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The Vladimirov-Taibleson pseudo-differential operator Dα plays a role of a differential operator
in the p-adic analysis (see [1, 3]). The analogue of the wave equation for radial functions in t on
non-Archimedean spaces

Dα
t u−Dα,n

x u = 0 (1)
was studied in [2].

In present work the fundamental solution of a more general Cauchy problem for the functions
of two p-adic variables, radial in t, was found. The main result is stated in Theorem 2. Theorem 3
proves the uniqueness of the solution in the Lizorkin space of locally constant functions Φ(Qn

p ),
and Theorem 4 gives an estimate of the norm of the solution in L1-space.

Let 0 < α < 1, β > 0. Consider the eigenvalue problem
Dαu = λu, λ = pβN , N ∈ Z, (2)

where u is not identically zero.
We also suppose that

β = Kα for some K ∈ N. (3)
Proposition 1. If the condition (3) holds, the equation (2) has the set of solutions in Φ(Qp) of
the following form for N ∈ Z:

uN(t) =





CNp
KN(1− 1

p
), |t|p ≤ p−KN ;

−CNpKN−1, |t|p = p−KN+1;
0, |t|p ≥ p−KN+2.

(4)

Let 0 < α < 1, β > 0. We consider the Cauchy problem
Dα

|t|pu(|t|p, x)−Dβ
xu(|t|p, x) = 0, (t, x) ∈ Q+

p ×Qn
p , (5)

u(0, x) = u0(x), x ∈ Qn
p , (6)

where u = u(|t|p, x) is a radial function with respect to t, n ≥ 1.
Theorem 2. Let 0 < α < 1, β > 0 such that the condition (3) holds. Suppose that the function
u0 is in Φ(Qp)

n. Then the Cauchy problem (5)-(6) has a solution u = u(|t|p, x), radial in t, that
belongs to the space Φ(Q+

p ) for each x ∈ Qp, and belongs to Φ(Qn
p ) for each t ∈ Q+

p .
If the condition (3) does not hold, then the equation (5) has only a zero solution u(t, x) ≡ 0,

t, x ∈ Q+
p ×Qp.
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The solution built in the proof of Theorem 2 has the following form
u(|t|p, x) = (F−1

ξ→xû)(|t|p, x) =
(
(F−1

ξ→xb) ∗ u0
)
(|t|p, x), (t, x) ∈ Q+

p ×Qn
p , (7)

We consider the problem (5)-(6) in the class of generalized functions, radial in t.
Denote by Φ′(Q+

p ,Φ
′(Qn

p )) the set of distributions over the test function space Φ(Qn
p ), with values

in Φ′(Qn
p ).

Theorem 3. Let F ∈ Φ′(Q+
p ,Φ

′(Qn
p )) be a generalised solution of the equation (5), that is

〈〈F,Dα
t ϕ1〉, ϕ2〉 = 〈〈F, ϕ1〉, Dβ

xϕ2〉,
for any ϕ1 ∈ Φ(Q+

p ), ϕ2 ∈ Qp. If F is radial in t, then F ∈ D(Q+
p ,Φ

′(Qn
p )). If, in addition,

F (0, x) = 0, then F (t, x) ≡ 0.
It follows from Theorem 3 that the solutions of the Cauchy problems constructed in Theorem 2

are unique in the class of radial in t, bounded locally constant functions.
Theorem 4. Suppose that the conditions of Theorem 2 hold. Then the solution of the problem
(5)-(6), defined in (7), satisfies the following estimate in L1(Qn

p ) in variable x
||u(|t|p, ·)||L1(Qn

p ) ≤ p2nγ||u0||L1(Qn
p ), (8)

where γ ≥ 2

K
is a positive constant.
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In this paper we shall follow the semigroup terminology of [5].
By ω we denote the set of all non-negative integers.
Let P(ω) be the family of all subsets of ω. For any F ∈ P(ω) and any integer n we put

n + F = {n + k : k ∈ F} if F 6= ∅ and n + ∅ = ∅. A subfamily F ⊆ P(ω) is called ω-closed if
F1 ∩ (−n+ F2) ∈ F for all n ∈ ω and F1, F2 ∈ F . For any a ∈ ω we denote [a) = {x ∈ ω : x ⩾ a}.

On the set Bω = ω × ω we define the semigroup operation “·” in the following way

(i1, j1) · (i2, j2) =
{

(i1 − j1 + i2, j2), if j1 ⩽ i2;
(i1, j1 − i2 + j2), if j1 ⩾ i2.

It is well known that the bicyclic monoid is isomorphic to the semigroup Bω.
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