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Constructive description of G-monogenic mappings in the algebra of
complex quaternions

Tetyana Kuzmenko
(Institute of Mathematics of NAS, Kyiv)
E-mail: kuzmenko.ts150gmail.com

Let H(C) be the quaternion algebra over the field of complex numbers C, whose basis consists of the
unit 1 of the algebra and of the elements I, J, K satisfying the multiplication rules:

I’=J?=K?=-1,
lJ=—-JI=K, JK=-KJ=1, Kl=-IK=.
In the algebra H(C) there exists another basis {e1, ez, €3, €4} such that multiplication table in a new
basis can be represented as

e feafes]ed]
€1 €1 0 €3 0
esll 0 |ea| 0 |ey
€3 0 €3 0 €1
eslleg| 0 leg| O

The unit of the algebra can be decomposed as 1 = e + es.
Let us consider the vectors

i1 =e1 + e, iz =aier+age, i3=bier + beey, (1)
where ay, b, € C, k = 1,2, which are linearly independent over the field of real numbers R. It means
that the equality aqi1 + aois + agiz = 0 for aq, ao, g € R holds if and only if a; = as = a3 = 0.

In the algebra H(C) we consider the linear span
Es :={( =zi1 + yia + zi3 : x,y,z € R}

generated by the vectors i1, 12,13 over the field R.
In the paper [1] we introduced a new class of quaternionic mappings, so-called, G-monogenic mappings.
A continuous mapping ® : O — H(C) (or > Q¢ — H(C)) is right-G-monogenic (or left-G-
monogem'c) in a domain Q, C E3, if ® (or @) is differentiable in the sense of the Gateaux at every point
of Q¢, i. e. for every ¢ € €1 there exists an element '(¢) € H(C) (or () € H(C)) such that

lim (@(g +eh) — @(g))gl = hd'(C) Vhe Es

: F F -1 _ &
<or lim (@(g teh) — @(g)) el =3 (Oh Vhe E3>.
We introduce linear functionals f; : H(C) — C and f : H(C) — C by setting

filer) = fi(es) =1, fi(e2) = fi(es) =0,

fa(e2) = faled) =1, fa(e1) = fa(es) = 0.
Denote by fr(Es3) := {fx(¢) : ¢ € E3} for k=1,2.
Note that the points (z,y, z) € R? corresponding to the non-invertible elements ¢ = @iy +yis+ziz € E3
lie on the straight lines

Lt x4+ yRea; + 2zReb; =0, ylma; + zImb; = 0,
L?: x4+ yReas + zRe by = 0, ylmas + zIm by = 0

in the three-dimensional space R3.
Denote by
Dy = fl(QC) C (C, Dy = fg(QC) c C.
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In the following theorems we established constructive description of all G-monogenic mappings using
four analytic functions of the complex variable.

Theorem 1. Let a domain 2 be convex in the direction of the straight lines L' and L? and let f1(F3) =
f2(Es3) = C. Then every right-G-monogenic mapping ® : Q¢ — H(C) has the form

O(Q) = Fi(&1)er + Fa(&2)ex + F3(&1)es + Fu(&a)ea,

where F1 and F3 are functions of the variable & := x + yay + zby analytic in the domain Dy, and Fy
and Fy are functions of the variable & := x + yas + zby analytic in the domain Ds.

Theorem 2. Let a domain Q be convex in the direction of the straight lines L' and L? and let f1(E3) =
f2(E3) = C. Then every left-G-monogenic mapping ® : Q¢ — H(C) has the form
() = Fi(&1)er + Fa(&2)ea + F3(&2)es + Fu(&r)eu,
where ﬁl and ﬁ4 are functions of the variable & = x + yay + zby analytic in the domain Dy, and ﬁg
and F3 are functions of the variable £ := x + yag + zby analytic in the domain Do.
REREFENCES
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