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We carry out the complete group classification of the class F of Kolmogorov backward equations
with power diffusivity

Fαβ : ut + xuy = |x− α|βuxx,

where α and β are arbitrary real parameters, by solving the same problem for the class F ′ of the
equations of the form

F ′
β : ut + xuy = |x|βuxx,

with β remains to be the only arbitrary element in the class F ′. Using the modified version of
the direct method, we compute the equivalence groupoids G∼F and G∼F ′ of the classes F and F ′,
respectively, and consequently show that the class F ′ is semi-normalized in the usual sense. The
modification of the direct method is based on embedding both the classes F and F ′ into the class F̄
of ultraparabolic (1+2)-dimensional Fokker–Planck equations of the form

ut +B(t, x, y)uy = A2(t, x, y)uxx + A1(t, x, y)ux + A0(t, x, y)u+ C(t, x, y),

where the tuple θ̄ := (B,A2, A1, A0, C) of arbitrary elements of the class F̄ runs through the solution
set of the system of the inequalities A2 6= 0 and Bx 6= 0 with no restrictions on A0, A1 and C.
The equivalence groupoid of of the class F̄ was described in [1, 2] via presenting the equivalence
group of this class and stating that it is normalized, see [3] for required notions, results and further
references. We use the known determining equations for admissible transformations within the
superclass F̄ as the known principal constraints for admissible transformations within the classes
F and F ′. After explicitly constructing the groupoids G∼F and G∼F ′ , it is easy to show that the group
classification of the class F reduces to that of the class F ′.

The class F ′ admits a distinguished discrete equivalence transformation

J : t̃ = y sgnx, x̃ =
1

x
, ỹ = t sgnx, ũ =

u

x
, β̃ = 5− β,

which turns out to be the only point equivalence transformation essential for carrying out the
group classification of this class modulo the G∼F ′-equivalence.

The following chain of assertions provides the complete solutions to the group classification
problems for the classes F and F ′.
Theorem 1. (i) The point transformations S (c1): (t̃, x̃, ỹ, ũ, β̃, α̃) = (t, x+ c1, y+ c1t, u, β, α+ c1)
where c1 is arbitrary constant, constitute a one-parameter group of equivalence transformations of
the class F .
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(ii) The wide family of admissible transformations Sαβ :=
(
(α, β), π∗S (−α), (0, β)

)
of the class F

from the action groupoid of its equivalence group maps this class onto the class F ′ interpreted as
a subclass of F .

(iii) The point transformation J is a (discrete) equivalence transformation of the class F ′.
(iv) The class F ′ is semi-normalized with respect to the discrete equivalence subgroup generated

by J . In other words, the equivalence groupoid G∼F ′ of F ′ is the Frobenius product of the action
groupoid of this subgroup and the fundamental equivalence groupoid Gf

F ′ of F ′.
Corollary 2. (i) Different equations F ′

β and F ′
β̃
are similar with respect to point transformations

if and only if β + β̃ = 5.
(ii) Equations Fαβ and Fα̃β̃ are similar with respect to point transformations if and only if either

β̃ = β or β + β̃ = 5.
(iii) The equivalence groupoid G∼F of F is generated by admissible transformations Sαβ and

elements of G∼F ′. More specifically, for each admissible transformation
(
(α, β),Φ, (α̃, β̃)

)
of F , we

have Φ = π∗S (α̃) ◦ Φ̆ ◦ π∗S (−α) for some point transformation Φ̆ with (β, Φ̆, β̃) ∈ G∼F ′.
Theorem 3. The kernel Lie invariance algebra g∩F ′ of the equations from the class F ′ is

g∩F ′ = 〈P t,Py, I, (tx− y)∂u, x∂u, ∂u〉, where P t := ∂t, Py := ∂y, I := u∂u.

Any equation F ′
β from F ′ is invariant with respect to the algebra

ggenβ = 〈P t,Py, I,Dβ,Z(fβ)〉 with Dβ := (2− β)t∂t + x∂x + (3− β)y∂y, Z(fβ) := fβ∂u,

where the parameter function fβ = fβ(t, x, y) runs through the solution set of this equation, and β ∈
(−∞, 5/2] modulo the G∼

F ′-equivalence. the maximal Lie invariance algebra gβ of the equation Fβ
coincides with ggenβ if and only if β ∈ R \ {0, 2, 3, 5}. A complete list of G∼

F ′-inequivalent essential
Lie symmetry extensions in the class F ′ is exhausted by the following cases:

β = 2: g2 = ggen2 ∔ 〈K2〉 with K2 = 2xy∂x + y2∂y − xu∂u,

β = 0: g0 = ggen0 ∔ 〈K0,P3,P2,P1〉 with
K0 = t2∂t + (tx+ 3y)∂x + 3ty∂y − (x2+ 2t)u∂u,

P3 = 3t2∂x + t3∂y + 3(y − tx)u∂u, P2 = 2t∂x + t2∂y − xu∂u, P1 = ∂x + t∂y.

Corollary 4. The kernel Lie invariance algebra g∩F of the equations from the class F coincides
with that for the class F ′, g∩F = g∩F ′ Any equation Fαβ from F is invariant with respect to the
algebra

ggenαβ =
〈
P t,Py, I,Dαβ,Z(fαβ)

〉

with Dαβ := (2 − β)t∂t + (x − α)∂x +
(
(3 − β)y − αt

)
∂y, Z(fαβ) := fαβ∂u, and the parameter

function fαβ = fαβ(t, x, y) running through the solution set of this equation. Modulo the G∼F ′-
equivalence, we can assume β ∈ (−∞, 5/2], and a complete list of G∼F ′-inequivalent essential Lie
symmetry extensions in the class F is exhausted by the counterparts of those in the class F ′,
F00 and F02. An analogous list up to the G∼

F ′-equivalence consists of the equations F00, F02, F03

and F05.
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Integral problem for system of partial differential
equations of third order
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Let H(R+×Rn) be a class of entire functions on R, KL is a class of quasipolynomials of the form
ϕ(x) =

∑n
i=1Qr(x) exp [αrx], where αr ∈ L ⊆ C, αk 6= αl, for k 6= l, Qr(x) are given polynomials.

Each quasipolynomial defines a differential operator ϕ
(
∂
∂λ

)
of finite order on the class of entire

function, in the form
∑m

r=1Qr

(
∂
∂λ

)
exp

[
αi

∂
∂λ

] 
λ=0

.

In the strip Ω = {(t, x) ∈ Rn+1 : t ∈ {([T1, T2] ∪ [T3, T4]), x ∈ Rn}, we consider of the system of
equations

∂3Ui
∂t3

+
n∑

j=1

{
aij

(
∂

∂x

)
∂2Uj
∂t2

+ bij

(
∂

∂x

)
∂Uj
∂t

+ cij

(
∂

∂x

)}
Uj(t, x) = 0, (1)

∫ T2

T1

Uik(t, x)dt+

∫ T4

T3

Uik(t, x)dt = ϕik(x), k = 1, 2, 3, (2)
∫ T2

T1

tUik(t, x)dt+

∫ T4

T3

tUik(t, x)dt = ϕik(x). i = 1, ..., n, (3)
∫ T2

T1

t2Uik(t, x)dt+

∫ T4

T3

t2Uik(t, x)dt = ϕik(x). (4)

Where aij
(
∂
∂x

)
, bij

(
∂
∂x

)
, cij

(
∂
∂x

)
, are differential expression with entire symbols aij(λ) 6= 0, bij(λ) 6=

0, cij(λ) 6= 0.

Let be η(λ) =
∫ T2
T1
W n−1(t, λ)dt +

∫ T4
T3
W n−1(t, λ)dt is a certain function W (t, λ) is a solution of

equation
(
dn

dtn
+
∑n

i=1 ai(λ)
dn−i

dtn−i

)
W (t, λ) = 0, satisfies conditionsW n(t, λ)


t=0

= 1, W n−1(t, λ)


t=0

=

0, W (t, λ)


t=0

= 0.

Denote be P =

{
∆(λ) = 0, λ ∈ C

}
set zeros of function η(λ).

Theorem 1. Theorem. Let ϕik(x) ∈ KL, i = 1, ..., n, j = 1, ..., n then the class KL\P exist and
unique solution of the problem (1)-(4). Solution of the problem (1)-(4) can be represented in the
form

Ui(t, x) =
3∑

k=1

n∑

p=1

ϕkp

(
∂

∂x

){
1

η(λ)
Tkjp(t, λ)W (t, λ) exp[λx]

}
λ=0

,
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