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S-Dimension versus Hoélder dimension in Peano continua
T. Banakh, T. Martynyuk
Ivan Franko National University of Lviv, Ukraine
E-mail address: t.o.banakh@gmail.com tetyanka.martynyukOgmail.com

Let X be a (locally connected) compact metrizable space. By M(X) we denote the family of
metrics generating the topology of X. For any metric d € M(X) and £ > 0 denote by N.(X)
(resp. Se(X)) the smallest cardinality of a cover of X by (connected) subsets of diameter < . The
real number Dim(X,d) = limsup,_, % is known in Theory of Fractals as the boz-counting
dimension of the compact metric space (X,d). For example, the standard Cantor set on the real
line has box-counting dimension equal to iﬁ—?,} In spite of the fact that Dim(X, d) is real-valued, its
minimum dim(X) = minge ¢ x) Dim(X, d) is an integer number, equal to the topological dimension
dim(X) of X (according to the classical theorem proved by Pontryagin and Schnirelman in 1932).

On the other hand, for a locally connected compact metrizable space an analogous function

S-dim(X) = infge () S-Dim(X, d) where S-Dim(X, d) = limsup, o ‘1)
is not necessarily integer-valued, see [2].

In this talk we shall discuss the relation of the S-dimension to another dimension function called
the Holder dimension. It is defined for a Peano continuum as follows. We recall that a compact
metrizable space X is called a Peano continuum if X is a continuous image of the unit interval
[0,1]. By Hahn-Mazurkiewicz Theorem (1914), a compact metrizable space is a Peano continuum
if and only if it is connected and locally connected.

A function f : X — Y between two metric spaces (X,dx) and (Y,dy) is called a-Holder if
there exists a positive real constant L such that dy (f(z), f(2')) < L-dx(x,2')® for all z,2’ € X.
For a Peano continuum X its topological Hélder dimension is defined as

Hé-dim(X) = infge pq(x) Ho-Dim(X, d)
where H6-Dim(X, d) = inf{a € (0,00] : 3 an 1-Hélder map f : [0,1] — X} is the Hélder dimension
of the metric Peano continuum (X, d). The main result of the talk is

Theorem 1. Any metric Peano continuum (X, d) has
S-Dim(X,d) < Ho-Dim(X,d) < 4- S-Dim(X,d) and S-dim(X) < Hé-dim(X) < 4 S-dim(X).

This theorem gives a partial answer to Problem 5.2 [2] which asks if S-dim(X) = Hé-dim(X)
for any Peano continuum X. Theorem 1 also has a nice application to the problem of detecting
Peano continua homeomorphic to deterministic fractals.

A compact metric space (X,d) is called a deterministic fractal if X = J;_, fi(X) for some
contracting maps fi,...,fn : X =& X. A map f : X — X is contracting if its has Lipschitz

constant Lip(f) = sup,., %’5)@)) < 1.

Theorem 2. FEach deterministic fractal (X,d) has finite Hélder dimension. More precisely, if
X = Ui, fi(X) for contracting maps fi,..., fn : X — X, then Ho-dim(X) < Hé-Dim(X,d) <
lnﬁ%whem A = max<;<, Lip(fi) < 1.

This theorem improves the upper bound S-dim(X) < S-Dim(X,d) < lér(ll’f\) proved in [1].

Theorem 3. A Peano continuum X containing an open subset homeomorphic to the real line R is
homeomorphic to a deterministic fractal iff S-dim(X) is finite iff Ho-dim(X) is finite.
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