theorem 9. Let’s assume we have an O-spheroid Sn(x1, . . . , xn; a) in a metric space (X, ρ) with
a metric ρ, n > 1. If we have that

Φ(Sn) <
a

n− 1
,

then this O-spheroid is multicentered.

Theorem 10. Either all open and closed O-spheroids in arbitrary metric space (X, ρ) with a
metric ρ, or their borders, are bounded sets.

Remark 11. All closed O-spheroids in any Euclidean metric space (Rm, ρ) with a standard
metric ρ are compact sets.
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Definition 12. Metric space (X, ρ) with a metric ρ is called convex, if next conditions are
satisfied:

1) X is a linear vector space;
2) ∀{x, y, z} ⊂ X ∀α ∈ [0; 1] we get:

ρ(αx+ (1− α)y, z) ≤ αρ(x, z) + (1− α)ρ(y, z).

Theorem 13. If (X, ρ) is a convex metric space with a metric ρ, then ∀{x1, . . . , xn} ⊂ X ∀a > 0
open O-spheroid Sn(x1, . . . , xn; a) is a connected set.

Remark 14. All O-spheroids in linear normed spaces are connected sets.

Theorem 15. If (X, ρ) is a convex metric space with a metric ρ, then ∀{x1, . . . , xn} ⊂ X ∀a > 0
open O-spheroid Sn(x1, . . . , xn; a) is a connected set.

Theorem 16. Let’s assume that Sn(x1, . . . , xn; a) is a non-empty O-spheroid in a convex metric
space (X, ρ) with a metric ρ. Then its border is equal to its boundary.

Definition 17 ([7, с. 236]). Fermat–Torricelli point for fixed points {x1, . . . , xn} is such point
x ∈ X, that ∀x ∈ X:

n∑

k=1

ρ(x, xk) ≤
n∑

k=1

ρ(x, xk).

Definition 18. Voronoi radius of O-spheroid Sn(x1, . . . , xn; a) we call number

R(Sn) := sup
x∈Sn

inf
y∈∂Sn

ρ(x, y).

Theorem 19. Let’s assume that Sn(x1, . . . , xn; a) is a non-empty O-spheroid in any Euclidean
metric space (Rm, ρ) with a standard metric ρ, meanwhile x is a Fermat–Torricelli point for its
foci. Then next inequality is correct:

a−
n∑
k=1

ρ(x, xk)

n
≤ R(Sn).
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In [1] it was proved that every simply connected surface S ∈ C4 non-zero Gaussian and middle
of curvatures admits infinitely small (in.sm.) first-order deformations with a stationary Ricci
tensor whose tensor fields have the representations

Tαβ = ϕgαβ, T k = ϕαd
αk + µαc

αβdkβ,

where functions µ (x1, x2) and ϕ (x1, x2) of class C3 satisfy the following second-order partial
differential equation: (

dαβϕα
)
,β

+ 2Hϕ = µα,kc
αβdkβ + µαc

αβ
(
dkβ
)
,k
. (1)

Let S be a surface of negative Gaussian curvature. Then (1) is an equation of hyperbolic type,
which in asymptotic lines takes the form

ϕ12 + dϕ1 + lϕ2 + cϕ = f(µ) (2)
where d, l, c are known functions of the point S, µ (x1, x2) is predefined function.

For equation (2), consider the Darboux problem: We will look for such an integral that takes
certain values on the characteristics x1 = x1

0, x
2 = x2

0; ϕ (x1, x2
0) = λ(x1), ϕ (x1

0, x
2) = τ(x2).

Then each pair of functions will λ(x1), τ(x2) match the only solution ϕ(x1, x2) equation (2)
with known right side [2].

Fair

Theorem 1. Every simply connected surface of negative Gaussian curvature of the class C4 and
without umbilical points admits ain.sm.deformations of the first order with preservation of the
Ricci tensor. In this case, the strain tensors are expressed in terms of a preassigned function of
two variables and two arbitrary functions of the class C3, each from one variable.

It should be noted that many phenomena in mechanics, physics, and biology are reduced to the
study of hyperbolic equations. To describe these phenomena completely for hyperbolic equations,
the Darboux problem is posed.
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For a closed oriented surface, the Morse-Smale flows with a minimum number of fixed points
(optimal ms-flow) has a single source and sink, is defined by a chord diagram, and can be embed-
ded in R3 [3]. For the projective plane, the optimal flow has three critical points, but it cannot
even be mapped on any immersion in R3. The simplest immersions with one triple point are
Boy’s and Girl’s surfaces [1, 2]. Each of the surfaces has a natural stratification (cellular struc-
ture). It consists of one 0-strata, three 1-strata (A,B,C) and four 2-strata. In the Boy’s surface
2-strata are set by their boundaries: A, B, C, ABA−1CAC−1BCB−1. On the Girl’s surface, the
boundaries of 2-strata are as follows: A, B, ABA−1CB−1, AC−1C−1BC.

We describe all possible structures of flows on these surfaces with respect to the homeomorphism
(isotopy) of the surface using separatrix diagrams and methods of papers [4, 5, 6, 7].

For the flows with one isolated point and a minimum number of separatrices, there are 18 (108 )
structures per Boy’s surface (with one separatrix) and 3 (6 ) structures per Girl’s surface (without
separatrices).

For optimal ms-flows on the surfaces as stratified sets, there are 342 (2004 ) and 534 (1058 )
flows, respectively. These flows have by 4 fixed points: 0-strata and by one point on each 1-strata.

There are 80 (438 ) and 118 (230 ) different structures for the ms-flows on the projective plane
that are mapping on these surfaces. The flows have by 3 sources, 3 sinks and 5 saddles (0-strata
has triple counting and points from 1-stratas have double counting).
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Let R be a Bezout domain with identity e 6= 0, i.e. R is an integral domain in which every
finite generated ideal is principal. Further, let Rm,n denote the set of m×n matrices over R, and
GL(n,R) be the set of n× n invertible matrices over R. In what follows, In is the identity n× n
matrix, 0m,k is the zero m× k matrix, di(A) ∈ R is an ideal generated by the i−th order minors
of the matrix A ∈ Rm,n, i = 1, 2, . . . ,min{m,n}.

Let A ∈ Rm,n and B ∈ Rm,k be nonzero matrices. Consider the nonhomogeneous matrix
equation

AX = B, (1)
where X is unknown matrix in Rn,k. Denote by AB =

[
A B

]
∈ Rm,n+k the extended matrix

of the linear equations (1). It is known (see [1], [3], [4], [6]) that the equation (1) over a Bezout
domain R is solvable if and only if rankA = rankAB = r and di(A) = di(AB) for all i = 1, 2, . . . , r.

The problem of solvability of the equation (1) has drawn the attention of many mathematicians
(see [1]–[12] and references therein). This is explained not only by the theoretical interest to
this problem ([1], [3], [4], [6], [8]–[11]), but also by the existence of numerous applied problems
connected with the necessity of solution of linear matrix equations ([2], [5], [7], [12]). It may be
noted, that the equation (1) over Bezout domains is important in automatic control theory [2].
1. On application of the Hermite Normal Form. In the Bezout domain R we fix a set of

non-associated elements R̃. Every non-associated element a ∈ R̃ we associated with a complete
system of residues modulo ideal (a). Let A ∈ Rm,n and rankA = r. Further, we assume that the
first row of the matrix A is nonzero. For the matrix A there exists W ∈ GL(n,R) such that

AW = HA =




H1 0m1,n−1

H2 0m2,n−2

. . . . . .
Hr 0mr,n−r


 =

[
H(A) 0m,n−r

]

is a lower block-triangular matrix, where H(A) ∈ Rm,r, H1 =

[
h1

∗

]
∈ Rm1,1, H2 =

[
h21 h2

∗ ∗

]
∈

Rm2,2, . . . , Hr =

[
hr1 . . . hr,r−1 hr
∗ ∗ ∗ ∗

]
∈ Rr,r and m1 + m2 + · · · + mr = m. The elements hi

belong to the set of non-associated elements R̃ for all i = 1, 2, . . . , r. Moreover, in the first rows[
hi1 . . . hi,i−1 hi

]
of the matrices Hi, i ≥ 2, the elements hij belong to a complete system of

residues modulo ideal (hi) for all j = 1, 2, . . . , i − 1. The lower block-triangular matrix HA is
called the (right) Hermite normal form of the matrix A and it is uniquely defined for A (see [3]).

In this parch we propose necessary and sufficient conditions of solvability for the equation (1)
over a Bezout domain in terms of the Hermite normal forms of m × (n + k) matrices

[
A 0m,k

]

and
[
A B

]
. A method for finding its solutions is also given. In what follows, we assume that

the fest row of the matrix A is nonzero.

Theorem 1. Let A ∈ Rm,n and B ∈ Rm,k. The matrix equation AX = B is solvable over a
Bezout domain R if and only if the Hermite normal forms of matrices

[
A 0m,k

]
and

[
A B

]
are

coincide.
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It is easy to see that matrix equation (1) is solvable over a Bezout domain R if and only if the
matrix equation H(A)Y = B is solvable over R. Let Y0 ∈ Rr,k be the solution of H(A)Y = B.

Then for arbitrary matrix P ∈ Rn−r,k the matrix XP = W−1

[
Y0

P

]
is a general solution of equation

(1). Theoretically speaking, the solution X0 = W−1

[
Y0

0m−r,n

]
of equation (1) can be written as

the matrix expression X0 = TXP , where T ∈ Rn,n. Thus, XP is the right divisor of X0 for an
arbitrary matrix P ∈ Rn−r,k. Given the solution X0, we determine all possible ranks of other
solutions of the equation (1), i.e. rankB ≤ rankXP ≤ n+ rankB − rankA.
2. A method of matrix transformations. In this part we apply matrix transformations

for established conditions under which the equation (1) is solvable.
Let A ∈ Rm,n and B ∈ Rm,k be nonzero matrices and let rankA = r ≥ 1. For A there

exist matrices U ∈ GL(m,R) and V ∈ GL(n,R) such that UAV =

[
C 0r,n−r

0m−r,r 0m−r,n−r

]
, where

C ∈ Rr,r. It is clear that detC = c 6= 0. In what follows C∗ = AdjC means the classical adjoint
matrix of the matrix C, i.e. C∗C = cIr. Based on the above, we obtain the following theorem.

Theorem 2. The matrix equation AX = B is solvable over a Bezout domain R if and only if

UB =

[
D

0m−r,k

]
, where D ∈ Rr,k, and C∗D = cG, where G ∈ Rr,k.

If the equation AX = B is solvable, then for arbitrary matrix Q ∈ Rm−r,k the matrix XQ =

U−1

[
G
Q

]
is a general solution of equation AX = B.

From Theorem 2 we obtain the following comment. Let A,B ∈ Rm,n be nonzero matrices and
let rankA < n. Suppose the matrix equation AX = B is solvable and XQ ∈ Rn,n is its general
solution. Then AX = B has solutions X̃i ∈ Rn,n, i = 1, 2, . . . , such that XQ = X̃iTi, where
Ti ∈ Rn,n.

Presented results above can be extended to linear nonhomogeneous equations over commutative
rings of a more general algebraic nature.
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Here are the names of (almost all) predefined theorem-like environments.

Theorem 1. For given f ∈ H and g ∈ H the problem

{ ut(t) + Au(t) = f, 0 6 t < T2

u(0) = g
(1)

has a unique solution u ∈ C([0, T ), H) ∩ C1((0, T ), H) given by

u = e−tAg + A−1(I − e−tA)f (2)

(JA. Goldstein, Semi-groups of linear operators and applications, Oxford university, press New
York. 1985.).

Lemma 2. For 0 < α < 1 et p > 0, on a les estimations suivantes :

supn>1(1− 1

1 + α2λ2
ne

2λnT1
)(1 + λ2

n)
−p
2 6 max(1, T p−2

1 , T p1 )max(α, (ln(
1√
α

))−p) (3)

supn>1
βne

−λnTi

1 + α2λ2
ne

2λnT1
6 max(1, T−1

1 )
γ√
α
, i = 1, 2 (4)

supn>1
βn

(1 + α2λ2
ne

2λnT1)λn
6 max(1, λ−2

1 )
γ

α
, (5)

With

γ =
1

1− e−λ1(T2−T1)
(6)

Problem 3.
Let H be a separable Hilbert space with the inner product (.;.) and the norm ‖.‖ and let A : H →
H be a positive self-adjoint linear operator with a compact resolvent. Consider the following final
value problem: {

ut(t) + Au(t) = f, 0 6 t < T2

u(T1) = Ψ1
(7)

where 0 < T1 < T2 and Ψ1 is a given function on H Our purpose is to identify the initial condition
u(0) and the unknown source f from the overspecied data u(T2) = Ψ2,Ψ2 ∈ H
Hence, the inverse problem can be formulated as follows: determine f and g such that

{
ut(t) + Au(t) = f, 0 6 t < T2

u(0) = g
(8)

from the data {
u(T1) = Ψ1

u(T2) = Ψ2
(9)
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Corollary 4. Let f et g the solutions of (1) , f δα et gδα be the modified Tikhonov approximations,
Let ψδ1 and ψδ2 be the measured data at T1 and T2 satisfying (9), If the regularization parameter is

chosen as α = (
δ

E1

)
2

(p1+2) and α = (
δ

E2

)
2

(p2+2) spectively then, the following error estimates hold

respectively:

‖f−f δα‖ 6 max(1, T p1−1
1 , T p11 )max((

δ

E1

)
2

p1+2 ,
1

(ln(
E1

δ
)

1

p1 + 2 )p1

, )+γmax(1, T−1
1 )(

δ

E1

)
p1+1
p1+2E

p1

p1 + 2
1

(10)

‖g−gδα‖ 6 max(1, T p2−1
1 , T p21 )max((

δ

E2

)
2

p2+2 ,
1

(ln(
E2

δ
)

1

p2 + 2 )p2

, )+γmax(1, T−1
1 )(

δ

E2

)
p2

p2+2E

2 + p2

p2 + 2
2

(11)
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The generalized Bochner technique (see, for example, [1]) allows to broad to the noncompact
but compete Kahlerian spaces some well-known theorems of holomorphically projective unique
definability that have been proved previously for the compact ones (see, for example, [2]). Thus,
the next theorems are true.

Theorem 1. Complete connected noncompact Kahlerian Cr-space Kn (n > 2, r > 4) with
positive defined metric tensor and the Einstein tensor that doesn’t equal to zero, that satisfies the
recurrent conditions

T
(αβ)
ijkl,mhg

mjghlEik
.. =

1

n
T

(αβ)
γh

(
δγµgνm + F γ

µFνm
)
T

(µν)
ijkl g

mjghlEik
.. + T

(αβ)
ijkl W

ijkl + T
(αβ)
ijkl,mW

ijklm,

where
Tαβijkl = nδα(iR

β
j)kl + gl(iT

αβ
j)k − gk(iT

αβ
j)l − Fl(iF

γ
j)T

αβ
γk + Fk(iF

γ
j)T

αβ
γl ,

Tαβγl = δαi R
β
k −Rα

ik
β
.

F i
j – components of tensor of complex structure, Rij — components of Ricci tensor, Eik – com-

ponents of Einstein tensor of the space Kn; W ijkl, W ijklm — components of some contravariant
tensors, "," denotes the corresponding covariant differentiation, doesn’t admit non-trivial (differ-
ent from affine) holomorphically projective mappings on the whole.

Theorem 2. Complete connected noncompact Kahlerian Cr-space Kn (n > 2, r > 4) with
positive defined metric tensor and the Einstein tensor that doesn’t equal to zero, that satisfies the
recurrent conditions

P
(αβ)
il,kh g

hiEkl
.. = P

(αβ)
il,k Silk + P

(αβ)
il Sil, (1)

where
Pαβ
il = δβi R

α
.l − δβl Rα

.i,

Rij — components of Ricci tensor, Eij — components of Einstein tensor of the space Kn; Silk, Sil—
components of some contravariant tensor, "," denotes the corresponding covariant differentiation,
doesn’t admit non-trivial (different from affine) holomorphically projective mappings on the whole.

Recurrent conditions (1) may also be transformed to the more general form.
Examples of Kahlerian spaces of considered types are known.
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The topologies on an n-element set with weight k > 2n−1 (k is the number of the elements of
the topology) are called close to the discrete topology. In [1] all T0-topologies have been listed
using the topology vector, an ordered set of the nonnegative integers (α1, α2, ..., αn), αi is one
less than the number of the elements in the minimum neighborhood Mi of the element xi. In [2]
T0-topologies on an n-element set with the vectors (0, ..., 0, αn−1, αn) and (0, ..., 0, 1, 1, αn) in the
caseMn−1∩Mn−2 = ∅ have been investigated. These T0-topologies are consistent with close to the
discrete topology on (n−1)-element set with the vectors (0, ..., 0, αn−1) and the vector (0, ..., 0, 1, 1)
in the case Mn−1 ∩Mn−2 = ∅. The question about T0-topologies which are consistent with close
to the discrete topology on (n − 1)-element set with vectors (0, ..., 0︸ ︷︷ ︸

k

, 1, ..., 1), 1 ≤ k ≤ n − 3,

where all n− 1− k two-element minimum neighborhoods have only one common point, remains
unresolved. This work we found the weight of these T0-topologies.

So, the vector of T0-topologies has the form: (0, ..., 0︸ ︷︷ ︸
k

, 1, ..., 1︸ ︷︷ ︸
n−k−1

, αn), 1 ≤ k ≤ n−3, 2 ≤ αn ≤ n−1

and
⋂n−1
m=k+1Mm = {x1}. The following cases are possible for the minimum neighborhood Mn of

the element xn:
1.
⋂n−1
m=k+1Mm ∩Mn = {x1}, so Mn = {x1, ..., xd, xn−(αn−d), ..., xn−1︸ ︷︷ ︸

αn−d

, xn}. The general formula

for the weight has the form |τ | = 2n−2 + 2k−1 + 2k−d + 2k−d · (2n−k−(αn−d+1) − 1).
2.
⋂n−1
m=k+1Mm ∩Mn = ∅. The general formula for the weight has the form |τ | = 2n−2 + 2k−1 +

2k−αn + 2k−(αn+1) · (2n−k−1 − 1).
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Let Q be an m element set. A ternary operation f defined on Q is called invertible and the pair
(Q; f) is a quasigroup of the order m, if for every a, b of Q the terms f(x, a, b), f(a, x, b), f(a, b, x)
define permutations of Q. To each ternary quasigroup (Q; f) of the order m there corresponds a
Latin cube of order m, i.e., a 3-dimensional array on m distinct symbols from Q, each of which
occurs exactly once in any line of the array.

A triplet (f1, f2, f3) of ternary operations is called orthogonal [1], if for all a1, a2, a3 ∈ Q the
system





f1(x1, x2, x3) = a1,

f2(x1, x2, x3) = a2,

f3(x1, x2, x3) = a3

has a unique solution, i.e., superimposition of the corresponding cubes gives a cube such that
every triplet of elements of Q appears exactly once in it.

Geometric interpretation of orthogonality is its relationships with geometric nets. This appli-
cation is well-studied for binary operations and the respective k-nets, projective and affine planes
(see for example [2], [3]). Relationships between t-tuples of orthogonal n-ary quasigroups of order
m and (t,m, n)-nets were studied in [4], [5], [6]. The respective nets have the same combinatorial
and algebraic properties.

For every permutation σ ∈ S4 a σ-parastrophe σf of an invertible ternary operation f is defined
by

σf(x1σ, x2σ, x3σ) = x4σ :⇐⇒ f(x1, x2, x3) = x4.

In particular, a σ-parastrophe is called:

• an i-th division if σ = (i4) for i = 1, 2, 3;
• principal if 4σ = 4.

Therefore, each ternary operation has at most 4! = 24 parastrophes; among them 3! = 6 principal
parastrophes. An invertible operation and the respective quasigroup are called assymetric if all its
parastrophes are different. A quasigroup is called totally parastrophic orthogonal (top-quasigroup),
if each triplet of its different parastrophes are orthogonal. Binary assymetric top-quasigroups were
studied in [7], for ternary case the following statements are true.

Theorem 1 ([8]). A quasigroup (Q; f) is medial if and only if there exists an abelian group (Q; +)
such that

f(x1, x2, x3) = ϕ1x1 + ϕ2x2 + ϕ3x3 + a, (1)

where ϕ1, ϕ2, ϕ3 are pairwise commuting automorphisms of (Q; +) and a ∈ Q.
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Theorem 2. Let (Q; f) be a medial ternary quasigroup (Q; f) with (1) and τ1, τ2, τ3 ∈ S4. The
parastrophes τ1f , τ2f , τ3f are orthogonal if and only if the determinant∣∣∣∣∣∣∣

ϕ1τ1 ϕ2τ1 ϕ3τ1

ϕ1τ2 ϕ2τ2 ϕ3τ2

ϕ1τ3 ϕ2τ3 ϕ3τ3

∣∣∣∣∣∣∣
is an automorphism of the group (Q; +), where ϕ4 := J and J(x) := −x.

Note, that the pairwise commuting automorphisms ϕ1, ϕ2, ϕ3, J generate a commutative
subring K of the ring End(Q; +). Let ~ν := (ν1, ν2, ν3) be a triplet of injections of the set {1, 2, 3}
into the set {1, 2, 3, 4}. The polynomial

d~ν(γ1, γ2, γ3, γ4) :=

∣∣∣∣∣∣

γ1ν1 γ2ν1 γ3ν1

γ1ν2 γ2ν2 γ3ν2

γ1ν3 γ2ν3 γ3ν3

∣∣∣∣∣∣
over the commutative ring K will be called invertible-valued over a set H ⊆ K, if all its values
are automorphisms of the group (Q; +) when the variables γ1, γ2, γ3, γ4 take their values in H.

Theorem 3. A ternary medial quasigroup (Q; f) with (1) is a top-quasigroup if and only if each
polynomial d~ν is invertible-valued over the set {ϕ1, ϕ2, ϕ3, ϕ4}, where ϕ4 := J .

Theorem 4 ([9]). A ternary medial assymetric top-quasigroup over a cyclic group of the order
m exists if and only if the least prime factor of m is greater than 19.
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We begin with the following important result due to Donaldson [Do] for Kähler, and Xi [Xi]
for general Hermitian complex manifolds with boundary:

Theorem 1. Let X̄ be a compact complex manifold with non-empty boundary ∂X̄, g be a Her-
mitian metric on X̄ and E be a holomorphic bundle on X̄. Let h be a Hermitian metric on the
restriction E|∂X . There exists a unique Hermitian metric H on E satisfying the conditions

ΛgFH = 0, H|∂X = h,

where FH ∈ A2(X̄,End(E)) denotes the curvature of the Chern connection associated with H.

Note that the map H 7→ ΛgFH is a non-linear second order elliptic differential operator, so the
system ΛgFH = 0, H|∂X̄ = h can be viewed as a non-linear Dirichlet problem. The theorem of
Donaldson and Xi states that this non-linear Dirichlet problem is always uniquely sovable.

Note also that the analogue statement for closed manifolds (i.e. in the case ∂X̄ = ∅) does
not hold. Indeed, the classical Kobayashi-Hitchin correspondence states that, for a holmorphic
bundle E on a closed Hermitian manifold (X, g), the equation ΛgFH = 0 is solvable if and only if
degg(E) = 0 (which is a topological condition if g is Kählerian) and E is polystable with respect
to g (see [LT]).

Recall that a unitary connection ∇ on a Hermitian differentiable bundle (E,H) on X̄ is called
Hermitian Yang-Mills if ΛgF∇ = 0, F 02

∇ = 0. In the classical case dimC(X) = 2 – which plays
a fundamental role in Donaldson theory – these conditions are equivalent to the anti-self-duality
condition F+

∇ = 0.
In [Do] Donaldson shows that Theorem 1 has important geometric consequences:

Corollary 2. Let X̄ be a compact complex manifold with non-empty boundary, g be a Hermitian
metric on X̄ and (E,H) be a Hermitian differentiable bundle on X̄. There exists a natural
bijection between:

(1) the moduli space of pairs (E , θ) consisting of a holomorphic structure E on E and a dif-
ferentiable trivialization θ of E|∂X̄ ,

(2) the moduli space of pairs (∇, τ) consisting of a Hermitian Yang-Mills connection on (E,H)
and a differentiable unitary trivialization τ of E|∂X̄ .

In other words, the moduli space of boundary framed holomorphic structures on E can be
identified with the moduli space of boundary framed Hermitian Yang-Mills connection on (E,H).

In the special case when X̄ is the closure of a strictly pseudoconvex domain (with smooth
boundary) in Cn, Donaldson states the following result which gives an interesting geometric
interpretation of the quotient C∞(∂X̄,GL(r,C))/O∞(X̄,GL(r,C)) of the group of smooth maps
∂X̄ → GL(r,C) by the subgroup formed by those such maps which extend smoothly and formally
holomorphically to X̄:

Corollary 3. Let O∞(X̄,GL(r,C)) be the group of smooth, formally holomorphic GL(r,C)-valued
maps on X̄, identified with a subgroup of C∞(∂X̄,GL(r,C)) via the restriction map.



49

There exists a natural bijection between the moduli space of boundary framed Hermitian Yang-
Mills connections on the trivial U(r)-bundle on X̄ and the quotient C∞(∂X̄,GL(r,C))/O∞(X̄,GL(r,C)).

The idea of proof: Taking into account Corollary 2, it suffices to construct a bijection between
the quotient C∞(∂X̄,GL(r,C))/O∞(X̄,GL(r,C)) and the moduli space of boundary framed holo-
morphic structures on the trivial differentiable bundle X̄ ×Cr. The construction is very natural:
one maps the congruence class [f ] of a smooth map f : ∂X̄ → GL(r,C) to the gauge class of
the pair (the trivial holomorphic structure on X̄ × Cr, f). The main difficulty is to prove the
surjectivity of the map obtained in this way. This follows from the following existence result:

Proposition 4. Let X̄ be the closure of a strictly pseudoconvex domain (with smooth boundary)
in Cn and E be a smooth, topologically trivial holomorphic bundle on X̄. Then E admits a global
smooth trivialization on X̄ which is holomorphic on X.

The statement follows using Grauert’s classification theorem for bundles on Stein manifolds
and the following extension theorem, which is proved in [Do] only for n = 2:

Proposition 5. Let X̄ be the closure of a relatively compact strictly pseudoconvex domain (with
smooth boundary) in Cn and E be a smooth, topologically trivial holomorphic bundle on X̄. Then
E extends holomorphically to an open neighborhood U of X̄ in Cn.

In my talk I will explain the idea of proof of the following general extension theorem (see [T]):

Theorem 6. Let M be a complex manifold, X ⊂M an open submanifold of M whose closure X̄
has smooth, strictly pseudoconvex boundary in M . Let G be a complex Lie group, π : Q → M a
differentiable principal G-bundle onM and J a holomorphic structure on the restriction P̄ :− Q|X̄ .

There exists an open neighborhood M ′ of X̄ in M and a holomorphic structure J ′ on Q|M ′
which extends J .

The proof uses methods and techniques introduced in [HiNa] and [Ca1].
In the special case when M = Cn and G = GL(r,C) one obtains as corollary Proposition 5

(and hence Corollary 3) in full generality. Moreover, one also obtains the following generalization
of this corollary:

Theorem 7. Let G = KC be the complexification of a compact Lie group K, X̄ be a compact
Stein manifold with boundary and g be a Hermitian metric g on X̄. The moduli space of boundary
framed Hermitian Yang-Mills connections on the trivial K-bundle on (X̄, g) can be identified with
the quotient C∞(∂X̄,G)/O∞(X̄,G).
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We briefly survey joint works with Ryoto Tange, Hyuga Yoshizaki, and Sohei Tateno.

Twisted Iwasawa invariants of knots [1]. Let K be a knot in S3 with πK = π1(S3 −K) and
let Xn → X = S3−K denote the Z/nZ-cover for each n ∈ Z>0. Let p be a prime number and let
m ∈ Z with p - m. Let ρ : πK → GLN(Op) be a representation over a finite extension Op of the
p-adic number field Qp and let ∆ρ(t) denote the twisted Alexander polynomial. Then we have
the following.

Theorem 1. Let (K, p,m, ρ) be as above. Then there exists some λ, µ, ν ∈ Z such that for
any n � 0, |H1(Xmpn , ρ)tor| = pλn+µpn+ν holds. (We have Nr∆ρ(T ) =̇ pµ(λ + p(lower terms)) in
Zp[[T ]].)

For each (K, p, ρ), there exists some m such that λ/[Op] : Zp] = deg∆ρ(t). Hence for each K,
there exists some (p, ρ,m) such that λ coincides with the genus of K.

For each (p,K, ρ), µ’s and λ’s determine whether ∆ρ(t) is monic in Op[t] and whether K is
fibered.

Example 2. (1) The λ’s of the lifts ρ±hol : πK → SL2(O) of the holonomy representation of the
figure eight knot K = 41.

(2) For any SL2-representations of the twist knots J(2, 2k) (k ∈ Z), we have µ = 0. We may
expect that if k 6= 0,±1, then there exists some ρ of J(2, 2k) with µ > 0.

Weber’s class number problem for knots [2]. Weber’s class number problem for number
fields is mostly unsolved for 200 years. Yoshizaki [3] recently pointed out that the sequence of
the class numbers converges in the ring of p-adic integers Zp. In the knot theory side, we obtain
the following.

Theorem 3. Let K be a knot in S3 and let p be a prime number. Then the sizes of the p-torsion
subgroups of H1(Xpn ;Z) converges in Zp. The limit value is given by the roots of unity that are
close to the roots of the Alexander polynomial ∆K(t).

Example 4. The limit values for the torus knot Ta,b (a, b ∈ Z; coprime) and the twist knot
J(2, 2k) (k ∈ Z).

Iwasawa invariants of the Zpd-covers of links [4]. Cuoco–Monsky gave a variant of the
Iwasawa class number formula for Zpd-extensions of number fields and pointed out the existence
of the term O(1). In our side, we have the following.

Theorem 5. Let L be a d-component link in a rational homology 3-sphere M and let Yn →
X = M − L denote the Z/nZ d-cover. Then there exists some λ, µ such that the size of p-
torsion subgroup of H1(Yn,Z) is given by pp

(d−1)n(µpn+λn+O(1)), where O(1) is the Bachmann–
Landau notation. If M is an integral homology 3-sphere, then the Zpd-cover is Greenberg, namely,
O(1) is a constant.

Example 6. The values µ, λ, and O(1) of Solomon’s link 42
1 and the twisted Whitehead link

W2k−1 (k ∈ Z). We have a link with O(1) 6= 0 and a link with any µ ∈ Z≥0.
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Поверхня V 2 класу Ck, k > 1 у просторi Мiнковського 1R4 називається просторовопо-
дiбною (часоподiбною, iзотропною), якщо дотична площина до неї в кожнiй точцi є про-
сторовоподiбною (часоподiбною, iзотропною). Будемо розглядати такi двовимiрнi поверхнi
простору 1R4 або такi областi на цих поверхнях, у яких тип дотичної площини в кожнiй
точцi один i той самий. При грассмановому вiдображеннi поверхнi V 2 в грассманiв много-
вид PG(2, 4) отримаємо грассмановий образ поверхнi V 2. Грассманiв образ просторовоподi-
бної (часоподiбної) двовимiрної поверхнi простору 1R4 є двовимiрним пiдмноговидом мно-
говиду часоподiбних (просторовоподiбних) площин [2]. Iндукована метрика грассманового
образу може бути знаковизначеною, знаконевизначеною або виродженою, а значить грас-
сманiв образ може бути двовимiрною просторовоподiбною, часоподiбною або iзотропною по-
верхнею. З’ясуємо питання про тип грассманового образу поверхонь з плоскою нормальною
зв’язнiстю.

Поняття плоскої нормальної зв’язностi пiдмноговиду риманового многовиду було введено
Е.Картаном [1]. Пiдмноговиди з плоскою нормальною зв’язнiстю є пiдмноговидами з нульо-
вим тензором скруту. Важливою властивiстю поверхонь з плоскою нормальною зв’язнiстю
є iснування координатної сiтки, вiдносно якої першу та обидвi другi квадратичнi форми мо-
жна одночасно звести до дiагонального виду. Ця координатна сiтка є сiткою лiнiй кривини.
Поверхнi з плоскою нормальною зв’язнiстю та їх грассмановi образи у просторi Мiнковсько-
го мають ще додатковi властивостi:

1) якщо грассмановий образ часоподiбної поверхнi V 2 ⊂1 R4 з плоскою нормальною
зв’язнiстю невироджений, то вiн є часоподiбною поверхнею;

2) невироджений грассмановий образ просторовоподiбної поверхнi з плоскою нормальною
зв’язнiстю може бути або просторовоподiбною, або часоподiбною, або iзотропною поверхнею;

3) тип невиродженого грассманового образу гiперповерхнi V 2 деякого тривимiрного пiд-
простору простору 1R4 спiвпадає з типом поверхнi V 2.
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Серед робiт по геодезичним вiдображенням псевдорiманових просторiв особливе мiсцi за-
ймає робота 1896 року Т. Левi-Чевiти, в якiй вiн, виходячи з рiвнянь динамiки, сформулював
постановку задачi та отримав основнi рiвняння [1]. Особливiстю роботи є використання тен-
зорних методiв.

Пiсля того, як тензорнi методи дослiдження зайняли домiнуючi позицiї в диференцiальнiй
геометрiї, Г. Вейль, Л.П. Ейзенхарт, В.Ф. Каган, Г.I. Кручкович, А.С. Солодовнiков та iншi
побудували струнку теорiю геодезичних вiдображень псевдорiманових просторiв, iнварiан-
тну вiдносно вибору системи координат.

Новий поштовх ця теорiя отримала пiсля робiт М.С. Синюкова, який звiв задачу до
дослiдження лiнiйної системи диференцiальних рiвнянь [2].

Взаємно однозначна вiдповiднiсть мiж точками псевдорiманових просторiв Vn з метри-
чним тензором gij та V̄n з метричним тензором ḡij називається геодезичним вiдображенням,
якщо при нiй кожна геодезична лiнiя Vn переходить в геодезичну лiнiю V̄n.

Псевдорiманiв простiр Vn, в якому iснує тензор Ai1i2...ik такий, що Ai1i2...ik,j = 0, назива-
ють A-симетричним. Тут кома “,” знак коварiантної похiдної по зв’язностi Vn. Геодезично
A-симетричним називаємо псевдорiманiв простiр, в якому умова A-симетричностi викону-
ється для коварiантної похiдної по зв’язностi геодезично вiдповiдного даному простору Vn
псевдорiманового простору V̄n [3].

Зокрема, якщо для тензора Рiччi псевдорiманового простору Vn виконується умова∇kRij =
0 (тут ∇ знак коварiантної похiдної по зв’язностi V̄n), то такiй простiр називаємо геодезично
Рiччi симетричним. Якщо ця умова виконується для тензора Рiмана, то простiр має назву
геодезично симетричний.

Доведено, що не iснує геодезично Рiччi симетричних просторiв вiдмiнних вiд просторiв
Ейнштейна, а також, що не iснує геодезично симетричних псевдорiманових просторiв вiд-
мiнних вiд просторiв сталої кривини.

Таким чином, геодезично Рiччi симетричнi та геодезично симетричнi простори iснують
лише тодi, коли вони простори Ейнштейна та простори сталої кривини вiдповiдно.
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Дослiджувалися квазi-геодезичнi вiдображення [1] узагальнено-рекурентних просторiв па-
раболiчного типу [3] (Vn, gij, F

h
i ) i (V n, gij). Основнi рiвняння такого вiдображення в сумiснiй

за вiдображенням системi координат (xi) мають вигляд [3]

Γ
h

ij(x) = Γhij(x) + ψ(i(x)δhj) + φ(i(x)F h
j)(x),

Fij = −Fji, Fij = giαF
α
j , F ij = −F ji, F ij = giαF

α
j ,

F h
αF

α
i = 0

F h
(i,j) = F h

(iqj),

Γ
h

ij,Γ
h
ij - компоненти об’єктiв зв’язностi V n i Vn; ψi, ϕi - деякi ковектори; ”,” - знак коварi-

антної похiдної в Vn.
Якщо диференцiальнi рiвняння для афiнора набувають вигляду F h

(i,j) = F h
(iqj), ми на-

зиваємо афiнорну структуру узагальнено-рекурентною, а при F h
i,j = F h

i qj - рекурентно-
параболiчною.

Ми вважаємо, що узагальнено-рекурентна структура iнтегровна i квазi-геодезичне вiд-
ображення зберiгає вектор узагальненої рекурентностi [3], отже в просторi (V n, gij) для афi-
нора F h

i виконуються спiввiдношення

F h
(i|j) = F h

(iqj),

де ”|” - знак коварiантної похiдної вiдносно зв’язностi Γ в Vn.
Побудовано геометричнi об’єкти, iнварiантнi вiдносно квазi-геодезичного вiдображення

узагальнено-рекурентних просторiв параболiчного типу, а також рекурентно-параболiчних
просторiв. Наводиться ряд умов на цi об’єкти, що призводять до того, що узагальнено-
рекурентний простiр параболiчного типу допускає параболiчну К-структуру, для якої F h

(i,j) =
0, а рекурентно-параболiчний простiр допускає келерову структуру параболiчного типу.

Вивчено спецiальнi типи квазi-геодезичних вiдображень узагальнено-рекурентних просто-
рiв, що зберiгають деякi тензори внутрiшнього характеру.
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Нехай D – вiдкритий одиничний круг комплексної площини. В гiльбертовому просторi
L2(D) введемо наступнi оператори:
K – добре вiдомий оператор Бергмана;
W = Wg – унiтарний (iзометричний) оператор зваженого зсуву, утворений параболiчним

або гiперболiчним дробно-лiнiйним перетворенням g ∈ G круга D в себе, де G – нескiнчена
циклiчна комутативна група, породжена перетворенням g, з однiєю або двома нерухомими
i граничними точками всiх зсувiв, що лежать на абсолютi.

Нехай, далi, A позначає C∗-алгебру без зсуву, яка породжена операторами, що мають
вигляд A = a(z)I+b(z)K+L, де I – одиничний, L – компактний, коефiцiєнти a, b є автомор-
фними функцiями, тобто задовольняють умовам a(g(z)) = a(z), b(g(z)) = b(z), неперервними
на рiмановiй поверхнi групи.

Вивчається C∗-алгебра B, породжена усiма операторами вигляду

B =
+∞∑

j=−∞
AjW

j

де Aj – оператори алгебри A.
Виявляється, що алгебра B є розширенням алгебри A за допомогою операторiв зсуву Wg,

де g ∈ G. Будується алгебра символiв та встановлюється критерiй фредгольмовостi для
операторiв C∗-алгебри B.
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В [3] ми дослiджували дифеоморфiзми псевдо-рiманових просторiв, якi є квазi-геодезичними
вiдображеннями [1] i водночас майже-геодезичними 2-го типу [2]. Основнi рiвняння такого
вiдображення (Vn, gij, F

h
i ) i (V n, gij) в сумiснiй за вiдображенням системi координат (xi) ма-

ють вигляд [3]

Γ
h

ij(x) = Γhij(x) + ψ(i(x)δhj) + φ(i(x)F h
j)(x),

Fij = −Fji, Fij = giαF
α
j , F ij = −F ji, F ij = giαF

α
j ,

F h
αF

α
i = 0

F h
(i,j) = F h

(iqj),

де Γ
h

ij,Γ
h
ij - компоненти об’єктiв зв’язностi V n i Vn, ψi, ϕi - деякi ковектори; ”,” - знак кова-

рiантної похiдної в Vn.
Афiнорну структуру, для якої диференцiальнi рiвняння набувають вигляду F h

(i,j) = F h
(iqj),

ми називаємо узагальнено-рекурентною, а при F h
i,j = F h

i qj - рекурентно-параболiчною.
У випадку, коли в основних рiвняннях квазi-геодезичного вiдображення ψi(x) = 0, його

називають канонiчним.
Отримана лiнiйна форма основних рiвнянь канонiчних квазi-геодезичних вiдображень

рекурентно-параболiчних просторiв. З її допомогою доведенi основнi теореми теорiї кано-
нiчних квазi-геодезичних вiдображень рекурентно-параболiчних просторiв, якi дають змогу
для будь-якого псевдо-рiманового простору (Vn, gij, F

h
i ) з рекурентно-параболiчною афiнор-

ною структурою однозначно вiдповiсти на питання, допускає вiн розглядуване вiдображення
чи нi.

Далi розглянуто канонiчне квазi-геодезичне вiдображення рекурентно-параболiчного про-
стору (Vn, gij, F

h
i ) на полусиметричний простiр V n, отже тезор Рiмана V n задовольняє умо-

вам
R
h

ijk|[lm] = 0,

де ”|” - знак коварiантної похiдної в V n.
Доведена

Теорема 1. Якщо рекурентно-параболiчний простiр (Vn, gij, F
h
i ) допускає нетривiальне ка-

нонiчне квазi-геодезичне вiдображення на полусиметричний V n, то виконується принайм-
нi одна з умов: ϕi,j = aFij − ϕiqj або RiαF

α
j = bFij, при деяких iнваiантах a, b.



57

Лiтература

[1] А. З. Петров. Моделирование физических полей. Гравитация и теория относительности, No. 4-5 : 7–21,
1968.

[2] Н. С. Синюков. Геодезические отображения римановых пространств. Москва:Наука, 1979.
[3] I. Курбатова, М.Пiструiл. Квазi-геодезичнi вiдображення спецiальних псевдорiманових просторiв //Proc.

Intern. Geom. Center, 13(3), 18-32, (2020).



58

Геометрiя наближення для простору афiнної зв’язностi
Покась Сергiй Михайлович

(Одеський нацiональний унiверситет iменi I. I. Мечникова, Одеса, Україна)
E-mail: pokas@onu.edu.ua

Нiколайчук Анна Олександрiвна
(Одеський нацiональний унiверситет iменi I. I. Мечникова, Одеса, Україна)

E-mail: nickolaychuck@stud.onu.edu.ua

Розглянемо простiр афiнної зв’язностi без скруту An, вiднесений до довiльної системи ко-
ординат {x1, x2, . . . , xn}, з об’єктом зв’язностi Γhij(x);M0(xh0) —фiксована точка цього просто-
ру. Побудуємо новий простiр Ãn, вiднесений до координат {y1, y2, . . . , yn}, зi своїм об’єктом
зв’язностi Γ̃hij(y), який задається спiввiдношенням

Γ̃hij(y) = −1

3
R
0

h
.(ij)l y

l, де R
0

h
.ijl = Rh

.ijl(M0). (1)

Якщо система координат у вихiдному просторi An є канонiчною з початком у точцi M0,
то об’єкт зв’язностi Γ̃hij реалiзує наближення першого порядку для Γhij вихiдного простору i
тому вiдображає геометричнi властивостi An з деяким ступенем точностi [1, 4].

Вивчаються деякi властивостi простору Ãn. Зокрема, доведено, що система координат
{y1, y2, . . . , yn} є рiмановою з початком у точцi M0.

Надалi розглядаються аналiтичнi iнфiнiтезимальнi рухи в просторi Ãn
y′h = yh + ξ̃h(y) δt, де ξ̃h(y)— вектор змiщення. (2)

Компоненти вектора ξ̃h(y) шукаються у виглядi степеневих рядiв.

ξ̃h(y) ≡ ah +
∞∑

k=1

ah
k

= ah +
∞∑

k=1

ahl1l2...lky
l1yl2 . . . ylk , де ah, ahl1l2...lk—константи. (3)

При дослiдженнi основних рiвнянь [2, 3]

Lξ̃Γ̃
h
ij(y) ≡ ∂2ξ̃h

∂yi∂yj
+ ξ̃α

∂Γ̃hij
∂yα

+
∂ξ̃α

∂yi
Γ̃hαj +

∂ξ̃α

∂yj
Γ̃hαi −

∂ξ̃h

∂yα
Γ̃αij = 0 (4)

у явному виглядi знайдено вектор ξ̃h(y):

ξ̃h(y) =
∞∑

k=0

(−1)k+1

k!(2k − 1)
aαt(k)h

α , де (5)

tij =
1

3
R
0

i
.l1l2j

yl1yl2 , t
(p)i
j = t(p−1)i

α tαj (p = 2, 3, . . .). (6)

Доведена абсолютна та рiвномiрна збiжнiсть цих рядiв у деякiй областi. Вивчається питання
про порядок групи Лi розглянутих рухiв.
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Дослiджуючи майже контактнi многовиди, К.Яно, С.Хоу i В.Чен [1] дiйшли до поняття
квадриструктури, структурний афiнор якої задовольняє рiвнянню φ4 ± φ2 = 0.

Ми вивчаємо 3F-планарнi вiдображення [2] псевдо-рiманових просторiв (Vn, gij, F
h
i ) i (V n, gij, F

h

i )
з афiнорною структурою певного виду, основнi рiняння яких в загальнiй за вiдображенням
системi координат (xi) мають вигляд:

Γ
h

ij(x) = Γhij(x) +
3∑

s=0

s
q(i(x)

s

F h
j)(x),

де
◦
F h
i = δhi ,

1

F h
i = F h

i ,
2

F h
i =

1

Fα
i

1

F h
α ,

3

F h
i =

2

Fα
i

1

F h
α ,

s

F h
i (x) =

s

F
h

i (x),

F h
αF

α
β F

β
δ F

δ
i + F h

αF
α
i = 0, giαF

α
j = −gjαFα

i , F h
i,j = F h

i|j = 0,

Γhij, Γ
h

ij - компоненти об’єктiв зв’язностi Vn i V n, вiдповiдно;
s
qi(x) - деякi ковектори; F h

i -
афiнор; <,>, < | > - знаки коварiантної похiдної в Vn i V n.

Ми довели, що за таких умов на афiнор простори Vn i V n є локально зведеними i мають
вигляд добутку

Vn = Vm × Vn−m, V n = V m × V n−m,

до того ж на компонентах цього добутку 3F-планарне вiдображення f : Vn −→ V n iндукує F-
планарне вiдображення [3] f1 : Vm −→ V m параболiчно келерових просторiв [3] i F-планарне
вiдображення f2 : Vn−m −→ V n−m елiптично келерових просторiв [3].
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Розглядається система нелiнiйних рiзницево-функцiональних рiвнянь вигляду

x (qt) = Λx (t) + f (t, x (t+ 1)) , (1)

у випадку, коли виконуються наступнi умови:

(1) Λ - дiйсна (n× n)-матриця вигляду Λ = diag (Λ1,Λ2), де Λ1,Λ2 - дiйснi (p× p) та
(r × r)-матрицi (p+ r = n), det Λ 6= 0. f : R× Rn → Rn,
f (t, x (t+ 1)) = (f 1 (t, x1 (t+ 1) , x2 (t+ 1)) , f 2 (t, x1 (t+ 1) , x2 (t+ 1))) , q - деяка

дiйсна додатна стала.
(2)

|f 1 (t, x̄1, x̄2)− f 1 (t, ¯̄x1, ¯̄x2)| ≤ l1 (|x̄1 − ¯̄x1|+ |x̄2 − ¯̄x2|) ,
|f 2 (t, x̄1, x̄2)− f 2 (t, ¯̄x1, ¯̄x2)| ≤ l2 (|x̄1 − ¯̄x1|+ |x̄2 − ¯̄x2|) ,

де l1, l2 - деякi додатнi сталi, що залежать вiд l(l1 = l1 (l) , l2 = l2 (l) , l1 → 0, l2 → 0 при l→ 0).
Тодi система рiвнянь (1) запишеться у виглядi

{
x1 (qt) = Λ1x

1 (t) + f 1 (t, x1 (t+ 1) , x2 (t+ 1)) ,
x2 (qt) = Λ2x

2 (t) + f 2 (t, x1 (t+ 1) , x2 (t+ 1)) ,
(2)

де x1 = (x1, ..., xp) , x
2 = (xp+1, ..., xp+r) , f

1 = (f1, ..., fp) , f
2 = (fp+1, ..., fp+r) .

Богдан Фещенко, [09.05.2022 15:04] Виконавши в (2) взаємно-однозначну замiну змiнних

x1 (t) = y1 (t) + γ̃1 (t) ,
x2 (t) = y2 (t) + γ̃2 (t),

де γ (t) = (γ̃1 (t) , γ̃2 (t)) - неперервний обмежений розв’язок системи (2), отримаємо систему
рiвнянь {

y1 (qt) = Λ1y
1 (t) + F 1 (t, y1 (t+ 1) , y2 (t+ 1)) ,

y2 (qt) = Λ2y
2 (t) + F 2 (t, y1 (t+ 1) , y2 (t+ 1)) .

(3)

Вектор-функцiї F 1 (t, y1, y2) , F 2 (t, y1, y2) задовольняють умовi 2. i F 1 (t, 0, 0) ≡ 0, F 2 (t, 0, 0) ≡
0. Для системи (3) доведена наступна теорема.
Теорема. Нехай виконуються умови 1-2 i умови:
3. 0 < λi < 1 < λj, i = 1, 2, . . . p, j = p+ 1, 2, . . . n, 0 ≤ p ≤ n, q > 1;
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4. θ = max
{

2l1
1−λ∗ ,

2l2
λ∗−1

}
< 1, де 1 > λ∗ > max {λi, i = 1, . . . , p}, 1 < λ∗ < min {λi, i = p+ 1, . . . , n}.

Тодi система рiвнянь (3) має сiм’ю неперервних обмежених при t ≥ T > 0 (Т - деяка до-
статньо велика додатна стала) розв’язкiв у виглядi рядiв

y1(t) =
∞∑

i=0

y1
i (t), y

2(t) =
∞∑

i=0

y2
i (t),

де y1
i (t), y

2
i (t), i = 0, 1, ... - деякi неперервнi обмеженi при t ≥ T > 0 вектор-функцiї.

Лiтература

[1] Пелюх Г.П. К теории систем линейных разностных уравнений с непрерывным аргументом // Докл. АН.
– 2006. – 407, №5 – С. 600 – 603.

[2] Єрьомiна Т.О. Про побудову неперервних розв’язкiв систем нелiнiйних рiзницево-функцiональних рiв-
нянь. // Вiсник Київського нацiонального унiверситету iменi Т. Шевченка. Серiя: Фiзико-математичнi
науки. – 2015. – №2. – С. 71-74.



62

F-планарнi вiдображення майже симплектичних
многовидiв

Юлiя Хабарова
(ОНУ, Одеса, Україна)

E-mail: yulia-habarova@stud.onu.edu.ua

Iрина Курбатова
(ОНУ, Одеса, Україна)

E-mail: irina.kurbatova27@gmail.com

Андрiй Соловйов
(ОНУ, Одеса, Україна)

E-mail: andrey-solovyov@stud.onu.edu.ua

Ми вивчаємо F-планарнi вiдображення (псевдо-)рiманових просторiв з афiнорною стру-
ктурою певного типу ([2]).

В рiмановому просторi (Vn, gij) афiнор F h
j визначає симплектичну структуру([3]), якщо

поле тензора типу (0, 2) Fij = Fα
j gαi задовольняє умовам:

Fij,k + Fjk,i + Fki,j = 0, Fij + Fji = 0, Fij = Fα
j gαi, |F h

i | 6= 0,

де знак коварiантної похiдної в просторi Sn.
Мы обираємо структуру бiльш загального типу, вiдмовляючись вiд вимоги невирожденостi

афiнора. Будемо називати її майже симплектичною, а (псевдо-)рiмановий простiр з такою
структурою - майже симплектичним.

Далi ми дослiджуємо F -планарнi вiдображення псевдо-рiманових просторiв Vn i V n в
припущеннi, что афiнор F визначає майже симплектичну структуру на Vn i V n. Їх основнi
рiвняння мають вигляд

Γ
h

ij(x) = Γhij(x) + ψ(i(x)δhj)(x) + ϕ(i(x)F h
j)(x),

де Γ
h

ij,Γ
h
ij - компоненти об’єктiв зв’язностi V n i Vn, ψi, ϕi - деякi ковектори. Доведена

Теорема 1. Майже симплектичний простiр (Vn, gij) допускає нетривiальне F-планарне
вiдображення тодi i тiльки тодi, коли в ньому iснує неособливий симетричний тензор aij
типу (0,2), який задовольняє диференцiальним рiвнянням

aij,k = − 1
ϕαF

α
i gjk −

1
ϕαF

α
j gik −

1
ϕiFjk −

1
ϕjFik,

Fα
i aαj = −Fα

j aαi

при деякому векторi ϕ1
i 6= 0.

Далi за допомогою aij ми отримуємо iнварiантне перетворення([4]) , яке пару майже
симплектичних просторiв, що знаходяться в нетривiальному F -планарному вiдображеннi,
перетворює в нову пару майже симплектичних просторiв, що також знаходяться в нетриви-
альному F -планарному вiдображеннi, але вiдповiдаючому iншому афiнору:

Γ
(
g, g, ϕ, F

)
:
(
Sn

ϕ,F7−→Sn
)
7−→

( 1

Sn
ϕ1,F 1

7−→
1

Sn
)
.

Завдяки цьому з’явилася можливiсть отримання великої кiлькостi прикладiв пар майже
симплектичних просторiв, якi знаходяться в F-планарному вiдображеннi.
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