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Definition 2. A metric space (X, d) is called a weak Rolewicz space, if there exist C' > 0, a sequence
(en)2, of positive reals which tends to zero and a sequence (R,,)5°, of functions R, : X x X — X
such that for all z,y € X

(1) if d(z,y) < e,, then R, (z,y) = x,

(2) d(Rp(z,y),y) < C-eg, forn=1,2,....

Every convex subset of a metric vector space is an example of a weak Rolewicz space. Moreover,
there are zero dimensional examples of Rolewicz spaces.

Proposition 3. IfY is a weak Rolewicz space, then a uniform limit f : X — Y of a sequence of
Baire 1 functions f, : X — Y belongs to the first Baire class.

The next theorem is the main result of the talk.

Theorem 4. Let X, Y be metric spaces and X is locally compact weak Rolewicz space. Then for
every continuous bijection f : X — Y the inverse mapping f~':Y — X is Baire 1.
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Consider the control system for the heat equation on a half-axis:

1
Wy = ; (kw:E)z + yw, S R+, le (OaT)v (1)
(VWlpws)| = te(0,7), (2
w(70) = w07 S R+, (

where Ry = (0,+00); T is a positive constant; p, k, v, w® are given functions; u € L>(0,T
is a control. We assume p and k are positive on [0, +0), p,k € C0,+00), (pk) € C?[0,+00)

(pk)’(0) = 0, and i
o(x) = /0 V() k(@) dp — +oo as r — +00.

)
3)
)

MOI‘GOVGI‘, we assuime

(QZ(p7 k) - ’7) S LOO(Ov +OO) ﬂ 01[07 +OO) and U\/p/_k(Q2(p7 k) - '7) € L1<O’ +OO):
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T 2 T
Control system (1)—(3) is considered in modified Sobolev spaces. Let ¢ € L2 _(R,). We define
the modified derivative D, by the rule

Dorsp = vV k/pg' + Qi(p, k).
If, in addition, Dy € Lf, (Ry) and (Drp)’ € Li, (Ry) we can consider D2, ¢

loc loc

1
D2y = ;(k:so’)' + Qa(p, k).

Obviously, D7 p = emif p=k=1,m=0,1.
Denote
L;QJ(R-‘F) ={feLi.(Ry) | vof € L*(Ry)}

with the norm ||f||L%(R+) = ||\/ﬁf||L2(R+)7 f c Lz(R+)
Now consider the modified Sobolev spaces

o

H’ = L3(Ry), H'={pe Ly(R)|Dpuy € Ly(R+) and ¢(0F) = 0}

with the norm

» 1/2
D m 2 o
Jol? = (Z (2) (Dl ) ey p-o1
m=0
and the dual space H™? = < p) , p = 0,1, with the norm associated with the strong topology of
the adjoint space.
In control system (1)—(3), we suppose (£)"w:[0,7] = H!'"%,p=0,1; v’ € H".

Let T > 0, w® € H'. By Rr(w®), denote the set of all states w’ € H! for which there exists a

control u € L*°(0,T) such that there exists a unique solution w to (1)—(3) and w(-,T) = wT.

Definition 1. A state w® & H' is said to be null-controllable with respect to system (1)-(3) in a
given time 7 > 0 if 0 € Ry (w?).

Definition 2. A state w® € H! is said to be approzimately controllable to a state w? € H' with
respect to system(1)—(3) in a given time 7' > 0 if w? € Ry(w"), where the closure is considered in
the space H'.

Consider also the control system with the simplest heat operator (the case p =k =1, v =0):

., yeRy, te(0,7), (4)
2,(0,-) = v, te (0,7), (5)
2(70) :Zoa yER—H (6)

where v € L>°(0,T) is a control, (%)mz [0, T) — HY2™ m = 0,1, 2° € H'. Here H?, p = —1,0,1,
are the Sobolev spaces.
Controllability problems for system (4)—(6) were investigated in [1].

To study controllability problems for system (1)—(3), we use the transformation operator T :
H~! — H~!. It was introduced and studied in [2]. In particular, it has been proved therein that T

is a continuous one-to-one mapping between the spaces H? and H?, p = —1,0, 1.
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In the present talk, we prove that the transformation operator T is one-to-one mapping between
the sets of the solutions to system (4)—(6) and to system (1)—(3). The application of the operator
T allows us to conclude that the control system (1)—(3) replicates the controllability properties of
the control system (4)—(6) and vice versa. A relation between controls v and v is also found. Thus,
using obtained results for control system (4)—(6), we obtain the following main results for control

system (1)—(3).

Theorem 3. If a state w® € H' is null-controllable with respect to system (1)—(3) in a'time T > 0,
then w® = 0.

Theorem 4. Each state w® € H' is approzimately controllable to any target state w? € H' with
respect to system (1)—(3) in a given time T > 0.

All obtained results have been published in [3].
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Real algebraic geometry studies real algebraic varieties. Nash and Tognoli’s theory shows that
a smooth closed manifold is realized as the zero set of a real algebraic map and non-singular. It is
also well-known that smooth maps between non-singular real algebraic manifolds are approximated
by real algebraic maps in general. For related history and terminologies and notions, see [5] for
example.

Our study is on explicit construction of real algebraic sets and maps. The k-dimensional unit
sphere S* in the (k+ 1)-dimensional real affine space R**! and its canonical embedding into higher
dimensional real affine spaces (and the compositions with canonical projections) give simplest
examples. In general, it is very difficult to give real algebraic sets and important real algebraic
maps on them very explicitly. Here, we reconstruct real algebraic maps generalizing the canonical
projections of the unit spheres S¥ € R¥*! from given regions in the target spaces. We discuss this
from the viewpoint of global singularity theory and differential topology of manifolds.

Theorem 1. 2] Let 1,1y and n be positive integers. Let D C R™ be an open subset. Let {Sj}?zl
be a family of non-singular real algebraic hypersurfaces of R". Let S; be also the zero set of a real
polynomial f;. We also assume the following.
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