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Definition 2. A metric space (X, d) is called a weak Rolewicz space, if there exist C > 0, a sequence
(εn)

∞
n=1 of positive reals which tends to zero and a sequence (Rn)

∞
n=1 of functions Rn : X ×X → X

such that for all x, y ∈ X
(1) if d(x, y) ≤ εn, then Rn(x, y) = x,
(2) d(Rn(x, y), y) ≤ C · εn for n = 1, 2, . . . .

Every convex subset of a metric vector space is an example of a weak Rolewicz space. Moreover,
there are zero dimensional examples of Rolewicz spaces.
Proposition 3. If Y is a weak Rolewicz space, then a uniform limit f : X → Y of a sequence of
Baire 1 functions fn : X → Y belongs to the first Baire class.

The next theorem is the main result of the talk.
Theorem 4. Let X, Y be metric spaces and X is locally compact weak Rolewicz space. Then for
every continuous bijection f : X → Y the inverse mapping f−1 : Y → X is Baire 1.
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Consider the control system for the heat equation on a half-axis:

wt =
1

ρ
(kwx)x + γw, x ∈ R+, t ∈ (0, T ), (1)

(√
k/ρwx

)∣∣∣
x=0

= u, t ∈ (0, T ), (2)

w(·, 0) = w0, x ∈ R+, (3)
where R+ = (0,+∞); T is a positive constant; ρ, k, γ, w0 are given functions; u ∈ L∞(0, T )
is a control. We assume ρ and k are positive on [0,+∞), ρ, k ∈ C1[0,+∞), (ρk) ∈ C2[0,+∞),
(ρk)′(0) = 0, and

σ(x) =

∫ x

0

√
ρ(µ)/k(µ) dµ→ +∞ as x→ +∞.

Moreover, we assume
(Q2(ρ, k)− γ) ∈ L∞(0,+∞)

⋂
C1[0,+∞) and σ

√
ρ/k (Q2(ρ, k)− γ) ∈ L1(0,+∞),
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where Q2(ρ, k) =
√
k/ρ
(
Q1(ρ, k)

)′
+
(
Q1(ρ, k)

)2, Q1(ρ, k) =
√
k/ρ(kρ)′/(4kρ).

Control system (1)–(3) is considered in modified Sobolev spaces. Let ϕ ∈ L2
loc(R+). We define

the modified derivative Dρk by the rule
Dρkϕ =

√
k/ρϕ′ +Q1(ρ, k)ϕ.

If, in addition, Dρkϕ ∈ L2
loc(R+) and (Dρkϕ)

′ ∈ L2
loc(R+) we can consider D2

ρkϕ:

D2
ρkϕ =

1

ρ

(
kϕ′)′ +Q2(ρ, k)ϕ.

Obviously, Dm
ρkϕ = ϕ(m) if ρ = k = 1, m = 0, 1.

Denote
L2
ρ(R+) = {f ∈ L2

loc(R+) |
√
ρf ∈ L2(R+)}

with the norm ‖f‖L2
ρ(R+) = ‖

√
ρf‖L2(R+), f ∈ L2

ρ(R+).
Now consider the modified Sobolev spaces

◦
H0 = L2

ρ(R+),
◦
H1 = {ϕ ∈ L2

ρ(R+) | Dρkϕ ∈ L2
ρ(R+) and ϕ(0+) = 0}

with the norm

[]ϕ[]p =

(
p∑

m=0

(
p

m

)(
‖Dm

ρkϕ‖L2
ρ(R+)

)2
)1/2

, ϕ ∈
◦
Hp, p = 0, 1,

and the dual space
◦
H−p =

( ◦
Hp
)∗

, p = 0, 1, with the norm associated with the strong topology of
the adjoint space.

In control system (1)–(3), we suppose
(
d
dt

)p
w : [0, T ]→

◦
H1−2p, p = 0, 1; w0 ∈

◦
H1.

Let T > 0, w0 ∈
◦
H1. By RT (w

0), denote the set of all states wT ∈
◦
H1 for which there exists a

control u ∈ L∞(0, T ) such that there exists a unique solution w to (1)–(3) and w(·, T ) = wT .

Definition 1. A state w0 ∈
◦
H1 is said to be null-controllable with respect to system (1)–(3) in a

given time T > 0 if 0 ∈ RT (w
0).

Definition 2. A state w0 ∈
◦
H1 is said to be approximately controllable to a state wT ∈

◦
H1 with

respect to system (1)–(3) in a given time T > 0 if wT ∈ RT (w0), where the closure is considered in
the space

◦
H1.

Consider also the control system with the simplest heat operator (the case ρ = k = 1, γ = 0):
zt = zyy, y ∈ R+, t ∈ (0, T ), (4)
zy(0, ·) = v, t ∈ (0, T ), (5)
z(·, 0) = z0, y ∈ R+, (6)

where v ∈ L∞(0, T ) is a control,
(
d
dt

)m
z : [0, T ]→ H1−2m, m = 0, 1, z0 ∈ H1. Here Hp, p = −1, 0, 1,

are the Sobolev spaces.
Controllability problems for system (4)–(6) were investigated in [1].
To study controllability problems for system (1)–(3), we use the transformation operator T̂ :

H−1 →
◦
H−1. It was introduced and studied in [2]. In particular, it has been proved therein that T̂

is a continuous one-to-one mapping between the spaces Hp and
◦
Hp, p = −1, 0, 1.
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In the present talk, we prove that the transformation operator T̂ is one-to-one mapping between
the sets of the solutions to system (4)–(6) and to system (1)–(3). The application of the operator
T̂ allows us to conclude that the control system (1)–(3) replicates the controllability properties of
the control system (4)–(6) and vice versa. A relation between controls u and v is also found. Thus,
using obtained results for control system (4)–(6), we obtain the following main results for control
system (1)–(3).

Theorem 3. If a state w0 ∈
◦
H1 is null-controllable with respect to system (1)–(3) in a time T > 0,

then w0 = 0.

Theorem 4. Each state w0 ∈
◦
H1 is approximately controllable to any target state wT ∈

◦
H1 with

respect to system (1)–(3) in a given time T > 0.
All obtained results have been published in [3].
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Real algebraic geometry studies real algebraic varieties. Nash and Tognoli’s theory shows that
a smooth closed manifold is realized as the zero set of a real algebraic map and non-singular. It is
also well-known that smooth maps between non-singular real algebraic manifolds are approximated
by real algebraic maps in general. For related history and terminologies and notions, see [5] for
example.

Our study is on explicit construction of real algebraic sets and maps. The k-dimensional unit
sphere Sk in the (k+1)-dimensional real affine space Rk+1 and its canonical embedding into higher
dimensional real affine spaces (and the compositions with canonical projections) give simplest
examples. In general, it is very difficult to give real algebraic sets and important real algebraic
maps on them very explicitly. Here, we reconstruct real algebraic maps generalizing the canonical
projections of the unit spheres Sk ⊂ Rk+1 from given regions in the target spaces. We discuss this
from the viewpoint of global singularity theory and differential topology of manifolds.
Theorem 1. [2] Let l1, l2 and n be positive integers. Let D ⊂ Rn be an open subset. Let {Sj}l1j=1

be a family of non-singular real algebraic hypersurfaces of Rn. Let Sj be also the zero set of a real
polynomial fj. We also assume the following.
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