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Entropy and phase transitions in Calabi-Yau space

Tetiana Obikhod
(03028, Institute for Nuclear Research, Prospect Nauki, 47, Kiev, Ukraine)
E-mail: obikhod@kinr.kiev.ua

The evolution of the concept of entropy from the mathematical definition of the theory of proba-
bility to the physical definition of entropy in various systems is considered. Statistical interpretation
of entropy for a macrostate is characterized by IN; microstates
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The equilibrium state corresponds to the maximum probability, which is proportional to the maxi-
mum entropy, and is displayed by the Boltzmann-Planck law

S=k-InW.

W =

For large N using the Stirling formula
InN!= NinN — N

and taking into account the degeneracy of the energy states, z;. we have the following formula for
the probability of a system of particles

N :
W=—"1ILz".
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Within the framework of the AdS/CET correspondence, a model for determining the entropy of
black holes through the numher of microstates is considered. It is known that the entropy of a black

hole is determined by the Bekenstein-Hawking formula,

A
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where A and G are the surface areas of the black hole and the gravitational constant, respectively.
In the framework of superstring and D-brane theory, the concept of entropy has changed due to
the presence of the extra-dimensional Calabi-Yau space, which is folded at each point of the usual
Minkowski space
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where p are spatial directions of the space RP x S%! with d — the number of space dimensions
transverse to the p-directions. According to Strominger [1|, a black hole can be represented as
a submanifold of such a Calabi-Yau like a pea in a shell. Depending on the dimension of space,
the two-dimensional world surface of the string completely surrounds the two-dimensional sphere,
the 3-brane surrounds the three-dimensional sphere, etc. Since the black hole tends to deflate and
swell, according to the ideology of flop transformations, a rupture of the Calabi-Yau space occurs.
In this case, according to Strominger’s calculations, the black hole undergoes a phase transition and
transforms into a pointlike particle like a photon,

1/(d-3
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So the array dominates for small horizon radii, and the black string dominates for large horizon
radii.
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String theory spacetimes with conserved quantum numbers can be black holes, but more com-
monly they are black p-branes. According to papers |2, 3| black hole entropy

g _ Qd_Q'T';l_I72
BH T
can be described in terms of D-brane theory,
Qg o P
Sp = MCOShﬂ,

where coshf3 depends on the number of branes. For particular cases, when the number of branes that
cover a black hole is determined, we can calculate d = 4 entropy in usual four-dimensional space-
time. D-brane method for a microscopic accounting for Sy of BPS black holes with macroscopic

entropy leads to the formula
SBH = 271’\/ N2N6N5Nm,

(N; - the numbers of i-branes) which is in agreement with black hole entropy formula, [2].
Using BPS - states of D-branes represented by vector bundles of the type
Spin(k) — Spin(k + 1)

S (1)

Sk
it can be shown that for £k = 6, Spin(6) group is isomorphic to the SU(4) group. Since the group
describing black holes is SU(2,2|4) ~ SU(2,2) x SU(4) (5U(2,2) describes the external degrees
of freedom, and SU(4) - the internal ones), the greatest interest is of group SU(4). Then we can
work with Spin vector bundles, which present D-branes with the phase transitions between them
classified with Grothendieck K-group in the framework of the Clifford algebra formalism. As a
result, we obtain a chain of phase transitions of a black hole represented by transitions between
topological invariants of vector bundles described by K-groups

K(S%) — K(S*) = K(S%) - K(S%) =2 ,
which signal about an equidistant set of energy levels of a point-like particle into which the black
hole has passed during the phase transition.
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