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YOUNG'S PROBLEM AND ITS APPLICATION

Author: Kulesh Oleksandr
Advisor: Rusnak Mykola
Yuriy Fedkovych Chernivtsi National University (Ukraine)

Abstract. Today, millions of computers, phones, tablets, and other home
appliances work with mobile networks around the world. The problem of providing a
large number of devices with high-quality, fast, stable and inexpensive
communication is almost at the forefront. An important role in solving this problem is
played by the task of optimal, in a certain sense, placement of transceiver stations -
nodes of the mobile network.

Keywords: Young's Problem; placement of circles, covering the flat surface
with circles; minimum radius, minimum amount of circles.

I. INTRODUCTION

A circle 1s a part of a plane that lies inside a circle. In other words, this is the
locus of points on the plane, the distance from which to a given point, called the
center of the circle, does not exceed a given non-negative number R - called the
radius of this circle. If the radius is zero, then the circle degenerates into point [1]. A
point set is a {inite set of points in a plane with fixed coordinates. Coverage circle - a
circle of minimum radius, which includes all points of the population.

Jung's Problem is to construct a covering circle for a given point set. By
construction we mean the indication of the coordinates of the center of the circle and
its radius (diameter).

In this work an attempt is made to adapt a well-known method of constructing
a spanning circle of a point set on a plane of minimal diameter to solve such
problems [2]. An algorithm was built, a program was developed and the results of its
work were tested. Based on them, new tasks could be solved, which have important
practical applications.

The developed software product, as a result of the tests showed its full
efficiency. The product meets all functional requirements, interface requirements.
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The software was implemented using WebStorm 2019.3.1 on HTML, CSS and
JavaScript.

II. LITERATURE ANALYSIS

2.1. Problem statement Nel

A point set is defined on the plane, the elements of which are set by mobile
consumers who need a signal of at least a certain level. Anywhere in the plane, you
can install a repeater signal of any power network (range). There is a law of
attenuation of the repeater signal depending on the distance to it, and the price of the
repeater, depending on its power. It is necessary to choose a repeater of the lowest
cost (power), which would provide each consumer with a signal of the desired level
and indicate its location.

2.2. Problem statement Ne2

If we consider the problem Ne2 from a practical point of view, then placing
one global signal transmitter is expensive, energy-intensive, and the radiation will be
too strong in the area closest to it. Therefore, of course, we can consider another
problem - covering the point set on the plane with a minimum number of circles with
given radii, or covering the point set on the plane with a given number of circles with
minimum radii. In terms of the problem Nel, this means minimizing the number of
repeaters of a given power to provide each signal consumer with at least a certain
level, or choose the power of the repeater for this.

2.3. Where to begin

From [2], p. 122-130, we can summarize that from all the specified points by
the enumeration method, you can select three points, the circle standing on which will
also include all other points, and the radius will be minimal. They can be divided into
three types, of which the further development of algorithms will follow:

e acute-angled, all angles are less than 90 degrees, - all three points will
belong to a circle;

e obtuse, one angle is more than 90 degrees, - two sharp peaks will lie on the
circle, and the large side between them will be the diameter;

e right-angled triangles can be attributed to the second type, since the point
at the vertex of the right angle will lie on the circumscribing circle, and its
hypotenuse will be the diameter.

Thus, in the first case, the coordinates of the center of the circle can be found
from the coordinates of these points by the formulas (1) and (2)
_ 1ya(eg +y5 —x¢ —y8) + ys(ed + yé — xi — yd) + ye(xf + yi — x5 — y5)

Xo =

2 x4 —¥e) + xp(Ye — ¥a) + xc(Ya — y5)
yo =1 xa(xp+yp-x¢-yE)+xp(x¢+yé-xa-yi)+xc(xa+yA-X3—VB) [3]
072 xa(B=yc)+xp(¥yc—ya)+xc(ya—-yB)

In the second and third cases, the third point is not needed to calculate the
radius and center of the circle. Formulas for calculating the coordinates of the
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midpoint of a segment on the plane (3) and (4)

_ X +Xp Y +Yp
xo =Xty o Yt [4]

2

The number of all combinations of three points for the set n — C3 =n*(n-1)*(n-
2)/3, the number of combinations of two points, to find the largest radius — C2 =n*(n-
1)/2. Therefore in order to save computational resources and time, it is better to start
sorting out all combinations of two points.

III. METHODS OF RESEARCH
Before working methods and algorithms, we need to check the number of
points in total. If their number is two or more, the methods of finding and
constructing will work, in the case of one, the global circle will be this point, and the
circle with a fixed radius will fall into it.

3.1. Method for solving the problem Nel

We will find the largest distnce, draw a circle on it and check if all the points
belong to it. If yes, the task of building a global circle is solved - the center lies in the
middle of this segment and the radius is equal to half of it.

Otherwise, we will need to iterate over n-2 points to find the third and build a
circle on them according to formulas (1) and (2), the first two points were left from
an attempt to construct a circle by two points, since the largest segment will always
be included in final triangle.

It follows from this that the solution to the main Young’s problem can be found
in a minimum of n * (n-1) / 2 iterations and a maximum in n *(n-1)/2 + (n-2).

3.2. Method for solving the problem Ne2

The fixed / given radius imposes an additional condition that makes it
necessary to find a method for placing the minimum number of circles to describe all
points - this is the problem of covering a set [5].

Predetermined radius creates two possible situations: the radius is equal to or
greater than the global, which we found in the past method, and a radius less than the
global.

In the first case, after comparing the radii, we will place the center of the circle
with a fixed radius in the same place as the center of the global one.

In the second, we must place them so that the rules of the greedy algorithm [6]
are fulfilled: at each step we will place one circle that covers the maximum number of
not yet covered points until their number is equal to zero.

Since the possible positions of the placement of centers on a flat surface are
infinite, we will start from the same methods for finding a circle by two and three

(2D g),
2

where #n; i1s the number of points not yet covered at each step, m is the number of all

steps.

points. The time to find all circles is approximately equal to },/%4
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3.3. Software product that implements algorithms

Now our task is to bring the methods to life by writing algorithms that will
execute them.

To visually demonstrate the performance of the algorithms, we decided to write
in JavaScript and upload it as a website with a convenient interface to the online
platform GitHub: https://6mahdapihka9.github.io/Coverage Task v2/.

First of all, we will write the software modules that we will operate on. The
"Dot" class will have two coordinates, the coverage property and information about
the circle that dot was covered by.

class Dot{

constructor(_x, _y) {
if (_x == undefined && _y !== undefined) {
this.x=_x;
this.y =_y;
} else {
this.x = 0;
this.y =0;
}
this.covered = false;
this.coveredBy = undefined;
}

}

The class "Dist" includes two dots, and the already calculated value of the
distance.

class Dist {

constructor( v, dl, d2) {
this.value = v;
this.dotl = dl;
this.dot2 = d2;

H

}

The class "Circle" has coordinates and the value of the number of covered
points, so later determine which circle with a fixed radius to build.

class Circle {

constructor(_x, y) {

this.x = x;
this.y=y;
this.dotsCovered = 0;

}
}

Create array d with all dots in it.
We start the method of building a global circle with a double nested loop,
which will go through all possible distances and find the largest:
letm=0,n=0, max=0;
let newDist;
for (leti=0;i<d.length-1; i++){
for (let j = i+1; j < d.length; j++) {
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lenX = Math.abs(d[i].x - d[j].x);
lenY = Math.abs(d[i].y - d[jl.y);
newDist = new Dist( Math.sgrt(Math.pow(lenX, 2) + Math.pow(lenY,2)), d[i],
dfil);
if (max < dist[k].value) {
max = dist[k].value;
m=i;
n=j

}
}
m and n — numbers of points in the array, the distance between which is the
greatest.
Next step — build a circle by two points and check if all the points fall into it:
tempX = (d[m].x + d[n].x)/2;
tempY = (d[m].y + d[n].y)/2;
tempR = Math.sqrt(Math.pow(d[m].x - tempX, 2) + Math.pow(d[m].y - tempY, 2));
enoughOne = true;
for (let i = 0; 1 < d.length; i++)
if ((Math.pow(d[i].x-tempX, 2) + Math.pow(d[i].y-tempY, 2)) >
Math.round(tempR*tempR) + 0.0001) {
enoughOne = false;
break;

H

Cx = tempX;

Cy =tempY;

R = tempR;

If during the check some points are not included, select the third anchor point
with index / and draw a circle around them.

Cx =-(d[n].y * (d[m].x * d[m].x + d[m].y * d[m].y - d[1].x * d[1].x - d[I].y * d[I].y) + d[m].y
*(d[1].x * d[1].x + d[1].y * d[1].y - d[n].x * d[n].x - d[n].y * d[n].y) +d[l].y * (d[n].x * d[n].x +
d[n].y * d[n].y - d[m].x * d/m].x - d[m].y * d[m].y)) / (2 * (d[n].x * (d[m].y - d[I].y) + d[m].x *
(d[l].y - d[nl.y) + d[1].x * (d[n].y - d[m].y)));

Cy = (d[n].x * (d[m].x * d[m].x + d[m].y * d[m].y - d[I].x * d[1].x - d[1].y * d[1].y) + d[m].x
*(d[].x *d[l].x + d[1].y * d[l].y - d[n].x * d[n].x - d[n].y * d[n].y) + d[1].x * (d[n].x * d[n].x +
d[n].y * d[n].y - d[m].x * d[m].x - d[m].y * d[m].y)) / (2 * (d[n].x * (d[m].y - d[1].y) + d[m].x *
(d[l].y - d[n].y) + d[l].x * (d[n].y - d[m].y)));

R = Math.sqrt(Math.pow(d[n].x - Cx, 2) + Math.pow(d[n].y - Cy, 2));

To construct circles of a fixed radius, the same algorithms were used with an
additional counter of covered points to select the optimal circle at each iteration.

We will not consider the rest of the program details of the interface type and

information input / output functions in this work, since we are not talking about them.

IV. RESULTS
The developed software has the following structure:
- classes Dot (point), Dist (segment), Circle (circle), which are the main objects
with which the algorithms work;
- modules that process user actions;
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- algorithms that find and build optimal circles;
- auxiliary modules (implement functions for convenient work with arrays and
others).

4.1. Software product testing

Img. 1. Test of two dots:
red dots — should be covered, brown — the center of the circle, blue — the global
circle

Img. 2. Test of more dots
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Img. 3. Test two algorithms at once:
green — circles of minimum radius

V. CONCLUSIONS

In the course of work on the practical part, software was developed to solve
problems on covering a flat surface with circle of optimal radius and circles of fixed
radius.

We used the following algorithms to design the software:

1. Algorithm for constructing a general range (3.1);

2. Algorithm for constructing circles with a given radius (3.2).

Thus, as a result of the conducted researches algorithms and their program
realization for the decision of Jung's problem on the plane with various criteria of
optimality are developed. The user has all the necessary information to design new
and set up existing mobile networks.

Also in the developed product are realized:

- input of coordinates;

- saving coordinates;

- adding / deleting an image;

- cancellation of actions;

- delete everything;

- input of radius

- construction of a circle and / or circles;

- scaling;

- moving the image;

- output / hiding statistics;

- saving statistics.

The software product is developed in the programming language HTML, CSS,
JavaScript. The product allows you to enter coordinates, both manually, on the
canvas, and from a file, enter the radius with which the circles will cover the plane,
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create and work with files containing coordinates and information about the circles
that cover them. It is also possible to add images to the canvas, for the convenience of
coordinate points, scaling, moving the image, displaying statistics on the screen.
Checking the operation of the software product was carried out by testing
different sequences of actions. No errors were detected during testing. The program

works correctly.

The developed software product meets the requirements and has demonstrated
its efficiency.

Regarding the prospect of continuing research, we note the need to solve such
problems on surfaces with a given relief (maps), taking into account the presence of
obstacles of natural and artificial nature. Separately highlight the spread of research
on three-dimensional space - the task is to construct a sphere of minimum diameter,
which covers a given set.
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