International
Scientific Conference

Algebraic and Geometric
Methods of Analysis

Devoted to 160 anniversary of

Dvytro Grave
(25.08.1863 - 19.12.1939)
Academician of the Ukrainian
Academy of Sciences, the
first director of the Institute of
Mathematics of NAS of Ukraine

-
b

I BT

May 29 — June 1, 2023
Odesa, Ukraine



LIST OF TOPICS

e Algebraic methods in geometry

e Differential geometry in the large

e Geometry and topology of differentiable manifolds

e General and algebraic topology

e Dynamical systems and their applications

e Geometric and topological methods in natural sciences
e Geometric problems in mathematical analysis

ORGANIZERS

e Ministry of Education and Science of Ukraine

e Odesa National University of Technology

e Institute of Mathematics of the National Academy of Sciences of Ukraine
e Taras Shevchenko National University of Kyiv

e Kyiv Mathematical Society

SCIENTIFIC COMMITTEE

Bolotov D. (Kharkiv, Ukraine) e Konovenko N. (Odesa, Ukraine)
Bondarenko V. (Kyiv, Ukraine) e Maksymenko S. (Kyiv, Ukraine)
Boychuk O. (Kyiv, Ukraine) Mikhailets V. (Kyiv, Ukraine)
Boyko V. (Kyiv, Ukraine) Ostrovskyi V. (Kyiv, Ukraine)
Cherevko Ye. (Odesa, Ukraine) Petravchuk A. (Kyiv, Ukraine)
Dorogovtsev A. (Kyiv, Ukraine) Plaksa S. (Kyiv, Ukraine)
Drozd Yu. (Kyiv, Ukraine) Portenko M. (Kyiv, Ukraine)
Gerasymenko V. (Kyiv, Ukraine) Pratsiovytyi M. (Kyiv, Ukraine)
Fedchenko Yu. (Odesa, Ukraine) Savchenko O. (Kherson, Ukraine)
Kiosak V. (Odesa, Ukraine) Romanyuk A. (Kyiv, Ukraine)
Kochubei A. (Kyiv, Ukraine) Timokha O. (Kyiv, Ukraine)

ORGANIZING COMMITEE

Maksymenko S. (Kyiv, Ukraine) e Cherevko Ye. (Odesa, Ukraine)
e Konovenko N. (Odesa, Ukraine) e Osadchuk Ye. (Odesa, Ukraine)
Fedchenko Yu. (Odesa, Ukraine) e Sergeeva O. (Odesa, Ukraine)



80

Fermat—Torricelli sets of finite sets of points in
Euclidean plane

Illia Ovtsynov
(Taras Shevchenko National University of Kyiv, Kyiv, Ukraine)
E-mail: iliarkov@gmail . com

Definition 1 ([8]). Let (X, p) be a metric space and z1,...,x, € X be a finite collection of
points in X. A point T € X is called a Fermat—Torricelli point for x1, ..., x, whenever for
each x € X the following inequality holds true:

n

k=1 k

=1

Definition 2. Fermat—Torricelli set for fixed points {z1,:..,z,} is a set of all Fermat—
Torricelli points for this collection of points.

In the case when X = R" is the Euclidean space with the standard metric, then for every
finite collection of points 1, ..., z, € R” the set ofits Fermat—Torricelli points is non-empty,
convex and compact. The problem of finding the Fermat—Torricelli set is-called the Fermat—
Torricelli problem.

This problem has both geometric and probabilistic interpretation. We can describe discrete
probabilistic space Q = {x1,...,x,} with a probabilistic measure P on it, so that Vk €

1
{1,...,n} : P(xy) = e If for any xy € (X,p) we define a random variable &, (z) =

p(x,z0), x € €, then Fermat—Torricelli set is the set of those zy € (X, p), for which random
variable §,, has the least mathematical expectation.

Theorem 3. Let A be the Fermat—Torricelli set for a collection {x1,...,x,}, and B be the
Fermat—Torricelli set for a collection {y1,...,yr} in Euclidean metric space (R™,p) with

standard metric. Assume that all points xq,...,ZTn, y1,...,Yr are mutually distinct. Then if
AN B # @, then A( B is the Fermat—Torricelli set for {x1,...,Tn,y1,...,Yr}

Since now we will name BEuclidean metric space (R?, p) with standard metric merely Eu-
clidean plane.

Corollary 4. If mutually distinct points x1, xs, T3, x4 in the Euclidean plane are vertices of
a convex. quadrilateral, then the point of intersection of its diagonals is a unique Fermat—
Torricelli point for xy, a2, 3, 4.

Corollary 5. Let xq, %9, 3, x4 be mutually distinct points in the Fuclidean plane laying on
the same line in the given order. Then Fermat—Torricelli set of these points is the following
set

A=A{ars+ (1 — a)zs|a € [0;1]}.

Corollary 6. Let x1,x9,x3 be the vertices of some triangle in the Euclidean plane, and x4 be
some.other point which lays on the side of triangle between xo and x3. Then x4 is a unique
Fermat—Torricelli point of x, xs, T3, T4.
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Corollary 7. Let A1Asy... A, be a regular polygon with an even number of vertices. Then
its center of gravity is a unique Fermat—Torricelli point of its vertices.

Theorem 8. Let x1,...,x,,n > 3 be distinct points in the FEuclidean plane. Then the
following statements hold.

1) If 1, ..., 2, lay on the same line in the given order and n is any even number, then
the set

A= {x€X|x:axg+(1—Oé)$g+1,Oé€ [0; 1]}

18 a Fermat—Torricelli set for them.
2) If x1,...,x, lay on the same line in the given order and n is an odd number, then the
point Tnoiyy is a Fermat—Torricelli set for them.

3) If x1,..., 2, do not lay on the same line, then their Fermat—Torricelli point is unique.

Lemma 9. There is a unique point inside of triangle from which every side of triangle is
vistble under angle 120° if and only if every angle of this triangle is less than 120°.

Different sources name this point in different ways: Fermat point, Torricelli point, and even
Steiner point [8]. We will define it as Steiner point for respective triangle.

Theorem 10 ( [8]). Let x1,xq,x3 be vertices of triangle in Fuclidean plane every angle of
which is less than 120°. Then the Steiner point for this triangle is a unique Fermat—Torricelli
point for xi,xs, T3.

Theorem 11 ( [8]). Let xy1,x9, 23 be wertices of triangle in Buclidean plane one of whose
angles is not less than 120°. Then the vertice, whose angle of triangle is not less than 120°,
is a unique Fermat—Torricelli point of its vertices.

REFERENCES

[1] L. Dalla, “A note on the Fermat—Torricelli point of a d-simplex,” J. Geom., vol. 70, no. 1-2, pp. 38-43, 2001.

[2] A. N. Zachos, “An analytical solution of the weighted Fermat—Torricelli problem on the unit sphere,” 2014.

[3] A. Zachos and G. Zouzoulas, “The weighted Fermat—Torricelli problem for tetrahedra and an “inverse”
problem,” Journal of Mathematical Analysis and Applications, vol. 353, pp. 114-120, May 2009.

[4] F. Plastria, “Four-point Fermat location problems revisited. New proofs and extensions of old results,” IMA
Journal of Management Mathematics, vol. 17, pp. 387-396, Oct. 2006.

[5] S./S. Dragomir, D. Comanescu, and E. Kikianty, “Torricellian points in normed linear spaces,” J. Inequal.
Appl., pp. 2013:258, 15, 2013.

[6] S. D. Nguyen, “Constrained Fermat—Torricelli-Weber Problem in real Hilbert Spaces,” 2018.

[7] J. Sekino, “n-ellipses and the minimum distance sum problem,” Amer. Math. Monthly, vol. 106, no. 3, pp.
193-202, 1999.

[8] V. Boltyanski, H. Martini, and V. Soltan, Geometric Methods and Optimization Problems. Springer US,
1999.



136

E. Lytvynov Lie structures of the Sheffer group over a Hilbert space

R. El Maaouy, D. Bennis, L. Oyonarte, J. R. G. Rozas The
Gorenstein flat model structure relative to a semidualizing module

O. Makarchuk On the structure of the distribution of one random series.

S. Maksymneko Homotopy types of diffeomorphisms groups of simplest
Morse-Bott foliations on lens spaces

Iu. Marko Spaces of idempotent measures with countable support

S. Marouaniv SKT hyperbolic and Gauduchon hyperbolic compact complex
manifolds

N. Mazurenko, M. Zarichnyi Invariant x-measures

M. Mhamdi Hélder Continuity of Generalized Harmonic Functions in the
Unit Disc

L. Michalak Reeb graph invariants of Morse functions, manifolds and groups

P. Mormul Car+trailers’ systems are locally nilpotentizable (a Trieste 2000
conference revisited)

J. Morris Degree theory for proper Ot Fredholm mappings with applications
to boundary value problems on the half line

S. Myroshnychenko, K. Tatarko, V. Yaskin How far apart can the
projection of the centroid of a convex body and the centroid of its projection be?

M. Nesterenko Contractions of representations and realizations of Lie
algebras

Yu. Nikolayevsky Geodesic orbit pseudo Riemannian nilmanifolds

Z. Novosad, A. Zagorodnyuk The conditions of hypercyclicity of weighted
backward shifts

T. Obikhod Studying the properties of a superpotential using algebraic
equations

P. O. Olanipekun On critical submanifolds of the Willmore energy in four
dimensions

L..Ovtsynov Fermat—Torricelli sets of finite sets of points in Fuclidean plane

C. A. Pallikaros Degenerations of complexr associative algebras of dimension
three

J. F. Peters, F. Peu, J. Zia Several forms of the geometric
Lusternik-Schnirel’mann category

58

60

61

62

62

63

66

67

69

70

70

71

73

74

75

76

78

80

82

82



