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neat perturbation of rank-two Goursat distributions in the underlying dimension 7 we obtain now
a 1-parameter family of strongly nilpotent pairwise nonequivalent distribution germs. That family
is given in local coordinates that happen to be already adapted. The members of the family are
all quasi-homogeneous with respect to the weights defined by the small growth vector, one and the
same for all members of the family. This property automatically yields their strong nilpotency,
and also facilitates a proof of their pairwise non-equivalence.
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A function p : X2 → [0,+∞) is called a partial metric on X if for every x, y, z ∈ X the following
conditions

(p1) x = y ⇔ p(x, x) = p(x, y) = p(y, y);
(p2) p(x, x) ≤ p(x, y);
(p3) p(x, y) = p(y, x);
(p4) p(x, z) ≤ p(x, y) + p(y, z)− p(y, y).

are true.
For any partial metric p : X2 → [0,+∞) the function qp : X2 → [0,+∞), qp(x, y) = p(x, y) −

p(x, x), is a quasi-metric on X and the topology of the partial metric space (X, p) is the topology τq
of the quasi-metric space (X, qp). Moreover, the function dp : X2 → [0,+∞), dp(x, y) = 2p(x, y)−
p(x, x)− p(y, y) is a metric on X.

The following theorem was proved by F. Hausdorff in 1930.
Theorem 1. Let X be a metrizable space, A ⊆ X be a closed subset and dA : A2 → R be a
compatible metric on A. Then there exists a compatible metric d : X2 → R on X such that
d|A2 = dA.
Problem 2. Let X be a partial metrizable space, A ⊆ X be a closed subset and pA : A2 → R be
a compatible partial metric on A. Does there exist a compatible partial metric p : X2 → R on X
such that p|A2 = pA?
Proposition 3. Let (X, p) be a partial metric space. Then the function f : X → R, f(x) = p(x, x),
is an 1-Lipschitz function with respect to the metric dp.
Proposition 4. Let (X, d) be a metric space and f : X → [0,+∞) be an 1-Lipschitz function.
Then the function p : X2 → R,

p(x, y) = 1
2
(d(x, y) + f(x) + f(y)),

is a partial metric on X such that d = dp and p(x, x) = f(x) for every x ∈ X.
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Theorem 5. LetX be a quasi-pseudometrizable space, A be a closed subset ofX and qA : A2 → R ba
a compatible bounded quasi-pseudometric on A. Then there exists a compatible quasi-pseudometric
q on X such that q|A2 = qA.
Corollary 6. Let X be a partial metrizable space, A be a closed subset of X and pA : A2 → R ba
a compatible partial metric on A such that qpA is bounded. Then there exists a compatible partial
metric p on X such that p|A2 = pA.
Proposition 7. There exist a quasi-pseudometric space (X, q), a τq-closed set A ⊆ X and a
quasi-pseudometric p on A such that
(1) q and p are equivalent on A;
(2) τr 6⊆ τq for every extension r of p on X.
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Axiomatic Development of Complexity Theory for Finite
Groups
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“In any field of mathematics, the study of complexity is the first level of sophistication
beyond knowing the building blocks.” – John Rhodes

What are the simplest ways to construct a finite group from its atomic constituents? To under-
stand part-whole relations between finite simple groups (‘atoms’) and the global structure of finite
groups, we axiomatize complexity measures on finite groups. From the Jordan-Hölder theorem and
Frobenius-Kalužnin-Krasner-Lagrange embedding in an iterated wreath product, any finite group
G can be constructed from a unique collection of simple groups, its Jordan-Hölder factors, each
with well-defined multiplicities through iterated extension by simple groups. What is the least
number of levels needed in such a hierarchical construction if a level is allowed to include several
of these atomic pieces? To pose and answer this question rigorously, we give a natural set of hier-
archical complexity axioms for finite groups relating to constructability, extension, quotients, and
products, and prove these axioms are satisfied by a unique maximal complexity function cx. We
prove this function is the same as the minimal number of “spans of gems” or “completely reducible
groups” (i.e., direct products of simple groups) in a subnormal series with all factors of this type.
Hierarchical complexity cx is thus effectively computable, and bounded below by all other com-
plexity measures satisfying the axioms, including generalizations of derived length, Fitting height
and solvability. Also, the hierarchical complexity of a normal subgroup is bounded above by the
complexity of the whole group, although this is not assumed in the axioms and does not follow
from the axioms for general (non-maximal) complexity functions satisfying the axioms.

For solvable finite groups, the unique maximal group complexity measure satisfying the axioms
on this class agrees with the restriction of the one for all finite groups, and in addition satisfies an
embedding axiom - which decidedly cannot be applied in the general case of all finite groups. In
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