International
Scientific Conference

W Algebraie
and Geometric

Methods
E AN Of Analysis

27-30 May 2024
Odesa, Ukraine



The purpose of this conference is to bring together researchers in geometry, topology, algebra,
analysis and dynamical systems and to provide for them a forum to present their recent work
to colleagues from different nationalities. This way we aim to stimulate discussion about the
latest findings in geometrical and topological methods in analysis and to increase international
collaboration.

The conference continues the traditional annual conference «Geometry in Odesa» holding from
2004, and hosted by Odesa National University of Technology (Odesa National Academy of Food
Technologies till 2021). From 2017 the conference was renamed to «Algebraic and geometric
methods of analysisy» (AGMA).

The Conference languages: Ukrainian and English.

LIsT OF TOPICS

e Algebraic methods in geometry

e Differential geometry in the large

e Geometry and topology of differentiable manifolds

e General and algebraic topology

e Dynamical systems and their applications

e Geometric and topological methods in natural sciences
e Geometric problems in mathematical analysis

ORGANIZERS

e Ministry of Education and Science of Ukraine

e Odesa National University of Technology, Ukraine

e Institute of Mathematics of the National Academy of Sciences of Ukraine
e Taras Shevchenko National University of Kyiv

e Kyiv Mathematical Society

SCIENTIFIC COMMITTEE

e Vladimir Balan (Bucharest, Romania) e Volodymyr Lyubashenko (Kyiv,
e Taras Banakh (Lwiv, Ukraine) Ukraine)

e Dmytro Bolotov (Kharkiv, Ukraine) * Sergly Maksymenko (Kyw, Ukraine)
e Vyacheslav Boyko (Kyiv, Ukraine) * Koji Matsumoto (Yamagata, Japan)
e Yulia Fedchenko (Odesa, Ukraine) o Piotr Mormul (Warsaw, Poland)

e Oleg Gutik (Luiv, Ukraine) e Maryna Nesterenko (Kyiv, Ukraine)

e Roman Popovych (Kyiv, Ukraine)
e Alexandr Prishlyak (Kyiv, Ukraine)

e Olena Karlova (Chernivtsi, Ukraine)
e Volodymyr Kiosak (Odesa, Ukraine)

e Nadiia Konovenko (Odesa, Ukraine) * é]ieks a1)1dr Savchenko  (Kherson,
raine

ORGANIZING COMMITEE

e Nadiia Konovenko (Odesa, Ukraine) e Bohdan Mazhar (Kyiv, Ukraine)
e Yuliya Fedchenko (Odesa, Ukraine) e Sergiy Maksymenko (Kyiv, Ukraine)
e Mykola Lysynskiy (Kyiv, Ukraine) e Alexandr Prishlyak (Kyiv, Ukraine)



16

Lie subalgebras of real order-three special linear Lie
algebra revisited

Yevhenii Chapovskyi
(Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine)
E-mail: e.chapovskyi@imath.kiev.ua

Serhii D. Koval
(Memorial University of Newfoundland, Canada
and Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine)
E-mail: koval.srh@imath.kiev.ua

Olha Zhur
(Faculty of Mechanics and Mathematics,
National Taras Shevchenko University of Kyiv, Kyivy; Ukraine)
E-mail: oliazhur@knu.ua

The study of subalgebras within both real and complex Lie algebras presents a complex challenge,
which arises in many fields of mathematics and its applications. For instance, listing inequivalent
subalgebras of the maximal Lie invariance algebra of a system of differential equations could result
in constructing its “inequivalent” exact solutions. These classifications also serve as an efficient tool
in the realms of theoretical physics and the study of integrable systems. At the same time, they
themselves remain to be interesting algebraic problems.

In [1] we review the entire framework of the subalgebra classification problem following [2] and
references therein, and also suggest new points of view on these methods and rigorously present their
theoretical framework. We apply the developed enhanced methods for refining the classification of
subalgebras of the Lie algebra sl3(R) and as a byproduct we first obtain the complete classification
of the subalgebras of real rank-two affine Lie algebra affy(R). The real order-three special linear
Lie algebra sl3(R) is the algebra of traceless 3 x 3 matrices with the standard matrix commutator
as the Lie bracket and it is spanned by the matrices

00 0 10 0 0 —1 L[t 00
E=[100| #=-(0o-10], E:=[0 0 0|, D=={01 o],
00 0 2\0 0 o 0 0 0 6\0 0 —2
0.0 1 00 0 0 0 0 00 0
=00 ol pP=lo0o1]|, BR=(0o 0o o], R.={0 0 0
00 0 00 0 0 -1 0 100

In this way, the algebra sl3(R) is defined through its faithful irreducible representation of the
minimal dimension, which is exactly the vector space R3.

The best attempt in listing inequivalent subalgebras of sl3(R) was carried out in [2], however it
contains a number of misprints, mistakes and the major result is presented without proof. The
analogous subalgebra classification for the Lie algebras sl,(R), n > 4, remains to be a significant
open problem.

To classify Lie algebras of a simple Lie algebra sl3(R) modulo SL3(R)-equivalence we adopt the
approach detailed in [1, Section 2.1]. Specifically for sl3(R) we go through the following steps:

(i) using the defining representation R® of the Lie algebra sl3(R) determine all its maximal
reducibly and irreducibly embedded subalgebras;

(17) for each of the identified maximal subalgebras construct the lists of inequivalent subalgebras
with respect to the action of their corresponding inner automorphism groups;
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(74i) merge the obtained lists modulo the action of the group SL;3(R).

This analysis reveal that the Lie algebra sl3(IR) contains two irreducibly embedded maximal subal-
gebras: the special orthogonal Lie algebras so3(R) and so5;(R), as well as two reducibly embedded
maximal subalgebras a; = (Ey, Fy, E3, Ey, D, Py, P») and ay = (Ey, By, F3, By, D, Ry, Ry). Both of
the latter subalgebras are isomorphic to the rank-two affine Lie algebra aff,(R). According to
the step (i7), the classification of the subalgebras of affy(R) is an essential step in the course of
addressing the primary problem.

The Lie algebra affy(R) is the semidirect product gl,(R) x R?. Therefore, to classify subalgebras
of affy(R) we apply the approach for classifying Lie subalgebras of the semidirect products from [1,
Section 2.3] to the Lie algebra gly(R) x R?. Consequently, we present for the first time the complete
list of inequivalent subalgebras of the rank-two affine Lie algebra aff,(R) in'[1, Theorem 11|. In
fact, the classification of subalgebras of the algebra aff,(R) was initiated in [2, Section 3.3|, where
its inequivalent “twisted” and “nontwisted” subalgebras were listed, however this classification were
not completed. Moreover, the validity of these lists is questionable, since to construct them it
is essential to have the correct classification of subalgebras of gly(R), which in [2, eq. (3.11)] was
presented with a mistake and a number of misprints. This was‘an additional motivation for us to
thoroughly and comprehensively classify the subalgebras of affy(RR).

To combine the derived lists of inequivalent subalgebras a; and ag modulo the ST.3(R)-equivalence,
we specify the following general proposition to the case of the Lie algebra sl3(R).

Proposition 1. Let m C g be a Lie subalgebra, M C G the corresponding Lie subgroup. Choose
some subset C' C G such that MC = G. Then Lie subalgebras hy C m and hy C g are conjugated if
and only if there exists an element g € C such that Ad b, C m and moreover Adgh, is equivalent
to by up to Inn(m)-equivalence.

To this end, the merging procedure results in the next complete list of irredundant representatives
of equivalence classes of subalgebras.

Theorem 2. A complete list of proper SLz(R)-inequivalent subalgebras of the algebra sl3(R) is
erhausted by the subalgebras, where ¢ € {—1,1}, 6 € {0,1}, k > 0, p € [-1,3], i/ € [0,1] and
v € R:

ID: §, = (B +0P), fls= (By+ Es + D), fi's=(Ex+i/'D), fia=(E1+ D),
2D: fou =Py, Py), f‘%,g = (L1 +0P, Py), fos=(Ey+ D+ Py, P1), fou=(E1+ D, Py),
fos=(E1, D), fos = (P, D), for = (E1 + E3, D),
fo.8 =(E2 + 7D, En), 20 = (B2 — 3D, Ey + I1),
3D: fs1 = (B, Pi,By), fso=(D,P,P), fs;=(E2+ kD, P, P),
fou = (E1+eD, P, ), fi5 = (Ev+Es+yD, P, Pa), fi6 = (E1+E3+7D, Ri, Ry),
for = (Eo+puD, Ey, Py), f3s=(E2—3D,Ey+ P, P), f39=(E,Ey, D),
fa.10 = (&1, B, E3), fs11 = (B + E3, PL — Ry, P, + Ry),
fai2 = (B0 + E3, P + Ry, P, — Ry),
AD: §40 = (E1,D, P, Py), f40=(F2, D, P, P), fi3=(E+ E3,D, P, P,),
f44 = (Ey +7D, By, P1, Py, fus5 = (E1, By, D, Py), fa6 = (£ + B3, D, Ry, Ry),
= (E1, Es, E3, D),
5D: f51 = (E1,Ey, D, P, Py), f50= (L1, Ey,E3, P, Py), fs53= (L1, Ey, E3, Ry, Ry),
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6D: o1 = (E1, Eo, E3, D, P, Ps), fe2 = (E1, Ey, E3, D, Ry, Ry).
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It is convenient to use a holonomic coordinate systems and associated the so-called natural
frame if one explore conformal mappings of differentiable manifolds. But to study some physical
applications, in particular spinor fields, we have to use non-holonomic frame which sometimes
referred to as the vielbein formulation [1, 2| . In this formulation we introduce 4 independent
vectors ' (x), (a = 0,1,2,3) at each point of a spacetime (V3 g), which are orthogonal to each
other and have a unit length:

tZ(LE)ti(I)gu(fﬁ) = Nabs  Tab = dl(lg(l, _17 _17 _1)
Also there exists the inverse matrix ¢¢, which satisfies
()t ) = 5, t(@)t(x) = 6.
The field t¢(«) is called the vielbein [1]. Using such non-holonomic coordinate systems, we should
introduce the spin connection by the relation below

Wiy = (G0 + Oyt (1)
From (1) it follows that
Oty + Tht] —w bty = 0.

The covariant derivative of a spinor field ¢ (z) one calculates using the formula:

1
Vi) = Opp — Zwkawab@/) = O + '),

where 7_‘”’ = 1(7"7" —~"7") is the antisymmetrized product of two gamma matrices. For the adjoint
spinor ¥ = 1’7" we have

_ | _
Vi) = Opp + wzwkab’YQb = O — YLy,
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