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About one problem of the Gauss-Kuzmin type
Oleh Makarchuk

(Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine)
E-mail: makolpet@gmail.com

Let [a0; a1, ..., an, ...] — continued fraction, where a0 ∈ Z+, aj > 0 for all j ∈ N . Consider left
shift operator

T ([0; a1, a2, ..., an, ...]) = [0; a2, a3, ..., an+1, ...].

Let fn(x) = λ(T−n((0; x])), where x ∈ (0; 1], λ(·) — Lebesgue measure. The problem of finding
f(x) = lim

n→+∞
fn(x)

for classical continued fractions was posed by Gauss. Kuzmin [1] showed that f(x) = log2(x + 1)
and

|fn(x)− log2(1 + x)| ≤ Cβ(nη) ∀x ∈ (0; 1]

for η = 0, 5 some C > 0 and β ∈ (0; 1). Levy [2] showed that it is possible to take β = 0, 7 and
η = 1. Wirsing [4] showed that, for the constant γ ≈ 0, 3037

ψ(x) = lim
n→+∞

fn(x)− log2(1 + x)

(−γ)n ∀x ∈ (0; 1],

where ψ(x) — analytic function.
It is known [3] that for each t ∈ [0, 5; 1] there exists a sequence (bn) such that bn ∈ {0, 5; 1} for

all n ∈ N and t = [0; b1, ..., bn, ...]. The last image is called A2-image. A countable set of numbers
t ∈ [0, 5; 1] has two A2-images.
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Theorem 1. For A2-image the following conditions are true for some numbers C1 > C2 > 0 and
for each n ∈ N
|fn+1(x1)−fn+1(x2)| = |fn((1+x1)−1)−fn((1+x2)−1)|+|fn((0, 5+x1)−1)−fn((0, 5+x2)−1)|∀x1, x2 ∈ [0, 5; 1];

C2|x2 − x1| ≤ |fn(x1)− fn(x2)| ≤ C1|x2 − x1| ∀x1, x2 ∈ [0, 5; 1], x1 ≤ x2.
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Homotopy types of stabilizers of Morse-Bott functions on
3-manifolds

Sergiy Maksymenko
(Institute of Mathematics of NAS of Ukraine)

E-mail: maks@imath.kiev.ua

Let M be a smooth 3-manifold, D(M) be the group of all C∞ diffeomorphisms of M . For every
smooth function f :M → R denote by

S(f) = {h ∈ D(M) | f ◦ h = f}
the stabilizer of f with respect to the natural action of D(M) on the space of all C∞ functions
on M . It consists of diffeomorphisms leaving invariant each level set of f . Endow S(f) with the
corresponding strong C∞ Whitney topology.

Let B be a submanifold of M . Then a regular neighborhood of B is a vector bundle p : E → B
defined on an open neighborhood E of B in M and being a smooth retraction onto B. In that case
a function g : E → R is called 2-homogeneous if g(tx) = t2g(x) for all x ∈ E and t ≥ 0.
Definition 1. Say that a Morse-Bott function f : M → R is 2-homogeneous if for every critical
submanifold B of f of dimension 1 and 2 there exists a tubular neighborhood p : E → B and a
2-homogeneous on fibers function g : E → R such that f = g near B.

Notice that in general (due to Morse-Bott lemma) f is 2-homogeneous only locally at each critical
point x of f .

Now let f : M → R be a C∞ Morse-Bott function taking constant values at boundary components
of M . Let also Γ be the Kronrod-Reeb graph of f , being the quotient of M by the partition into
connected component of every level set of f , and p :M → Γ be the natural projection.

Say that an edge e of Γ is internal if its vertices have degrees ≥ 2, i.e. they correspond to non-
extremal critical submanifodls of f . At each edge e of Γ fix a point xe and put Ne = p−1(xe). Thus,
Ne is a closed subsurface of M on which f takes a constant value.
Theorem 2. Let f : M → R be a 2-homogeneous Morse-Bott function. Let also n be the total
number of those Ne for which

• the edge e is internal and
• Ne is a 2-sphere or a projective plane.
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