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Rational factorization of Lax type flows in the space dual
to the centrally extended Lie algebra of matrix
super-integro-differential operators

O.Ye. Hentosh
(Pidstryhach Inst. for Applied Problems of Mech. and Math., NASU, Lviv, Ukraine)
E-mail: ohen@ukr.net

In papers of A. Prykarpatski, O. Hentosh and their coauthors the Lie-algebraic approach to the
rational factorization of Lax type flows in spaces dual to certain operator Lie algebras and central
extensions of some of them is developed for the central extension of the Lie algebra [1] of matrix
super-integro-differential operators with one anticommuting variable.

Let us consider the Lie algebra g which consists of matrix super-integro-differential operators
such as A 1= 107+ > _, A,Dy, where A, € C=(S x Ay; gl(m|n)), gl(in|n)) is a semi-simple Lie
superalgebra of square supermatrices, A, = A,(x,0) := Ag(a:) + QAZI)(Q?), p € 7, the supermatrices
A, are even for every even p and odd for every odd p, 1 € gl(m + n) is an unit matrix, ¢ € N,
0=0/0x,x € S~R/2rZ, 0 € A1, A := Ay ® Ay is a Grassmann algebra over the field C C Ay,
Dy := 0/00 +00/0x is a superderivative, for which D3 = /8, and 0/90 is a left partial derivative
by the anticommuting variable 8, with the standard commutator [.;.], acting by the rule:

A, Bl=AoB—-BoA, ADBEg, (1)

where symbol 70" denotes the product of two matrix super-integro-differential operators (see [1]).
The scalar product (A, B) = [ _cdx [ df sSpresp, (AB), where "resp,” denotes the coefficient at
Dy ' in the expansion of a matrix super-integro-differential operator and ”sSp” is a supermatrix
supertrace, being invariant with respect to the commutator (1), allows us to identify the dual
space g* to g, with the Lie algebra itself. The latter is splitting into the direct sum g :=g, & g_ of
two its Lie subalgebras, where g, is a Lie subalgebra of formal polynomials by the superderivative
operator with supermatrix-valued coefficients, and g% ~g_, g* ~g,.

One constructs the central extension g := g@ C of parameterized Lie algebra g := Hyeg g by the
Maurer-Cartan two-cocycle’on g such as wy(A, B) = fyGS dy (A,0B/dy), where A, B € g, with the
commutator

[(‘A’ d)? (B> 6)] N (["47 B]’ WQ(A’ B))a (A> d)a (Bv 6) €g,
and introduces another commutator on g in the form
[(A7 d)? (Bv 6)]R = (["47 B]Ra WQ,R(A7 B))7 (2)
[.A, B]R = {R.A, B] + [.A, RBL CL)QJQ(.A, B) = WQ(R.A, B) + W2(A, RB),
where R = (P, — P_)/2 and Py are projectors on the Lie subalgebras g.. On the space g*, dual

to g with respect to the secalar product ((A,d), (B,e)) = fyeS dy (A, B) + de, the commutator (2)
determines the Lie-Poisson bracket

{3 r() = [, dy (1 [Viv(D), Vep(D]r) + cwa(Viy (1), Veu(D)) = (Viy(1), ©Vep(D)),  (3)

where 7, 1 € D(g*) are arbitrary smooth by Frechet functionals on g* ~ g, at a point (/,¢) € g*.
Here [ € g* is some matrix super-integro-differential operator of order ¢ € N, ¢ € C, V,, V,. are left
and right gradient operators accordingly, © : T*(g*) — T'(g*) is the Poisson operator generating the
Lie-Poisson bracket (3) at a point [ € §* and acting as © : V() — —[l — c19/dy, (Vy())-] + [l —
c10/0y, V~(1)]- for any v € D(g*), the subscript "—" denotes the projection of the corresponding
element from g on the Lie subalgebra g_ := [, s g-, and T(g"),T"(g") are tangent and cotangent
spaces to g*.
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The Casimir functionals v; € Z(g*), j € N, of the central extension g, whose left gradients obey
the equalities such that [l — c10/0y, Viv;(1)] = 0, where Vi;(1) := 107 + > _,. A;,Dp, A;, are
supermatrix-valued functions of suitable parity, j € N, p € Z, p < 2j, at a point (I, ¢) € g*, and the
R-deformed Lie-Poisson bracket (3) give us the hierarchy of Lax type Hamiltonian flows on g* ~ g:

dl/dtj = [(VIPYJ(Z)DJM l— Cla/ay]a JEN, tj € R,

where the subscript "+” denotes the projection of the corresponding element from g on the Lie
subalgebra g, := [] yes 8+ One considers another hierarchy of Lax type Hamiltonian flows on the
dual space g*:

dl/dtj = [(vl’}/](l))Jm L — Cla/ay]7 J €N, tj € R,

for some matrix super-integro-differential operator [ e g* of order g € N, which is related with the
operator [ € g* by the generalized gauge transformation

1(0) — ¢18/dy = B(0)~1(1(0) — ¢10/y)B(0), (4)

where B(0) € g, is a matrix superdifferential operator of order s € N with constant coefficients, at
the initial moment of the time ¢; € R for every j € N.

Theorem 1. If for every j € N at the initial moment of the time t; € R matriz super-integro-
differential operators l,1 € g* of order ¢ € N are related by the relationship (4), there exist such
matrix superdifferential operators of orders q + s and's accordingly, where s € Z., s < q, that the
equalities

l=AB™, [=B'(A—-coB/oy) (5)
hold. The operators A, B € g, satisfy the following systems of evolution equations

dA/dt; = (Vi (1) + A = AV (D)4 — c(0(Vy;(1))+/0y) B,

dB/dt; = (Viv;(1))+ B~ B(Viy;(l)+, jeN, (6)

which possess an infinite sequence of the conservation laws H; € D(g, X g+), j € N, in the form

Hi(A,B) :=vi(l)|i=ag—1 = Vj(l)|Z:B—1(AchB/6y)'

The equalities (5) determine the Backlund transformation

P:(AB)egxg— (,l)egag (7)
Theorem 2. For every j € N the system of evolution equations (6), given on the subspace g, xXg, C
g x g, is Hamiltonian with respect to the Poisson bracket {.,.}., which arises as a reduction of the
Poisson bracket {.,.}z with the corresponding Poisson operator L : T*(g x g) — T(g x g) such as
L= (P) ' (®@®O)(P*)!, where ©,0 : T*(g x §) — T(g x &) are Poisson operators generating
the Lie-Poisson bracket {.,.}r at points [, [ € & accordingly, P : T* (g"dg) »>T*(gxg) is an
operator adjoint to the Frechet derivative P': T(gx g) — T(g*®Dg") of the Backlund transformation
(7) and (P*)7Y is an operator inverse to P', on g, x g, and the Hamiltonians H; € D(gy X &),
jeN:

H;(A,B) := ’Yj(l)!l:AB—l + ’yj(l)lf:B*l(A—caB/ay)'

The reductions of the hierarchy (6) on the coadjoint action orbits for the central extension g with
taking into account the Backlund transformation (7) lead to new integrable hierarchies of nonlinear
dynamical systems on matrix functional supermanifolds of two commuting and one anticommuting
independent variables, being Hamiltonian ones and possessing infinite sequences of conservation
laws.
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The some solution of the Bryan-Pidduck equation
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The nonlinear integrodifferential Boltzmann equation [1] that describes the evolution of rarefied
gases is one of the main equations of the kinetic theory of gases. The Boltzmann equation for the
model of rough spheres (or the Bryan—Pidduck equation) has the form

D(f) = Q(fsf); (1)
D) = el 50 ) 2
Q(f,f)zd;/mdvl/mdwl/EdaB(V—Vl,&) -

f(t7 ‘/vl*ax>wr)f(t7 V*ax7W*) - f(t7 V,[IZ',(JJ)f(t, ‘/173770‘-)1) .

The problem of determination of the exact and approximate solutions of the Bryan—Pidduck
equation in the explicit form is quite urgent. At present, the sole known exact solution of the
Boltzmann equation is-an expression usually called the Maxwell distribution or simply Maxwellian
(after J. C. Maxwell; Scottish physicist). In the case of Maxwellians M, we get

D(f) =0, Q(f.f)=0. (4)
The solution to this equation (1)-(3) will be look for in the next form

J(t, 2, V,w,u) = / o(t, 2, u) M(V,w, u)du. (5)
R3

As a measure of the deviation between the parts of equation (1) we will consider a uniform-
integral error of the form:

= sup /dV/ dw‘D O (6)
(t,z)eR* JR3 R3

In the paper |2], we were obtained sufficient conditions for the coefficient functions and hydrody-
namic parameters appearing in the distribution, which enable one to make the analyzed error (6)
as small as desired.
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