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On the geometry of submersions

G. M. Abdishukurova
(National University of Uzbekistan, Tashkent, 100174, Tashkent, Uzbekistan)
E-mail: Abdishukurova93@yandex.ru

A. Ya. Narmanov
(National University of Uzbekistan, Tashkent, 100174, Tashkent, Uzbekistan)
E-mail: narmanov@yandex.ru

Let M be a smooth connected Riemannian manifold of dimension n with Riemannian metric g.

Definition 1. Differentiable mapping 7 : M — B of maximal rank, where B is a smooth Riemannian
manifold of dimension m, called submersion for n > m.

Submersion of 7 : M — B generates a foliation F' of dimension kK = n—m on the manifold M, whose
leaves are the submanifolds L, = 7~ 1(p),p € B. For a point ¢ € L, we denote by T, F' the tangent
space of the leaf L, at the point ¢, by H(q) the orthogonal complement of the tangent space T,F of
the leaf L, i.e. T,M = T,F & H(q). We have two distributions TF : ¢ — T,F, H : ¢ — H(q). Each
vector field X can be represented as X = XV + X", where XV, X" are the orthogonal projections of
X onto T'F, H respectively. Here, for convenience, T'F, H are considered as subbundles of the tangent
bundle TM. If X" = 0, then X is called a vertical field (it is tangent to the foliation), and if XV = 0,
then X is called a horizontal field.

Definition 2. A diffeomorphism ¢ : M — M is called a diffeomorphism of the foliated manifold
(M, F), if the image ¢(L,,) of each leaf L, is a leaf of the foliation F.

The diffeomorphism ¢ : M — M of the foliated manifold (M, F'), is denoted by ¢ : (M, F) — (M, F).
The set of all diffeomorphisms of a foliated manifold is denoted by Dif fp(M). The set Dif fr(M)
is a group with respect to the superposition of mappings and is a subgroup of the group Dif f(M)
of diffeomorphisms of the manifold M. The group Dif fp(M) was studied in [2], in particular, it was
proved that this group is a closed subgroup of the group Dif f(M) with respect to a compactly open
topology.

Definition 3. A diffeomorphism ¢ : (M, F) — (M, F) is called an isometry of the foliated manifold
(M, F), if the restriction of the mapping ¢ to each leaf of the foliation F' is an isometry, that is, for
each leaf L, the map ¢ : L, — f(Lg) is an isometry between the manifolds L, and ¢(L,).

Denote by Gr(M) the set of isometries of the foliated manifold (M, F'). The group Gp(M) is
subgroup of Dif f(M) and therefore it is topological group in compact open topology.
Let us consider submersion 7 : "' — R', where

(X1, 2, * s Ty Tpt1) = Tyl — f(x1, 20, -+, ), (1)
f(z1, 22, -+, z,) is a differentiable function.
Theorem 4. Diffeomorphism ¢ : R*' — R"1 defined by formula

ox(T1, 22, Ty Tny1) = (T1,T2, "+, T,y Tpg1 + AT) (2)
at X # —1 is an isometry of foliation, generated by submersion (1).
Theorem 5. The set of diffeomorphisms

Gar={pr: A€ R N # —1}, (3)

is a subgroup of the group Gp(M).



Using the mapping ¢, — A we identify the set G with the set B!\ {—1} of real numbers other
than —1. On the set R!\ {—1} we define the multiplication as follows

AL A9 = AL+ Ao+ A, (4)

The inverse element is determined by the formula

P 5)

and it is obvious that they are differentiable. Therefore, we have following.
Proposition 6. The set Gp is a one-dimensional Lie group.

Example 7. Consider the submersion 7 : R® — R, where (1,72, 23) = x3 — f(71,22), f(71,22) =
2% + 23. This submersion generates a two-dimensional foliation F. The following vector fields

S RN S R
z3

is a foliated vector field for the foliation F), as shown by the following equalities [V, X| = Vo, [Va, X] =
—V1. It is known that the flow of foliated vector field consists of diffeomorphisms of foliated manifold
(M, F) |1]. The vector field X is a Killing vector field. Therefore, the flow of a vector field X consists
of isometries of a foliated manifold. Indeed, the flow of the vector field X consists of diffeomorphisms

x — A(t)x + bt
where t € R, b= {0,0,1}T, x = (21,22, 23)7,

cost —sint 0
A(t) = | sint cost 0 |,
0 0 1

which are isometries of the foliated manifold (F, R?).

Theorem 8. Suppose for a vector field

- 0
V:Z;&&cz

holds equaality V(f) = 0. Then the flow of the vector field
0
OTn41
consists of diffeomorphisms of the foliated manifold (F, R"*') generated by submersion (1). If the field

V is a Killing field, then the flow of the vector field X consists of isometries of the foliated manifold
(F, R"H1).

X=V+
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Hyperbolic 4-cobordisms, Teichmuller spaces and quasiregular
mappings in space

Boris N. Apanasov
(Univ of Oklahoma, Math Dept, Norman, OK 73019, USA)

E-mail: apanasov@ou.edu

We present a new effect in the theory of deformations of hyperbolic 3-manifolds/orbifolds or their
uniform hyperbolic lattices I' C Isom H? (i.e. in the Teichmiiller spaces of conformally flat structures
on closed hyperbolic 3-manifolds, cf. [1, 2]). We show that such Teichmiiller space or the corresponding
variety of conjugacy classes of discrete representations p : I' — Isom H* may have connected compo-
nents whose dimensions differ by arbitrary large numbers, cf. [3, 5]. This is based on our “Siamese
twins construction” of non-faithful discrete representations of hyperbolic lattices related to non-trivial
“symmetric hyperbolic 4-cobordisms” [8] and Gromov-Piatetski-Shapiro interbreeding construction [11].
There are several applications of this result, from new non-trivial hyperbolic homology 4-cobordisms
(cf. [9]) and wild 2-knots in the 4-sphere (cf. [5]), to bounded quasiregular locally homeomorphic map-
pings in 3-space, especially to their asymptotics in the unit 3-ball and to quasisymmetric embeddings
of a closed ball inextensible in neighborhoods of any boundary points (cf. [10, 12, 13, 14, 15]).

The last part is based on our construction of a new type of bounded locally homeomorphic quasireg-
ular mappings in 3-sphere (and in the unit 3-ball), see [6]. It addresses long standing problems for such
mappings, including M. A. Lavrentiev problem, Pierre Fatou problem and Matti Vuorinen injectivity
and asymptotics problems (cf. [7]). The construction of such mappings comes from our construc-
tion of non-trivial compact 4-dimensional cobordisms M with symmetric boundary components and
whose interiors have complete 4-dimensional real hyperbolic structures (cf. [4]). Such bounded locally
homeomorphic quasiregular mappings are defined in the unit 3-ball B® C R? as mappings equivariant
with the standard conformal action of uniform hyperbolic lattices I' C Isom H? in the unit 3-ball and
with its discrete representation G = p(I') C Isom H* (cf. [6]). Here G is the fundamental group of
our non-trivial hyperbolic 4-cobordism M = (H* U Q(G))/G and the kernel of the homomorphism
p: ' = G is a free group F}, on arbitrary large number m generators.
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Representation of gravi-electromagnetism using matrix algebra

Ismail Aymaz
(Kiitahya Dumlupimar University, Graduate School of Sciences, Department of Physics, Kiitahya,
Turkey)
E-mail: aymazismail7@gmail.com

Mustafa Emre Kansu
(Kiitahya Dumlupinar University, Faculty of Art and Science, Department of Physics, Kiitahya,
Turkey)
E-mail: memre.kansu@dpu.edu.tr

The vector, matrix and tensor algebras are frequently used in order to formulate many physical sys-
tems and engineering problems [?]. The nature of quantum mechanics, which is one of the significant
areas of physics, has increased the importance of matrix algebra due to including non-commutative
structures. Therefore, matrix algebra satisfies the great contributions and developments. In this study,
after defining matrix definitions of quaternion algebra |?, ?|, which is one of the member of higher di-
mensional algebra, both electromagnetism and linear gravity |?, 7, ?| are combined by using matrix
representation with dual [?] and complex [?] units. By this way, we have firstly showed the isomor-
phism and similarity between quaternion and matrix algebras for gravi-electromagnetism [?, ?|.
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Uniqueness of pretangent spaces at infinity
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(TAMM of the NASU, Dobrovolskogo Str. 1, Sloviansk, 84100, Ukraine)
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The pretangent spaces to an unbounded metric space (X, d) at infinity are, by definition, some limits
of rescaling metric spaces (X , %d) with r, tending to infinity. The Gromov-Hausdorff convergence and

the asymptotic cones are most often used for construction of such limits. Both of these constructions
are based on high—order logic abstractions (see, e.g., [5]), which makes them very powerful, but it does
away the constructiveness. In [2, 3] we present and consider a more constructive approach to building
an asymptotic structure of unbounded metric spaces at infinity.

The object of the present abstract is metric spaces having with unique pretangent spaces at infinity.
The theorem below gives the necessary and sufficient conditions under which an unbounded metric
space X has an unique pretangent space Qéi at infinity for every fixed scaling sequence 7.

We will denote by 2 the class of spaces having the property

((X,d) € A) & ((X,d) is unbounded and V 7 there is a unique Qé;)
Let (X, d) be a metric space and let p € X. For each pair of nonempty sets C, D C X write
A(C, D) :=sup{d(x,y): x € C,y € D}.
In addition we define, for every e € (0,1), the set S? as
52 .= {(r,t) € Sp*(X):r#0+#tand ‘g - 1’ > 5},
where Sp?(X) is the Cartesian square of Sp(X) = {d(z,p): = € X}.
Theorem 1. [4]| Let (X,d) be an unbounded metric space and let p be a point of X. Then (X,d) € 2

if and only if the following conditions are satisfied simultaneously.
(1) The limit relations

lim lim sup diam(A(p, r, k)) — lim w -0
k=1 r oo r r—00 r

hold, where r € (0,00), k € [1,00), A(p,r,k) is the annulus {x € X: ¢ < d(z,p) < rk} and
S(p,r) is the sphere {x € X: d(z,p) = r}.
(2) Let e € (0,1). If ((qn,tn))nen C S? and

lim ¢, = lim ¢, = oo,
n—oo n—oo

and there is

lim & = ¢ € [0, o0},
n—oo t,,

then there exists a finite limit

iy A8 @an), S(:tn))

n—00 ‘qn — tn|

= K.

It can be proved that conditions (1) and (2) from Theorem 1 are mutually independent in the sense
that no one of them implies the another.
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Corollary 2. Let (X,d) be a metric space and let Y be an unbounded subspace X. Then (X,d) € 2
implies (Y,d) € 2.

Consider, for simplicity, logarithmic spirals having the pole at 0. The polar equation of these spirals
is
p = kb?, (1)
where k and b are constants, k € (0,00) and b € (0,1) U (1,00). The rotation of the polar axis on the
angle ¢ = —% transforms (1) to the form

p="b%. (2)
Let us denote by S* the set of all complex numbers lying on spiral (2) and let
S =S*u {0},

i.e., S is the closure of S* in the complex plane C. In the following theorem we consider S as a metric
space with the usual metric d(z, w) = |z — w].

Theorem 3. [4] Each pretangent space to (S,d) at infinity is unique and isometric to S.

These results have natural infinitesimal analogs (see [1]).
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Foliations of 3-manifolds with small module of mean curvature

Dmitry Bolotov
(B. Verkin ILTPE of NASU, 47 Nauky Ave., Kharkiv, 61103, Ukraine)
E-mail: bolotov@ilt.kharkov.ua

A taut foliation is a codimension one transversely oriented foliation of an oriented 3-manifold M
with the property that for each leaf there is a transverse circle intersecting it.

D. Sullivan proved that F is taut iff each leaf is a minimal surface for some Riemannian metric on
M which is equivalent that F does not contain generalized Reeb components [1|. Recall that a surface
F is called minimal if the mean curvature H of F' is identically zero.

In the present work we announce the following result.

Theorem 1 (Main theorem). Let (M, g) be a closed oriented Riemannian 3-Manifold sutisfying the
following properties:

(1) the volume Vol(M,g) < Vy;
(2) the sectional curvature vy of (M, g) satisfies v < 7o for the constant vy > 0;
(3) min{inj(M, g). 7%=} > io.
Then there is a constant Ho(Vy, Y0,10) such that any transversally oriented foliation F of codimension

one on M with the mean curvature of the leaves satisfying |H| < Hy, must be taut. The constant Hy
15 defined as wollowing:

. 2V/3i2 .
Hy = mln{%a v %ﬁ}’ if Y =0,
o i2 .
mln{ 2\\//§ . ) [IZ()}, Zf Yo > 0}
(%)
where xq 1s the positive root of the equation
2V
— arcctg? ¥ =0
70 Vo V3

Let us recall that, by the Novikov’s theorem [2], if m (M) < oo or ma(M) # 0, then excepting the
foliation of S? x S' by spheres, F contains a Reeb component. Thus we obtain the following corollary.

Corollary 2. Let (M, g) be a Riemannian manifold that satisfies the properties in the theorem above.
If 1 (M) < oo or (M) # 0, then excepting the foliation of S? x S' by spheres, (M,g) does not
admit a foliation with the mean curvature H of leaves satisfying the inequality |H| < Hy, where Hy is
determined from (x).
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On integrability of geodesic flows on 3-dimensional manifolds

Alexey Bolsinov
(School of Mathematics, Loughborough University, Leicestershire, LE11 3TU, UK)
E-mail: A.Bolsinov@lboro.ac.uk

The goal of the talk is to discuss the behaviour of geodesics on 3-manifolds M with SL(2,R)
geometry, one of the eight natural geometries according to Thurston, appearing on three-dimensional
manifolds. It has been known that the corresponding geodesic flows cannot be integrable, however,
this particular case has not been studied in detail. The situation turned out quite interesting: we have
observed (joint work with Alexander Veselov and Yiru Ye [6]) that the phase space T M contains to two
open domains, complementary to each other and having common boundary, with integrable and chaotic
behaviour of geodesics. In the integrable domain, we have integrability in the class of real-analytic
integrals, whereas in the chaotic domain the geodesic flow has positive topological entropy. As a specific
example, we study in more detail the geodesic flow on the modular 3-manifold M = SL(2,R)/SL(2,Z)
homeomorphic to the complement of a trefoil knot X in 3-sphere.

I will try to talk about these results in the context of a more general problem on topological ob-
structions to integrability of geodesic flows on smooth manifolds following papers by V. V. Kozlov [1],
I. A. Taimanov |6, 4] and L. Butler |3, 5].

This work was supported by the Russian Science Foundation grant no. 17-11-01303 “Topological
and algebraic aspects of the theory of integrable systems: new trends and applications”.
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Algebraic and geometric questions about the EM helix

Enzo Bonacci
(Liceo Scientifico Statale “G.B. Grassi”, Latina, Italy)
E-mail: enzo.bonacci@liceograssilatina.org

The recent proposal to detect Dark Matter through the Aharonov-Bohm effect [10] has renovated
the interest for cosmological solutions based upon magnetic monopoles [8]. Challenging the A-CDM
paradigm, some alternative representations are grounded on interactions with hypothetical magnetic
charges [6] whereas others suppose the influence of relic magnetic atoms [4]. This raises two apparently
separate issues about why magnetic monopoles have never been spotted and where those elusive parti-
cles come from. More than a decade ago |1, 2, 3] we described the materialization of mass from radiant
energy as a process requiring the indistinguishability between the inertial reference frames at v = ¢
(SOL, i.e., speed of light) and those at v < ¢ (STL, i.e., slower than light). Such rigorous interpretation
of the relativity principle could clarify the entanglement between temporally separated photons [7| and
would allow the self-interacting electromagnetic rings, possible in SOL reference frames (characterized
by atemporality), to be perceived as electromagnetic helices for STL observers. Namely, we assumed
that a charged mass (both electric and magnetic) could be an electromagnetic helix, thus explaining
some intrinsic quantities of particles and the absence of magnetic monopoles at low energies. Our
model has been indirectly corroborated by the observation of the light self-torque [9] and could find
future confirmation from a promising method to determine the geometry of an electron [5]. We wish to
illustrate the algebraic and geometric questions behind a so formulated mathematical-physical theory,
included a falsification test currently being assembled at CERN’s MoEDAL.
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Geodesics on regular tetrahedra in spherical space

Alexander A. Borisenko
( B.Verkin Institute for Low Temperature Physics and Engineering of the National Academy of
Sciences of Ukraine, Kharkiv, Ukraine)
E-mail: aborisenk@gmail.com

Darya D. Sukhorebska
( B.Verkin Institute for Low Temperature Physics and Engineering of the National Academy of
Sciences of Ukraine, Kharkiv, Ukraine)
E-mail: suhdaria01090gmail.com

The full classification of closed geodesics on regular tetrahedra in Euclidean space follows from the
tiling of Euclidean plane by regular triangles [1].

In [2] we described a complete classification of simple (without self-intersections) closed geodesics
on regular tetrahedra in hyperbolic 3-space. In addition, we presented the asymptotic of the number
of simple closed geodesics of length not greater than L as L tends to infinity.

In current work we described all simple closed geodesics on regular tetrahedra in three-dimensional
spherical spaces. In this space the tetrahedron’s curvature is concentrated both into its vertices and
into its faces. The value « of the faces’ angle of a tetrahedron satisfies 7/3 < « < 27/3. The intrinsic
geometry of a tetrahedron depends on «.

By definition a simple closed geodesic on a tetrahedron has the type (p, ¢) if it has p points on each
of two opposite edges of the tetrahedron, ¢ points on each of another two opposite edges, and there
are (p + q) points on each edges of the third pair of opposite one.

We proved that on a regular tetrahedron in spherical space there exists the finite number of simple
closed geodesic. The length of all these geodesics is less than 27w. Furthermore, for any coprime
integers (p,q) we found the numbers a; and as depending on p, ¢ and satisfying the inequalities
/3 < a1 < ag < 2m/3 such that
1) if the faces’ angle of a regular tetrahedron is measured « € (7/3, ) then in spherical space there
exists unique, up to the rigid motion, simple closed geodesic of type (p, ¢q) on this tetrahedron,

2) if the value « of faces’ angle is in (o, 27/3) then there is no simple closed geodesic of type (p, q)
on the tetrahedron with such faces’ angle in spherical space.
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Motivic hypercohomology solutions in field theory II
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The determination of a hypercohomology as cohomology group where are defined the solutions of the
field equations obeys to the triangulated derived categories that permit an scheme (triangle) commu-
tative whose integrals are solutions of the field equations. The determination of this hypercohomology
arises of the fact of that derived motivic category DMgy (k), which is of the motivic objects whose
image is under Spec(k), that is to say, an equivalence of the underlying triangulated tensor categories,

compatible with respective functors on Smgp. The geometrical motives will be risked with the moduli
stack to holomorphic bundles. kewise, is analysed the special case where complexes C = Q(q), are
obtained when cohomology groups of the isomorphism HY, (X, F) = HR, (X, Fyis), can be vanished
for p > dim(Y). We observe also the Beilinson-Soulé vanishing conjectures where we have the van-
ishing HP(F,Q(q)) = 0, if p < 0, and ¢ > 0, which confirms the before established. Then survives
a hypercohomology H?(X,Q). Then their objects are in Spec(Sm,). Likewise for the complex Rie-
mannian manifold the integrals of this hypercohomology are those whose functors image will be in
SpecySymT(OP (D)), which is the variety of opers on the formal disk D, or neighborhood of all
point in a surface .
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Estimate of maximum of the products of inner radii of mutually
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Let N, R be the sets of natural and real numbers, respectively, C be the complex plane, C = C|J{oo}
be its one point compactification, U be the open unit disk in C and Rt = (0,00). Let 7(B,a) be an
inner radius of the domain B C C relative to a point a € B [1-4]. The inner radius of the domain B
is connected with Green’s generalized function gp(z,a) of the domain B by the relations

gB(z,a) = —In|z —a|+Inr(B,a) +o(1), z— a,

gB(z,00) =In|z| +1Inr(B,o0) +0o(1), =z — occ.
The system of points A, := {ax € C,k =1,n}, n € N, n > 2, is called n-radial, if |ax| € RT for
k=1,n and
0=arga; <argas < ...<arga, < 27.

Consider the following extremal problem.
Problem. For all values of the parameter v € R™ to find estimate of the maximum of the functional

Tn() = [ (Bo,0) 7 (Boo, 0)] H (B, ax) , (1)

wheren € N, n > 2, a9 = 0, A, = {ay}7_; € C/{0,00} be any fixed n-radial system of different points,
By, Beo, {Bi}}_, be a system of mutually non-overlapping domains, 0 € By C C, co € By C C,
akEBkC@, kzl,n.

The following proposition is true.

Theorem 1. Let n € N, n > 2, v € R". Then, for any fired n-radial system of different points
A, =A{ar}i_ € C/{o, oo} and any mutually non-overlapping domains By, Bso, Bi, ag =0 € By C C,
00 € By, CC, ay, € B, C C, k =1,n, the following inequalities hold

2y

BRI 2 ; n+42
(n+1) n+2 H T(Bkvak) kl:[1|ak|n+2a lf v E (07 T]a
In(7) <
(n+1)" if oy > 2
Remark 2. If v = 22 and H lax| < 1, then from above posed Theorem 1, the following inequality

holds

[ (Bo, 0) 7 (Boo, 00)] MHT (Br,ap) < (n+1)" "2
k=1

In this case the structure of points and domains is not important.
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For any n-radial system of points A,, = {ay}}_;, |ax| = 1, and any pairwise non-overlapping domains
{Bi}}_,, ar € By C C, k = 1,n, the inequality

n n
H T(Bk, ak) <2 H o
k=1 k=1

is valid (see Corollary 5.1.3 [1]). In Theorem 6.11 [2] for any different points ax on the circle |ax| = 1,
k=1,n (n > 2), and any pairwise non-overlapping domains By C C such that a; € By, k = 1, n, the

inequality
n n
4
| | (Bg, a) <>
n

is proved. Thus, from Theorem 1 we have next result.

Corollary 3. Let n € N, n > 2, v € RT. Then, for any system of different points {ar}}_, of the
unit circle |gk| = 1 and any mutually non-overlapping domains By, Beo, By, ap = 0 € By C C,
00 € Bso CC, ap € B, C C, k =1,n, the following inequalities hold

2yn
n A\ " 2
(n+1)7" T <n) , if v e (0,752;

Ja(y) <

(n+ 1)_nTH , if > 42
If By C U, then from the proof of the Theorem 1, the following results are valid.
Corollary 4. Letn € N,n > 2, v € R" and By C U. Then, for any system of different points {ax}}_,

of the unit circle |z| = 1 and any mutually non-overlapping domains By, ap € B, C C, k =0,n, ag = 0,
and the domains By, k = 1,n, are mirror-symmetric relative to the unit circle |z| = 1, the inequality

holds

n

21 (Bo,0) [ [ r (Br,ax) < (n+ 1)~

k=1

+1

Corollary 5. Letn € N, n > 2, v € R, R >0 and By be an arbitrary domain belonging to the open
circle |lw| < R. Then, for any n-radial system of different points A, = {ar}}_, such that |ay| = R,
k = 1,n, and any mutually non-overlapping domains By, ar, € B, C C, k = 0,n, ag = 0, and the
domains By, k = 1,n, are mirror-symmetric relative to the circle |lw| = R, the inequality holds

& (B070) H?"(Bk,ak) (7’L—|— 1) RQ’Y
k=1

This work was supported by the budget program "Support of the development of priority trends of
scientific researches" (KPKVK 6541230).
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Finite-dimensional spectral problems on an interval were considered in [1] (some recent results see
in [4], [3] and applications in [2]). Finite-dimensional spectral problems on graphs occur in various
fields of physics (see e.g. [5], [6] and [7]).

We consider a tree T' rooted at a pendant vertex. All edges are directed away from the root. Each
edge e; of this tree is a Stieltjes string with point masses m) (k =1,2,...,n;, j = 1,2,...,q) and

. g
subintervals i (k = 0,1,...,n;). The total length of e; is ; = ;;o 7. We denote ; = nj — 1 if

l,jlj =0 and n; = n; if lZLj > (. The Dirichlet problem on this tree consists of the following equations.
For each edge:
uy, — ui-&-l up, — U
: + :
I I
k k—1

For each interior vertex with incoming edge e; and outgoing edges e, we have

—mINul =0, (k=1,2,....75 j=1,2,...q). (1)

uh 1 = ub, (2)
and ' ‘
U, 41~ U, N Z up — Uy { 0, if B, > 0, (3)
l%j - I —m%j)\zu%j, if I, = 0.

For an edge e; incident with a pendant vertex (except of the root) we have the Dirichlet boundary
condition:

U%j—kl =0. (4)
If e; is the edge incident with the root then at the root we have
ug = 0. (5)

The Neumann problem consists of equations (1)-(4) and
up = 1. (6)
at the root.

First of all we notice that interior vertices of degree 2 do not influence the results and we can
assume absence of such vertices without losses of generality. Let P be a path in the tree T involving
the maximum number of masses. Obviously it starts and finishes with pendant vertices. We denote
the initial vertex of P by vy and choose it as the root of the tree. The enumeration of other vertices
is arbitrary. We denote the edge incoming into a vertex v; by e; for all . Then P : vy — v1 — vs, —
Vsq —> ... = Vs,_, — Us,.. Deleting vp and e; we obtain a new tree 7" rooted at the vertex v;.

Since the degree of v is d(vy) > 2 we can divide our tree 7" into subtrees 7, T4, ..., Té(vl)_l having
v1 as the only common vertex. (We say that 77, 15, ..., T(;(Ul)_l are complementary subtrees of T".
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Denote by ¢n, (z) (where z = A?) the characteristic polynomial of problem (1)- (4), (6) on the
tree T and by ¢p, | (2) the characteristic polynomial of problem (1)~ (4), (5) on this tree. These
polynomials are normalized such that

v (0
by (0) =i+ — ! ;
PN (up) (0) d %‘1 Dy (0p) (0)
r—1 ¢Dr(v1)(0)

@D r(v)(2) is the characteristic polynomial of the Dirichlet problem (1)~ (4), (5) on 7y and ¢y () (2)
is the characteristic polynomial of the Neumann problem (1)- (4), (6) on 7} and so on.

The inverse problem lies in recovering the spectral problem data {mi}zjz . {lfc}Z”: o using the spectra,
{1i}i—_p, k20 and {vi}p__,, ko of the Neumann and Dirichlet problems.

The following theorem gives sufficient conditions for existence of solution of such inverse problem.

Theorem 1. Let {pup}y__, 1.0 and {vii__, .o be symmetric (- = —pp, v—) = —vi) and
monotonic sequences of real numbers which interlace:
2

0< (u)? < (11)? < oo < (n)* < (vn)%
Let T be a metric tree of a prescribed form rooted at a pendant vertex vy with prescribed lengths of
edges [; >0 (j =1,2,...,q, q is the number of edges in T).
Then A
1) there exist numbers n; € {0} UN (j =1,2,...,q), sequences of positive numbers {mj },., (point
masses on the edge ej, j =1,2,...,q) and numbers {li}ZJ:O (I, >0 for all k =0,1,...,n; — 1, I,, >0

ng oo q
for all j = 1,2,...,g such that kzoli =1, Zl’n,j = n, the spectrum of Neumann problem (1)-(4),
= j:

(6), coincides with {pug}p__,, 1.0 and the spectrum of Dirichlet problem (1)-(4), (5) coincides with

{Vk}Z:fn, k;éO;

2) the two spectra {pktp__,, zo and {vk}i__, 1o and the length Iy of the edge incident with the
root uniquely determine the masses {mi}zlzl (point masses on the edge e1) and lengths {I} vl of the
subintervals on this edge.
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Formal groups and algebraic cobordism
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We present our algorithm for constructing of Lazard‘s one dimensional universal commutative formal
group. We apply it to some constructions of complex and algebraic cobordism.

ALGORITHM FOR CONSTRUCTING OF LAZARD‘S ONE DIMENSIONAL UNIVERSAL FORMAL GROUP

Here we follow to |1, 5, 8]. We extract from Lazard |1] an algorithm of constructing of Lazard‘s one
dimensional universal formal group law. The constructions of n(n > 1)-buds, formal groupoids and
moduli spaces of one dimensional formal groups are investigated and are used. Let A, and A; be the

rings of polynomials A, = Z[ay, ..., 4] and A; = Qlai, ..., aql.

Proposition 1. The structure of the algorithm has the next form. For the (one-dimensional) 1-bud
T+ vy + arxy we put:
1

qurl('mvy) = fq(IE, y) + hé(mvy) + aq+1cq+2(xa y)a fq(xay) € Aq7
compute Qgi1, Pg+1 € A;.
Remark 2. The algorithm and expressions for g1, h(z, Y), Cy+2(x,y) will be given in my talk.

Definition 3. The ring L = Z[ay, g, - - - | is called the Lazard ring.

FORMAL GROUPS IN COMPLEX COBORDISM

Here we follow to [2, 3, 4, 6].
Let M be a smooth manifold, T'M be the tangent bundle on M and R™ the trivial real m-dimensional
bundle of M.

Definition 4. A manifold M is stably complez if for some natural m the real vector bundle TM € R™
admits a complex structure.

Let M; and My be two smooth manifolds of dimension n, and W be the smooth manifold of
dimension n + 1 with a boundary that is the union of My and My, i.e. OW = M; + Mo.

Definition 5. Let Mj, Ma, W be stably complex manifolds. In above notations the complex (unitary)
cobordism between M; and Mz is a manifold W whose boundary is the disjoint union of My, My,
OW = Mj + My where the corresponding structure on OW is induced from W and Mj denotes the
manifold with opposite structure.

Remark 6. Suppose we have the relation of complex cobordism. Then the relation divides stably
complex manifolds on equivalence classes called classes of complex cobordisms.

Lemma 7. The set of classes of complex cobordisms with operations of disjoint union and product of
stable manifolds form commutative graded ring L = Z[vi,va,---] .
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Theorem 8 (A. S. Mishchenko). Let g(t) be the logarithm of Lazard universal formal group, and [CP"|
are classes of unitary cobordisms of complex projective spaces. Then

g(t) = > E;Cﬁt”“, [CPY =1.
n>0

FORMAL GROUPS IN ALGEBRAIC COBORDISM

Here we follow to [7]. Let k be a field of characteristic zero and Sm(k) be the full subcategory
of smooth quasi-projective k-schemes of the category of separable finite-type k-schemes. Let A* be
an oriented cohomology theory on Sm(k) and let ¢;(L) be the first Chern class of line bundle L on
X € Sm(k).

Proposition 9 (Quillen, [7]). Let L, M be line bundles on X € Sm(k). There exists formal group
law Fa with coefficients in A* such that

c1(L ® M) = Fa(e1(L), e1 (M)).

Theorem 10 (Levine-Morel). There is a universal oriented cohomology theory Q2 over k called algebraic
cobordism. The classifying map ¢q : L — Q*(k) is an isomorphism , so Fq is the universal formal
group law.

Problem 11. It seems that very little is known about applying n(n > 2)-dimensional commutative
formal groups to cobordism theory. For instance what is the application of a two-dimensional 1-bud ?

REFERENCES

[1] M. Lazard. Sur les groupes de Lie formels & un parametre, Bull. Soc. Math. France, 83(3): 251-274, 1955,

[2] S.P. Novikov. Homotopy properties of Thom complexes. Mat. Sbornik, vol. 57, no. 4, 407-442, 1962.

[3] Vi. Buchstaber, A. Mishchenko, S. Novikov. Formal groups and their role in the apparatus of algebraic topology.
Uspekhi Mat. Nauk, vol. 26, no. 2, 131-154, 1971.

[4] S.P. Novikov. Algebraic topology at the Steklov mathematical institute of the academy of sciences of the USSR, Trudy
Mat. Inst. Steklov, vol. 169, 27-49, 1985.

[5] M. Hazewinkel. Formal groups and applications, New York : Academic Press, 1978.

[6] V. M. Buchstaber, T. E. Panov. Torus actions in topology and in combinatorics, Moscow : MTcNMO, 2004.

[7] Mark Levine, Fabien Morel. Algebraic cobordism, Monographs in Mathematics. Berlin & New York : Springer, 2007.

[8] N. Glazunov. Duality in abelian varieties and formal groups over local fields. I. Chebyshevskii Sbornik, vol. 19, no.1,
44-56, 2018.



21

A note on tensor product of Archimedean vector lattices
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Let E ,F and G be Archimedean vector lattices. We say that a linear operator T' : ¥ — F'is a lattice
homomorphism if T'(x Vy) = Tz V Ty for every x,y € E. A bilinear map ® : £ x F — G is said to be
positive if |®(x,y)| < ®(|z|, |y|) for all z € E and y € F. The bilinear map ® : £ x F' — G is said to be
lattice bilinear map (or lattice bimorphism) whenever it is separately lattice homomorphisms for each
variable or equivalently, |®(z,y)| = ®(|z|,|y|) for all z € F and y € F. Let E and F be Archimedean
vector lattices. Then, by [6] and [7] there exists an Archimedean vector lattice K@F (called Fremlin
tensor product) and a map @ : £ x F' — EQF with the following well-known properties :

(i) & is a lattice bimorphism and represents E ) F' as a linear subspace of EQ)F.

(ii) If G is any Archimedean vector lattice, there is a one to one correspondence between lattice
bimorphisms ¢ : E x F' — G and lattice homomorphisms 7 : EQF — G given by ¢ = 7 Q).

(iii) EQ@ F is dense in EQF. It means that for any u € E® F there exist 0 < z € E and
0 <y € F such that for every § > 0 thereisav € EQ F with |u—v [<dx ® y.

(iv) EQ® F is order dense in EQF. That is, if 0 < u in EQE there exist 0 < z in F, 0 < y in F
such that 0 <z ®y < u.

(v) fue EQF there exist 0 <z € E, 0 <y € F such that |u [< z®y.

(vi) If G is any Archimedean vector lattice and ® : £ x F' — (G is a lattice bimorphism such that
®(x,y) > 0 whenever z > 0in E and y > 0 in F', then EQ)F may be identified with the lattice
subspace of G generated by ®(F x F).

Definition 1. Let E be a vector lattice and U be a subset of E. U is called a solid subset if | z |<| y |
and y € U imply = € U. A solid subspace of F is called an order ideal. An order closed ideal is said
to be a band.

In this talk, we deal with tensor product of two order ideals. Let E be a uniformly complete vector
lattice and x € E. An order ideal generated by z is given by

Us:={y:ly|<A|xz]| for some >0}
Order unit norm on Uy, is given by
[yl = inf{A>0:ly[< Az}

U, is algebraically and order isomorphic to an AM space with unit. Every AM space with unit is a
C(K) space for some compact Hausdorff space K with unit. Hence, Fremlin tensor product of two
order ideals generated by single elements is an order ideal. For general case, we need the definition of
orthomorphism. A linear operator T': F — FE is called an orthomorphism if it is both band preserving
and order bounded. By using orthomorphism, we can show that Fremlin tensor product of two order
ideals is an order ideal.

Theorem 2. Fremlin tensor product of two order ideals generated by single elements in a uniformly
complete vector lattice is an order ideal.

For this subject, we give the following references.
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Let #H be a separable Hilbert space and let S1[#] be the trace class operators on ‘H (First Schatten
Class, [3]).

Consider H; = L?(H; [0,7]) and define an inner product on H; by:

(f 9y, = /0 (). g(t) gt
for all f,g € H;.

e With this inner product, H; is also a separable Hilbert space.

Here, we study the same problem in [2], with H replaced by a arbitrary separable Banach space B,
under the following conditions:

(1) Q(t) has a weak second-order derivative in [0, 7] and for ¢ € [0, 7], Q¥ (t) (i = 0,1,2) is a self

adjoint trace class operator on B.

(2) Qlly, <1.

(3) H1 has an on.b. {@,}52, such that 3322, [|Qnll,, < oo

(4) HQi(t)Hsl 5] (1 =0,1,2) is a bounded measurable function on [0, 7.
It is clear from (4), that this is a nontrivial problem since, among other things, in the standard
approach, there are a number of possible definitions of 51 [B] (see [3] and Pietsch [9]).

We assume that B is a continuous dense embedding in a separable Hilbert space H and for each
f,9€B, (f,9), = (f,9)y is the Hilbert functional on B.

Theorem 1 (Polar Representation Theorem). Let B be a separable Banach space. If A € C[B], then
there exists a partial isometry U and a self-adjoint operator T, with D(T) = D(A) and A = UT.
Furthermore, T = [A* A]"/? in a well-defined sense.

Def. If A € S;[B], we called it a trace class (or nuclear) operator on 5.
* Since Sp[H] is a two sided “ideal, it follows that the same is true for S,[B].
* For 1 <p<oo, AecSy[B]and B € L[B] then AB, BA € S,[B] and

IABls, iz < IIBll 51 1Alls, 5
I1BAlls, iz < I1Bll 51 14lls, 5
Lemma 2. If A\ ¢ o(Lg) then QRy()\) € S1[H1]

Lemma 3. The operator valued function R(A\) — Ro(\) is analytic in p(L), the resolvent set of L, with
respect to the Si[Hi1] norm.

Theorem 4. The regularized trace formula for operator L on B with the conditions on operator func-
tion Q(t) is given by

> [ O =) =7 [ tr@(t)dt] = {1r(@(0) + rQ(r)

4
m=0 Ln=1
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Let us consider the semi-direct sum G x C;;feg of the loop Lie algebra G := c/l%f(T1|N), consisting of

the superconformal vector fields on a supertor TV in the forms:
~ 1 N
a:=ad/0xr + 3 Zizl(Dgia)Dgi, a:=a(x,9;\), (1)

where a € C°(T!N x (DL UDL); Ag), (,9) € TV ~ St x AN, A := Ag @ A; is a infinite-dimensional
Grassmann algebra over C D Ag, ¥ := (91,9a,...,9n) and Dy, := 9/d9; + 9;0/0z, i = 1, N, which
are holomorphic in the "spectral" parameter A € C on the interior ]D)1 C C and exterior D! ¢ C
regions of the unit centrally located disk D' C C, and its regular dual space G*

reg With respect to the
parity:

~ ~ N ~
(7. @) = res A~ / dzd™9 (la), T:= Uz, 9N (dz+3 " Ohdti) € Gy, 2)
TN =1

where [ € C°(THE =D » (DL UDL); Ay) if N =2k — 1 and [ € C(T'? x (DL UDL); Ag) if N = 2k,
k € N. The superconformal loop Lie algebra G possesses the commutator:

.7 U 1 N
[a,b] = ¢, ¢:=cd/0x+ . Zizl(DﬁiC)Dﬂi,

— a(0b/0x) — b(da/Ox) + % S (Doa)Dsb). abed,

splits into the direct sum of its Lie subalgebras G = Q+ @ Q for Whi~Ch the fo~llow~ing dual spaces are
identified: G reg = ~G_,G* reg = ~ G,. Here a(c0) = 0 for any a()\) €G_. On G x G, one determines
the commutator:

[a 5 1,b x 1] = [a,b] x (adgim — adil), a,beG, I,meq;

reg’
where ad* is the co-adjoint action of G with respect to the parity (2) and
(_1)N+1 N

2 i=1
for any vector field a € G and a fixed element [ € Q;feg,
form:

4-N
adgl = lpa + ——lag + (Dy,1)(Dy,a)

as well as nondegenerate symmetric bilinear

(ax1,bxm)=(I,b)+ (m,a)o.
One constructs the central extension & := & @ C of the Lie algebra & := [Lest (G x QN;‘eg) by the
2-cocycle [1]:
wa(a x I,bx m) = / dz((1,0b/02)o — (1,0a/02)0), (axl),(bxm)e&, zeSh
St

The Lie algebra & permits the standard splitting G = 05+ @ G_ of the Lie algebra ® into the direct
sum of its Lie subalgebras & := [Lesi (G xG* reg) and G = [Lesi(G6-xG reg)). Thus, by means
of the R-operator approach [2] one introduces the following Lie-Poisson bracket:
{m,v}r = (@ x L [RV,p(@ x 1), Vip(a w D)) + [Vou(a x 1), RVw(a x 1)]) +
+wo(RV, (@ x 1), Viv(a x 1)) + wa(Veu(a x 1), RVp(a x 1)), (3)
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where p,v € D(B*) are arbitrary smooth by Frechet functionals on & R = (P —P_)/2, P and
P_ are projectors on Q5+ and &_ respectively, on the dual space ®* ~ & to the Lie algebra ®. Here
Vih(a x 1) == (Vihy x Vihg) € & and V,h(a x 1) := (V,h; x V,h;) € & are left and right gradients of
any smooth functional h € D(&*) at a point (@ x [) € &*. Due to the Adler-Kostant-Symes theory [2]
the Lie-Poisson bracket (3) generates the hierarchy of Hamiltonian flows:

d(ax 1)/ot, = —ady, G (o) (@ X D={ax,hP}r, (axl)ed* pelZ,,

where Py VAP (ax ) = (vlhlﬁi x Vih)), Vb (aw D) = WYih(@ax D), Vig ~ Y ez, Vihi A9 and
Vihg ~ Zj€Z+ Viha jA™9 as |A| = oo, for any Casimir invariant h € I(éi*), satisfying, by definition,
the following relationship:
adg, h(ax l)(axl) (axl) e®”.
Any two Hamiltonian flows on &* in the forms:
dawxi)/oy={ax,h®(@ax g, 0@wxi)/ot={axl,h@xli)}z,

where V;hW) = A\PvVh(a x 1), Vih® = XNeeVih(a x 1), py,pr € Z, and h € I(&*), give rise to the
separately commuting evolution equations:

0a/dy = —[Vih") ] + O(Vil")) [0z, 0a/0t ~ [Vlh( ) &)+ 0(V, h( 1)/, (4)
and

ol /0y = _ad*vlh@ [+ adiVinY) + 8(Vih(Y)) /o2,

01/0t = —ady, 0 [+ adyVin + a(vin),)/ox.

Proposition 1. The commutativity of evolutions (4) is equivalent to the relationship:
Vin”) Vi) ] = 2(Vih") [0t + O(Vihi")) oy = 0, (5)

which is reduced on every coadjoint orbit of the Lie algebra & to the Laz-Sato representation for some
system of nonlinear heavenly type equations on a functional supermanifold. The relationship (5) is a
compatibility condition for the following linear vector equations:

OOy + v,h@u =0, Q/0z+ap =0, 0/ot+Vih! Yy =0,
where (y,t; X, z,2,0) € (R? x (C x S* x TUN)) and ¢ € C*(R? x (C x S! x 'IF”N));C).

By use of the Lax-Sato compatibility condition (5) one can construct integrable systems of heavenly
type equations on functional supermanifolds, which can be considered as generalizations of Lax-Sato
integrable superanalogs [3] of the Mikhalev-Pavlov heavenly type equation, choosing the smooth func-
tions a := Zf:_ll wg (2, 0)AF — AK and [ := ZkK:_ll €ex(2,0)NF, K € N, in (1) and (2) respectively.
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Structure of functions on an oriented 2-manifold with the boundary
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Smooth functions are the tool of investigation in many scientific fields. Thus, their classification are
important enough. There is a number of papers devoted to functions with non—-degenerate singularities
on a surface with the boundary [1-5]. Furthermore, there are significant results dedicated to topological
structure of spaces of smooth functions with isolated critical points was presented in [6-10].

Let M (and N) be smooth compact connected oriented surface with the boundary M. We consider
the class of functions Q(M) = {f : M — R|CP(f) = NDCP(f) D CP(flom) = NDCP(florm)},
where CP(f) (NDCP(f)) is the set of (non-degenerated) critical points of f.

Theorem 1. The following statements hold true:

1) for arbitrary function f € Q(M) there exists the m-function g : M — R which is topologically
equivalent to f;

2) for arbitrary m-function g : M — R there exists the function [ € Q(M) such that f and g are
topologically equivalent.

Definition 2. Smooth functions f € Q(M) and g € Q(N) are called O-equivalent if there exists a
homeomorphism A : M — N, which maps the components of the level sets of f onto the components
of the level sets of g, preserve the growing directions of functions and preserve the orientation. The
O-equivalence class of the pair (U, f|y) is called and O-atom for an oriented surface, where U is the
union of connected component of the (small enough) neighborhood of critical level, which contain the
critical points.

Let f € Q(M). The components of level lines of the function f are said to be layers. These layers are
homeomorphic to the circle or to the line segment for regular values of the function. Then, the surface
M can be considered as the union of layers and we get the foliation with singularities. We call a layer
by the layer of the first (the second) type if it corresponds to the component homeomorphic to the
line segment (circle). Let us consider the equivalence relation on M, such that points are equivalent if
and only if they belong to the same layer. Thus, after examining of nature factor-topology we get the
graph I'; with edges of two types. In such a way we get the classification of edges being called edges
division of graph I'y.

Definition 3. The vertices with degrees 3 and 4 of graph I'y of function f, which are incident to the
first type edges are said to be Y and X-vertices correspondingly.

Definition 4. Equipped Reeb graph of a function f € Q(M) is graph I'y with edges division, orientation
and cycle order at Y and X-vertices.

Definition 5. Equipped Reeb graphs I'y and I'y of functions f,g € Q(M) are said to be equivalent
by means of the isomorphism ¢ : I'y — I'y (denote by I'y ~ I'y or I'y ~, T'y) if ¢ satisfies the following
statements:

(1) preserve the division of the edges;

(2) preserve the cycle orders of the edges at each X and Y-vertex;

(3) preserve the edges orientation.
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Theorem 6. Let M, N be smooth compact surfaces (with the boundaries), such that f € Q(M),
g € Q(N). Then f and g are O-equivalent if and only if their equipped Reeb graphs I'y and I'y are
equivalent.

Further the first and the second type edges of the graph I'; are said to be | and O-edges corre-
spondingly. To define the genus of the surface we consider the following designation: let E; (Eg) be
a number of l-edges (O-edges) and Vj (Vo) be a number of the vertices which are incident only with
I-edges (O-edges). The number of components of the boundary of the surface M we denote by 0.

Theorem 7. Let graph 'y of a function f € Q(M) includes either O-edges, or |-edges. Then the genus
of the surface can be calculated from the formulas (1) and (2) correspondingly, where
go=FEo—Vo+1 (1)
E-Vi+2-0
. 2

Definition 8. A vertex with degree 2 (3) of the graph I'y of a function f, which are incident with the
edges of both types, are said to be T-vertex (D-vertex).

g =

Theorem 9. The genus of a surface can be calculated from the following formula
g=go+g+Vo+Vr—co—c+1 (3)

where go s a summary genus of the subgraph which consists only edge of the second type, such that
the genus of each graph components is defined by the formula 1, g is a summary genus of the subgraph
which consists only edge of the first type, such that the genus of each graph components is defined by
the formula 2, Vp is the number of D-vertices and Vt is the number of T-vertices, co is the number of
connected components of the subgraph which consists only edge of the second type and ¢ is the number
of connected components of the subgraph which consists only edge of the first type.

Corollary 10. Let f be m-function. Then the formulas 1, 2 and 3 hold true.
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The Cauchy problem for matrix factorizations of the Helmholtz
equation in a multidimensional bounded domain
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It is known that the Cauchy problem for elliptic equations is unstable relatively small change in the
data, i.e., is incorrect (Hadamard’s example). In unstable problems the image of the operator is not
closed, therefore the solvability condition can not be written in terms of continuous linear functionals.
Thus, in the Cauchy problem for elliptic equations with data on a part of the boundary of the region,
the solution is usually unique, the problem is solvable for an everywhere dense set of data, but this set
not closed. Consequently, the theory of solvability of such problems is essentially It is more difficult
and deeper than the theory of solvability of the Fredholm equations. The first results in this direction
appeared only in the mid-1980s in the works of L.A. Aizenberg, A.M. Kytmanov, N.N. Tarkhanov
(See, for instance [1]).

Let © = (z1,...,2n),y = (y1,...,yn) be are points of the Euclidean space R™ and G C R™ be a
bounded simply-connected domain with piecewise smooth boundary consisting of the plane T y,,, =0
and of a smooth surface S lying in the half-space y,,, > 0, that i.s., 0G = S| JT.

We consider in the domain G a system of differential equations

D (ai) U(z) =0, (1)

0
where D (8) is the matrix of first-order differential operators.
x

We denote by A(G) the class of vector functions in a domain G continuous on G = G'|JIG and
satisfying system (1).

Problem 1. Suppose that U(y) € A(G) and
Uls = fly), y€S.

Here, f(y)— a given continuous vector-valued function on S.
It is required to restore the vector function U(y) in the region G, based on its values f(y) on S.

Theorem 2. Let U(y) € A(G) it satisfy the inequality
U(y)| <M, yeT.
If
Unl@) = [ Noly, 2)U(5)ds,. 2 € G.
S

then the following estimate holds
|U(z) — Uys(z)| < C(x)oe 7% o >1, x€G.
Here and below functions bounded on compact subsets of the domain G, we denote by C(x).
Corollary 3. The limiting equality
lim Uy(z) = U(x),

T—00

holds uniformly on each compact set in the domain G.
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In the future, we will construct the Carleman matrix for matrix factorizations of the Helmholtz
equation in multidimensional bounded domain and based on it we will find an approximate solution
to the Cauchy problem in explicit form, using the methodology of previous works (See, for instance
[2,3,4,5,6, 7,8, 13]).

In many well-posed problems for a system of equations of elliptic type of the first order with constant
coefficients, the factorizing operator of Helmholtz, the calculation of the value of the vector function
on the whole boundary is inaccessible. Therefore, the problem of reconstructing, solving a system
of equations of elliptic type of the first order with constant coefficients, the factorizing operator of
Helmbholtz, is one of the topical problems in the theory of differential equations (See, for instance
[9, 10, 11, 12, 14]).
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Fejer Sums and the von Neumann Ergodic Theorem
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The Fejér sums of periodic measures and the norms of the deviations from the limit in the von
Neumann ergodic theorem are calculated, in fact, using the same formulas (by integrating the Fejér
kernels), so this ergodic theorem is a statement about the asymptotics of the growth of the Fejér sums
at zero for the spectral measure of the corresponding dynamical system.

As a result, well-known estimates for the rates of convergence in the von Neumann ergodic theorem
can be restated as estimates of the Fejér sums at the point for periodic measures. For example, natural
criteria for the polynomial growth and polynomial decrease in these sums can be obtained.

On the contrary, available in the literature, numerous estimates for the deviations of Fejér sums
at a point can be used to obtain new estimates for the rate of convergence in this ergodic theorem.
For example, for many dynamical systems popular in applications, the rates of convergence in the
von Neumann ergodic theorem can be estimated with a sharp leading coefficient of the asymptotic by
applying S.N. Bernstein’s more than hundred-year old results in harmonic analysis.
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We denote by N:={1,2,...}, R, R" := {z € R: z > 0}, R} :=R"\0, and C the sets of natural, of
real, of positive, of strictly positive, and of compler numbers, each endowed with its natural order (<,
sup / inf), algebraic, geometric and topological structure.

Mixed areas/volumes. Let S be a bounded subset in C with the support function |1, Ch. 1], [2]

t
- - - it - /
Sps(=) iz, swpRe(zi). sps(t) iz, Sps(e”). and  Aslt) i, (sps)ian(®) + [ spsla)do.

where (spg)7.; is the left derivative of spg. The mized area (of Minkowski) F(S1,S2) of bounded sets
S1,S52 € Cis integrals [1, Ch. 1, 3], [2], [3, § 4]

1 2 1 2
FS1 82 1= 5 [ 50, (0485, = 5 | (spsisps, = (5P, Jn (5P, ) (1)t = F(S2.50).

Convexity with respect to a pair of functions. Let I C R be an open interval, and let f;: I — R
and fo: I — R be a pair of functions. A function ¢g: I — R will be called convezr with respect to the
pair f1, fa, or, briefly, (fi, fa)-convez if there is a number d > 0 such that for each z;,z9 € I with
|z1 — 23] < d and for each Cy,C; € R such that

g(w1) < Cifi(zr) + Caf(21),  g(x2) < Cifi(ze) + Caof(22),

we have g(x) < Cyf1(z) + Caof (x) for each x € (z1,22) [4, Ch. I, § 1]. So, if g: R} — R is (f1, f2)-
convex for the pair fi: x — and f1: x — 1/x, then we say that g is (x, 1/x)-convex.
z € RY z € R}

Entire functions in C. Even the following special result develops [3, § 4], [5], [6, Ch. 3, 4.2].
Let f # 0 be an entire function of exponential type with the indicator of growth of f denoted by

01 [£](2) 1= Timsup L2

0<r—-+o0 r zeC

R.

The function Ind;[f] is convex and positive homogeneous on C. Therefore, there is a non-empty convex
compact set Iy C C with Sp;, = Ind;[f] called the indicator diagram of this entire function f.

Theorem 1. Let f # 0 be an entire function of exponential type with the indicator diagram Iy. Suppose
that the function f vanish on a sequence Z = (zg)gen C C, i.e., f(zi) =0 for each k € N. If K is a
non-empty conver compact subset in C, and g: R} — R} is an increasing (x,1/x)-convez function on
R}, such that

0 < liminf 9(x) < limsup 9(x) < 400, (1)
0<z—+00 I 0<z——+00
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then

. . 7T 1 Zj
limsup limsup o——— Z g(m>spK<m) <F(Iy, K). (2)
l<amtoo rodeo [ 9(1/z)dz r<|z|<ar K K
T

Besides, for the identity function g: x — and for any non-empty conver compact subsets S and
r € RY

K in C, there is an entire function f # 0 of exponential type with zero sequence Z = (zg)ren C C and
the indicator diagram Iy = S such that we have the equality in (2).

Theorem 1 can be extended to entire functions of finite order p € R™ of one or several complex
variables with significant generalizations of mixed areas/volumes for p-convex sets. Thus, we obtain
numerous exact results on the completeness of systems of entire functions in classical function spaces
on sets in C" for n € N in terms of the mutual indicator of entire function and set [5], [6, Ch. 3, 4.2].

Here we note only the simplest version of the application of Theorem 1 to completeness questions.

Completeness of exponential systems. For a compact subset S of C, we denote by C(S)NHol(int.S)
the normed space of all continuous functions f: § — C such that the restriction f to the interior intS
of S is holomorphic if this interior intS is non-empty, equipped with the norm || f||s := sup| f(s)|-

seS

Theorem 2. Let S be a compact subset of the complex plane such that C \ S is connected. Let
Z = (zi)ken C C be a sequence of pairwise distinct numbers. If there are a non-empty compact conver
subset K C C and an increasing (x,1/x)-conver function g: R} — R satisfying (1) such that

1 -
limsup limsup # Z Q(E)SPK<%> > F(I, K).
1<a—+oo r——+oo fg(l/x) d$ 'r'<|zk|§a,r k k

then the closure of the linear hull of {€**: k € N} in C(S)NHol(intS) coincides with C(S)NHol(intS).

Holomorphic functions in the unit disk/ball. In [7] and [8], we first used p-trigonometrically
convex and p-subspherical functions to study zero sets of holomorphic functions on the unit disk in C
and on the unit ball in C", respectively. Some of these results can be obtained in a more general form
in terms of mixed areas/volumes and Hausdorff measures of zero sets.
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Let I be a family of curves 7 in R, n > 2. A Borel measurable function p : R"™ — [0, 00| is called
admissible for T, (abbr. p € admT), if

/p(w)ds > 1

3
for any curve v € T'. Let p € (1,00). The quantity

Myr) = int [ ) dmte)
R'!'L
is called p—modulus of the family T'.
For arbitrary sets E, F and G of R" we denote by A(E, F,G) a set of all continuous curves - :
[a,b] — R™ that connect F and F in G, i.e., such that v(a) € E, y(b) € F and y(t) € G for a <t < b.

Let D be a domain in R", n > 2, 9 € D and dy = dist(zg,dD). Set
Azg,r1,7r2) ={z € R" : r < |x — 20| < 12},
Si = 8S(xo,mi) ={x e R": |z —xo| =1}, 1=1,2.

Let a function @ : D — [0, 00] be Lebesgue measurable. We say that a homeomorphism f: D — R”
is ring @Q-homeomorphism with respect to p-modulus at zg € D if the relation

My(A(fSy. 52, D)) < / Q) 1P (| — xo]) din(z)
A

holds for any ring A = A(zg,7r1,72), 0 < r1 < ry < do, dy = dist(zg,0D) and for any measurable

function 7 : (ry,r9) — [0, c0] such that
T2

/n(r)drzl.

T1

Denote by w,_; the area of the unit sphere
Sl ={zeR": |z| =1}
in R™ and by

the integral mean over the sphere
S(xo,m) ={x € R" : |z — zo| =1},
where dA is the element of the surface area. Let L(zg, f,R) = sup |f(x)— f(x0)].

|lz—xzo|<R
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Theorem 1. Suppose that f : R™ — R" is a ring Q-homeomorphism with respect to p-modulus at a
point xg with p > n where xg is some point in R™ and for some numbers ro > 0, K > 0 the condition
Az (t) < Kt*

holds for a.e. t € [ro,+00). If a € [0,p —n) then

p—1

i @0 L R) ot (P—n) ~0.

—_— p—n—o
R—oo R pn p—n—oa

If « = p —n then

p—1

L _ =
lim M?K"; (p n>p > 0.
R=oo (InR)rr p—1

This work was supported by the budget program “Support of the development of priority trends of
scientific researches” (KPKVK 6541230).
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In general, if f : M — R is an arbitrary smooth function with isolated critical points, then a
certain part of its “combinatorial symmetries” is reflected by a so-called Kronrod-Reeb graph Ay, see
e.g. |6, 2, 5,4, 14, 13, 12, 1|. Such a graph is obtained by shrinking each connected component of each
level set f~1(c), c € R, of f into a point.

Let D(M) the group of diffeomorphisms of M and

S(f) = {h e D(M) | f(h(z)) = f(z) for all = € M}

be the group of diffeomorphisms h of M which “preserve” f in the sense that h leaves invariant each
level set f~1(c), ¢ € R, of f. Hence it yields a certain permutation of connected components of f~1(c)
being points of Ay, and thus induces a certain map p(h) : Ay — Ay. It can be shown that p(h) is a
homeomorphism of Ay, and the correspondence p : h > p(h) is a homomorphism of groups

p:S(f) = H(Ap),

where H(Ay) is the group of homeomorphisms of Ar. One can also verify that the image of p(S(f))
is a finite group.
Let also D;4(M) be the identity path component of D(M), and

S'(f) = S(f) N Dia(M)

be the group of f-preserving diffeomorphisms which are isotopic to the identity via an isotopy consisting
of not necessarily f-preserving diffeomorphsms. We will be interested in the group

Gy =p(S'(f))

of automorphisms of Ay induced by elements from S'(f).

Suppose that the set Fix(G'¢) of common fixed points of all elements of Gy in Ay is non-empty. Let
also v € Fix(Gy) be a vertex of Ay fixed under Gy and Star(v) be a star of v, i.e. a small G g-invariant
neighborhood of ». Then each v € G induces a homeomorphism of Star(v), and we can also define
the group

GiJOC = {’7|Sta7‘(v) | v e Gf}

of restrictions of elements of G to Star(v). We will call GI° the local stabilizer of v.

Remark 1. We will give now an equivalent description of the group G!°. Let K be the critical
component of a level-set of f corresponding to the vertex v € Ay. Since v € Fix(G), we obtain that
h(K) = K for all h € §'(f). Let ¢ = f(K) be the value of f on K, and € > 0 be a small number
such that the segment [c — €, ¢ + €] contains no other critical values of f except for c. Let also Ng be
the connected component of f~![c — ¢, ¢ + €] containing K. Notice that the quotient map p induces a
bijection between connected components dNg and edges of Star(v). Moreover, h(Ng) = Nk for all
h € 8'(f), and hence h induces a permutation o, of connected components of 9N . Then GL¢ is the
same as the group of permutations of connected components of dNg induced by h.
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In [9, 7, 8, 10, 11], the groups G!°¢ were calculated for all Morse functions on all orientable surfaces
distinct from S2. In the present paper, we give a complete description of the structure of the group
G!o¢ to the case when M = S2. For the convenience of the reader we present a general statement about
the structure of the group G!°¢ for all orientable surfaces.

Theorem 2. Let f € C°(M,R) be a Morse function and v € Fix(Gy) be some vertex.
(1) If M # S?, T2, then G°° ~ Z,,, for some n > 1, [9].

(2) If M = T2, then G'°° = Zy X Ly, for some m,n > 1, [7, 8, 10].
(3) Let M = S2%. Then the following statements hold.

(a) For each vertex v € Fix(Gy), the group Gloc is isomorphic to a finite subgroup of SO(3),
that is, to one of the following groups, see |3, pp. 21-23|:

Zna Dnv A47 S47 A57 (nZ].) (1)

(b) If Fix(Gy) has at least one edge, then for any vertex v € Fix(Gy), the group GI° is cyclic.

(c) If Fix(Gy) consists of a unique vertez v and G is non-trivial and cyclic, then GY¢ = Z,.
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The report presents a new method for constructing exact solutions of the classical linear equations
of mathematical physics of parabolic, hyperbolic, elliptic and variable types. The method is a gener-
alization of the theory of finite-dimensional dynamics proposed for evolutionary differential equations
[2, 5]. The theory of finite-dimensional dynamics is a natural development of the theory of dynamical
systems. Dynamics make it possible to find families that depends on a finite number of parameters
among all solutions of PDEs (see [3, 3]).

Consider the following class of second order linear partial differential equations

st + 2b(2)tte + (@) ugz + h(@)us + g(2)us + f(x) = (1)

where b, ¢, h, g, f are functions of the class C*°. Such equations are equivalent to the following evolu-
tionary systems

Ut = 0, (2)
vy = —2b(z)vy — c(x)Upy — h(z)v — g(x)uy — f(y).
We call the system of ordinary differential equations of order k + 1

y+D) =y <$ y, 2,0, 2y, Z(k)) :
Z(k+1) 2 Z <x7 y? Z7 y/7 Z/ e 7y(k)’ Z(k))

a dynamics of equation (1) if the vector function

(1) = (20, —2b(z)21 — c(z)y2 — h(x)z0 — g(z)y1 — f(x))

is a generating function of infinitesimal characteristic symmetries of this system [2]. Here z, yo, 20, y1,
21, Yo, 2 are canonical coordinates on the space of 2-jets J?(R!, R?).

Theorem 1. The vector ﬁeld on JF(R!,R?)
8 0 0 ke oy O

15 an infinitesimal chamctemstzc symmetry of system (3) if the following conditions hold:

D (p) - S(Y) =0,
DFY(y) — S(Z) = 0.

’“(1/1)

Here 0 0 0 0 0 0 0
D= 4y + 24—+ + U + 2 Y o Z
x Yo OYr—1 O0z—1 Oy, 0z,
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Let I'* ¢ J?(R',R?) be a k-graph of some solution of system (3) and let ®; be the shift along the
vector field S. Then the surface ®;(I'¥) is a k-graph of a solution of system (2).
Example 2. Consider the telegraph equation
Uy — Ugpr = aU + bug + ¢, (6)

where a, b, ¢ are constants. This equation admits two types of dynamics:

Yo = Y1
T+ a’
z9 =
T+«
and
2ba — (z + B)a? " Yol y
= - z
Y27 452 1+ 160 — a?(x + B)? U7 402 + 160 — a2z +p)2 " ()
dac 2ba + o (z + )
2= P 2 XYL g2 2 7 X AL
4% 4+ 16a — o?(x + B) 4b% 4+ 16a — a?(x + )
Here «, 3 are arbitrary constants. The general solution of equation (7) is
y(w) =Cs + Ca(w + )’ o)
2(z) =Cy + Co(z + a)?,
and the general solution of equation (8) is
1
y(x) :§C21’2 + Csx + Cy,
z(x) =%a (z(CoB — C3)(28 + z)a?+ + (8C| + 2bx?Cy 4 4bCax)or — 32 <a + 4) C’gx> .
o

Here C1, ..., Cy are arbitrary constants. Applying the shift transformations ®; to the obtained general

solutions, we obtain particular solutions of equation (6). For example, the function

1
ult,z) = —1+4 — @”2 +5+ (10z+1— m/g) -3 VE-1)

10
L[5 o 1(tv5-1)
+ 15 37 +5+ (=102 — 1+ t)V/5 ) e2 (11)
is a solution of equation (6). It corresponds to solution (10) with a =b=c=1, a = 1,8 = 0 and

Ch=0,Cp=1,C3=0,C4 =0,C5 = 0.

This work is partially supported by Russian Foundation for Basic Research, project 18-29-10013 (A.
Kushner).
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Let M be a surface and D(M) be the group of C*°-diffeomorphisms of M. There is a natural right
action of the group D(M) on the space of smooth functions C°°(M,R) defined by the following rule:
(h, f) — foh, where h € D(M), f € C*°(M,R).

Thus, the stabilizer of f with respect to the action

S(f)={heDM) | fo h=f}
consists of f-preserving diffeomorphisms of M.
Endow D(M) with Whitney C*°-topology and its subspaces S(f) with induced one. Denote by
Sia(f) the identity path component of S(f).

Definition 1. Denote by F (M) the space of smooth functions f € C°°(M, R) satisfying the following
conditions:
(1) The function f takes constant value at each connected component of 9M and has no critical
points in OM.
(2) For every critical point z of f there is a local presentation f,: R? — R of f near z such that
f- is a homogeneous polynomial R? — R without multiple factors.

Definition 2. A smooth vector field F will be called Hamiltonian-like for f € F(M) if the following
conditions hold:
(1) F(z) = 0if and only if x is a critical point of f,
(2) f takes constant values on orbits of F,
(3) Let z be a critical point of f. Then there exists a local representation of f at z as a homogeneous
polynomial g: (R2,0) — (R, 0) without multiple factors such that in the same coordinates (z, )
near the origin 0 in R? we have F = —ggla% + g:;a@y.
The smooth flow F: M x R — M generated by a Hamiltonian-like vector field for f will be called
Hamiltonian-like flow for f.

Denote by A™(f) the set of diffeomorphisms from S(f) leaving invariant each regular connected
component of each level-set of f and reverses its orientation.

Theorem 3. Let D? be a 2-disk, f € F(M). Suppose there exists h € A~(f), i.e. A=(f) # @. Then
there exists another g € A™(f) such that g = h in a neighborhood of D and g* € Siq(f).

Theorem 4. Let M be an orientable connected compact surface and f € F(M). If A= (f) # &, then
there exists another g € A~ (f) such that g> € Sia(f).
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A tensor field T in a Riemannian manifold is called recurrent if it satisfies VxT = A(X)T for a
certain 1-form A which is called recurrent I-form, where V means the covariant differentiation with
respect to the Riemannian metric.

Recently, we introduced the notion of (C'H R)-curvature tensor field in an almost contact Riemannian
manifold.

In this talk, we consider the (C'HR)-curvature tensor field is recurrent in a trans-Sasakian man-
ifold M, that is, (Vy(CHR))(X,Y,Z,W) = A(U)(CHR)(X,Y,Z,W) for any tangent vector fields
U, X,Y,Z,W on M. Then, we show that the Riemannian curvature tensor (resp. (CH R)-curvature
tensor) is written by A, « and /.
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The topology of hyperspaces of sets of given dimension is investigated in numerous publications (see,
e.g., [3, 5, 2, 1]). In particular, in [7] the author described the topology of the hyperspace of sets of
given Hausdorff dimension.

There are different definitions of dimension for the probability measures (see, e.g., [4, 6, 6]). The
present talk is devoted to the spaces of probability measures of given box dimension.

Let us recall some necessary definitions.

Let (X,d) be a complete metric space. For F C X and r > 0 denote by N, (F) the least number of
closed balls of radius r needed to cover the set F'. The lower and upper box dimensions of a set F' are
defined as follows:

. . log N;-(F)
d F)=1 —= 7.
ﬂbox( ) m,._.q 10g<1/7,) )
S— —  log \V,.(F)
d ox F)=1 r T 4N
lmb ( ) 11m —0 10g<1/7“)
and the box dimension of a set F' is defined as
log N,.(F)

dimppe (F) = lim ———=
imgor (F) r0 log(1/7)

whenever the last limit exists.

Note also that the lower (upper) box dimension of a set coincides with the lower (upper) box
dimensions of its topological closure.

Additionally, let the quantity Ag be given by the formula

Ao = Ao(X) = inf{dimpee (B (7)) | z € X,r > 0},

where B,(z) denotes the closed ball of radius r centered at x, is called the smallest local upper box
dimension of X.

Now, let P(X) denote the space of probability measures on X and k > 0. We endow P(X) with the
weak™® topology. The lower and upper box dimensions of a measure p € P(X) are defined, respectively,
by the formulae:

dimy,, (1) = lim inf{dim,, (F) | " € B(X), u(F) 21 -k}
—
ﬁbox(/‘) = %l%lnf{ﬁbox(}?) | Fe B(X)a M(F) >1- k}?
—
where B(X) denotes the set of Borel subsets in X.

Theorem 1. Let X be an infinite complete separable metric space, then the set

{H3 diﬁbom(“) = O}

is homeomorphic to the separable Hilbert space 12
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Theorem 2. Let X be an infinite complete separable metric space, then the set
{p: inf{dimpe,(F): F € B(X), u(F) > 0} > Ao}
is homeomorphic to the separable Hilbert space 1°.

The proofs of these theorems are based on results by Myjak and Rudnicki [9]. They proved that the
mentioned sets are residual in the space of probability measures. We also apply some characterization
theorems from infinite-dimensional topology [8].
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In this talk we will show how framed cobordism of systems of non-separating 2-sided submanifolds
in a closed manifold can be used to classify epimorphisms onto free groups up to equivalence and
strong-equivalence. Such a classification is known for surface groups and was done by Grigorchuk—
Kurchanov-Zieschang by using other methods. We use an extended Pontryagin—-Thom construction to
associate for any system of submanifolds an induced homomorphism to a free group. We will present
geometric operations on submanifolds which realize elementary Nielsen transformations on induced
homomorphisms. These results are motivated by the notion of Reeb graph of a function on a manifold,
which leads to both free quotient and system of submanifold.

The results are from joint work with Wactaw Marzantowicz.
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Let X be a topological space and let £ be a system of closed subsets of X. The system ¢ is called
linked, if any two elements of it have nonempty intersection. A linked system & of closed subsets of X
is called complete, if for any closed set /' C X, the condition

" any neighborhood OF contains the set ® € £~ (%)
implies that F' € £ [1]. The set of all complete linked systems (CLS) in the space X is denoted by N X.

Let Uy, ..., Uk, Vi,...,V, be a set of nonempty open subsets of X. Set O(Uy, ..., Ug)(Vi,...,V,,) =
{£ € NX : for any i = 1,...,k there exists F; € £ such that F; C U;, and for any j = 1,...,n and
any ® € ¢, the intersection ® NVj is nonempty }. It is easily seen that the set of subsets of NX of the
form O(Uy,...,Uk)(Vi,...,Vy) is an open basis of some topology on NX.

Definition 1. Let X be a 71—space, ¢ be a cardinal-valued function, and 7 be a cardinal number.
The N/ —nucleus of a space X is the space

NfYX = {¢€ € NX : there exists F € £ such that p(F) < 7} [2].
Definition 2. A topological space X is said to be Nf —nuclear if N X = NX.

As p, we take a density function d. Let 7 = Ng.
The definition implies that any space X is Nf.l—nuclear, where 7 = d(X); in particular, any separable
space X is N;fo —nuclear.

Theorem 3. Let X be an infinite T1—space. Then
1) Ww(NgOX) = mw(X);
2) d(NgOX) =d(X) (taken from [2]).

A set A C X is called 7—placed in X if for each point z € X \ A there is a set P of type G, in X
such that z € P C X \ A [3].

Put ¢(X) = min{T > Ry : X is 7—placed in X }; ¢q(X) is called the Hewitt-Nachbin number of X.
We say that X is a Q,—space if ¢(X) < 7.

A space X is called an m,—space, where 7 is given cardinal, if for each canonical closed set F'in X
and each point x € F' there is set P of type G, in X such that z € P C F.

Clearly, X is an m,—space for 7 = | X|. This allows us to give the following definition: put m(X) =
min{T > Ny : X is an m,—space }. The space X is called a Moscow space if m(X) < Ny.

Theorem 4. Let q(NgoX) <71 and m(NX) <, then foOX is T—placed in NX.
Theorem 5. Let m(NX) <1 =d(X), then an foo—nucleus N;fOX is T—placed in NX.
Theorem 6. Let NX is a Moscow space and X is a separable, then NgOX 1s T—placed in NX.
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We give an explicit description of all complete G-invariant Ricci-flat Kdhler metrics on the tangent
bundle T(G/K) = G¢/KC of rank-one Riemannian symmetric spaces G/K of compact type, in terms
of associated vector-functions.

Over the latest decades there has been considerable interest in Ricci-flat Kéhler metrics whose
underlying manifold is diffeomorphic to the tangent bundle T'(G/K) of a Riemannian symmetric space
G /K of compact type. For instance, a remarkable class of Ricci-flat Kéhler manifolds of cohomogeneity
one was discovered by M. Stenzel [1]. This has originated a great deal of papers. To cite but a few:
M. Cveti¢, G. W. Gibbons, H. Lii and C. N. Pope 2] studied certain harmonic forms on these manifolds
and found an explicit formula for the Stenzel metrics in terms of hypergeometric functions. Earlier,
T.C. Lee [3]| gave an explicit formula of the Stenzel metrics for classical spaces G/K but in another
vein, using the approach of G. Patrizio and P. Wong [4]. Remark also that in the case of the standard
sphere S?, the Stenzel metrics coincide with the well-known Eguchi-Hanson metrics [5]. On the other
hand, and as it is well known, Stenzel metrics continue being a source of results both in physics and
differential geometry. We cite here only to G. Oliveira 6] and M. Ionel and T. A. Ivey [7].

We give an explicit description of all complete G-invariant Ricci-flat Kdhler metrics on the tangent
bundle T(G/K) of rank-one Riemannian symmetric spaces G/K of compact type or, equivalently, on
the complexification G¢/K® of G/K. To this end, we use the method of our article [8], giving the
result in terms of associated vector-functions (see below). It is also shown that this set of metrics
contains a new family of metrics which are not dd-exact if G/K € {CP™,n > 1}, and coincides with
the set of d0-exact Stenzel metrics for any of the latter spaces G'//K.

Remark here that until now, in the case of the space CP" (n > 1), all known Ricci-flat Kdhler metrics
were Calabi metrics, so being hyper-Kéhlerian and thus automatically Ricci-flat (see O. Biquard and
P. Gauduchon [9, 10] and E. Calabi [11]). Since by A. Dancer and M.Y. Wang [12, Theorem 1.1]
any complete G-invariant hyper-Kéhlerian metric on G/K = CP™ (n > 2) coincides with the Calabi
metric, our new metrics are not hyper-Kéahlerian.

Note also, that in [12]| the K&hler-Einstein metrics on manifolds of G-cohomogeneity one were clas-
sified but only under one additional assumption: It is assumed that the isotropy representation of
the space G/H (see our notation below) splits into pairwise inequivalent sub-representations. This
condition is crucial for the fact that the Einstein equation can be solved. But this assumption fails,
for instance, for the symmetric space CP™ (n > 2).

Let G/K be a rank-one symmetric space of a compact connected Lie group G. The tangent bun-
dle T(G/K) has a canonical complex structure JX coming from the G-equivariant diffeomorphism
T(G/K) — G®/KC. The latter space is the above-mentioned complexification of G/K. In our pa-
per [8] we described, for such a G/K, all G-invariant Kéhler structures (g, JX) which are moreover
Ricci-flat on the punctured tangent bundle TF(G/K) of T(G/K). This description is based on the
fact that TT(G/K) is the image of G/H x R' under certain G-equivariant diffeomorphism. Here
H denotes the stabilizer of any element of T(G/K) in general position. Such G-invariant Kéhler
and Ricci-flat Kéhler structures are determined completely by a unique vector-function a: Rt — gy
satisfying certain conditions, gy being the subalgebra of Ad(H )-fixed points of the Lie algebra of G.
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Let M be a connected Riemannian C°°-manifold of dimension n. We will denote by (M, F') manifold
M with k-dimensional foliation F' on M.

Definition 1. If for the some C”- diffeomorphism ¢ : M — M the image ¢(Ly) of any leaf L, of
foliation F' is a leaf of foliation F', we say that the ¢ is C"- diffeomorphism of foliated manifold and
write as ¢ : (M, F) — (M, F) [2].

Let’s denote as Diff o(M) the set of all C"- diffeomorphisms of foliated manifold (M, F'), where
r > 0. The group Diff p(M) is subgroup of Diff (M) and therefore it is topological group in compact
open topology.

Recall a vector field X is called a foliated field if for every vector field Y, tangent to F, Lie brocket
[X,Y] also is tangent to F. It is known that flow of every foliated field consists of diffeomorphisms
of foliated manifold (M, F) [1|. The set L(M, F') of foliated vector fields is a Lie subalgebra of Lie
algebra V(M) [2]. It follows from here that the group Diff (M) contains the Lie group for which the
Lie algebra is an algebra L(M, F).

Let M be a smooth connected finite-dimensional Riemannian manifold.

Definition 2. An isometry ¢ : M — M is called an isometry of foliated manifold (M, F') if it is
diffeomorphism of foliated maunifold (M, F') [1].

We will denote by Isor (M) the set of all C"-isometries of foliated manifold (M, F), where r > 0.
We have that

Isop (M) = Diff (M) [ )Iso(M).

Let us recall that vector field X on riemannian manifold (M, g) is called Killing field if its flow
consists of isometries of Riemannian manifold (M, g), that is Lxg = 0, where g is riemannian metric,
Lxg denotes Lie derivative of the metric g with respect to X. If X is foliated Killing vector field,
it’s flow consists of isometries of foliated manifold (M, F').) The set K (M, F') of foliated Killing vector
fields is a Lie subalgebra of Lie algebra L(M, F). It follows from here that the group Isop(M) contains
the Lie group for which the Lie algebra is an algebra K (M, F).

Theorem 3. Let (M, F) be a foliated manifold where M is a smooth connected finite-dimensional
Riemannian manifold. Then the group Isop (M) is closed subset of Iso(M) in compact open topology.

Really Cartan’s theorem states that on a closed subgroup of a Lie group there exists a differential
structure with respect to which the closed subgroup is a Lie subgroup of a given Lie group.By using
this fact we formulate following .

Theorem 4. Let (M, F) be a foliated manifold where M is a smooth connected finite-dimensional
Riemannian manifold. Then the group Isop(M) is Lie subgroup of Lie group Iso(M).
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It is shown that each homeomorphic VV&)C1 solution to the Beltrami equation is the so-called lower
Q-homeomorphism with Q(z) = K, (z) where K,(z) is the dilatation quotient of this equation. It is
developed on this basis, see e.g. |2], the theory of the boundary behavior of such solutions.

Let D be a domain in the complex plane C and let u : D — C be a measurable function with
lu(2)] <1 a.e. in D. The Beltrami equation is the equation of the form

fE = M(z)fz (1)
where fz = 0f = (fo+ify)/2, f- =0f = (fo—ify)/2, 2 = v +iy, and f, and f, are partial derivatives
of f in x and y, correspondingly. The function p is called the complex coefficient and

1+ |u(z)|
K, (2) = ——F—5
8 1—|u(2)]
the dilatation quotient for the equation (1) that is degenerate if esssup K, (z) = oo.

(2)

In [2| and [3], we follow Caratheodory in the definition of the prime ends for bounded finitely
connected domains in C and refer readers to Chapter 9 in [1]. In what follows, Dp denotes the
completion of the domain D by its prime ends with the the topology of prime ends, see Section 9.5
in [1]. Further, we assume that K, is extended by 0 outside of D.

Theorem 1. Let D and D' be bounded finitely connected domains in C and let f : D — D’ be a
homeomorphic VV&)’C1 solution of the Beltrami equation (1) with

4(z0) 4
r
——— = 00 YV 290 € 0D (3)
/Il Gor)
where 0 < 8(z9) < d(z0) = sup |z — 20| and [|K,||(z0,7) = [ Ku(2)|dz|. Then f can be
zeD |z—2z0|=T
extended to a homeomorphism of Dp onto D'p.
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A hypergraph H = (V, E) based on the vertex set V' and with the edge set E is called k-uniform if
all its edges have cardinality k. A strong [-coloring of the hypergraph H is a map h: V — [I] where
[[] ={1,2,...,1} such that for each edge e = {v1,va,..., v} € E the vertices vy, va, ..., vy are labeled
with different colors. Note that a strong coloring of a uniform hypergraph H is just a proper coloring
of its 1-skelethon H™), which is covered by a collection of k-cliques.

Let S be a family of nonempty subsets of some base set X. The generalized Kneser hypergraph
Kgk (S) where m < k — 1 is defined as follows. The vertices of Kg¢¥ (S) are the elements S; of S and
there is a k-edge e = {S;,,..., S, } in K¢k (S) if and only if S;, N---NS;, ., = 0 for any distinct sets
Siys -+, S, from S (see also [1, 12]).

In the present talk, we represent k-uniform hypergraphs H as generalized Kneser hypergraphs
K g,’j_l(S). For the given k,[l with [ > k we define the generalized Kneser k-uniform hypergraph

m+1

Kg,’j_l(T) which is called the testing hypergraph for [-coloring of k-uniform hypergraphs. Both
K g,’j_l(S) and K g,’j_l(T) have the natural geometric interpretation as cell complexes, denoted by
Bir(Kgy 1(S)) and By,(T), respectively. The cell complexes By (Kgf ,(S)) and By (T) are en-
hanced with natural action of the symmetric grup Si. The action of the group S is effective on
both cell complexes. For each [-coloring of a k-uniform hypergraph H there is a natural homo-
morfizm g: Kgf (S) — Kgf (T) of hypergraphs Kg; ,(S) and Kgf ,(T). The homomorfizm
g: Kg¥ (S) — Kgf |(T) induces an Sy-equivariant cellular map ¢': By(Kgf ,(S)) — By(T).
Therefore, the nonexistence of such Sy-equivariant map from By (Kgy ,(S)) to By, (T) is a topo-
logical obstruction for existence of strong [-coloring of the k-uniform hypergraph H. We discuss the
conditions under which such topological obstructions do not vanish.
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Let p: X — Y be a factor map between topological spaces, that is p is surjective and a subset
A CY is open if and only if p~!(A) is open in X.

Let A = {p~!(y) | y € Y} be the partition of X into the inverse images of points of Y. A continuous
map h: X — X will be called a A-map if for each w € A its image h(w) is contained in some element
w' of A. Hence every A-map h induces a map ¥(h) : ¥ — Y making commutative the following
diagram:

X ", x

] W

AN

It is well known that v (h) is continuous whenever £ is so.

Let £(X, A) be the monoid of all A-maps of X, and £(Y) = C(Y,Y) be the monoid of all continuous
self-maps of Y. Let also H(X, A) be the subgroup of £(X, A) consisting of homeomorphisms and H(Y)
be the group of homeomorphisms of Y.

Then the correspondence h — ¥ (h) is a well defined map

P E(X,A) = EY) (2)

being a homomorphism of monoids.
The following statement gives sufficient conditions under which ¢ will be continuous with respect
to compact open topologies on £(X,A) and £(Y).

Lemma 1. Let p: X — Y be a factor map having the following property:

(K) for every compact subset L C'Y there exists a compact subset K C X such that p(K) = L.
Then the homomorphism of monoids v : E(X,A) — E(Y) is continuous with respect to compact open
topologies.

Recall that a continuous map p: X — Y

e is called proper if p~1(L) is compact for each compact L C Y;
e admits local cross-sections if for every y € Y there exists an open neighborhood V and a
continuous map f : V — X such that po f =idy.

Corollary 2. Suppose Y is a locally compact Hausdorff space. Then each of the following conditions
implies that the map ¢ : E(X,A) — E(Y) is continuous with respect to compact open topologies:

(1) p is a proper map;

(2) p is an open map and admits local cross sections;

(8) p is a locally trivial fibration.

Let Y be a topological space. Say that two points y,z € Y are Ty-disjoint (in Y') if they have
disjoint neighborhoods. Denote by hcl(y) the set of all z € Y that are not Th-disjoint from y. Then
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z € hel(y) if and only if each neighborhood of z intersects each neighborhood of y. We will call hel(y)
the Hausdorff closure of y.

We will say that y € Y is a branch point whenever hcl(y) \ y # 0, so there are points that are not
Ty-disjoint from y. The set of all branch points of Y will be denoted by Br(Y").

Theorem 3. Let X be a locally compact Hausdorff topological space, Y be a Ti-space whose set Br(Y')
of branch points is locally finite, and p : X — Y be an open continuous and surjective map. Then for
every compact L C'Y there exists a compact subset K C X such that p(K) = L. In particular, due to
Lemma 1, the map (2) ¥ : E(X,A) — E(Y) is continuous with respect to compact open topologies.
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We investigate the topological structure of flows with collective dynamics on the sphere. Flows
with fixed points of hyperbolic type and focus in which there is one heteroclinic (or as a partial case
homoclinic) cycle which divides a surface into two parts and contains all saddle points are considered.
One part is connected, homeomorphic to the open disk and has Hamiltonian-type dynamics with focus
inside, and the other is divided into regions that have gradient-like dynamics and the same properties
as the Morse field. Namely: 1) all points of hyperbolic type; 2) there are no trajectories connecting the
saddles, except for trajectories belonging to the selected heteroclinic cycle; 3) each trajectory begins
and ends at a fixed point (sink, source, saddle). A complete topological invariant of these flows is
constructed.

This invariant is a planar graph, which has the form of a circle with some segments drawn inside
it. The circle (the selected cycle on the graph) corresponds to a closed trajectory in the Hamiltonian
region, which is quite close to the selected heteroclinic cycle. The vertices correspond to the saddle
points and sources, and the saddle lying on the boundary of the two components of the connectivity
of the gradient region corresponds to two vertices. Segments (edges that do not belong to the selected
cycle) correspond to separatrixes coming from a source and chords connecting vertices corresponding
to one saddle. By sequentially numbering the vertices on the circle, we divide them into groups and
selected pairs. One group includes those vertices of the saddle, which include separatrixes from one
source (we mark it as (1,2,3)), the chords correspond to the numbers of pairs of vertices (we mark it as
{1,2}). Using these invariants, all possible structures of such flows with no more than 6 saddles were
found. Thus there is a single flow with one saddle: (1). Two flows with two saddles are 1): (1), (2)
and 2): (1,2). Four flows with three saddles are: 1): (1), (2), (3); 2): (1,2), (3); 3): (1,2,3); 4): (1),
(3), {2,4}. 18 flows with 5 saddles and 47 flows of different structure with 6 saddles were also found.
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Let F be a field of characteristic zero. Denote by My, ,(F) the set of m x n matrices over F and by
My, n(F[A]) the set of m x n matrices over the polynomial ring F[A].

In the ring F[A] we consider the operation of differentiation D. Let a(\) = Zli:O ai\ =t € F[AL
Put D (a(N)) = Zi’:o(l —)a; N1 and D*(a())) = D(a*~D(X)) = a®(\) for every natural k > 2.
The differentiation of a matrix A(A\) = [ ai(X) | € My, (F[A]) is understood as its elementwise
differentiation, i.e., A(X) = D(A(A)) = [D(a;;(V)] = [af) ()] and A®I(A) = D(AE-D(A))

Let b(A\) = (A — B1)F (A — Bo)F2 - (A — B.)Fr € F[A|, degb(\) = k = ky + ko + -+ + ky, and
A(N) € My, »(F[A]). For the monic polynomial b(\) and the matrix A(\) we define the matrix

M A(B;)
(B,
M[Aa b] = ]\_[2 € Mmk,n(F)a where Nj = 4 (ﬁ]) E Mmkj-,n(F)a Jj=12 T
N, A(kj;])(ﬁj)

The Kronecker product of matrices A = [a;;] (n x m) and B is denoted by A® B = | a;;B | . Let non-
singular matrices A(\), B(A) € My, ,(F[)]) be equivalent and S(A) = diag (s1(A), ..., Sp—1(A), sn(N))
be their Smith normal form (see [5], Chapter 1). For A(XA) and B(\) we define the matrix

D(\) = ((31(/\)32()\) S sn_l(/\)> B*(A)) @ A'(\) € Mgz 2 (F[A),

where A'()\) denote the transpose of A()). It may be noted if S()\) = diag (1,...,1,s()\)) is the Smith
normal form of the matrices A(\) and B()\), then D(\) = B*(\) ® AY(\).

Definition 1. Two families of n x n matrices A = {A;, As,..., A} and B = {By, B, ..., B;} over
a field F are said to be similar if there exists a matrix T € GL(n,F) such that A; = TB;T~! for all
i=1,2,...,r

The task of classifying square matrices up to similarity is one of the core and oldest problems in
linear algebra (see [1]- [7] and references therein), and it is generally acknowledged that it is also one
of the most hopeless problems already for r = 2. Standard approaches for deciding similarity depend
upon the Jordan canonical form, the invariant factor algorithm and the Smith form, or the closely
related rational canonical form. In numerical linear algebra, this leads to deep algorithmic problems,
unsolved even up to this date, that are caused by numerical instabilities in solving eigenvalue problems
or by the inability to effectively compute sizes of the Jordan blocks or degrees of invariant factors, if
the matrix entries are not known precisely. At present such problems are called wild ([2], [3]).

The families A and B we associate with monic matrix polynomials

AN = LN + AN P4 AN 24 44, and B =LA +BN 14+ BAN24+... 4B,

over a field F of degree r respectively, where I, is the identity n x n matrix. It is clear that the families
A and B are similar over F if and only if the matrices A(\) and B()) are similar over F. The purpose
of this report is to give a criterion of similarity of two families of matrices over a field.
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Theorem 2. Let matrices A(N) = I,A" + >0 AN BX) = LA+ Y1 BN € M, ,(F[\])
of degree r be equivalent, and let S(\) = diag (s1(N), ..., 8n—1(N\), 8, (X)) be their Smith normal form.
Further, let s,(\) = (A — 1) (A — ag)*2 - - (A — a,.)*, where o; € F for all i = 1,2,...,7.

The families A = {A1,As,..., A} and B = {B1,Ba,...,B,} are similar over F if and only if
rank M[D,s,] < n? and the homogeneous system of equations M|[D,s,]x = 0 has a solution v =

[v1,va,...,v,2]" over F such that the matriz
U1 () e Un,
V= Un+1 Un+2 oo Von c Mnm (F)
Un2—n+1 VUn2—p42 .- Vp2

is nonsingular. If detV # 0, then A; = VB,V for all i =1,2,...,r.
Example 3. Let F = Q be the field of rational numbers. Further, let

o S R I P R R CE T

families of 2 x 2 matrices over the field Q.
Monic matrix polynomials A(\) = IoA%2 + A1\ + Ay = [

A+ 0

—4AA+1 A2 =3)+2

diag (1, (A2 — 1)(A? — 2))) is their Smith normal form. It may be noted that s;(A\) = 1 and
AA+1)(A—1)(A —2). Construct the matrix

— O

0
2}} be two

2 _
A =3+ 1 1 ]and

—AXN+1 N HA+1
B(\) = A2 + Bi1A + By = [

S(A)
52()\)

} with entries from Q[)\] are equivalent and

D(A)ZB*(A)@@At(A):[/\2*3A+2 0 ] [,\2—3/\+1 —4/\+1]

AN —1 A2 4+ )\ 1 A+ A+1

and solve the system of equations M[D, ss]z = 0. Crossing out zero rows in the matrix M|[D, s3] and
after elementary transformations over the rows of this matrix we get the following system of linear
equations

1 1.0 0 1 0

30 2 6 r2 | _ |0

749 6 42 | | 7B 0

T4 0
From this system of equations we obtain x; = —x9 = t, x3 = 0 and x4 = t. It is obvious that the
matrix V = [ (t) _tt ] is nonsingular for nonzero t € Q. Thus, the families of matrices A and B are

similar, i.e., 4; = V7IB;V,i=1,2.
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Invariant factors and their connections play an important role in the studying of matrix’s structure
[3, 5]. For instance, at augmented one matrix with a single row to obtain another matrix are used
the relationships between the invariant factors of these matrices. B.W. Jones |2| state a fact that a
unimodular m x n (m < n) matrix A over a principal ideal domain may always be augmented with
a single row to obtain a unimodular (m + 1) X n matrix B. Some relationships between the invariant
factors of an arbitrary matrix A and those of a one row prolongation B over the same area was
established by R. Thompson [4]. D. Carlson [1]| obtained similar results in terms of a finitely generated
module.

In this paper, we give necessary and sufficient conditions that a matrix A may be augmented with
a single row to obtain a matrix B over elementary divisor domains.

Let R be an elementary divisor domain [4] with 1 # 0. i.e., every m X n matrix A over R have
diagonal reduction, namely A ~ E = diag(e1,...,e%,0,...,0), €ileix1, @ = 1,...,k — 1, where the
matrix F is called the Smith normal form, the diagonal elements ¢; are invariant factors of the matrix
A. The notation a|b means that the element a is the divisor of the element b, i.e., b = ac, where ¢ € R.

Theorem 1. Let R be an elementary divisor domain, A be an m X n matriz over R, A ~ E =
diag(ey, ... ek, 0,...,0), €ilgit1, ¢ = 1,...,k — 1. Let also d1,...,0; € R be nonzero elements such
that 6;|0;+1, i = 1,...,k — 1. Then the matriz A may be augmented with a single row to obtain an
(m+ 1) x n matric B ~ A = diag(dy,...,0;,0,...,0), 0;|0i1, i =1,...,k — 1, if and only if

51|€1|52|52‘ e |5k‘5k
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The Cartan group is the free nilpotent Lie group of rank 2 and step 3. We consider the left-invariant
sub-Riemannian problem on the Cartan group defined by an inner product in the first layer of its Lie
algebra. This problem gives a nilpotent approximation of an arbitrary sub-Riemannian problem with
the growth vector (2,3,5).

In previous works we described a group of symmetries of the sub-Riemannian problem on the Cartan
group, and the corresponding Maxwell time — the first time when symmetric geodesics intersect one
another. It is known that geodesics are not globally optimal after the Maxwell time.

Now we study local optimality of geodesics on the Cartan group. We prove that the first conjugate
time along a geodesic is not less than the Maxwell time corresponding to the group of symmetries.
Geodesics for which the first conjugate time is equal to the Maxwell time are presented.

Earlier we conjectured that the Maxwell time is equal to the cut time — the time when geodesics
lose optimality. Our result is an important step in the proof of this conjecture.
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A permutation group X is the group of all permutations (i.s.one-one and onto mappings X — X.
A permutation group of a set X is usually denoted by S(X). If X = {1,2,3,...n}, S(X) is denoted by
Sp , as well [1].

Let X™ be the n-th power of a compact X. The permutation group 5, of all permutations, acts on
the n-th power X™ as permutation of coordinates. The set of all orbits of this action with quotient
topology we denote by SP"X . Thus, points of the space SP" X are finite subsets (equivalence classes)
of the product X™. Thus two points (1, 2, ..., xn) , (Y1, Y2, ..., Yn) € X™ are considered to be equivalent
if there is a permutation o € S, such that y; = z,(;).The space SP"X is called the n -permutation
degree of a space X. Equivalent relation by which we obtained space SP" X is called the symmetric
equivalence relation. The n-th permutation degree is always a quotient of X". Thus, the quotient map
is denoted by as following: 7 : X" — SP"X.

Where for every x = (x1,z2,...,x,) € X", 75 (21,22, ..., xn)) = [(z1,22,...,x,)] is an orbit of the
point X = (z1,22,...,x,) € X™.

The concept of a permutation degree has generalizations. Let G be any subgroup of the group
Sn-Then it also acts on X' as group of permutations of coordinates. Consequently, it generates a
G -symmetric equivalence relation on X™. This quotient space of the product of X™ under the G-
symmetric equivalence relation is called G-permutation degree of the space X and it is denoted by
SPf. An operation SPZ = SP™ is also the covariant functor in the category of compacts and it is said
to be a functor of G -permutation degree. If G = S, then SP7 = SP™. If the group G consists only
of unique element then SP% = X™.

We say that the local density of a topological space X is 7 at a point z, if 7 is the smallest cardinal
number such that x has a neighborhood of density 7 in X.The local density at a point x is denoted by
ld(z). The local density of a topological space X is defined as the supremum of all numbers ld(x) for
x € X Id(X) = sup{ld(z) :z € X} [2].

It is known that, for any topological space we have ld(X) < d(X).

Theorem 1. Let X be an infinite T1—space and Y is a dense in X. Then SP™Y s also dense in
SP"X.

Theorem 2. Let X be an infinite T1—space and Y is a local dense in X. Then SP™Y is also local
dense in SP™X.
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Theorem 1. Let X be an e-space and let T be an ideal having a pseudounoin, then X satisfies
Stin(Q, OT9P) if and only if X has Hurewicz property [4].

Lemma 2. [1, Theorem 4.1.2| (see also [5]) An ideal Z of N is meager if and only if there is a partition
{P, : n € N} of N into finite sets such that each A € I contains atmost finitely many P)s.

Proposition 3. For a space X and a meager ideal T, X satisfies Syin(A, O1-9P) if and only if X has
Hurewicz property.

Problem 4. Is there a Lindel6f non-e-space such that Sy, (€, OF9P) holds but S tin(A, OT9p) fails?.

Definition 5. A space X is said to have Z-Hurewicz property (in short ZH) if for each sequence
(U, : n € N) of open covers of X there is a sequence (V, : n € N) such that for each n € N,V is a
finite subset of U,, and for each x € X, {n e N:x ¢ UV,,} € 7[2].

Theorem 6. Let X be an e-space satisfying CDRgp(A, A) and let Z be a meager ideal of N. If X has
I-Hurewicz property then X also has Hurewicz property.

Theorem 7. If a filter { does not have Z-Hurewicz property then x(F) > b(Z).

Remark 8. CH denotes the Continuum Hypothesis. Assume —CH. Let Z be an ideal of N and let
k be an infinite cardinal satisfying b < k& < b(Z). There is X C NN of size b which is not a Hurewicz
space. But X is Z-Hurewicz.

Example 9. There exists a non-Z-Hurewicz filter of character b(Z). Consider a set {f, : @ < b(Z)}
which is not Z-bounded. Let F be a filter on N x N generated by the family {F, : « < b(Z)} where
Fy ={(n,m) : m > fo(n),n € N}. For each n € N, U = {U(n,m) : m € N} is an open cover of F
where for each n,m € N, U(n,m) ={A CNxN=min{k € N: (n,k) € A}}.
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About one class of Continual distributions with screw modes
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The kinetic equation Boltzmann is the main instrument to study the complicated phenomena in the
multiple-particle systems, in particular, rarefied gas. This kinetic integro-differential equation for the
model of hard spheres has a form |1, 2]

D(f) = Q(f, f)- (1)
We will consider the continual distribution [3]:
f= [ et M), @
R3

which contains the local Maxwellian of special form describing the screw-shaped stationary equilibrium
states of a gas (in short-screws or spirals) [4]. They have the form:

3
M(v,u,z) = poeﬁmrz (B) 2 o~ Bv—u—[wxa])? (3)
T
Physically, distribution (3) Corresponds to the situation when the gas has an inverse temperature
8= 2T, where T' = 1 f u)? fdv and rotates in whole as a solid body with the angular velocity
w € R3 around its axis on which the point zg € R? lies,
[w X ul
Ty = , 4
o (@
The square of this distance from the axis of rotation is
1
2 2
re = E[w X (z — zg)] (5)
and the density of the gas has the form:
2,2
p=poe™" (6)

(po is the density of the axis, that is r = 0), u € R? is the arbitrary parameter (linear mass velocity
for ), for which z||w, and u + |w X z] is the mass velocity in the arbitrary point x. The distribution
(3) gives not only a rotation, but also a translational movement along the axis with the linear velocity

(W, u)

w?

Thus, it really describes a spiral movement of the gas in general, moreover, this distribution is stationary
(independent of t), but inhomogeneous.

The purpose is to find such a form of the function ¢(t, ,u) and such a behavior of all hydrodynamical
parameters so that the uniform-integral remainder |3, 4|

A= sup / ID(f) — QU f)ldv, (7)

(t,x €R4

or its modification "with a weight":

A= / dv, 8
(m R41+|t| |D )l (8)
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tends to zero. N
Also some sufficient conditions to minimization of remainder A and A are found. The obtained
results are new and may be used with the study of evolution of screw and whirlwind streams.
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Denote by Cg’TC’, a >0, r >0, (see, e.g., [1]) the set of all 2r—periodic functions, sucht that for
all x € R can be represented in the form of convolution

1 K
f@ =R+ 1 [ Panpla—tholt)dt, ao €R, o L1, (1)

—T

where ¢ € C, and P, , g(t) is a generalized Poisson kernel of the form
B
P, p(t Ze " cos kt—T),a>07r>0,B€R.

If f and ¢ are connected with a help of equality (1), then the function f in this equality is called
the generalized Poisson integral of the function ¢ and is denoted by Jﬁa’r(cp). The function ¢ in the
equality (1) is called the generalized derivative of the function f and is denoted by fg "

By pn(f;z) we denote the deviation of the function f from its partial Fourier sum of order n — 1:

pn(f; iL‘) ‘S f({L‘) - Snfl(f;l')y
where
1
+ (ay cos kx + by sin kx) ,
1

3
|

Snfl(f; 33) 2 %

=
Il

o = an(f) = % / (1) cosktdt, by = be(f) = % / F(1) sin ki,

and by E,(f)c we denote the best uniform approximation of the function f by elements of the subspace
Ton—1 of trigonometric polynomials ¢,_1(+) of the order n — 1:

En(flo:= inf |f=Spa(f)lle-

tn—1€T2n—1

The norms ||pn(f;)||c can be estimated via E,(f)c, using the Lebesgue inequality

lonF39)le < (S5 1un + 00 ) Eu(es n e )

On the whole space C the inequality (2) is asymptotically exact. At the same time for the sets of
functions Cg’TC the inequality (2) is not asymptotically exact.

We establish the asymptotically best possible Lebesgue-type inequalities for the functions f € C’g"rC )
in which for all n, starting from the number ny = nq(a,r), an additional term is estimated by absolute
constant.
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For arbitrary a > 0, r € (0,1) we denote by n; = ni(«a,r) the smallest integer n € N, such that
11 ant=" ar 1

— (141 ) < . 3
( ) e s (3m)3 3)
Theorem 1. Let o > 0, r € (0,1), 8 € R and n € N. Then, for any function f € Cg’TC and all
n > ni(a,r) the following inequality holds

—an” 4 n
lonFi0lle < e (i

ar

1—r

+90) Bal 5 @

Moreover, for arbitrary function f € C’g’rC one can find a function F(x) = F(f,n,x) from the set
C5"C, such that E,(Fy" o = E,(f3")c, such that for n > ni(a,r) the equality holds

B B B
1-r

T 4 n
lon(F5-)|lc = e " <2 In
v

) Balf5 e )

In (4) and (5) for the quantity v, = vn(a,r, B) the estimate holds |7, < 207"
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Definition 1. Let M, B be smooth manifolds and p € M. Let f,g : M — B be smooth mappings
satisfying the condition f(p) = g(p) = q.

1) f has a first-order tangency with g at the point p if (df), = (dg), as the map T, M — T,,B.

2) f has a contact of k th order with g at the point p if the map (df) : TM — TB has a contact
of order (k — 1) with map (dg) at each point T, M. This fact can be written as follows: f ~j, g at the
point p (k -positive number) [2].

n

We denote by J*(M, B)p,q the sets of equivalence classes with respect to the "~y at the point
p" in the space of mappings f : M — B satisfying the condition f(p) = ¢q. We put J*(M, B) =
U(p,q)GMXB Jk(M7 B)p#l‘

Definition 2. The set J¥(M, B) is called the space of k -jets.

The action of the group G on M gives rise to some action of the group on J*(M, B). This action is
called the k -prolongation of the group G on J*(M, B).

We let G*) denote the associated prolonged group action on the jet space J (M, B). The infinitesimal
generators of the k -th prolongation of the group G to J*(M, B) are k - prolongations of infinitesimal
generators of the group G.

Definition 3. The function I € C°°(J*(M, B)) is called a differential invariant of order k of the group
G if it is preserved under the action of the k -th prolongation G on J*(M, B), that is, g(I) = I for any
transformation g € G,

Differential invariants of Lie group of transformations are studied in the papers [1], [3], [4].
Let G be a Lie group of transformations of the space of two independent u,v and three dependent
x1, X2, x3 variables, and following vector field

9 9 < 9
X:El(u,v,x)%—i—fg(u,v,x)%—i—z:m(u,v,x)% (1)
i=1 !

is infinitesimal generator of the group G.

It is known that any Lie group is similar to the group of translations. This property of the groups
is remarkable and its use permits simplification of finding of differential invariants of the group.

In order to use this possibility we produce the replacement of variables.

Let us consider functions F}(u,x) and Fy(v,x) which are solutions of following equation

X(F)=1. (2)
Let I1(u,v,x), Is(u,v,z) and Iy(u,v,x) be are functionally independent invariant functions of the

group G, i.e. they are satisfy following equations

X(I;)=0,i=1,2,3. (3)
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We will replace the variables in the space of (u, v, z1,z3,z3) by putting
s = Fi(u,x),t = Fy(v,x), (4)

Yi = Ii(u,v,x), (5)
where i = 1,2, 3. Using easy deductions, we can verify that in variables (s, t,y1, y2,y3) the vector field

(1) has the following form

o 0
x=2.9 6
ds ot (6)
This form of the vector field X shows that the group G is similar to the group of translations. Moreover

in the coordinates (s,t,y1, 4o, ys) for any k € N for k — th prolongation X*) of the vector field (6) it
holds equality X*) = X.
Let us recall differentiation operator D is called invariant differentiation operator with respect group
G if it holds DX (F') = X D(F) for any smooth function F.
It follows from the form of the vector field (6) invariant differentiation operators for the group G
are following operators of total derivatives: D = Dg + Dy.
If we put
Oy _ OFy
Pik = ﬁ,q@',k = otk
then we can write total derivatives in following forms:

+szl +Zp12 (7)

0 = 0 )
D; = 1 27— + ... 8
t = 8t + ; QZ,layi i ; qi,2 8(]7;,1 + ( )
We have the following equalities
1 1
Ds=—-+D,, D= ———D 9
s DuFl uy Ht — DUFQ V) ( )

which will allow us to return to the old variables, where D,,, D,— also operators of total derivatives
with respect u,v.

Let denote by D¥(F) derivatives DX 4 DF(F) of order k.

Thus we have the following theorem.

Theorem 4. Suppose I, I, I3 are independent invariants of the group G, Fi(u,z), Fa(v,z), are so-
lutions of the equation X (F) = 1. Then functions I;(u,v,x) and D*(I;) are differential invariants of
order k.
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In this talk, we will show that the newly introduced F-metric spaces, introduced by Jleli and Samet
in [1], are metrizable. Also, we deduce that the notions of convergence, Cauchy sequence, completeness
due to Jleli and Samet for F-metric spaces are equivalent to that of usual metric spaces. Moreover, we
show that the Banach contraction principle in the context of F-metric spaces is a direct consequence
of its standard metric counterpart.
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This is a paper in classical geometry, namely about triangle conics and cubics. In recent years,
N.J. Wildberger has actively dealt with this topic using an algebraic perspective. Triangle conics were
also studied in detail by H.M. Cundy and C.F. Parry recently. The main task of the article was to
develop an algorithm for creating curves, which pass through triangle centers. During the research, it
was noticed that some different triangle centers in distinct triangles coincide. The simplest example:
an incenter in a base triangle is an orthocenter in an excentral triangle. This was the key for creating
an algorithm. Indeed, we can match points belonging to one curve (base curve) with other points of
another triangle. Therefore, we get a new intersting geometrical object. We may observe the method
through deriving one of the results:

One can consider as a base conic Jarabek Hyperbola [3]. It passes through circumcenter, orthocenter,
Lemoine point, isogonally conjugated to the de Longchamps point, and vertices of a triangle. We may
study this hyperbola in the excentral triangle. One can notice that all of the above points have
correspondence with points in the base triangle: Bevan point, incenter, mittenpunkt, de Longchamps
point, and centers of the excircles, respectively. Therefore, we got a new cubic, which passes through
the above points. All of the properties of the base hyperbola could be analogically converted in a new
view perspective.

Theorem 1. As a consequence, one may apply the described above method to various curves and
various constructed triangles, such as excentral, medial, mid-arc, Euler triangles, etc. The application
yields the following results:

Corollary 2. The first obtained conic is ractangular conic that passes through centers of the excircles,
Bevan point, incenter, mittenpunkt and de Longchamps point. The new hyperbola is isogonaly conjugate
to the line, which passes through incenter, citcumcenter, Bevan point, isogonaly conjugated point to the
mattenpunkt with respect to the base triangle, and isogonaly conjugate to the mittenpunkt with respect
to the excentral triangle. Moreover, its center lies on the circumscribed circle.

Corollary 3. The second derived conic has vertices in the centroid and de Longchaps point, focus
in the orthocenter. Directriz of the hyperbola is perpendicular to the Euler line and passes through
circumcenter.

Corollary 4. The third derived conic is the rectangular hyperbola that passes through circumcenter,
wncenter, midpoint of mittenpunkt and incenter, Schiffler point, and isogonaly conjugate point to the
Bewvan point.

Corollary 5. The first obtained cubic passes through vertices of the triangle, bases of the altitudes,
middles of the triangle sides in the orthic triangle, orthocenter, Euler point, centroid in orthic triangle,
Lemoine point, and gomotetic center of the orthic and tangent triangles.

Corollary 6. The second constructed cubic passes through vertices of the triangle, bases of the alti-
tudes, orthocenter, Euler center, and circumcenter.
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Corollary 7. The third developed cubic passes through Speaker point, center of the Fuler circle, cir-
cumcenter, orthocenter, complementary conjugate of orthocenter.

Corollary 8. The fourth obtained cubic passes through Lemoine point, centroid, circumcenter, mit-
tenpunkt, incenter, and orthocenter.

Corollary 9. The fifth derived cubic passes through circumcenter, orthocenter, Euler center and mid-
point of the incenter and the orthocenter.

Jarabek and Yff hyperbole; Thomsom, Darboux,and Lucas cubics were taken for construction of
the above curves. The properties of the invented curves and the algorithm of their construction are
described in more details in the paper. The originality of the obtained results could be verified [4].

The beauty of the idea of the corresponding points lies in the fact that it can be applied to various
geometric objects. Many wider results are obtained by applying this technique to straight lines passing
through triangular centers. Also, one can apply this method to other curves.

The developed idea completely closes the question of curves passing through triangular centers.
However, it opens up a number of new questions. What is the topological nature of these transforma-
tions? Is it possible to apply a similar idea to non-Euclidean objects? Could one use the same method
over an arbitrary finite field? Can this idea be further generalized?
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The idea of loess as a natural multi-fractal was formed in the works of Bird [1]|, Russell [2]. On the
basis of the fractal characteristics of the pore and particle structure, there were obtained theoretical
models describing diffusion, deformation of the compaction and the shift of the medium [3], [4]. In [2]
the distribution function Ng(L > ds) of the particles sizes is defined as the number of particles of the
size L such that L > ds, where ds runs over the real numbers. The fractal dimension of the particle
size distribution function is defined as follows

D, - lim _ln(Ns(L > ds))
ds—0 In(dy)

In the presented paper we study subsidence of soils, which are eluvial, eluvial-deluvial loess-like
deposits of the Middle-Upper Pleistocene age, lying on the Right-Bank Loess Upland Plain (Middle
Dnieper, Ukraine).

On the basis of the fractal characteristics of the pore and particle structure, there were obtained
theoretical models describing diffusion, deformation of the compaction and the shift of the medium
[3], [4]. Under some additional conditions of fractal nature of the loess soil and developing methods
introduced in [5, 6] we obtained certain predictive estimations of the coefficient of porosity after the
disintegration of micro-aggregates. In this note we obtain some estimations of soil subsidence volume,
based on the introduced above fractal dimension.

The particles forming the ground may have only a finite set of sizes. We denote these sizes
di,ds, ...,dp—1,d, ranging in decreasing order from the largest. We assume that a = o; = d;/d;_1,
where 2 < j < n , does not depend on j. This assumption corresponds to the idea of the self-similarity
of fractal structures. In addition, all known mathematical fractals are constructed on this principle.
As the structures formed by particles of a fixed size are self-similar, we also assume that all these
structures have the same coefficient of porosity k, as well as the same porosity K, = k,/(1 + k). We
discovered that under such conditions two different situations may occurred. Let &’ be the coefficient
of porosity and K’ be the porosity of the soil after the disintegration of micro-aggregates.

Theorem 1. In the above denotations we have :

3— Dy W b,
1 If Ky > aPs, then k' = Ll =

—1land K' =1— &=L

o dy (I+kp)d; P
kpd>~Ds ' kpd>~Ds
2. If K, < aPs then k! = =2 gnd K' = PN )
f p < 5 S d?—DS kpdi_D“rZ?:ld?_Ds

The results of our experiments and calculations show that on the basis of a new theoretical models
and the "Microstructure" technique, having the values of the fractal dimension of the particle size
distribution by volume, it is possible to forecast the volume deformations after the disintegration of
the micro-aggregates. Depending on the type of soils and the specific experimental conditions, this
may be the amount of subsidence deformation, swelling or suffusion. The details of our experiments
and techniques are described in [6].
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In this talk on the joint work [TTU20| with Ryoto Tange in Kogakuin university and Anh T. Tran
in the University of Texas at Dallas, we study irreducible SLo-representations of twist knots. For each
n € Z, the twist knot J(2,2n) is defined by the diagram below, the horizontal twists being right handed
if n is positive and left handed if negative.

We have J(2,0) = 0; (unknot), J(2,2) = 31 (trefoil), J(2,4) = 59, and J(2, —2) = 4; (figure-eight
knot). Regarding a 1/2-full twist to be a half twist, J(2,—2n) and J(2,2n + 1) are the mirror images
to each other, hence we only consider J(2,2n). The knot group 7, = m(S® — J(2,2n)) of J(2,2n)
admits the presentation
7, = (a,b] aw™ = w"b), w=[a,b"']=ab"'a"'b.

by [HS04, Proposition 1]. Since twist knots are 2-bridge knots, the Culler—Shalen theory of character
variety together with Riley’s calculation assures that conjugacy classes of p € Hom(7,,, SLa(SL)) are
parametrized by = := tr p(a) and y := tr p(ab). A representation p is said to be acyclic if H;(mw,p) =0
holds for every i and non-acyclic if otherwise. Here is our first theorem.

Theorem 1. Conjugacy classes of non-acyclic irreducible SLo(SL)-representations of J(2,2n) are ex-
13n — 1| -1
2

2rk
actlygivenbyx:y:1—20053 T 1,O<k§

,kel.

This implies that every such representation corresponds to a point on the diagonal z = y in R? ¢ SL2.
In order to prove this assertion, we investigate the intersection of curves defined by Chebyshev-like
polynomials f,(x,y), Tm(x,y) € Z]z,y]. The polynomial f,(z,y) defines a component of the character
variety and coincides with the Riley polynomial ®,,(x,u) via —u = y — 22 +2. The polynomial 7, (x,y)
is the Reidemeister torsion regarded as a function so that 7,,(z,y) = 0 iff a representation p with
(tr p(a), tr p(ab)) = (x,y) is non-acyclic. We first prove that the intersection of their zeros lie on z =y
and then determine all common roots of f,,(z,z) and 7,(x,z). We also introduce several Chebyshev-
like polynomials g, hy, ky, € Z[z] and prove fy,(z,z) = gnkn, To(z, ) = hyky, where k, is the greatest
common divisor. We in addition prove the following theorem, generalizing [Bén20, Remark 4.6].

Theorem 2. The two curves fn(z,y) = 0 and 1,(z,y) = 0 in R? have a common tangent line at
every intersection point, while the second derivatives of their implicit functions do not coincide. In other
words, every zero of T,(x,y) on fn(x,y) = 0 has multiplicity two in the function ring SL[z, y]/(fn(x,y)).

The following theorems characterize non-acyclic representations.

Theorem 3. The conjugacy class of an irreducible SLo(SL)-representation p of J(2,2n) is on the line
x =y if and only if p factors through the —3-Dehn surgery.

Theorem 4. The conjugacy class of an irreducible SLo(SL)-representation p of J(2,2n) on x =y is
non-acyclic if and only if p(a™'w™) is of order 3.

Our study is indeed motivated by a problem in arithmetic topology. We finally investigate the
L-invariants of universal deformations of residual representations, which was introduced in [KMTT18|
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in a perspective of the Hida-Mazur theory. Let p : m, — SLa(F) be a representation over a field
F with char = p > 2 and a completed discrete valuation ring (CDVR) O with the residue field F. A
deformation (or a lift) of p over a complete local O-algebra R is a representation p : m, — SLa(R) with
the residual representation p. A universal deformation p : w, — SLa(R) of p over O is a deformation
such that any deformation over any R uniquely factors through p up to strict equivalence. If p is
absolutely irreducible, then p uniquely exists up to O-isomorphism and strict equivalence.

When R is a Noetherian UFD and the group homology Hi(m,, p) with local coefficients is a finitely
generated torsion R-module, the L-invariant L, € R/ = is defined to be the order of Hi(m,, p), where
= denotes the equality up to multiplication by units in R. Let A,;(t) denote the i-th p-twisted
Alexander polynomials. Then we have L, = A, 1(1). A general theory of twisted invariants yields L,
= 75Ap,0(0). For most cases we have A,y = 1, so that we have L, £ 1 if and only if 75 = 0, that is,
p is non-acyclic. Now B. Mazur’s Question 2 in [Maz00, page 440| may be varied as follows:

Problem 5. Investigate the L-invariants L, of the universal deformations p over O of absolutely
1rreducible non-acyclic residual representations p.

The following theorem completely answers to this problem, that is, it determines all residual repre-
sentations with non-trivial L-invariants, as well as explicitly determine the L-invariants themselves.

Theorem 6. Every absolutely irreducible representation p : m, — SLa(F) of a twist knot corresponds
to a root of k, in F. Suppose that p corresponds to a root @& of k, with multiplicity m and that

0
a1 = @, -, qpy are distinct lifts of @ with k,(a;) = 0 and o € O. If %(@, @) # 0 holds, so that
Y

there is a universal deformation p : m, — SLa(O[[z — «]]) over O, then the equalities

Lp=hn(x)*= [[(= - )
in R = O[[z — «]] hold. If in addition p{3n — 1, then m = 1 and L, = ( — )? holds.
0
If instead %(a, @) # 0, then a similar equality holds in R = O[[y — «]].
x
We remark that our work is derived from the scope of the following dictionary of analogy between
knots and prime numbers (cf. [MT07, MTTU17, KMTT18|, [Morl2, Chapter 14]).

] Low dimensional topology H Number theory ‘
Deformation space of hyperbolic structures || Universal p-ordinary modular deformation space
Dehn surgery points with Z-coefficient Arithmetic points
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The class of mappings with finite length distortion was introduced in [2] for R™, n > 2, see also [3].
This class is a natural generalization of the classes of isometries and quasi-isometries.

Here we follow Caratheodory in the definition of the prime ends for finitely connected domains
on Riemann surfaces and Dp denotes the completion of the domain D by its prime ends with the the
topology of prime ends, cf. Chapter 9 in [1|. We prove criteria in terms of dilatations K for the
homeomorphic extension to the boundary of these mappings f between domains in compactifications
by Kerekjarto-Stoilow of Riemann surfaces by prime ends, see definitions and notations in [4]-[5].
Further, we assume that K is extended by 0 outside of D.

Theorem 1. Let S, S* be Riemann surfaces, D, D* be finitely connected domains on S, S*, 9D C S,
oD* C S*. Suppose that f : D — D* is a homeomorphism with finite length distortion and, for all
po € 0D,

£(po)
dr
0/ il = WA = /): Ky(p) dsn(p). )

Then f can be extended to a homeomorphism of Dp onto D'p.
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The quotient group of the restricted and unrestricted wreath product by its commutator is found.
The generic sets of commutator of wreath product were investigated.

We generalize the results presented in the book of Meldrum J. [1] about commutator subgroup of
wreath products since, as well as considering regular wreath products, we consider those which are not
regular (in the sense that the active group A does not have to act faithfully). The fundamental group
of orbits of a Morse function f : M — R defined upon a Mobius band M with respect to the right
action of the group of diffeomorphisms D(M) has been investigated.

Denote the set of all the orbits of A on X by O, if this set is finite then by O;. Recall that the
direct product indexed by infinite set consists of all infinite sequences, and the direct sum consists
only of sequences with finitely many elements distinct from zero. Denote by Z(A(B)) the subgroup of
diagonal subgroup [2] Fun(X, Z(B)) of functions f : X — Z(B) which are constant on each orbit of
action of A on X for unrestricted wreath product, and denote by Z(A(B")) the subgroup of diagonal
Fun(X, Z(B™)) of functions with the same property for restricted wreath product, where n is number
of non-trivial coordinates in base of wreath product.

Theorem 1. A centre of the group (A, X )1B is direct product of normal closure of centre of a diagonal
of Z(B") i.e. (Ex Z(A(B"))), trivial an element, and intersection of (K) x E with Z(A). In other
words,

Z((A,X)1B) = (1 I hy .. 1), e, ZUK, X)1E) ~ (Z(A)NK) x Z(A(B)),

where h € Z(B), | X| =n.
For restricted wreath product with n non-trivial coordinate: Z((A, X)1B) =
(1 ... hhy oo hy o), e, ZIK,X)E) 2 (Z(A)NK) x Z(A(B")) ~
~ P (Z(A)NK) x Z(B).
j€O;
In case of unrestricted wreath product we have: Z((A,X)1B) =
((1; ...;h_1,hoshyy ooy hishivr,.ony), e, ZIK, X)) E) ~ (Z(A)NK) x Z(A(B))
= [[(Z(A)NK) x Z(B).
jeo
Theorem 2. If W = (A, X)) (B,Y), where | X| = n, |Y| = m and active group A acts on X

transitively, then
d (G') (n —1)d(B) +d(B) + d(A").

Theorem 3. The quotient group of a restricted wreath products G = Z1x Z by a commutator subgroup
is isomorphic to ZxZ. In previous conditions if G = Alx B then, G/G' = AJA'xB/B'. If G = Z, Z,,
where (m, n) = 1, then d(G/G") = 1. If G = Z 1 Z is an unrestricted reqular wreath product then
G/G'~ZxE~2Z.
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H. Toruriczyk and J. West [11] considered the construction of (completed) infinite iteration of the
hyperspace functor and established some of its geometric properties. A counterpart of this construction
for the superextension functor was investigated in [12]. Later, V. Fedorchuk [3] introduced a general
notion of perfectly metrizable functor and obtained generalizations of results from [12].

Having in mind increasing interest to the fuzzy metric spaces we are going to extend the notion of
perfectly metrizable functor over the class of fuzzy metric spaces in the sense of George and Veeramani
[5].

Let X be a set, %: [0,1] x [0,1] — [0,1] be a continuous t-norm. A GV-fuzzy metric on X is a
mapping m: X x X x Ry — (0, 1] satisfies the following conditions for all z,y,z € X, s,t € R;:
(IGV) m(z,y,t) > 0;

(2GV) m(x,y,t) =1 if and only if z = y;

(BGV) m(z,y,t) = m(y, z,1);

(4GV) m(x, z,t +s) > m(z,y,t) * m(y, 2, s);

(5GV) the functlon m(z,y,—): Ry — [0,1] is continuous.

We will consider the class of (closed to) normal functors in the category Comp of compact Haus-
dorff spaces and continuous maps. For any such a functor F, there exists a natural transformation
7: lcomp — F'.

Suppose that to each compact fuzzy metric space (X, mx, *) a fuzzy metric mp(x) on the space F'(X)
is assigned (with respect to the same triangular norm *). We will make the following assumptions:

(1) If f: (X,mx)— (Y,my) is an isometric embedding, then so is
F(f): (F(X),mpx)) = (F(Y),mpy))-

(2) The map nx: (X,mx) — (F(X),mp(x)) is an isometric embedding.

(3) diam(X,mx) = diam(F(X), mp(x))-

We suppose now that the mentioned functor F' is a functorial part of a monad (F,n,%). Then we
additionally require that the following holds.

(4) The map ¥x: (FQ(X),sz(X)) — (F(X),mp(x)) is nonexpanding.

The condition in the definition from [3] that concerns the preservation of uniform continuity (this
is equivalent to the preservation of (g,d)-continuity) does not have a unique counterpart in the case
of fuzzy metric spaces, as in the latter case there are different notions of uniform continuity (see, e.g.,
[6, 4]).

In the talk, we discuss the question of completion of the metric direct limits of the form

FH(X) =lim{X = F(X) » F(X) = ...},

with bonding maps F™(X) — F"*!(X) taken from the set {F/(ng—i(x)) | 0 < j < n}. Remark that
the completion of fuzzy metric spaces does not necessarily exist [7].
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Next, we consider the question of embedding of the (completions of the) spaces F*(X) in the spaces

of the form
FUX) = Im{F(X) « FA(X) + F*(X) ...}

As an example, we consider the hyperspace functor ([8]; see also [1]). Another example is the functor
of idempotent measures; its fuzzy metrization is constructed in |2]. Recall that the idempotent measures
are counterparts of the probability measures in idempotent mathematics, i.e., the part of mathematics
in which at least one of arithmetic operations in R is replaced by an idempotent operation (e.g., max
or min).

In the paper [10], a metrization of functors of finite degree is constructed. The considerations of
this paper are significantly extended in [1], where the so called ¢P-metrics are defined on the sets of
the form F(X), where F is a functor with finite supports on the category of sets.
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Acumnrormani 300paxenss B, (Y, Y1, 0)-po3s’askis qudepennianbamx
PiBHSIHB JPYroro HOPs/Ky, IO MiCTATH 100yTOK Pi3HOrO THILy
HeJIiHIHOCTell y npasiii yacTuHi

Yemok Oubra OuieriBua
(Opecvkuit Hanionanbuuii ynisepcurer imeni 1. I. Meunukosa, Ozeca, Ykpaina)
E-mail: olachepok@ukr.net

Posrngnaersbea qudepeniiiaibie piBHIHHS JAPYTOTO MOPSAIKY

y" = aop(t)eo(y)e1(y), (1)
y skomy ap € {—1;1},p: [a,w][—]0,4+00[ (00 < a < w < +00), @it Ay, —]0,+00] (i € {0,1}) —
nerepepsui dyukiii, Y; € {0, o0}, Ay, — oxHobiunmit okin Y;.
Beakaemo Takox, 1mo QyHKIsA @1 € npaBuibHO 3MmiHHO©O (auB. [1], posain 1.4, crop. 17) npu z —
Y1 (z € Ay,) nopsizky o1, a GyHKIis @o asiun HenepepsHo qudepeniiiiopsa Ha Ay, Ta Taka, 10

1/
im o) = { 200 % i BOAD 2
o) v Za (#0(2)

B cuiy ymos (2) dyskuisi g Ta i1 noxijgaa nepiioro nopsiky € [1] msuako 3minauMu npu mpsi-
MyBaHHI apryMmenTy 70 Yy. Takum awaOM, mociixKyBane gudepenitiaibHe DIBHAHHS MICTUTH Y IpaBiit
JacTuHl 100YTOK MIBUJKO Ta MPABUJIBHO 3MIHHUX (DYHKILi.

Hudepennianbue piBasans (1) mocipKyerbes moa0 ymos icnysanns y asoro P, (Yp, Y7, 0)-poss’as-
KiB, a TaKOXK aCUMITOTUYIHUX 300parkeHb TAKMX PO3B’93KiB Ta X 10XIIHUX IIEPIIOrO HOPAIKY.

Poss’si30k y piBusinnsg (1) nasusaersca P, (Y, V), 0)-po3s’s3koM, KO BiH BuzHaueHuil Ha mpoMizxK-
Ky [to,w[ 1 3870BOTBHSIE YMOBH

limy®(t)=Y; (i=0,1), lim M:

hw ttw y" (t)y(t)
OcHoBHI pe3ysibraTn J0BOAATHCs y npunyiienni icaysanus aiusa Py, (Yo, Y1, 0)-po3s’a3kis ckinuennoi
9M HECKIHYEHHOI T ili M i 2|. 3 i
panuri tlTIB o (8 Ta BuKJaJeHl y [2]. Ba anpiopaumm BIacTMBOCTSME TaKUX
POBB’SI3KIB MAaEMO
)y (¢ )y (¢
lim 77%( Jy(t) =0, lim 77%( ,)y ®) = -1, (3)
o y(t) th Y (1)
Jie
() = t, AKIIO W = 400,
WYt —w, gKmo w < +00.

Hapasi yrounena kinokicrs takux P, (Yp, Y7, 0)-po3s’sskis pisugnanga (1). Byno orpumano, mo y
!
BUIA/IKY, KOJIH 1tlTr£ “)(Itg)(%@) =cé€ R,
(1) mpu ¢(1 — o1) > 0 pisasinns (1) mae ogronapamerpuyuny cim’'io B, (Yp, Y1, 0)-po3s’s3kis,
(2) mpu c(l—01) < 0ra B(1—01) < 0 pisasians (1) mae gBonapamMeTpuvHy ciM’io TaKUX PO3B'I3KiB,
(3) mpu ¢(1 —01) <0 ra S(1 —o01) > 0 — Mae npuHaiiMHl 0JUH TaKuil PO3B’A30K, e

_1
1—0q

dr npu t € [b;w[C [to,w].

Iy(t) = sign(yy) - ] o (7)p(7)01 <Slgn(y;f)>

w




80
Y BUNIAJIKY, KOJIU lim " WL® +00, pipagnnga (1) mae ommomapamerpuuny cim’io P, (Yy, Y7, 0)-
Y hw ]2(75)

PO3B’A3KiB.
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T'osromopHO-1IPpOEKTUBHI 1ePEeTBOPEHHs JIOKAJILHO
KOH(OPMHO-KEJIePOBUX MHOTOBU/IIB Y CUMETPUYHIN F-3B’I3HOCTI.

€. B. YepeBko
(Oechka HamioOHATBHA aKadeMis XapuoBux TexHosorii, Bya. Kanarma, 6. 112, m.Oxeca, 65039,
Ykpaina)
E-mail: cherevko@usa.com
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(Ymanchbkuii HanMOHAIbHUT yHIBEpCUTET CQiBHUIITBA, ByJl. lHCTHTYTChKA, 0. 1, M. YMaHb,
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E-mail: berez.volod@gmail.com

M. Mikewr
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Osunauennsi 1. Epwmitosuii muorosun M, Mae Ha3BY A0KAALHO KOHPBOPMHO-KEAEPO6020 (KOPOTIIE,
JIKK-) mnozosudom, Ko icuye BigkpuTe moKpuTTsa i = {Ua}a cA MHOTOBHTY M Ta cucrema

Y ={0a0:Uy— R}seca

—20a 9|Ua} — KeJIepoBa CTPYKTypa JjId OyIb SKOTO o € A.

[Tepexin Bix MeTpuku ¢|y, 10 METPUKH € glu, Mae Ha3BY 40KaAALHO KONPOPMHO20 NEPEMBOPEHHA
cmpyxmypu. YyHKIIA 0 Ma€ HA3BY 6USHAYAABHON HYHKYIEt0 KOHMDOPMHOTO MepeTBOpeHHs|2].

AKX PYHKINN TaKux, 110 {J U, 0o =€
—20q

Ha JIKK-muOroBui riobaapHO BU3HAYEHO (bopMa JIi(Lee):

W =

5&20J

7 =
Bimowmo, mo JIKK-muOrOBHAM HE /10MyCKAOTH FOJIOMop(bHo—npoeKTHBHHX epeIBOPeHbD /IS 3B I3HOCTI
Jlesi-Uisita [3]. Asie MoKHA Ha TaKOMy MHOIOBH/I 33JaTH cuMeTpudHy F-3B’a3HicTh, TOOTO Taky, B
JIKili KOMILIEKCHA CTPYKTYyPa € KOBAPIaHTHO CTAJIOIO:

VxJ =0.

e ne tinpku Bijjoma 38 a3uicTs Beitng. Hanpuknan, cumerpuany F-3B’g93HICTH, MOXKHA, TTOOY/yBATH
inmum yuaoM. Hexailt mykana F-38’ga3uicTb 3a/1a8a (opMysiom0:

k k
Ty =T% + Pk,

ze P — remsop adinoi medopmariii, a cuMBOJIOM I';; mosmaveno xkomionenTu 38’sa3n0cTi Jlesi-iBira,
ysrogkenoi 3 JIKK-merpukoro g;;. Tensop adinoi gedopmarii pis [-38’a3H0CTI Oy/1b-9KOTO €pMiTO-
BOI'O MHOTIOBH/Ly MOYKHA 3ajarTu Tak [1]:

1 1
Pl = (Vi + VT {) Ty 4 (Vi = VuTf) I} (1)

Cumostom V mo3nadeHo koBapianTHy moxiany y 38’s3uocTi Jlesi-Uisita, y3romxenoi 3 JIKK-metpn-
ko10. Bpaxosytouu, mo ua JIKK-muorosumai

1
V]JZ]C = 5((5;6175(,% — thij — ijwz + thwtgij)7
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3 (1) orpumyemo:
1
Py = =3 (0wi + 0fw; + Jj Jjw, + I} Tjwr — 2 gig).

Hexait rooMopdHO-TPOEKTUBHUX MTEPETBOPSHHS MOPOIKYIOThCS MaiiyKe aHAJIITHIHIM BEKTOPHUM TIO-
jieM &, TOOTO TaKuM, JIjisi SKOTO BUKOHYETHCS

el = 0.

Tomi noxinna JIi 06’exkty 3B’s3r0CTi Jlesi-UiBita npu roioMopdHO-IPOEKTUBHUX TEPETBOPSIHHIX
TOJII MaTUME BUTJISII:

1
L) = 1 (00Vi(wal®) + 00V (wal®) + T TV (wal®) + T TV (waé®)
—0""V 1 (Wa€®) gij — W Legi; + 9w (Legsa)gij) + piOr + pidlt — prJLT — py LT

Josemeno, 1mo 00’ eKT

1 1
Iy = T+ 59" i — = (T + wy) 87 + (D + i) 3

+(T5, — gwt)JfJ;L + (I3, — gwt)J;J[L)

€ inBapiaHTHUM TIpH UX neperBopenusax. LlikaBum € Te, 1m0 Takuii cavuit 00’ekT Oyje iHBapiaHTHUM,
SIKITIO CKOPUCTATHCS JIJIsi TOJIOMOPHO-ITPOEKTUBHUX IepeTBOPeHb 38 sizHicTio Beiins [4].
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I'padpu Kponpona—Piba dyukiiiit Mopca Ha 2-Topi Ta ix
aBToMopdizmMm

Bornan ®@emneHko
(JTaboparopist Tomosorii y ckaai Biaaiay aarebpu i Tomosorii, [ucruryr maremarukn HAH Vkpainn)
E-mail: fb@imath.kiev.ua

Hexait M — rnajka opieHToBaHa KOMIAKTHA 1oBepxHs. ['pyna andeomopdizmis D(M) nie Ha npo-
cropi rnagkux dyukuiit C°(M) 3a rakum npasuiom: v : C°(M) x D(M) — C*®(M), v(f,h) = foh.
Bignocro niei aii Busnaunmo crabinizarop S(f) ta opbiry O(f) npupomsum duHOM:

S(f)={neDM)[foh=f},  Of)={foh|hecDM)}

Haninmmmo npocropu D(M) ta C°°(M) cunbaumu Tonosorisvu Yitai. i Tomosoril iHayKyoTh Teski
tomosorii Ha nmpocropax S(f) Ta O(f).

Hexait Diq(M) — 3B’a3Ha KOMIOHEHTa TOTOXKHBOTO Bifobpazkenus npocropy D(M), Of(f) — xom-
nonenta 38’sa3u0cti O(f), mo micrurs f 1 S'(f) = S(f) N Dig(M) — rpyna mudbeomopdizmis M, 1o
36epiratoTh TyIaJKy GyHKII0O f.

TomoTomiiiHi BacTHBOCTH KOMIOHEHT 3B’a3HOCTI mipoctopis S(f) Ta O(f) mia dynkmiii Mopca na
KOMITAKTHUX TOBEPXHIX JIOC/TKyBauch y poborax E. Kynpsernesoi, C. Makcumenka ta #oro y4His.
Boxpewma, 6ys0 Beranosieno, mo Of(f) e romoromniiiio eksisanenTHoio dhaxrop-npocropy (S1)™/G(f)
y Bumajxy xoma M # S? i SO(3) x (SY)™/G(f), axmo M = S?, ne G(f) — rpyma aBroMopdizMin
rpacdy Kporpoga-Piba dbyrkuii Mopca wa M, mo € ingykosannvn audeomopdizmavm 3 S'(f), axa
BimbHO i€ wa (S1)™, m € N, mus. orrsaz y [4].

C. Makcnmenko ta A. Kpasuenko BuB9asn MiHiMasbiy MHOXKHUHY KJjaci i3omopdizmis rpyn G(f)
g dywkiii Mopca Ha KOMIAKTHAX MOBEPXHAX KPIM 2-TOpa Ta MiIMHOXKWHU Ii€1 MHOKUHU /TSI
npocTux Ta 3arajabHux (generic) dynkuiit Mopca [1, 2, 3|. Mu gamo onuc MiHiMa/IbHOT MHOKUHN KJIACIB
izomopdizmy rpyn G(f) mias dynnii Mopca na 2-topi. Marepian re3 6a3yerbes Ha crarTi [4].

Jnst bopmysrioBaHusT Pe3yabTaTiB MM HAraAAeM0 O3HAYEHHS BIHIEBOTO JO0YTKY 3 IMKJIYHUMU IPy-
maMy Ta PO3IVITHEMO JIEKiJIbKa KJACIB TPYI, 1[0 BU3HAYAIOTHCH 33 JIOMOMOTOI0 BIHIEBUX JI00YTKIB.
Hexait G — rpyna i n,m > 1 — marypassai aucia. Posrisiremo jgi edextuBai aii « : G X Zy, — G™ i
B G X (L X L)) — G™ vpyu Zy, 12 Ly, X Loy, 52 G™ Ta, G™™ Bignosinno, mo 3amani ¢popmynamu:

— A —1,m—1 —1,m—1
a((9)iZg @) = (Gira)ico s BGig)ij=o + (0:0) = Givvjre)ijmo s

Jie yCi iHgeKcn B34Ti 3a Moyisivu 1. Ta n, m. Hamismpsmi 1o6yTru GUZy, := G" X o Zn 1 GU Ly X L) =
G™" X3 (ZLn X Ly,), IO BIIMOIBIAIOTH UM M, MU GyneMo Ha3uBaTu Binnesumu gobytkamu G 3 Zy,
ta G 3 (Zy X Ly,) BIIOOBITHO.

s marypaabHOTO N, HEXall P, — MiHIMaJIbHA MHOXKHWHA KJACIB i30MOp(dI3My T'PyII, 10 3370BOJIb-
HSIOTH TAKAM YMOBAM:

e oxmauYHA Tpyna {1} HameRKUTH 10 P,
e akio A, B € P,, To A X B ta Al Z, nanexars 10 P,.

Hexait ‘P minimasibHa MHOXKMHA KJIACIB 130MOPMI3My I'DyI, 0 MICTATb Pp K MMAMHOXKWHU JIJId YCIX
n € N. Hexait takox &;, ¢ = 0, 1,2 — MiHIMa/JIbHI MHOXKUHU KJIACIB i30MOpPdI3My TPYI TAKWUX, IO

e &y micrurs rpyny Aol (Zy X Zopp), nym > 1 ays Oyap-sikoi Ag € P,

e & wmicturs rpyny A1 Zy, n > 1 ansa 6yab-axoi Ap € P,

e & wmicturh rpyny As i Zy,, n > 1 pag 6yab-axol As € Ps.
Bimowmo, o rpad Kpoupoga—Piba dbynkiii Mopca na 2-topi € abo gepeBom, abo micturh 1uksi. Mi-
HiMaJIbHY MHOXKMHY KJaciB i3omopdismy rpyn G(f) ans dyuxuiii Mopca na 2-ropi rpadu skux €
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JepesaMu mo3HaunMo uepes 9o(12), a B inmomy sunajuky uepes 4 (T?). Ioznaunmo uepes G5mP(T?)
MiHIMaAIBHY MHOKUHY KJaciB i3omopdismis rpyn G(f) s npocrux dynkuiit Mopca na 2-topi.
OCHOBHIM DPE3YIBTATOM € TaKa TEOPEMA.

Teopema 1 (Theorem 2.5 [4]). Maiomv micue pisnocmi:
G(T?) = &, G (T?) = &, @I (T?) = &.
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IIpuknaau MOBEPXOHB 3 MJIOCKOID HOPMAJIbHOIO 3B’SI3HICTIO Ta CTAJIOIO
KPUBUHOIO TPACCMaHOBOTO 00pa3y B mpocTopi MiHKOBCHKOTO

M. I'peuneBa
(3anopisbkuii HaiOHAILHWIT yHIBEPCUTET, 3a1IOpizKKst, YKpaiHa)
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II. Crerannesa
(3amopi3pKuil HAIIOHATBHII YHIBEDCUTET, 3aIOpiKAKs, YKpaiHa)
E-mail: stegpol@gmail.com

BukopucranHs MOHATH TPACCMAaHOBOTO MHOTOBHIY Ta T'PACCMAHOBOTO 00pa3y MOBEPXHI JO3BOJISAE
PO3IIMPHUTH KOJIO 3374 nudepentianbaol reomerpil [1], [2]. B pob6oti [10] BcTanosmeno, mo cexiiiii-
na kpusnna K (o) rpaccmanoBoro Muorosmay G(2,4) eBKiioBoro mpoctopy [ty mpmiiMae 3HAYeHHS 3
Biapisky [0, 2], a qia npocropy Minkoscbkoro B [6] 1oBeeno, Mo 1isi KpUBMHA MOKe 6yTu Oy/ib-aKuM
mificanm aucom. Jlocmimxeni B [9],|3] moBepxHi eBK/IiI0BOTO POCTOPY 3 MiHIMAIBHAM Ta, MAKCHMAJIb-
HUM 3HAYEHHAMY KPUBUHU TPACCMAHOBOTO MHOTOBU/TY B3JIOBK ILIOMINH, TOTHIHUX O TPACCMAHOBOTO
06pasy moBepxHi (KpUBHHE IPacCcMaHOBOTO 06pa3y mosepxHi). s mpoctopy MiHKOBCHKOTO aHAIOTI |-
He JIOCJIJKEeHHsT TPOBeJIEHO B [4].

B [5] pocaizkeni 6araToruMipHi MOBEPXHI €BKJILZOBOTO TPOCTOPY 3 [1I0CKOK HOPMAJILHOIO 3B’ I3HICTIO
Ta TOCTIiHOI0 KPUBUHOIO T'PACCMAHOBOrO0 MHOTOBWY. B il poOOTi /s TaKWX TMOBEPXOHB MPOCTOPY
MiHKOBCHKOTO 3 METPHUKOIO CirHaTypn (— + +-+) oTpuMaHi HACTYIHI Pe3yIbTaTH.

Teopema 1. Hexati V2 C' Ry € peeyaaproro waconodibnoto noeeprnero 3 NaocKoo HOPMAALHON
36 A3HICTI0 T HEGUPOOIINCEHUM 2PACCMAHOBUM 0bpasom cmanoi kpusunu K. Todi K npuiimac 3navenms
3 eidpisxy [0, 1].

Teopema 2. Hezati V2 C! Ry e peeyaaproro npocmopoeonodifroro noseprreto 3 NAoCKo HOPMAADLHON
36’ A3HICMI0 | HEGUPODAHCEHUM 2PACcCMaArosUuM 00pazom cmanroi kpusuny K. Todi snavenns yiei kpueunu
naaesicams muoocuni (—oo, —1] {0}, axwo epaccmanosuii obpas npocmoposonodibruti i mHodtcumi
[0, —00), aKwo epaccmanosul 0bpas waconodioHud.

st obunC/IeHHs KPUBUHHU TPACCMAHOBOTO 00pa3y 9acomoIiOHOl Ta TPOCTOPOBONOAIOHOT TOBEPXOHE
3 MJIOCKOI0 HOPMAJIBHOIO 3B’SI3HICTIO BUKOPUCTOBYEMO BiAMOBiTHO (hOpMysH, siKi BUBEIEH] 3 3amporo-
HOBaHOI B po6ori [8] dopmysn jist cekuiitHOT KPUBUHNM TPACCMAHOBUX MHOTOBH/IIB IICEBI0EBKJIIOBUX
TPOCTOPIB
2 12 1 712
R(0) = g (511522 + L221L112) _
(L1 L35)% + (L3 L31)? + (L11L35)? + (L; L3y)?

(1)
Ta
o) URIh-ihihy
(L11L35)? — (LygLi1)? — (L11L355)% 4 (L1, L3p)?
B AKUX ij - KoedilmieHTn Ipyrux KBaJApaTuIanx pOpM BiIIOBITHUX TOBEPXOHb.
Hagesmemo mpukiasm, iess akux B3gra 3 poboru [7].

(2)

IMpuknazn 3. Yacononibua nosepxust 3aana GyHaMenTansanyu popmamu ds? = —du’ 4+ dv?, 1T =
a’du® — b dv?, {IQ = h(du® + dv?), a,b,h = const. Kpusuna ii rpaccManoBoro o6pasy 3a/10BOJIbHSIE
nepisrocri 0 < K (o) < 1 upu Oy/ib-siKuX 3Ha4eHHsX a, b, h.

IMpuxnan 4. Ipocroposonoibua mosepxmsi, 3asana dynzamentatbanMu dhopmamu ds’ = du? +
dv? II' = du? — 4dv?, I11? = du® + dv?, mae npocroposonoaibuuii rpaccManosuii 06pas. Kpusuna
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if rpaccManoBoro obpasy jopishioe K (o) = —%. IIpocropoBomogibna moBepxHsi, 3aaHa QyH/IaMEH-
ranpauMu opmamu ds? = du® + dv?, II' = du® + 4dv?, I1I? = _2du2 + 3dv?, mae wacomomibHmit
rpaccmanoBuii 06pa3. Kpusuna i1 rpaccmanoBoro o6pasy mopisatoe K (o) = %.

[cHyBaHHS PORTJISHYTUX MTOBEPXOHB BUILIUBAE 3 TOTO, IO KoedimienTn ixX (pyHIaMeHTaIbHIX (HOPM

3aJI0BOJIHAIOTE piBHAHHAM [aycca-Komarmi-Piayi.

(1]
8
[4]
[5]
(6]
[7]
(8]
[9]
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IIpo umcsi0 TOMmOJIOriYyHO HeeKBiBaJIEHTHUX HAIliBMIHIMaJIbHIX
riiaaknx PYHKINA Ha JBOBUMIPHOMY KpPeH/IeJIi

0. A. Kany6oscbkmit
(ABH3 «/loubacbkuii gepxkasauit nejaroriunauii yaisepcurery, Cios’sHCbK, YKpaina)
E-maal: kadubovsQukr.net

Hexait M, — 3amKHeHa I/1a/IKa OpieHTOBHA mOBepxHS poay ¢ > 0, a Cp (M) — kiac riaaakux dyHKii
Ha M, (3 TppOMa KPUTHIHAMU 3HAUEHHSIMHE), AKi OKPIM JIOKAJIbHUX MIHIMYMIB Ta JIOKQJIbHUX MaKCH-
MyMiB MaiOTh Jinie OfHY (B 3arajbHOMY BHIAJKY 6upoddicery) KPUTUIHY TOUKY THITY CLIIA, 1HIEKC
[lyankape sikoi cranoButh 1 —n = 2 — 29 — A, e A > 2 — cymapHe YucJj0 JIOKAJbHUX MiHIMyMiB Ta
makcnMywmis (manp. [4], [5]).

Oyukuil fi1 1 fo 3 kaacy Cp(My) Ha3MBAIOTH TOTOIONYHO €KBIBAJIEHTHUMM, SIKIIO ICHYIOTH TOMEO-
mopdizmu h: My — M, i b/ : Rt — R (h/ 36epirae opienTamiio), Taxi mo fo = h'o fj o h™L.

dxmo h 36epirae opienrariito, To dbyHKINI fi Ta fo HA3UBAIOTH TOMOJOTIYHO crpsizkeHuMu (HAmp. [4])
abo x O-romosioriuno expiBasenTHrME (HAIp. [5]).

Yepes C (My) C C,(My) noznaunmo knac GyHKIil Ha My, gKi MAOTL TOYHO k JIOKATBHEX Mi-
HIMyMiB (MakcuMyMiB), | JIOKAQTbHUX MaKCHUMyMiB (MiHIMyMiB) Ta OJHY KPUTHIHY TOYKY THUILY CiIa.
dAxmo k =1 =1, o dyHKIil 3 BiAMOBIIHOTO KJIACy HA3WBAIOTH MiHIMAJBHUME; AKINO XK k = 1,1 > 1
(abo [ =1,k > 1), To dysKii 3 BiAMOBiIHOTO KJIacy OyI1eMO HAZUBATH HANIGMIHIMAALHUMU.

3a/adi mpo mipaxyHoK 9HC/Ia TOMOJOTIYHO HeekBiBamenTHux (yukmiil 3 kaacis Cq (M) (g > 0) i
Cr1(Mo) (k,l € N) 6ym0 mosricTio po3s’stzano antie y 2015 p. B poborax [5] Ta [6] Bigmosigro.

B zaransromy BUTAIKYy, 11 HaTYpanbaux g, k, [ (a6o x k, [ in = 2g+k+1—1, To6T0 masa dbynkmiii
3 (bIiKCOBAHMM CHHTYJSPHUM THUTIOM), 3aJa4a MPO THAPAXyHOK HHCIa TOMOJOTIYHO HEEKBIBAJTEHTHUX
dbynkiit 3 kracy Cy(My) BUSBAIACH JOCHTH BAZKKOIO Ta HEPO3B’S3aHOIO [0 CHOTOHI TTPOOIEMOIO.

Ak 3’scysanocs (B [2] 3 mocunannsim Ha pobory [1]), 3azata npo nepepaxyBaHHsT OJHOK/IITHHKOBAX
JIBOKOJIbOPOBUX KapT 3 n pebpavu (ojgne 3 saxux € momidenum), k Giauvu Ta | 9OpHUME BEpPIIMHAMUI
TICHO TOB’g3aHa 13 33/a9€l0 PO IMiAPAXyHOK HNCJIa TOMOJOTIYHO HEeKBiBAJIEHTHUX (PYHKIH 3 Kacy
C.1(My). Bimomocti npo kapTi MoxHa 3HafTH, HanpukIag, B oraszi [1] Ta pobori [2].

dsui bopmy/n i migpaxysky duciaa O-Tonooriuno neexsisasentnx dyunkmiit 3 kiaacy Cp(T?) =
Cy (M) anoncosano B [7]. dus dikcopanux narypasbhux k il 3aja4a 1po nigpaxyHoOK 9uc/ia TONO0JI0-
rivHo HeekBiBajieHTHUX DYHKIIN 3 K/1acy C’M(Tz) TAKOXK 3AJIUIIAETHCS HEPO3B I3aHOIO.

3 ypaxyBaHHsM pesysbraris pobir [2] i 3] BcraHoBiIeHO ClpaBeIMBICTh HACTYIIHUX TBEP/ZKEHD JIJIsi
JBOBHMIpHOTO Kpensens P2,

Teopema 1. Jlas 0o6iaviozo namypaivrozo n = m + 4 > 5 yucao d*(n) O-monoaoziuno neexsisa-
aenmuuz pynxuid 3 xaacy C1 o, (P?) mooicna obuvuciumu 3a dopmyaoto

n?—n—
% (3 - 6) -C’S+1+ Z qb(]) -p(n, ?) , (1)

Jln, 7€{2;3;4;5;6;8}

d*(n) =

de:  ¢(q) — pynxuyis Etaepa; Vj € N : % ¢ N seaununu p (n, ?) =0,a

Vi € {2;3;4;5;6;8} : ? € N seaunuru p (n, ?) BUSHAYAIOMBCA 30 JONOMO2010 CNIBBIOHOWEHD

O (B

p( n) n(n —3) ) <n, n) _ n(n —4) ) (m n) n(n —2)(n —4)(5n + 2).

"3 6 1 32 2) = 384
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Teopema 2 (ocuosHa). Jlas 006iavH020 namypasvhozo n = m + 4 > 5 wucao d**(n) monosoziuno
neexsicarenmmuus Pynryit s xaacy C1m(P?) mooena obuucaumu sa gopmyaamu

4" () = 5 (d"(n) + (). )
de
(n—3)(n 1§éz+ 1)(5n+7)’ 2k i1
S(n) = (4)
(n —4)(n —2) (5n* + 34n + 96)
, n=2k.
384
n d(n) d*(n) | d**(n)|n d(n) d*(n) d**(n)
5 8 1 421 12087306| 575592 288951
6 84 16 1322 17968566 | 816 858 | 409 959
7 469 67 4423 26212571 | 1139677 | 571516
8 1 869 237 140 | 24| 37589475 | 1566377 | 785 361
9 5 985 667 366 | 25 | 53 068 015 | 2 122 723 | 1063 721
10| 16401 1649 88326 | 73854495 | 2840 739 | 1423 367
11| 39963| 3633| 189427 101437245 3756 943 | 1 881 702
12| 88803| 7417| 383628 137637045 4915841 | 2 461 957
13| 183183 | 14091 | 720329 184664025 6367 725| 3 188 185
14| 355355 | 25405| 1294530 | 245181573 | 8173019 | 4 091 833
15| 654654 | 43 650 | 22 112 | 31| 322 377 804 | 10 399 284 | 5 205 312
16 | 1 154 062 | 72 166 | 36 503 | 32 | 420 045 164 | 13 126 768 | 6 570 279
17 | 1958 502 | 115 206 | 58 086 | 33 | 542 668 764 | 16 444 518 | 8 229 569
18 (3215 142 | 178 678 | 90 018 | 34 | 695 524 060 | 20 457 020 | 10 237 300
19 |5 126 010 | 269 790 | 135 660 | 35 | 884 784 516 | 25 279 560 | 12 649 062
20 | 7 963 242 | 398 242 | 200 162 | 36 | 1 117 639 908 | 31 046 082 | 15 534 091

Tabnuis 2.1. Iouarkosi 3navenns seawand d(n), d*(n) Ta d**(n)

JIITEPATYPA

[1] Cori R., Machi A. Maps hypermaps and their automorphisms: a survey I, II, III. Ezpositiones Mathematicae, 10 :
403-427, 429447, 449-467, 1992.

[2] Anpuanos H.M. Anasor dopmysnsr Xapepa-llarupa mjisi 0JHOKJIETOYHBIX ABYKPAIIEHHBIX KapT. DYHKyuoHaAbHol
anaausy e2o npusoscenus, 31(3) : 1-9, 1997.

[3] Goupil A., Schaeffer G. Factoring n-cycles and counting maps of given genus. Furopean Journal of Combinatorics,
19(7) : 819-834, 1998.

[4] Prishlyak A.O. Topological equivalence of smooth functions with isolated critical points on a cloused surface.
Topologyand its Aplications, 119(3) : 257-267, 2002.

[5] Kanyboscokuii O.A. IlepepaxyBaHHS TOMOJIOIIYHO HEEKBIBAJEHTHUX IVIAJAKUX MiHIMAaIbHUX QYHKUIN Ha 3aMKHEHHX
noBepxuax. 30ipHux npays Inemumymy mamemamuru HAH Yxpainu, 12(6) : 105-145, 2015.

[6] KanyGosckmii A.A. O 4ucsie TOMONIOrMIECKN HEIKBUBAJIEHTHBIX (DYHKIMIA C OTHOM BBIPOK IEHHOW KPUTHIECKON TOUKOM
Trma ceayio Ha aBymepnoii cdepe, II. Tpydv. meorcdynapodnozo zeomempuyeckozo yernmpa, 8(1) : 46-61, 2015.

[7] Kagy6oschkmit O.A. IIpo 9mcio TOmoI0riaHO HEEKBIBAJIEHTHUX TIAAKAX QYHKIIH 3 OMHIEI0 KPUTHIHOIO TOUKOIO THILY
cimma Ha aBoBMMipHOMY TOpi // Te3m momosizeit MikHApoAHO! KOH(bepeHHil «AjreGpaldHi Ta TeOMETPHYHI METOIM
amaisy». Opeca, 28 Tpasusa — 3 wepsusa 2019. C. 65-66. 94 c.



89

leonme3uyni BimoOparkeHHs TTPOCTOPIB 3 p( Ric)-BEKTOPHUMHA TTOJISTMU

B. Kiocak
(Odesa State Academy of Civil Engineering and Architecture, Didrihson st., 4, 65029 Odesa,
Ukraine.)
E-mail: kiosakvQukr.net

0. Jleceuko
(Odesa State Academy of Civil Engineering and Architecture, Didrihson st., 4, 65029 Odesa,
Ukraine.)
E-mail: lesechkoQukr.net

Buxopsuu 3 anrebpaiunux mMipkyBanb Oysn BBejeni B posrisig, @ (Ric)-BeKTopHi nos ¢;, saxi 33,10~
BOJIBHAIOTH PiBHSIHHSIM:
vij = sRij;  s,=0,
Jle KoMa — 3HaK KOBapiaHTHOI moxinnol, a I;; — Te3op Piudi. [leaki reomeTpudni BIacTUBOCTI TaKUX
BEKTOPHHUX 1101iB BuBYeHi B poborax B. Kiocaka ra I. T'iurepasiitaep [1, 2]. Jliniitna ¢popma ocHOBHIX
PIBHSIHL TeOpii reojie3ndHnX BigoOpaxkeHb Mae Buris [3, .c121]

Gijk = Aigjk + AjGik- (1)
?7,)\1'73‘ = Ugij + aaiR? - aoz,BR,aijév
TYT [ = )\aﬁgo‘ﬁ; R; = Rajgo‘i; Rhijk = Rf‘jagak, gij — Merpuunuii Tensop Vi, a g” — enementn
MaTpHIl 06epHeHoI 10 HLOTO.
Byno noBeneno:

Teopema 1. Hxwo ncesdopimarie npocmip V, donyckae nempusiaivni eeode3usis 61000pancerts, mo
OAS MEN30PA Qij MaA 6EKMOPA \; 6UKOHYIOMNDCA YMOGU )\ma? — Ajaai =0, de Njj = A ;.

Teopema 2. I[Ipu nempusiarvromy z2eode3udromy 6i0obpacdcernti nceslopiMaHO8UT NPOCMOPIE, WO
donycxaroms @(Ric)-noas, 6eKmop A\; € 6AACHUM GEKIMOPOM TEHZOPA Qjj:

A [ u)\i .

Teopema 3. Sxwo ncesdopimanic npocmip Vi, wo donyckae p(Ric) sexmopni noas, donyckae me-
MPUBLaALHE 2e00e3UHI 81000paNCEHHI, MO BEKMOPU Y; Ma A\; KOAIHEAPHi, Mobmo p; = pA;, de p —
desaxull ineapianm.

Teopema 4. Hrxwo ncesdopimanic npocmip, wo donyckae p(Ric)-noas, donyckae i nempusiaivni 2eo-
desuuni 61000PaANCEHNA, 110 6 HbOMY 3G HeOOTIOHICI0 Mae Po36 A30k cucmema pienans (1) ma

Aij = Agij + Baij,
1 1
de B = —0,6Y A= —(ura — avy)E”.
n n
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Jeski nmuTanHsg Teopil 2/ -1iaHapHUX BiJIOOPaXkeHb IICEBI0PIMaHOBUX
IMTPOCTOPIB 3 aOCOJIOTHO MapPaJIEJIbHOIO f-CTPYKTYPOIO

H. I'. Konosenko
(OHAXT, Ogeca, Ykpaina)
E-mail: ngkonovenko@gmail.com

1. M. Kypb6aroBa
(ORHY, Opeca, Ykpaina)
E-mail: irina.kurbatova27@gmail.com

Mu npogoBkyeMo BuBUYeHHs 6a30BUX NUTAHL Teopil 2F-manapHux BinoOpakeHb MHOTOBHU/IIB, siKi
Hatiteni adinoproro crpykryporo nessoro rumy [1], [2], [3].

Pasitre Mmu jroBesiu, 1o KJiac mceBiopiMaHOBUX IPOCTOPIB 3 aDCOTIOTHO MaPaJIeIbHOIO f -CTPYKTYPOIO
BaMKHYTHUH 1100 PO3IVISIHYTUX BiJ0OparkeHb, & TAKOXK I10 38 YMOBOIO KOBapilaHTHOI cTajiocti adinopa
f-crpykTypu y BijoOpaxKyBaHUX HPOCTOpPax HeTpuBiajibi 2F-1raHapHl BiIOOparKeHHST MOXKYTb OyTu
TphOX Tumie: moBHI i Kauowiuni I, II Tunis. 3apaz Mu mociimkyemo Tiabku moBHe 2F-mmanapHe Bif-
o6pazkeHHst NPOCTOPIB 3 abCOIOTHO MapaJIebHOI0 f-CcTpykTypoio (V,, gij,Fih) i (Vn,gij,Fi ), dKe B
3ara/ibHill 3a BijoOpazkeHHsAM cucTeMi KOOpAMHAT (') XapAKTEpU3yETHCs OCHOBHUMU DIBHAHHSAMU:

N 1 2
I _1h h h h
Lyj(2) = Ti(2) + ¥dj) + ¢l + oy,
Fi) = Fi(2)
i L) =4;(T),
h o B h _
F FSF, + F' =0,

1 1 1 1 1 1 1 1

Fj+F;i=0, Fy+F;=0, Fj=gaFy, Fij=7yF},
1

h __ : _
F;'=0, i,hapB,...=12,...,n,
=h . s . 54 .
ze I‘?j, [';; - xommnonenTn 06’extis 38’asn0CTi Vi, Vi 903(), ¢i(2), 04() - nesiki koektopu, a ayKkKamu

[MO3HAYEHA, OIlepallisi CUMETPyBaHHS,
Tyr noznaueno

;7 - 3HAK KoBapiaHTHOT MOoxXigHOl B V,.

1 2
Fz'h = Fih= Fih = Fo}fFiOl~

2FTIB BBakaeThCs TpuUBiaabHUM, KO ¥; = ¢y = o; = 0.

B [3] 6ys10 BuineHo kaacu mpocTOpiB 3 abCOIIOTHO MapaJsebHOI0 f-CTPYKTYPOIO, M0 JOMYCKAIOThH
2F-tutanapue BinoOpaskeHHs HA IJIOCKUN MPOCTIP, 1 3HANIEHO TX METPUKHU B CHEIla/IbHIi CHCTEMI KO-
OPJIMHAT.

Jlaii BuHWKaE 3aKOHOMIpDHE NMUTAHHS PO T€, UM iICHYIOTH iHIM KJIACK TAKUX MPOCTOPIB, dKi TOIyC-
KafoTh 2F-nnamapui BigobparkenHsd, i 9k ix 3uaittu. BukopucroByoun meromu, po3pobsieni B Teopil
reojie3ndHuX Bijobpazkens [4], Mmu 3B0smuMO OCHOBHI piBHsiHHS 2F-1JIaHAPHUX Bi06parkKeHb OCHOBHOIO
TUITY JI0 BUJLY, AKWUi JOIyCcKae e(peKTUBHE JTOCIIKEHHS - 1[€ TaK 3BaHa HOBA (DOPMA OCHOBHUX PIBHSIHbD.
BukopucroByioun 1110 HOBy hOpMy, MU, 30KpeMa, TOKa3aJIN, 110 ICEBI0PIMAHOBHUIT TPOCTIP 3 aDCOIIOTHO
HapaJIeJIbHOIO f-CTPYKTYDOIO, B SIKOMY iCHy€ KOHIIpKyJsipHe [4] abo kBasikoHuipky.sipae [1] BekTophe
roJjie, JIONyCKae HerpuBiaibue 2F-njnanapue BinoOpazkenHsi ocHOBHOro Tuity. JloBegeno teopemu, ki
JIAI0Th PEryJASPHUNE METO/I, IO J03BOJILE i OY/Ib-sIKOTO IICEB/IIOPIMAHOBOIO IIPOCTOPY 3 abCOJIIOTHO
napanensuoio f-crpykrypoio (Vi gij, FJY) abo smaiitu Bei npocropn (Vn,yij,ﬁh ), Ha gki Vj, jgomyckae
2F-ttanapue BioOparkeHHsi OCHOBHOI'O THILy, DO JIOBECTH, II0 TAKUX IIPOCTOPIB HEMAE.
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(I)paKTaJIbm BJIACTUBOCTI HENepepPBHUX nepeTBOPeHb KBajpaTa,
TOB’si3aH1 3 JIBOCUMBOJIbHUMHU 300paXeHHAMU JIACHUX YUCEJT

I. M. Jlucenko
(HITY imeni M.II. /Iparomanosa)
E-mail: iryna.pratsiovyta@gmail.com

M. B. IIpaupoBuTuii
(HITY imeni M.II. Iparomanosa, IM HAH VYkpainn)
E-mail: prats4444Qgmail.com

Haramaemo, 1110 nepemeopennam mmooicuny, HA3UBAETHCs OIEKTHBHE (OJHOYACHE iH €KTUBHE i CIOD €K-
THBHE, TOOTO B3AaEMHO OJHO3HAYHE) BiI0OparkeHHs i€l MHOKMHU Ha cebe. 3 TPYIOBOI TOUKH 30Dy
OKpeMa reOMeTpPUYHA TeOopisd BUBYAE iHBApiaHTHU [EBHOI I'PYIU HEPETBOPEHBb IPOCTOPY. 3 Ii€l TOYKHU
30py paxmasvra 2eomempiall] BuBYae iHBapiaHTH TPYNM MEpPETBOPEHb IPOCTOPY, siKi 30epiratorh
dpaxransuy posmipricts Faycnopda-Besnkosnua muOKMH (MaeThest Ha yBasi, mo o0pa3 i mpoobpas
MAalOTh OJJHAKOBY PO3MIPHICTS).

Bukopucrosytoun pizni 300paykenus (KOJAyBaHHs) JIHCHUX 9uCen, v PAgi poOIT BUBYAINCH MEpe-
TBOPEHHS Bipi3ka, gKi Ma0Th (ppakTaabHi BJIACTHBOCTI, CAMOMOMIOHOCTI, aBTOMO/IE/IHLHOCTI, 30epira-
I0Th 9u TPaHCHOPMYIOTH Mipy, PO3MIPHICTH ab0 iHII YMUC/I0BI XaPAKTEPUCTUKNA DOPETIBCHKUX MHOKUH
ab0 meBHI BiacTUBOCTI 300pazxkenns yucesn. Kombinanil Takux nepersopens (npsimuii 100yTok abo in-
nri «oneparii») NpUBOJIATH JI0 IIKABUX IEPETBOPEHD KBA/PATIB Ta MPSIMOKYTHUKIB 3 (DpakTaaibHUMU
BJIACTUBOCTsAMEU. JaCTO B SIKOCTI iHBaplaHTHUX MHOYXKWH TAKUX IEPETBOPEHb BUHUKAIOTH rpadiku He-
NEePEPBHUX JIOKAIBHO CKAAMHUX (DYHKIIH (CHMHIYISIpHIX, HI/JIe HE MOHOTOHHUX, HeM(DEPEHIHOBHNUX ).

VYV 1010Bil TPOMOHYIOTHCS PE3YJIBTATH JOCTIZKEHHS (PPAKTAJIHHUX BJIACTUBOCTEN 11€PETBOPEHD KBa-
apara: K = [0;1] x [0;1] Ta C = [0; go] % [0; go], Ae napamerp go € (%, 1) ki BUBHAYAIOTHCS y TEPMiHAX
JIBOCMMBOJILHUX KOJyBaHb (300pazkenn) jifichux uncesn: QQ2-300paxkennst i Go-306paxkenns. Haragaemo
ix 3micT

k—1
0;1] 32 = a1qi—a, + Z Okq1—oy H Ga; Agfag Q..
k=2 Jj=1

oo
[0;90] ST =0101—a; T Z Okg1—ay H Goj | = Aaclzag Qg

e a € A={0,1}, gqo — dircosane uuco 3 inrepsary (0;1), ¢t =1 —qo, g1 = go — 1.

Jlema 1. Axwo @1 i 2 — HenepepsHi nepemeopenns 00uHUYH020 610PI3Ka, MO GOPMYAL

r_ r_
= pr(@) o v ©1(y),
Yy = 2(y) Y = pa(z)
3a0a10Mb NEPEmMBOPeHHs 00UHUYH020 KEAIPATA.

Binbmicrs (y neBnomy CeHcl) HenmepepBHUX NEPETBOPEHb OJMHUYIHOTO BlJIPI3KA MAIOTh CKJIAJHY JI0-
KaJbHY CTPYKTYpy, Oarati MHOXKWHU PI3HUX oco6J1HBOCTeI>'1, 3oKpeMa, udepeHIiajibHOr0 XapaKkTepy.

Hampukman, mepersopents 3amane opmyson [ (Aa1a2 ap..) = A , IKe Ha3WBa-

[12—a1][1—a2]...[1—o¢k}...
€ThCs THeepcopom (Q2-300pazkentsi. BOHO € HENEPEPBHOIO CTPOTO CHATHOI0 CHHIYJISAPHOIO (DyHKIIEO
(mae noxigny pisay 0 maiizke CKpisb y posymini mipu Jlebera).

Jlo iHImmoro Kjacy HENepepBHHX NMEPEeTBOPEHb KBaJIpaTa IPUBOAATH NMEPETBOPEHHS, M0 30epiraiTh
XBOCTH 300paskeHb JIMCHIX YuCes1 y PI3HUX CUCTeMaX KOJyBaHHs.
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¥ =1(x),

/

Yy =y

IIpukaan 2. Anajor «cuMmerpisy BiJIHOCHO Bijpiska:

IaBapiaHTHI TOYKHU IIHOI0O EPETBOPEHHS YTBOPIOIOTH BIJIPI30K, AKUN 33/a€ThCAd PIBHIHHIM
=AY _ A@

0(1) 1(0)
' =1I(x =1
IMpukiaan 3. Anaior «cumerpily BiIHOCHO TOUKM Y1 : § (z), Y24, ),
y' =1(y); y'=1I(x).
IEBApIaHTHOIO TOYKOIO IBOTO IIEPETBOPEHHS € TOYKA 3 KOOPJMHATAMIA (A?(%); A?(%)).
r_
. . . . r = fl (1‘, y)
Binbur nikasumu € menepepsri nepersopenns 3ajani dbopmymamu ¢ ha1) ne fi(x,y) ne-
y = J2\Z,Y),

nepepBHa (GYHKIIA 3 PpaKTAIbHIMHU BJIACTUBOCTIMU, BU3HAUEHA B TepMiHAX BUIIE 3a3HAYEHUX TBO-
CHMBOJIBHUX 300parkKeHb JUCeI. Y IOIOBiII HABOAATHLCS MPHUKJIAIN TaKNX (PYHKIH 1 BHCBIT/IIOIOTHCS
JesiKi X BJIACTHUBOCTI.

CyTTeBo CcKIaJHIMUMKU € aHajorivyui 0ob6’ekTu o3HadeHHi B TepMiHax (G5-300parKeHHsI GUCE]I, AKE
BUKOPHCTOBYE Bl PI3HO3HAKOBI OCHOBH ¢gg 1 g1 = go — 1. IuBepcop a1 Takoro 300parkeHHs € GpyHKITEI
HijTe He MOHOTOHHOTO 1 po3puBHOIO B Go-6iHapunx TouKax. s MOTeTIOBAHHSI TEPETBOPEHD, OB’ A3AHNX
3 UM 300PaKeHHIM BUKOPHUCTOBYIOTHCSI OMEPATOPU JIBOCTOPOHHBOTO Ta MPABOCTOPOHHBOTO 3CYBIB i
crenudivni QyHKITI.
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IIpo reomeTpuyHy XapakKTEPUCTUKY CIEIiaJbHUX Mali>Ke Ie0Ie3uTHUX
BiJI0Opa>keHb MTPOCTOPIB adiHHOTO 3B’A3KY 31 CKPYTOM

Jlaga IlasaiBua JlagnmHeHKO
(O3 «ITHITY imeni K. JI. Ymuncekoro», Ogeca, Ykpaina)
E-mail: kolyalada74Qgmail.com

Y po6ori posrasamaioThes npocropu adinnoro 38’a3ky A" (n € N, n > 2) xknacy C" (r > 1) 3i
ckpyrom. Sk Bizomo [1], KpuBy 7y Ha3MBAOTH MaiiXKe reoge3nvHOI0 JiiHiew npocropy A", sikmo y A"
ICHY€ TaKWil KOMIIJIAHAPHUM B3/I0BXK Y JABOBUMIPHUM POBIIO/LI, SKOMY y KOXKHI# Or0 TOYIl HAJIEKUTH
BEKTOD, JOTUYHUN JI0 JAHOI KPUBOI. 3 TOYKH 30PYy TeOopii KPUBMHM KPUBUX Yy HPOCTOpax adiHHOTO
3B’93KYy MailKe reoe3wdHi JiiHil € KpUBUMY, TEPINA KPUBUHA SKUX € JOBLIBHOIO. & BCl HACTYITHI KpU-
BUHU TOTOXKHBO JOPIBHIOIOTH HYJIIO.

Jast mpocropis adinnoro 38’s3ky A" ta A" posrasimators Bigobpasenns f @ A" — A", 3rigmo
SIKUX 00pa30oM KOXKHOI reoe3nvHol JiHil mpocTopy A™ € MaiiyKe Teome3ndHa, JiHisd TPOCTOPY A" Taxi
BifobpazkenHs jist TpocTopiB A™ i A" HA3UBAIOTH MajiKe TeoIe3UIHIMM [1].

Buokpem/io0Th Tpu THIH MaiiyKe eoJIe3nTHIX Bi0OparKeHb MPOCTOPiB aiHHOTO 3B’SI3KY 31 CKPY-
ToM |2]. MabyTh, HANOLIBIT IKABUMHU CepeJl HUX TPECTAB/IIOThCA BioOpaxkenns [Iy apyroro tuy,
SIK1 XapaKTepU3YIOThCs TUM, IO, 3TiTHO HUX, KOYKHA TeOJe3NdHa JTiHist mpocTopy A" mepexoanTh y Ta-
Ky MaifzKe reofie3udHy JIHIIO IPOCTOPY Zn, JIJIst SIKOT BIJITIOBIJ[HE T110J1€ KOMILIAHAPHOI'O JBOBUMIPHOI'O
POBIIO/IIy BU3HAYAETHCH JOTUIHUM BEKTOPOM A" i BEKTOPOM F(ff)\“, zie FO’} — KOMIIOHEHTH TI€EBHOT'O
adinopa F, y rtak 3any F-kpusy [2, 3]. Ilo-Bigobpazenus: f Ha3uBarOTh TAKUM, 110 33/{0BOJIbHSIE
YMOBY B3a€MHOCTI, SKIIO BioOparkeHHsi, 00epHEHE /10 HBOr0, TaKoXK € Bimobpakenusim tuiy Ilo, 110
BianoBizae Tomy xk camomy adinopy. I3 cykynnocti tux Bijobpaxkens tuny Ilo, 10 33/10BOJIBHAIOTH
YMOBY B3a€MHOCTI, BUALISIOTEH Bimobpaxkenmns tumy I15(e), n € N, n > 1, mo XapaKTepu3yoThCs
CHiBBITHOIIIEHHAMN

F'h=edl, ne F'"=F! -F2 - . FM7l e= £l

Ha sigminy Big nonepeanix gocsimpkens |2, 3|, y maniii pobori Baasocs jjist JoBlabHOTO nciaa n € N,
n > 1 y 9BHOMY BUIJIsIII OTPUMATH Taki AudepeHIliaIbHO-aJIre0paiTHoro xapakrepy OOMerKeHHs Ha,
adinop F, mo 103BOJISIOTH OxapakTepu3ysaru Bijobpaxkenus tumy 115 (e), n € N, n > 1 reomerpu-
9HO, SIK BioOpaXKeHHsI, 3a JONOMOrown skux F-kpusi npocropy A™ mepexogsats y F-Kpusi mpocTopy

A",
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IIpo kBa3i-reojie3nyHi BigoOpakeHHs y3araJbHEHO-PEKYPEHTHUX
ITPOCTOPIB
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Posrnsmeno (nceso-)pimanosmit mpoctip (Vi,, gij, FIY), B axomy icaye adinop F*, mo 3agoBombmse
yMOBaM

h h o . h h
Fipy + FaFGé5) = pady) + aq ),

Fl'Ee = edh,

ne e =—1,41 abo 0; p;, q; - nedki KoBekTOpH, & ~,” - 3HAK KOBAPIaHTHOI IOX1/(HOT BiTHOCHO 3B’s13HOCTI
I's V,.

Byaemo nasubarm Taky adiHOpHY CTPYKTYDPY Y3a2asvhero-pexypermuoro (emintuanoro, rinepbo-
JiaHOro abo mapabosivHOro THUIly 3a/eKHO Bij 3HadenHs ¢ = —1,+1 abo 0.), a cam npocrip V,, -

Y3a2aNbHEHO-PERYPERMHIUM BiAIOBLTHOrO Tuily. AMIHOPHI CTPYKTYpPU 3 TaKUMU yMOBAMU BUHUK/IU B
[2] mpm moctiaKeHH] eBHOTO TUIY BiOOpayKeHb abiHHO3B I3HIX TPOCTOPIB.

PosrasguyTo BIacTUBOCTI y3araJbHEHO-PEKYPEHTHOI CTPYKTYpHU mapabosigHoro Tumy. 30Kpema, I0-
BeTeH0, o Koy adinopra cTpykTypa FI' y3arainieno-pekypenTHOTO TPOCTOPY TapabOoIitTHOTO THITY
(Va, 94, F]h) Y3TOJ/I’KE€Ha 3 METPUYIHUM TE€H30POM ¢;; HACTYIHIM YHHOM:

a . «
giaFj = —gjaly,
1O 11 qudpepenia bai piBHIHHST HAOYBAIOTH BUTJISLY
h  _ ph,
Flig) = Futp)-
Mwu ma3mBaeMO BEKTOD ¢; B IiX DIBHAHHAX BEKMOPOM Y3G2GAbHEHOT PEKYPEHMHOCME CTPYKTYpH

Fih. Haumi, moeeseno, mo TerH30p Pimana y3arajibHEHO-pEKypPEHTHOTO MPOCTOPY MapabOJivHOrO THUIY
(Va, 9i5, Fih ) 3a/I0BOJIbHSIE CITiBBIIHOIIEHHSIM

3(By i + Rygi + By + Rijrs) = 2Qinki + Qjkhi — Qnikgis
ze
Qhjki = Q51 ki + Qi) Fry-

Hexait y3aranbHeHO-pEeKYypPEHTHUI TPOCTIP napauéonquoro tuty (Vy, gij, th) JIOITyCKa€ HeTPpUBiaIbHE
KBazi-reosiesuyne Bifobpaykenns [1] ma mpoctip (Vp,g;;)- Toxl B cymicHifi 3a Bimobpazkemntsam cucremi
KOOpMHAT (') BUKOHYIOTHCS OCHOBHI DIBHSIHHS

T (x) = I (2) + v(2)6% + ¢ (2) FB (@),

Fij=—Fji, Fij=ginF, Fiy=—Fji, Fij=9giF},
F'Fe =0
h _ ph
Fag) = Fady-
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PosryisinyTo Bua 10K, KOJM y3araJbHEHO-PEKYPEHTHU TPOCTIp mapabosiaHOro TUIly 3 iIHTErPOBHOIO
adinoproio crpykrypoio (Vi gij, Flh) JIOIyCKAE KBa3i-reoie3uydne Bijjodpakennsd 31 30epekeHHsIM BeK-
TOpa y3araJbHEHO! peKypeHTHOCTI Ha IiocKuit mpoctip V, = E,, T06T0 E?jk. = 0. JoBeneno, mo Tozi
V,, 6yme Piggi-mmockmm:

Rz‘j =0,
BEKTOD @; - TPAJIIEHTHUM
~_ Oq(x)
q; = ozt
a ten3op Pimana mpoctopy V,, HE0OXiTHO Mae BUTIST

Ryiji = Ce 24 (FhkFij — FpjFi + 2Fh¢ij>

npu Jeskiit cramiit C.

JL1s1 peKypeHTHO-TIapaboIidHOro IpOCTOPY, TeH30p PiMaHa gIKOro Mae O3HadeHy CTPYKTYPY, OTPH-
MaHO KOMTIOHEHTH METPUIHOTO TEeH30Pa B OKOJII Jedkol Touknu M, mpocTopy V,, B CemiaibHill cucTeMi
KOOD/IMHAT.
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MinimaJbHI OBEPXHI Ta iX gedopmarrii
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Bupuenns neckinuenno manux (H.M.) gedopmariii MOBEPXOHb 3aK/IOYAETHCS Y BUSABJICHHI HETPU-
BlaapHUX H.M. gedopmariii (BeKTop 3Mmimenns y # const ma Bciit S). fKIIO K MOBEPXHS JIOMYCKAE
TibKY TpuBiaabHi H.M. gedopmarii (y = const), To BOHA 3BETbCS KOPCTKOIO 0 BiHOIIEHHIO JI0 TIHX
nmedopmariiii.

Y Ejs-tpoctopi OyjaeMo po3rjigiard H.M. AedOpMaIliio MMepHuIioro MOPsAJIKY OJHO3B’s3HOI OBEepXHi
kiaacy C3, Ha Ky HaK/Ia/eHi MeBHi 0OMeKeHHs:

1) ninii reogesnunoro ckpyry (LGT-ninii) cranionapsi (B rososnomy) [1];

2) noeua kpusnua S (K # 0) 3MiHIOETHCS 38 yMOBU

0K =2Kp (1)

ne 6 K-papiamia mosroi kpusmmn S, u(x!, 22) - neaxa mepimoma dyuxiia kmacy C3.
Hng minimanpanx mosepxoub (H = 0, H-cepennsg KpuBuHa S) MaTeMATHIHOI MOJEJLIIO MOCTABIEHOT
3a/1a4i Oye HacTynHa cucteMa JudepeniiajbHuX PIBHAHD 3 YACTHHHIME [TOX1THUMY BIJTHOCHO (DyHKITii

ut (e, a?) i (el a?):

1 (0,0 s _PBs, o a _ i
g (u ),ji_ 7 uy — Ku® = pip'®. (2)
TyT KoMoOIO TO3HAUEHO KOBapianTHe audepeniiioBaHHd Ha 0a3l METPUIHOTO TEH30DA §ij, o = C%’g,

Pl =cl by —H de, i = giagih Cafs CaB - AMCKPUMIHAHTHUIE TeH30p S.
Ianexcn mabyBaroTh 3HaYeHb 1,2.
Yepes KOKHUN PO3B’SI30K CUCTEMU PiBHSAHD (2) YACTUHHI MOXiTHI BEKTOPA 3MileHHs TaHol gedopMaril
MaTUMYTh HACTYIIHE IIPeJICTaBJ/IEHH s

Vi = Ur; + cipun, (3)
1ie T'o,n (opT HOpMaJi S) - 6a3ucHi BeKTOPIH.

OueBuyno, o Tiibku y Bunasky g = 0,u® = 0 nana gedopwmatiisa O6yiae TpUBiaIbHOIO, a MOBEPXHS
S-xkopcTkor. 3okpema, skio @ = 0,u® # 0, To marumemo A-medopwmariii 3i cramionapanvu LGT-
JIHIIMI MIHIMAJIBHUX MOBEPXOHB, siKi BUBYA/INCs B Po6OTI [2].

Orxe, cpaBeinBa

Teopema 1. Kootcha MIHIMAADHG NOGEPTHA OONYCKAE HEMPUBIANOHY H.M. 0ePOPMAUIIO NEPULO20 NO-
padky 3i cmayionaprumi LG T-atniamu ma noeHo KPUSUHOW, U0 3MIHIOEMLCA 3a YMmoeoro (1),
YACTNUNNT NOTIOHI 6EKMOPA 3MIUEHHA AKOT NPU YbOMY Maomy 6uzasd (3), de dynrkuii u® i u €
P0O36°A3KOM cucmemu pieHAHb (2).

ITpumyctumo, 1o M(acl,ac2) 3a3/1a1eri b 3a1ana GyHKis Toukn nosepxHi kiacy C3. Tomi KoxmHe

piBasinEs 13 (2) B 3amkHeHil obnacti G 3a/10BOJIbHSIE PIBHOMIPHIH einTuaHOCT (% >Ag >0, Ag =

const). Ile oznavae, mo (2) MOXKHA TPUBECTH JI0 HACTYITHOTO KAHOHIYHOTO BUIJISA/Y BiJIHOCHO U%:

ufy +udy + e'uf + e*uf — Ku® = F(u), (4)

2 . .
Je Uag = (%‘Zﬁ, el, e?- Bimomi dyukmii ToUoK S.
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Mae wmicre

Teopema 2. Bydv-saxa MiHIiMAALHA NOGEPTHA JONYCKAE HEMPUBIAALHY H.M. OEPOPMAUIIO NEPULO2O NO-
PAOKY 31 CMAYIOHAPHUMY MHIAMY 200e3UNHO020 CKPYMY M NOBHOI0 KPUBUHON0, U0 340080AbHAE YMOB]
(1), sexmop amiwsernia AKOI 6upasicacmuca wepes 3azdanczidv sadany ynryio p € C3(@), dosinvny
pynruito w(zt, ¥?) € C3(G) ma Pynruii u®(zt, 2?) € C3(G), axi € pose’askom cucmemu picnany (4).

[Ipunyctumo Temep, mo B cucteMi piBHAHL (2) 3as3manerigap 3amani dbyskmil u®. Tomi orpumaemo
HEOTHOPiTHe JudepeH liajbHe PIBHIHHS JPYTOro MOpsIKy 3 YaCTUHHUMU TOXiTHUME TilepOOoJIiaHOTO
THUILY BIJIHOCHO (i, sTKe HAOyBAa€ KAHOHIYHOTO BUTJISIIY:

pi1 — pro2 + dug + epg = (ut, u?), (5)

ne d, e - Bijjomi (pyHKITT TOTOK TOBEPXHI S.
JloBemena HACTYTHA

Teopema 3. Bydo-aka MIHIMAADHG NOGEPTHA QONYCKAE HETNPUBIANOHY .M. 0eOPMAUII0 NEPULO20 TO-
PAOKY 31 CMAUIOHADHUMU ATHIAMUY 2€00€3U%H020 CKPYMY 1 NOBHA KPUSUHA AKOI 3MIHIOEMBCA 30 YMO-
6u (1). Bekmop 3MIWEHHA NPU YbOMY MAMUME NPEICTNaGAeHHA wepes 3asdanczidv 3adani Pymruii
u® € O3, dei dosinvni dynwyii xaacy C2, xooicna 6id odwniei sminmoi ma dynxuito p € C3, axa e
p036’azxom pistanna (5).

Hexait ma mromuni z'Oz? 3azamna Iyra KpuBOi [, K IMepeTHHACTLCs He OibIne HiK B OHIN TOUII 3
HPSIMIME, TTAPAJTIETLHIMI BiCSM KOOD/MHAT i PIBHSIHHST sIKOT MOKE 6YTH 3aIiCaH0 Y BUTVISI 42 = g(xl).

3a/1amMo B3/I0BXK KpUBOI | 3HAYUEHHS [t Ta %:

o
H’CL‘QIQ(Il):wo(Il)7 @Lﬁ:g(ml):wl(xl) (6)
Ta, posruistHeMo 3aa4dy Komi (5), (6), poss’si3ok sikol saBxk/au icHye 1 exunnii [3].
O1ke, crupaBeiuBa

Teopema 4. Bydv-aka MiHIMAALHG NOGEPTHA NPU 2PaHUHIT YMosi (6) donyckae HempusiasoHy H.M.
depopmanito nepwozo nopadky 3i cmavionaprumu LGT-ainiamu ma nosHow KpusuHol0, wo 3MIHIOE-
moca 3a ymosu (1), 6exmop 3miwenmns AKol 6upadcaemvca uepes 061 d06iabHI GYHKYIL, KooCHa 610
o0niei 3minnoi ma 3azdanezids zadanur u® € C3.

Cnig BigHaunTH, 110 H.M. Jgedopmaliil meprioro mopsiaky 3i cramionapanvu LG T-nirisgvu i moBHOTO
KPUBHMHOIO MIHIMaJILHUX [I0BEPXOHb Oy/iM PO3IJIsiHyTi B poboTi [4].
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B ocranHi gecaTnaiTTs iHTEHCHBHO PO3BUBAETHCS TOTOIOTISI MHOTOBUIIB, MOIETROBAHNX HA, JESIKIX
k,-nipocTopax, To6TO NpocTopax, ki € npsMumMu (1H'€KTUBHUMM) TPAHUISIMUA KOMITAKTHUX TTPOCTOPIB.
[Mpuknagamu Takux MEOrOBUAIB € R°°-muOTOBH M Ta Q°°-MHOrOBUAN (R = lii>nR", Q> = h_H)l Q", ne

@ o3nauae rinpdepris ky06). Osep:kani B [bOMY HANPIAMKY PE3y/IbTaTH BUKOPUCTOBYIOTHCS JJIs OMUCY
TOIOJIOTI] JIeIKMX MPOCTOPIB, M0 BUHUKAIOTH Yy TOMOJIOTIYHIN aysredpl Ta (PyHKIIOHAILHOMY aHAJII3i.
Xapakrepuzaniitai Teopemu st R*- ta Q>°-muorosuuis nosis K. Cakai [1]. Brogom T. Banax ra
K. Caxkal [2] goBenu xapakrepusaiiiiny Teopemy st GiTOIOJIOINTYHUX MHOTOBUJIIB, MO/E/IbOBAHUX HA
napax (R*,0) ra (Q*°,%), ne 0 — muoxkuna biniTHUX MOCHiIOBHOCTElH, a ¥ — jiniitna 00010HKA
CTaHAPTHOrO riyibbepToBoro Kyba y cemnapadesbHOMY TiabOepTOBOMY MPOCTOPI.

VY 38’sa3Ky 3 pesyabraramu T. Pajyia 3], o crocyorbes normaanaux npocropis st C-KoMakTis,
MU POBIJISIAEMO MHOTOBUIN, MOJETHOBAHI HA IESIKUX K,,-TIPOCTOPAX, IO € K,-aHATOTAMU JI/TsT IIPOCTO-
piB, gki ozuaums Pamy.

Binem meranpuo, Hexait dimg o3uauae TpancdiniTHe posmupenHs Bumipy Jlebera dim, sxe 3a-
nposajus 1. Boper i sike xapakrepusye Bractusicrs C' y cenci [4]|. (Haragaemo, mo mpocrip X mae
BractuBicts C, KO IS JJ1sT KOYKHOI TOCTLIOBHOCTL (U )00 | HOT0 BIAKPUTHX MOKPUTH iCHYE BiIKpUTe
HOKPHUTTA Buraany V = U2V, e KoxKHa ciM’g V), CKIaJaeThCs 3 MONApPHO U3’ TOHKTHAX MHOMKUH,
M0 MiCTATHCS B eeMenTax ciMm’i Uy; aus. [5].) T. Paayn moeis, 1mo a1 He3/iUeHHOT MHOXKUHA 37T19€H-
HUX opAuHAaiB 3 icHye mepeariapOeprosmit mpocTip Dg, aKnil € MOMVITHAIOUYUM IPOCTOPOM /IS KJIacy
kommakTiB X 3 dime X < f. Mu mokasyemo, Mo iCHye aHaJor IbOro MpOCTOpPYy (MO3HAYAETHCS D,,B)
JUts Kjacy k,-IpocTopiB.

Hna D,ﬁ—MHOFOBI/I,Z[iB JIOBEJIEHO XapaKTepU3alliiHl TeOpeMU, a TAKOK TEeOpeMU PO BIAKPUTE 1 3aMK-
HEHE BKJIQJIEHHS Y MOJEJbHUM TPOCTIP Dg.

PosrngmaroThbes Takoxk 33125l XapakTepu3aliii 6iTomoIoriaHnx (D,/Bv Dﬁ)—MHOFOBH,HiB Ta 3a/1a4i 30e-

peKeHHs DIB—MHOFOBHL[iB JedkuMu PYHKTOPAMU CKIHIEHHOTO CTEleHs .
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Konyc, HanbyaoBa Ta J>KOWH B aCUMIITOTUYHNX KaTEropisx.
JlimmneBa Tta rpyba eKBiBaJEHTHOCTI JedIKnX (PYHKTOPIaJIbHUX
KOHCTPYKIIiii

Muxaitno PomancbKmit
(AAITY imeni Isana @panka)
E-mail: Romanskiy.mihaQukr.net

OcHOBI aCHUMIOTOTHYHOI TOMOJIOTIT BUK/IaeH0 B cTaTTi [2] dpanimuikosa. IpaHiiHIKOB TaKOXK PO3-
[JIsI/Ta€ PI3HOMAHITHI KOHCTPYKIII Yy aCHMITOTHYHIN KaTeropii 4 (TobTo KaTeropii BJaCHUX METPUIHIX
IPOCTOPIB 1 ACHMITOTHYHO JIIIIUIEBUX Bi0OOParXKeHb), 30KpeMa MPOIOHY€E HOBUIl Mi/IXi/] 0 MOHATTS
100yTKy. Bif TakoXK 03HAUyE KOHYC, HAAOYIOBY 1 J2KOIH.

Hexapris 106yTok (X X Y,dx + dy) He € KaTeropHuM B aCHMITOTHYHIA Kareropii A, OCKiIbKI
IPOEKTIIii Ha MHOXKHUKK He € Mopdizmamu. B pobori [2] A. JIpaHinHikos 03HAYWB aCHMITOTHIHAN
0Oy TOK

XXY(xO’yO) = {(.’E,y)‘dx(l‘o,l‘) = dY(yO,y),ﬂf € X,ye Y}v
7€ g, Yo — (BIKCOBaHI TOUKM B MeTpHYHMX mpocTopax X Ta Y Bimmosimmo. Merpuka ma X XY imy-
KOBaHA BKJIaJeHHIM X XY C X x Y.

Y crarti [2| o3maveno koumyc C'X i magOymoBy », X B aCHMIOTOTHTHHX KATErOPisiX JJIsT KOXKHOTO
MeTpriHOro mpocropy 3a ananorieo: CX = X xR2 /i (X) 1Y X = XxR2 /iy (X) = CX/i_X ne
iy: X — XxRZ srmajenns, osgadeni dopyymravu iy (7) = (2, £||z|,0). B miit xe cTaTTi cTBepIAKYye-
ThCs, 0 JJIs reoje3iitaux mpoctopiB X KOHyC MOXKHA 3ajaBaru npoctoio ¢gopmyioro CX = X x Ry,
ane y crarri [5] B semi 1 moesmeno, mo konyc CR e izomopdunii msmpoctopy ]R%r B aCUMITOTH-
aniit kareropii A. Amamoriano MoxkHa joBecTH, 1Mo HaabyAoBa YR He izomopdmua mpocropy R? B
acuMTITOTUIHIN Kareropil A.

Jlema 1. Konyc CR me izomopdruti nienpocmopy Ri 6 acumnmomuunit xamezopii A.
Teopema 2. IIpocmopu C(Ry) i Y (Ry) we e epybo exsicarenmmi.

g 6ynp-gaKkux 1BOX MeTpudHuX npoctopis X i Y 3 ¢dikcoBaHUMEU TOYKAMU MOXKHA O3HAYUTU DYKET
X VY. Ixoitn X *x Ry me nignpocrip mpoctopy Po(X V Ry) iiMoBipHiCHEX Mip, HOCIAMH FKHX €
nBoroukoBi MuoxkuHEU. Popmysia s merpuku KanTopoBuua-Pyb6inmreiina na mkoitai X x Ry mix
JIBOMa JIOBLIbHEMH fiMoBipHICHUME MipaMu ft = ady + (1 —a)dy i v = 6, + (1 — B)d, Mae nacTynHmii
BUIJISAT

dip(p,v) =| a = | (y +y') + min{a, B}d(z,2") + (1 — max{a, B}) [y —y' | -
Jlema 3. Jlowcotin R™ x Ry idomopdrut nisnpocmopy ]R?f_+1 6 acumnmomuunit xamezopii A.

Y crarri [5] anasioriunuil pe3ysibrar J0BeAEHO Jist Y-C1ab0 OlyK/auX Ta d-cs1abo BrHyTHX reojesiiinux
TTPOCTOPIB.
3 sem 11 3 orpuMyeMo HACTYTHUI HACTIIOK.

Hacuinok 4. /Dicotin R * Ry ne isomopdrut xonycy CR ¢ acumnmomuunit xamezopii A.

Jlema 5. Hezati X = {n? | n € N} C R. Jocotin X xR, ne izomopdruti xonycy CX 6 acumnmo-
muunit xamezopii A.

g merpuanoro npocropy (X, p) depes exp X mM0o3HAUAIOTH TiMEePIPOCTip TpocTopy X, TO6TO MHO-
JKUHY HEeMOPOXKHIX KOMIAKTHUX MiAMHOXKWH B X, Hajiieny merpukoo [aycaopda pr:

pi(A, B) = inf{e > 0|A € O-(B), B C O-(A)}.
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st koxxuoro n € N gepes exp,, X 1o3HaunMo mifgnpocrip exp X, 110 CKJIaJa€ThCs 3 yCIX MHOKUH
noryxHocti < n.

Hexait ~ — Bignomenns exsiBasienTHOCTI Ha Ccreneni X', 1m0 3aJa€TbCA yMOBOIO (I, ..., Ty) ~
(Y1, -, Yn) TOAI it TimbKM TOAL, KoM icHye TepecTaHoBKa o MHOKUHE {1,...,n} Taxa, MO T; = Y
gyt KoxkuOro ¢ = 1,...,n. @akropupoctip npocropy X" 3a TakuM BIJHOIIEHHSM EKBIBAJIEHTHOCTI
HA3WBAIOTH CHMETPUIHUM cTerneneM mpoctopy X i mosuadaiors SP™(X).

Teopema 6. Iinepnpocmip exps Ry , cumempuunud cmenino SP3R, ma npocmip Ri AINWULEBO
€KBI8ANEHMHI.

. . . . 3 3 . . .
Teopema 7. I'inepnpocmip exps R, cumempuyunut cmeniny SP°R ma R ainwuyeso exsisasernmmns.
3 reopem 6 1 7 OTPUMYEMO TaKUii HACJIIIOK.

Hacaizok 8. Iinepnpocmopu exps Ry, exps R, cumempuuni cmeneni SP3R,, SP3R ma Ri AN~
WUYUEBO EKBIBANEHMH.

Konyc Cone(X) nax xkommaktHuM Merpudaum npocropom (X, d) — ue dakropupocrip nobyTky
(X xRy)/ ~, ne BigHomenHs: ekBiBasieHTHOCTI ~ 3aja€eThcst ymMoBoio (x,0) ~ (y,0), z,y € X. ko
(X, d) — merpuunwmit npocrip i diam(X) < 2, ro merpuka d na Cone(X) 3ajiaernes hopMys10io:

d((z,1), (y, 5)) = min{t, s}d(x,y) + |t — s|.

JIema 9. fTxwo xomnaxmui mempuuni npocmopu (X,d) i (Y, p) ainwuueso exsisarenmmni, mo me-
mpuuni npocmopu Cone(X) i Cone(Y') makooic ainwuyeso exeiganrcnmmsi.

Jlema 10. ITiecepa S’} ma xyb I" sinwuyeso exsicanermii.

3 mem 9 Ta 10, Bpaxysasmm, mo Cone(S) ~ Rﬁ“, OTPUMYEMO TaKWil HACTILOK.
Hacuinok 11. Konye Cone(I") ma R sinwuyeso exsisanenmui.

Hactynmy TeopeMmy MoxKHa BBaxKaTh rpybuM aHajaoroMm ogHoro pesyabraty [lopi [4].

Teopema 12. [inepnpocmip expy R™ ainwuuyeso exsisarenmuut R™ x Cone (RP™1), de RP™1
— NPOEKMUSHUT NPOCMID.

Teopema 13. IIpocmopu Ri ma P(R) ne ¢ epybo exsisanrermii.

BayBakeHHnsi 14. Ananoriunnii pesyabrar MoxKHA J0BecTH js cynepposumpenns A3(R). Haramae-
Mo, mo A3(R) moxkna BuznaunTn ax baxropupoctip SP3(X) 3a macTymHuM Bi AHOIIEHHAM €KBiBajICH-
tHocT |7, 2, Y] ~ [x, T, 2]. BayBaxumo, mo npocrip A3(S') romeomopduuii S (nus. [1]).

BayBaxxumo rakozx, o npocropu RY ra Po(R) ne romeomopdui.
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Acumvmnroruka Halikpalux pPiBHOMIPHUX HAaOJIMXKEHb KJIACIB 3rOPTOK
nepioanIHuX (PYHKITN BUCOKOI TJIaKOCTI

A. C. Cepgaiok, 1. B. CokoJjieHko
(Tacruryr maremarukn HAH Vkpainu, Kuis, Ykpaina)
E-mail: serdyuk@imath.kiev.ua, sokol@imath.kiev.ua

Hexait C'i L), 1 < p < 0o, — mpocropu 27-nepioauaunx QyHKI{i 31 crangapTHIME HOpMaM || - || ¢
Ta || - ||p, BigmosigHO.
[Tozuaammo uepe3 qubp, 1 < p < 0o, MHOXKHUHY BCiX 27-niepiouaaux QyHKIN f, ki 300parKyI0ThCst
).
3a JIONOMOTO0 3rOPTKHU

™

apg 1
f(z) = 5 + 7T/c,o(a: —)Vs(t)dt, a€R, pe Bg ={peLly: [l¢lp <1, ¢ L1},

—T

1 1
i3 dikcosannm TBipunM aapom V5 € Ly, —+ — =1, paxg @yp’e AKoro Mae BUIIANL
p p

o
S[\IIB](t) = Zw(k) cos <kt — BSW> . BreR, (k) >0. (1)
k=1
Ockinbkn ¢ € Ly, a W5 € Ly, to dynknis f e nenepepsuoio (pynkuleo, robro C q—ﬂ’p cC.
dAxmo f € C, uepes E,(f)c nosnaunmvo naiikparie pisHomipHe HabauKenHs dbyHkii f mignpocro-
pom Ta,_1 TPUTOHOMETPUIHUX TOJHHOMIB 1)1 TOPSJIKY HE BUIIOrO HiXK 1 — 1
n—1
Tho1(z) = Z(ak coskx + P sinkx), oy, fr € R.
k=0
Axmo N — geskumit dynkuionanbuuii kiaac 3 npocropy C (9 C C), To Besmunny
En(M)c = sup En(f)c (2)
fen
Ha3MBAIOTH HAWKPAIIMM PIBHOMIDHUM HAOJMAKEHHIM Kaacy I mimpocTropom To,—1 TPUTOHOMETPUYHUX
oJiinoMiB 1;,_1 MOPsJIKY HE BULIOTO HiK 1 — 1.
Posrusiaerbes 3a/1aua 11p0 3HAXOJZKEHHST aCUMITOTHYHUX PIBHOCTEH BesmumH (2) npu n — 00 y
BUIIAJIKY, KOH y pPoji I BUCTYHAIOTH KJACH C@p, 1 < p < o0, a mocaigosroCTi (k) cmamaoTh 110
HYJIS Jy2Ke IIIBUJIKO, 30KPEMa KOJIH

Y W(k) = o(1)i(n). (3)

k=n+1
3azHAuNMO, IO y BUMAAKY P = OO aCUMITOTHYHI PIBHOCTI i, HABITH, TOYHI 3HAYEHHS BEJTUIUH
En(C;—pp)c npu OKpecjaennx obmeskennsax Ha (k) Bimomi (aus., Hanpukiaz, |2, 3|).
[Tozmauamvo wepes &, (N)¢ BenmnanHn
EnMe = sup [[f(-) = Sua(f3-)lle, (4)
fen

ne Sy_1(f;+) — gacrunna cyma @yp’e nopsiaky n — 1 dbysxuii f.
Ocxkinbru

En(Meo <&n(Me, NCC, (5)

10 Besmunnu (4) NPUPOJHBO BUKOPUCTOBYBATH JIjIsd OIIHOK 3BEpXy Hafikpaiux HabjnxKenb kaacis .
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Baiaua 1po 3HAXO/PKEHHS CHJILHOT aCMMITOTUKK BesqndnH (4) mpu n — 00 HOCUTH HA3BY 3a/a4l
Kosmoroposa—Hikosibcekoro s cym @yp’e. Bona mae Beuky icTopifo, M03HANOMUTUCH 3 TKOIO MO-

JKHa, Hanpuk/iaid, no moHorpadii [1]. Jus meuako cnaganx (k) acuMnroTvka BeJndnH En(Cg)p)C

Bigoma npu yeix 1 <p <ooi B € R (uus. [4]).
Hexait n € N. Hagani 6ynemo Bumararu, mob moctigoBHicTs MOayaiB koedimientis @yp’e TBipHOTO

anpa V5(t) samoBoabHsAIa YMOBY
oo

S (k) < Bln). (©)
k=n+1
Teopema 1. Jlna dosinvrux {Bi}r2 1, B € R, 1 <p < oo, n € N i(k), wo sadosorvraroms ymosy
(2), sukonyromovca nacmynni cniGeIOHOWEHHA

|| cost|, < || cost|,

(v) = 3 ¥0) < Ba(CY Jo S ECY Jo < (v = > v(k). (1)

k=n+1 k=n-+1

™

Sxwo o Y(k) sadosoavnae ymosy (3), mo maromv micue acuMnmomMusHi pieHocmsi

ot N (8)
3 _ leostlly oy 4 o1y > k),
E.(C} o ' > "

6 axux O(1) € pisHomMipHO 0OMENCEHUMU BIOHOCHO YCIT PO32AANYCANUT NAPAMEMPIG.

Basnaunmo, 1o acumnrorudsi pisrocti (8) i (9) mpu Jesxux CrHiBBiJHOMIEHHSAX MiXK IapaMerpamu
BUILIMBAIOTHL 3 pobiT [1]-[6].
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]]eBHixapaKTepMCTHKM(nuﬂﬂaﬂbﬂoireOMBTpﬂLJOTMqHOPO
po3mapyBaHHs IPOCTOPY adiHHOI 3B’A3HOCTI, TIOPOJPKEHOL
iIHBapiaHTHOIO TEOPi€0 HAOJIM>KEHb 6230B0OTO IMIPOCTOPY

CunrokoBa Ousiena MukoJsaiBHa
(O3 «ITHITY imeni K.JI. Ymuncekoro», Oaeca, Ykpaina)
E-mail: olachepokQukr.net

Posrnsianns y gosinewiit Touri M (2%),i = 1,n,  mpoctopy adinnoi 3’asmocti A" n € N,
n > 2, pIMAHOBOI CHCTEMHU KOOPAWHAT JO3BOJISE /Il KOMIOHEHT F?j(azl, .., ") adinHOI 3B’A3HOCTI 11HO-
0 IPOCTOPY OTPUMATHU iHBAPiaHTHI BiITHOCHO BUOOPY CHCTEMHU KOOPJMHAT psiiu TUily paiiB Teitiopa,
YleHN SKUX 3a/1e2KaTh HE JIMIIE Bijl KOOP/IMHAT MOTOYHOI TOUKH, a i Bij koMmmonent y',i = 1,n, 10Tu-
9HOIO €JIEMEHTa y Hiil. K pe3ysbrarT HEXTYBAaHHA y IUX PAIaX J0JLAHKAMU TPETHOTO 1 O1IbIT BUCOKUX
HOPs/IKIB MaJIOCT] Bi/[HOCHO KOMIOHEHT ', yTBOPIOIOTHCS KOMIOHEHTH Ainnol 38’s3H0CT

~ 1
h h h
Fij(xl, oyt Ly = Fij(xl, T TR T gR(ij)a(xl, )y,
ae hyi,j,a = 1,n, R?Z-j)a(xl, wory ) — KOMIOHEHTH TEeH30Da KPUBUHI 1npocropy A", Kpyra ayKKn

MO3HAYAIOTh CUMETPYBaHHs 0€3 JiNeHHs 3a BMIIEHNMH y WX iHAekcamu. Buxomsaum 3i cTpykTypn
KOMIIOHEHT I‘”, MOXKHA, CTBED/KYBATH, 1[I0 BOHU XapPaKTepU3yIlOTh MEBHUN reOMEeTPUIHUN 00 €KT Mpo-
cropy goTudHOro posmapysanus T'(A™), Busznadaors na A" jegky «nomupeny» adinHy 38’ a3HICTD f,
y TeBHOMY CeHci mofibHy 10 38’sa3uocTeit Kaprana i bepsaasia dinciepoBoi reomerpii.

3a J0MOMOTOI0 «IIOMUPEH0Ty adiHHOT 3B’ I3HOCTI r s Ter3opaux nogis npocropy 1'(A™), BBoau-
Thest [1] KoBapianTHe judepeHnioBaH S «;» 32 IIPABUIOM

0 ] “ a]a Ta F?zTa

T)(21y);

Ha migcrasi kommonenT F Y ¥ TpOCTOPI JOTHIHOTO p03mapyBaHHs{ T(A™), 3a 10MOMOroI0 Oneparii
Tumy moBHOro Jiicpry [2] noGy;LOBaHo 3B’I3HICTH I‘, KoMIoHenTH L/ h,i,7 = 1,2n gKoi 3HAXTATHCS

’L] ’
3rijiHO hopMyIT

~h ..
F»’»(:vl,...,x";yl,...,y”) :Fh-(xl,...,x”;yl,...,y”); h,i,j7=1,n;

. ornn
F?j(xl7 Lyt Lyt = alﬁ(xl, Lz iyl Yy h=n+1,2n; jka=1n;

~h— . .
F%(:L‘l,...,:r”;yl, oy =T (2t eyt Ly hj=n+1,2n; i=1,n;

F?j(:nl,...,x”;yl, syt = P (b, . 2™yt ™) hyi=n+1,2n; j=1,n;

F?j(:cl, anxyt Ly = —f? n j— Sty ™) i j=n—+1,2n; h=1,n;

Fh-(ggl,...,xn;yl, ") =0i=n+12nh,j=1,n

Th(zh, o a™yt gy =0, =n+1,2n;h,i=1,n;
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F%(xl, nxyt Lyt = =T (2, ...,y . y"), hyi,j=n+1,2n.

n—in—j
3a JI01oMOro0 38’s3HOCTI r y npocropi T'(A™) nupuposHuM 4MHOM BBEJEHO KOBapiantue jaudeperti-
IOBAHHS < | ».
JlocmimKeHO B3a€MO3BA3KHA MiXK CTAHIAPTHUM KOBAPIAHTHUM IuepeHIiioBaHHAM <,» V IPOCTOPI
A", xoBapianTHUMEI jaudepennioBaraaMu «;» 1 « | » vy T(A™). Ilpu 1poMy MaeTbCs Ha yBasi, 10
npoctip A™ NpUpPOTHUM YHHOM BKJIaJIeHO y mpoctip T(A™).
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JocaigxkenHs 1(-ToIoJioriii Ha n-eJeMeHTHil MHOXKHUHI 3 Baror
k c (271—2, 2n—1]

Crerannesa Ilonina I'eopriiBaa
(3anopizpkuil HanjoHaabHUI yHiBEpCHTET, 3a110pizKKs, YKpaina)
E-mail: stegpol@gmail.com

Ckp=abina Auna BikTopiBHa
(3amopi3bKuil HAIIOHAJBLHII YHIBEDCUTET, 3amopiKKs, YKpaiHa)
E-mail: anna_29_95Qukr.net

g mocaimzkenus Ty-TOMOIOTiH BUKOPUCTOBYETHCS 1X OMUCAHHSA BEKTOPOM TOTIOJIOTIT — HECIaIHOI0
MOCTIOBHICTIO (v, 9, ..., () HEBIT'EMHUX IIINX YHCEJT, siKe OyJ10 3ampornonosane B pobori [4]. Baroro
TOTOJIOTI] TPUWHATO HA3WBATU KIJBKICTH BIIKPUTUX MHOXKWH B Hift. Bci Tomosorii ognakoBoi Baru k
YTBOPIOIOTH k-#.aac Tomosoriit. BekTopu Beix Tomostoriit 3 Baroto k € (27 1, 2"] smaiigeno B poboTi [4].
B poborax [1]-[3] omcani Ty-Tomosorii 3 Baroio k > 5 - 2"~ 4,

B miit poboTi mokazano, 110 BCi A-Kaacu TOTOJOTIil HA m-ejgeMeHTHIi MHOXKuHI 3 Barow k € [5 -
2n—4 on=1] vicrars npumaiivui oy T)-TOMOIOTIO 3 HACTYIIHOO BAACTHBICTIO: icHye (n—1)-emeMenTHa
MiIMHOXKUHA, HA SKiii 1[5 TOTOJIOTiS IHAYKY€E OJN3bKY 10 JUCKPETHOI TOMOJIONiO (B MBOMY BUIAKY TO-
BODSATH, IO TOIOJIOTisI Y3rozKeHa 3 OJU3bKOI0 10 auckpernoi). Ilg BaacTuBicTh 103BOJISE BKA3aTH
BEKTOpPU TAKWX TOIOJIOTi#. 3HAlIEHO KJIAaCH, B AKUX BCi TOIOJIONI MaOTh BKa3aHy BjacTUBICTb. Kpim
IHOr0, MU JOCJIIKyBau momideri 1y-romosorii 3 Barowo k € (2”_2, 13- 2”‘5). Tepmin gBoicTa BUKO-
PHUCTOBYETBHCS JJIsI TOMOJIOTIT, OTPUMAHOI 3 33IaHOI IMIJISIXOM IIePeXO0Iy 0 JTOTMOBHEHD 11 e/IeMeHTIB.

Teopema. Y Kjacax TomoJioriit 3 aroro k € [13-27 9 27~1| 3a pukmouenmay Tp-Tomooriit, y3ro-
JIZKEHUX 3 OJIM3bKUMU JI0 JUCKPETHUX Ta JBOICTUX /[0 HUX, IHIIUX TOHOJIOTi#l Hemae. IcHyroTh Kjacu
Torosioriii 3 Barow k € [5 - on—4 13 . 2”_5), Kl He BAYEPIYIOTHCH 1(-TOMOJOTISIMU, Y3TOIKEHNMH 3
O/TM3BKUMU 70 IUCKPETHUX Ta JABOICTUME 0 HUX. [CHYIOTH Kj1acu TOMmO/I0Tii 3 Barow k € (2”*2, 5'2”*4),
B 9KUX HEMAE YKOJHOI TOTOJIOTI], Y3TOIKEHOI 3 O/IM3bKUMHI 0 JAUCKPETHOT TOTIOJIOTiSIMU.
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IIpo posierienas napauX QyHKITIH

2Kyk Oxkcana
(M. Jdporobud, B. Crpuiiceka, 3, 82100)
E-mail: oksanalakomchak@gmail.com

BoiitoBuu Xpucruaa
(M. dporo6uu, B. Crpuiickbka, 3, 82100)
E-mail: kxhrystyna.huk27110gmail.com

Tases FOpiit
(m. dporo6uu, 8. Crpuiiceka, 3, 82100)
E-mail: yuriyhal@gmail.com

Hexait W2, o > 0, npocrip Ileni-Binepa mimux ¢yHKIiil f eKcmoHeHIiaibHOrO Tuly < o, 10 Ha-
nexats 10 LP(R). Bin moxke 6yt BusHadeHuii i gk TpocTip miaux (DyHKIIH, I SKAX BUKOHYETHCS
yMOBa

—+00 1/p
sup / |(frei“")|pe*p‘”"|sm“0|dr < 4-00.
p€(0;2m) 0

Hexait EP[C(a; 0)],0 < f— a < 27,1 < p < 400, € npocropom anamirunaanx dysxuiii f B Cla; f) =
{z:a<argz <} ps saxux

+o0o
sup /{f(rew)ldr < +00.
a<p<f 0

Bunnumeknit B., diasauit B. ta I'imak T. posragamann HACTYOIHY 33a9y PO3IIETIeHH .

Bamaua 1. YUn xoxna dymknig f € W) nomyckae posmenenns f = x + p, 1e bYHKIH x Ta g €
anagitnannvn B C4 = {2 : Rez > 0} i x € E'[C(0;3)], p € E'[C(-5;0)]?

T. I'imaxk 3anpomnonyBasa myKaTu (GyHKINO X V BATISIL
x(2) = xa(2) + ixa(—iz), (1)

ze
0

1 [ . itz 1 . itz
xi(z) = m/(p(zt)et dt, xo(z) = i o(it)e"*dt.
0 —o

Tloznaammo uepes Wc} . mipnpocrip f € W1 mo ckinagaerbest 3 napaux yHKIii.

Teopema 2. Hezati f € WC}ﬂL. Tooi pynruia x, 6usnauena pisnwicmio (1), € pose’azkom suuenasedeoi
npobiemu.

JloBemenns 6a3ye€ThCs HA HACTYITHOMY TBEPIKEHHI.

Jlema 3. Hexadi (c) €12 i 0 > 0. Todi nacmynmi ymoeu € ex6i6aienmuumu.

1) nocaidoswicmo (cx) € napnoro;
2) dymmyin o(t) =S4 cke_lkom € NaApHOoI;

3) dynruia f(z) = zim(—l)kck% € naproto.
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I'pynmwr JIn maduHUTE3NMAIBHBIX KOH(POPMHBIX ITPe0Opa30oBaHMiA
BTOPOIi CTeNeHn B CUMMETPUYIECKOM PUMAHOBOM MPOCTPAHCTBE
mepBOTO KJlacca

N. ". BeaokoObLIbCKMIA
(Opecckuit nanponanbubiit yuusepcurer umenn V.V, Meunukosa, Opecca, Ykpanna)
E-mail: indalamar42000@gmail . com

C. M. Ilokacs
(Onecckuit mHarmonaabHbIil yHuBepcurer nmenn V.M. Meunukosa, Oecca, YKpanHa)
E-maail: pokas@onu.edu.ua

IT. A. ITupokosbiM B 1] 6BLIN HAfiIEHBI BCe HEMPUBOAUMBIE CHMMETPUIECKUE PUMAHOBBI TPOCTPAH-
crBa Vy(x; g(x)) meporo xiacca. Merpudecknuii TeH30p gi;(€) TaKUX TPOCTPAHCTB B PUMAHOBOIL CH-
cTeMe KOOpAHHAT ¢ HadanoM B Touke My(z" = 0) mMeer cieyrommmit BI:

1
9ij(x) = gij + g(hgahjb’ — hijhag)z"z”, (1)

el O

(g;‘j) = (%) 7(h0ij) = Oen ) ,

rne F — emuanynag marpuna a, e; = +1,i =1,...,n
Jist ipousBosibHOrO puMaHoBa npocrpancTsa Vi, (25 g(x)) C. M. Ilokack 2] BBest onsiTHe npocTpas-
ctBa BTOporo npubmmkenns V,2(y; §(y)):

~ 1
9i5(y) = gij + gfjiaﬂjyayﬁa (2)
o
9ij = 9i(Mo), }O%ia,ﬁj = Rinpj(My), Mg € V.
o

Cpasrenne (1) i (2) mOKa3BIBAET, 9TO PHMAHOBO IPOCTPAHCTBO BTOPOTO TpHOIIzKenns V,2 1T M-
MEeTPUYECKOT0 PUMAaHOBA [IPOCTPAHCTBA I[IEPBOI0 KJIACCA M30METPUYHO UCXOIHOMY IMPOCTPAHCTBY V.
Mostomy Tpymma Jlu undbuHRTesMMATRHEX Tpeobpasoanmii G, mpocTpancTsa V,2 msomopdna Tpym-
ne JIn nadpuHUTE3NMANIBHBIX IPeodbpasoBannii (G, CUMMETPUYECKOT0 PUMAHOBA, IPOCTPAHCTBA [TEPBOrO
Kjacca V.

o (72

N3ydenne nnpuHNTE3NMAIBHBIX KOHMDOPMHBIX IPe0OPA30BAHAN B IPOCTPAHCTBE V.7 CBOJUTCS K HC-

csiesioBannio 0600menHbIx ypasaernii Kuumara [4]

§6.5) = Y (W)Gi5
3xeck ObL1 HoLydeHn ciieyomuil pesyabrar [3].

Teopema 1. B npocmpancmee 6mopozo npubaudicenus V.2 das pumanosa npocmpancmesa Vy, nenyae-
601 crkaaapHol kKpueusns, 6 mouxe My cywecmeyrom undurnumesumasvrsie KouHopmrvie npeobpaso-
BAHUA C BEKTNOPOM CMEWEHUA 6UIG

& =a" +adlyt + a2, (3)

h _h _h
(a",ajj, a7, — const)
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h

omAuNHle oM Jdeudcerull, moada U MoAbKo moezda, Ko2da KOHCMAHMbL O
2e0PAUNECKUM YPAGHEHUAM

h
u a; y@oeﬂemeopmom an-

aSgjo =0 (4)
o

a (i By i2)a + a1, By (i)a = 0 ()

3
WG| Baus Reiis — 5 (ba{?%wlglzk - bh@i(lzlsnﬂ =0 (6)

20e l lCl - 03HaMaem yuKAuUposarue no undexcam lilsls,
14203

Al gtk = ath Lol 1 bh_lbh I, 12 7
nY1Y2 = G 3B Lnay YR + o (0T = b nny Y (7)
U(y) = by’ (8)

Taxk kKaxk ckajggpHasg KPUBU3HA CHIMMETPUUECKOTO PUMAHOBA MPOCTPAHNCTBA PABHA HYJIIO, TO AHAJIO-
ruaHo Teopeme 1 moKa3aHO yTBEPKIEHUE.

Teopema 2. B cummempuyeckom pumMaHo80M NPOCMPAHCMEE NEPE020 Kiacca Vi cyu,ecmsyrom uH-

Punumesumarvhvie Kongpopmmrvie npeobpasosanua ¢ 6eKMOPoMm cmewenui cuda (3) mozda u mMmoavKo

moeda, K020a KOHCMAHMDL a("” u af"; YJOBAEMBOPAIOM. AN2EOPAUYECKUM YDAGHEHUAM

aGgjo = bygij 9)
aagR® P =0 (10)
o..(i5).
a1t iz)a + A, i) (ij)a = 0 (11)
Y(y) = b+ by’ (12)

Uccnenyst ypasuennst (9)-(11) npu ycioun (1) npuxognm K Takoii Teopeme:

Teopema 3. Ungdunumesumanrvivie Konpopmrvie npeobpazosanus ¢ 6eKmopom cmewenua euda (3) 6
CUMMEMPUHECKOM PUMAHOBOM NPOCTNPAHCINGE NEPBO2O KAUCCA N0 HEODTOUMOCTIU ABAANMNCH UHPU-
HUMESUMAALHDIMU 20MOMEMUYECKUMU NPE0OPA308AHUAMY.

g n = 4 goxazaHa

Teopema 4. Cummempuueckoe pumarnosoe npocmparcmeo Vy 1-20 kaacca donycxaem epynny Jlu 2o-
MOMEMUYECKUT UHPUHUMESUMANDHBLL npeodpasosanul G1a.

Haiien 6a3mc 910l IpyHIbl 1 €€ CTPYKTypa.
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KOHe‘{HOMeprIe ANMHAMWKHNA W TOYHbIEC PEIIEeHNA yPaBHEHUA
BO3HUKHOBEHUSI MOJIHUIA

. B. 2KepebaTHUKOB
(Mockosckuii T'ocymapcrsennsiii Yuausepcurer M. B. Jlomonocosa, Mocksa, Poccus)
E-mail: zherebiatnikov.iv16@physics.msu.ru

B paGore [1] 6bL1a mpesIOKeHA MaTEMATHYeCKash MOJENb i 00bICHEHWUs BOZHUKAIONMX B 00-
JJaKaX CKadYKOB HAMPSKEHHOCTU SJIEKTPUUYECKOrO IOJIA, MPUBOIMANINX K BO3HUKHOBEHHWIO MOJHUI. B
OCHOBE 9TOr0 IIOJXO0/1a JIEXKUT MIPE/IMNOI0KEHIE O TOM, UTO 3aPSIKEeHHYI0 JACTh 00/1aKa MOYKHO OINNCATh
C IIOMOIIBIO OCHOBHBIX YPaBHEHUU I'MAPOAUHAMUKYI 3aPAKEHHON Cpelibl, ABUXKYIeicd 1o AeiicTBueM
BHEITHUX CUJT (MOTOKU BeTpa, KOHBEKIUs U T. 1.). Tam ke npuseeno nesnueitHoe guddepeHuaibHoe
YPaBHEHUE /I OMMCAHUS PACHpelleSIeHAs 3JIEKTPAYECKOTO IO JIJId OJTHOMEPHOrO JBUXKEHUSA 3apd-
2KEHHOT'O rasa:

ou(é,7) Q?u(¢, 1) ou(&, )
or - 852 - (u(f, T) - a) Tg? (1)

rie u(€, 7) — Ge3paszvepHasi HANPsKEHHOCTh JIEKTPUYECKOr0 1oJist, £, 7 — De3pasMepHble TPOCTPaH-
CTBEHHad W BpEMEHHAasd KOOPDAMHATHI, (X — ITOCTOAHHAA.

B nokmaze npeacraBieH Mero[| MOCTPOEHUsT TOYHBIX perntenuii ypasnenus (1) ¢ mcnosp3oBanuem
Teopur KOHeYHOMepHbIX jJuHamuk [2]. [IpaBas gacrs 9T0ro ypasHeHust Hopoxjaer byHKIHIO

© (Yo, y1,92) = y2 — (Yo — @) Y1 (2)

Ha mpocTpaHcTBe MKeToB J2(R) ¢ KaHOHIYeCKIMIT KOOPAUHATAMHE T, Yo, Y1, Y2. Ty MYHKIIIO MBI pac-
CMAaTpPUBaEM KakK MPOU3BOJLAIINYI0 (DYHKITUIO CUMMETPHil JI/isi HEKOTOPOTO OOBIKHOBEHHOTO Jud hepen-
[AJLHOTO YPABHEHHUsI IEPBOTO MOPsiKa (Tak HasbiBaeMoil dunamuru) |2]. Byaem uckars Takoe OLY
B BHUIE:

F:=y1 — h(yo) = 0. (3)
[Tpumensist cranpaprayio Texunky (cm. |2, 3]), Haxoaum, uro dyHKIMs h nMeer BUJ| KBaJPaTHIHOM

byHKIIIN

1
h(yo) = 53/8 +ayo + b,

rae a,b — mpom3BOLHBIE MOCTOsIHEBIE. Pemast ypasuenne (3), HaxX0 M

y(€) = —a —th <£;C\/a22b> Va2 — 2b, (4)

re a, b, ¢ — npousBoJibHBIE TOCTOSTHHBIE. COOTBETCTBYIOIIEE IBOJIIONMOHHOE BEKTOPHOE TI0J1€, KOTOPOE
SIBJIsIETCS MHGPUTE3NMATBHON cuMMeTpueit it ypaBuerus (1), umeer Bu

1 0
9 — —q2 b —. 5
(a+a) (508 +am+0) o )
[Ipeo6pazoBanue casura ., oTBegarOIEe STOMY MO0, UMEET BU/T
Er— ¢,
1. Va2 —-2b—a—
1Yo — —a — th ata a2 —2b+ ~In Y2 L a? — 2b,

-
2 2 Va?-2b+a+yo
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rjie T — mapamerp CBura BAOIL TpaekTopuu. IIpumenss obparroe npeobpasosanue P! k permenuio
ypaBuenus (3), IPUXOAUM K TOYHOMY pereHuto ypasuenus (1):

(a+d) [1 +th (%Cd)] er(@ta)d 4 (g — d) [1 —th (%dﬂ
[1 +th (%—Cd)] er(ata)d 4 [1 ~th (%dﬂ

rae d = vVa? — 2b. 31ech TPOU3BOILHBIE TOCTOSHHBIE BHIOPAHBI TAK, YTOOBI BBIIOIHAIOCH HEPABEHCTBO
a®? — 2b > 0. Ha puc. 0.1 npencrasen rpadux pemenns ypasuenns (1). Ha mem BwImesena o61acTs,

ul€,7) = (271" (y(€)) = ;o (6)

Puc. 0.1. T'padux nanpszkénnocru snekrpuaeckoro mnosst u(&, 7) upu a = 22, b = 42,
c=0,a=1.

B KOTOPO# HAO/IIOAAIOTCA PE3KUE CKATKYU HANPSIKEHHOCTH DJIEKTPUIECKOTO 1M0JIsi B 00J1aKe, 9TO MOXKET
MMPUBECTU K BO3HUKHOBEHUIO Pa3Ps/ia.
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ITonck TouHBIX pemmeHnit ypaBHEHU TMIPOIUHAMUYIECKON MOAEIN
3apdA>KEHHOT0 ra3a ¢ MOMOIIIbI0 TEOPUU CUMMETPUii

C. M. Kasixauajep
(Mockosckmuit I'ocymapersennsiii Yuusepcurer um. M.B. Jlomonocosa)
E-mail: kliakhandler.sm16@physics.msu.ru

Onucanne MexaHN3Ma BO3ZHMKHOBEHUS PA3HOCTH 3JIEKTPUIECKUX ITOTEHIINAIOB, OCHOBAHHOE HA, I'U/I-
POJMHAMIYECKOI MOJIE/IN 3apsyKeHHOTo Ta3a, 66110 mpesroxkeno B.U. Ilycrosoiitom B pabore [1]. UM
OBLIIO TIOJIYUEHO CJeiytoliee HejuHeiHoe auddepeHiinajibHoe ypaBHeHHe Jjisd ONUCAHUS PACIpesiesie-
HUA SJIEKTPUYECKOTO TIOJIA TIPU OJJHOMEPHOM JIBUKEHUN 3aPAKEHHOTO Ta3a:

Py(€, T 0 (0%y(&, T oy&,
er) 2 (P - e - m 2. 0

rae y(&,7) — GespasMepHas HANPSAKEHHOCTH JIEKTPUIECKOrO 1o, &, 7 — NPOCTPAHCTBEHHASI U BPe-
MEHHAST KOOPIANHATHI, o — MOCTOSTHHAS.

B moka e mpeicTaBier MeTo ] TOCTPOEHUsI TOUHBIX Perennii ypapHenndg (1), 0CHOBaHHBIN HA TEOPUN
cummerpuii [2].

Teopema. Aner6pa Jlu Touyednbix cuMmMeTpuii ypaBaerus (1) 6ecKonedHOMEpHA U MOPOKIEHA BEK-
TOPHBIMU TIOJIAMU

X1:<F1(T)+7-€>+28+(F1( )+7u0_7y+§)6

& 20T 2 2 2) 0y’
B &\ 0 8 . ug Y\ O
Xy = (F2(T) + > ¢ +7 (F2(T) t5 - 5) 3y (2)
0 8 0
X3 = F3(t )87§+07+F()87y’

riae Fi(1), Fo(T), F3(T) — mpou3sBo/ibHBIE (DYHKINU, & TOUYKA — IPOU3BOIHAS IO T.

Dra asrebpa CHMMETpHil IPIMEHseTCs /i HOCTPOeHHsI TOUHBIX pernenuii ypasuenus (1). Hampu-
Mep, paccMarpuBag cuMMerpuio Xo u nosarag Fy(7) = 1, HOMyYIUM MOTOK ¢, HOPOZXKIAEMBIN ITHM
BEKTOPHLIM 1oieM. OH uMeeT CIeyronii BU

2
2

cpt:{;c—>(a;+2)eg—2,T—>Tep,yﬂ(y—uo)e +up}, (3)

T7e p — mapaMeTp CIBUTA BIOTH TpaekTopuil. Torga nHBapmanTHOE pelllenne nMeeT BU

T+ 2
Vvt

y(1,§) =

rie J(z) — npousBosibHas OYHKITHS.

J(z) + up, z = , (4)

-

ITosyanm penynmupoBannoe obbikHOBeHHOE MudbdepeHinaabHoe ypaBHEeHNe, KOTOPOE NHTErPUPYETCH
B KBaJIpaTypax, OJHAKO BBUJLY TPOMO3IKOCTH 00IIee perienne 3anuchiBarh He Oygem. OHO U3 9aCTHBIX
pemennii UMeeT BU/J,

i) — —2(z+2)exp (—%) — 6KummerM (%7 3 (2-24)2> 5
(2) = (2 + 4) eXp( [EEETE ’> , 5)
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riae KummerM(p, v, z) — dynkuus Kymmepa, perieHne BbIPOXKIEHHOTO THIIEPIEOMETPUYECKOTO yPaB-
HEHUS

d*y dy
z@+(l/—z)£—uy—0. (6)

PeHIeHI/Ie UCXOJHOTO YPaBHEHUA TIOJYYIUM, MOACTABUB BBIPDA2KEHUE Z YE€PE3 NCXOAHBIE TMEePEMEHHBIE
cucremsl T, &

AT HAET + 2T 4 6732 4 127 + 667 + dugr? + 2uo73/? 4+ upt3/?
B T32(4T + £+ 2) '

y(7,¢) (7)

Puc. 0.1. I'paduk HATPAIKEHHOCTH 3JIEKTPUIECKOTO MOJIs

MokHO yBUJETH, YTO Ha rpaduke TPUCYTCTBYET OCOOEHHOCTh B BUJE KPUBOIl, OMIpe e isieMoil HyIieM
suamenaresis 4/7 + & + 2 = 0. Vlvenno #a 9710it KpUBOil HANIPSIKEHHOCTD MOJIsi CTPEMUTCS K GECKOHed-
HOCTHU — CKAILJTMBAIOTCS 3apS/Ibl I BO3MOYKHO IMOsIBJIEHUE MOJIHUM.
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O6 oanoit anredpe onepaTopoB beprmana ¢ rurep060JM9IecKoin
rPYNIIOA CABUTOB

Mozesn B. A.
(Opmecca, yn. Cpennedonranckas, 19-B, k. 270, 65039, Oxecca, Yrpanna)
E-mail: mozel@ukr.net

[Iycts D — OTKPBITHIH €IUHUYHBIH KPYT KOMILIEKCHOH TI0CKOCTH. B rmibbepToBOM MpPOCTPAHCTBE
L?(D) BBeseM cIe/TyTomIie OmepaToph:

K — xoporo u3BecTHHI ontepaTop beprmana;

W = W, — yauTapHblii (H30MeTpUIecKuil) omepaTop B3BEIIEHHOIO CIBUra, 0OPA30BAHHEL rumepbo-
JITYEeCKUM JIpOOHO-/InHERHBIM TTpeobpasoBanueM g € G kpyra D B cebs, riae G — GecKoHedHas UKJIN-
Jeckas KOMMYTATUBHAs CPYIIIA, [MOPOXKIEHHAT OTOOPAXKEHUEM ¢, C JIBYMS HEIOIBUKHBIMU U IIPEJIETb-
HBIMU TOYKAMU BCEX CABUTOB, JiexKaImuMu Ha abcosroTe.

B pabore m3ygaerca kommyTtaruaag C*-aarebpa, KOTOpas MOPOXKIEHA BCEMHU OTIEPATOPAMHU BUIA

+oo
B = E AW
j=—o0
rae A; — omepaTopbl KOMMyTaTHBHOI C™*-anreOpsl onepaTopos 6e3 ¢Bura:
Aj = aj(2)] +b;(2)K + L;

I — epuananbiii, Lj — KoMnakTHbIi, K03bDOUIMEHTs! 0, bj SBAAI0TCH aBTOMOPMHBIMUA (T.€. YI0BIETBO-
pstomumu yeaosusam a;(g(z)) = aj(z), bj(g(2)) = bj(2)) dynkimsamu, HOCTOSHHBIMEA Ha IMIEPIUKIAX
— JIydax, BBIXOJAIIMX W3 OJHON HEMOJBUKHONW TOUKE (OTTAJKUBAIONIEH) W TPUXOJAINIAX B JIPYTYIO
(MPUTSTUBAIOINIYIO0), — ¥ HEMPEPBIBHBIME HA JyTe OKPYKHOCTH, JeyKalleil BHYTPU eJINHIYHOTO KPyTra 1
OPTOTOHAJIBHON K abCOJTIOTY.

B pabore cTrpouTcs anrebpa CUMBOJIOB U YCTAHABINBAECTCS KPUTEPU (DPEATOIbMOBOCTH JIjIsT OTIE€pPa-
TOpoB ykazauuoit C*-anrebphr.
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OO0 mHBapUAHTHBIX pENIeHnil JIByMEPHOTO YPaBHEHUS
TETIJIONPOBOIHOCTH

HapmanoB Ortabek Ao6aurariapoBud
(TamkenTckuit yausepcurer nadopManuoHabx Texuotoruii, Tamkent, 100174, V3bekucramn)
E-mail: otabek.narmanov@mail.ru

[Iycts Ham mano muddepennmaibHOe ypaBHEHUE TOPIIKA

Az, u™) =0 (1)

or n mezapucuMbX = = (z', 2%, ... 2") un ¢ 3aBucEMBIX mepemennbxX u = (u',u?,...,u?) , comepxKamee

MPOU3BOJHBIE OT U IO X JI0 MOPAIKA 11.

Omnpenesnenue-1 I'pynma G npeobpa3oBanmii, IeiiCTBYIONAsT Ha MHOXKeCcTBe M TPOCTpaHCTBA HE3a-
BUCUMBIX W 33aBUCUMBIX TTEPEMEHHBIX MudEepeHITnabHOTO YPABHEHUT HA3BIBAETCS TPYIIOH CUMMeT-
puit ypasuenus (0.1) , ecan juist kaxkgoro perennst u = f(x) ypasuenus (0.1) u g g € G Taxoro,
9TO onpeeieHo g o f, 1o pyHKIuS % = g o f, TaK¥Ke SIBJISIeTCST PEeIleHneM yPaBHEHWSI.

Haxoxgenuto rpynn cummerpuit guddepennnaibHblX YPABHEHIT I UX TPUMEHEHUSIM JJIsi UCCTIe-
JOBaHUIT MOCBSIIEHBl MHOrOUnCaeHHble uccaeposanus [1],[3],[2]. B pabore [1] naiinena anrebpa Jlu
VHMUHNTE3NMATBHBIX 00PA3YIONMX I'PYIIIBI CAMMETPHUH JIjig JTBYMEPHOTO W TPEXMEPHOTO YPABHEHUS
TEIJIOIIPOBOJAHOCTH. HeKOTOpre UHBAPUAHTHBIE PDEIMICHUA ABYMEDHOTIO YPaBHEHUA TEIJIOIIPOBOJHOCTN
HaiijieHbl B padore [2].

Paccmorpum nBymepHOe ypaBHEHUE TEILIOIPOBOSHOCTH

2
w =3 2 () 2% + Q) )
1 (2 (2

rne u = u(xy, e, t) > 0 — memneparypnas dbyukiws, k;j(u) > 0, Q(u) — GyHKIMT OT TeMmepaTypbl
u. @yskims Q(u) OMUCHIBAET TPOIECC TEILTOBBIIeIeHnsT, ecin (Q(u) > 0 U mpoIece TerIonorIONIEeH s,
ecn Q(u) < 0.
Paccmorpum ciaywait Kora koadbdunuents TemmonpoBognoctu ki (u), ko(u) B ypasaenun (1) apis-
I0TCST 9KCIIOHEHITNATBHBIMI (DYHKIINSMI TEMIEPATYPHI T.e. OHN nMetoT BuI ki (u) = ko(u) = exp(u).
[Ipeamomoxkum, aro (J(u) = —exp(au), rme a— geicrBuTebHOE Ynucio. B aToM ciydae ypaBHeHue
(1) mmeer coemyrommiii BuT:

uy = exp(u)Au + exp(u)(Vu)? — exp(ou) (3)
rae Au = g%%” + gig — oneparop Jlammaca,Vu = {887“1, 8‘% —rpaauenT GyHKINA U.

[Ipeamomoxun, ato a # 0. B pabore [1]| mokazano, 4To cjeyiomniee BEKTOPHOE TIOJIE SBJISIETCS
nHbUHATE3NMATbHEH 00pa3yoIeil TPyIbl CHMMETPUY ypaBHeHus (2):

DTO 03HAYAET, YTO MOTOK ITOrO BEKTOPHOTO moJist X MOPOXKIaeT IPYIILY Mpeodpa3oBaHuii MpocTpaH-
CTBa, TepeMeHHbIX (t, L1, T2, U), 5JEMEHTBI KOTOPOTO TIEPEBO/IUT PEIeHNs YpaBHeHus (4) B ero perenus.
[ToTok BEKTOPHOTO MO/t X MOPOXKIAIOT CJIEIYIONLYI0 IPYIIY Ipeodpa3soBaHuii

(t,zi,u) — (tems,mie(a_l)s,u —2s),s€R (4)

Mpb1 naiiziem pemennst ypaBaenusi (2), MHBAPUAHTHBIE OTHOCUTEJLHO Tpynn npeobpasosanuii (4).
JIjist 3TOr0 CHavYa A HaXOAMM MHBapHaHThle (DYHKIMU ITUX TPE00pa3OBaHMIA.
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Ussecrno, uro [3] miagkas dyukuus f @ M — R sBasiercs uHBapUaHTHOW (QyHKIMEl rpyIiiib!
npeobpazosanuit G, jeiicTByomeit Ha MHOr00Opasun M Torga u TOJABKO Torjga, Korga X f = 0 s
KayK 01 nHbIHUTE3NMAIBHOM 00pagytomeit X rpynnst G.

Ucnosb3ys sror Kpurepuilt Mbl HAXOAUM, 9T0 (DYHKIAN

w1 r1 — T2
I — e2 t2a s 5 = tﬂ s
_ a—1 .
rje 3 = %, AB/IAIOTCH MHBAPUAHTHLIMU (DYHIMAME TPy 1peobpasosanuii (3), 4T0 BHITEKAET U3
cnepymux pasencrs X1(I) = 0, X1(§) = 0. Pemenne ypasuenus (3) umem B Buje
V
u=In (F) (5)

ta
[lopcraBngs dbysximo (5) B ypasuernue (3) mosydnm cieyoriee o0bIKHOBeHHOE A epeHnaIb-
HOe ypaBHeHUe OTHOCUTEe/bHO (pyHKIiuu V :

Vv’ 1
2v” ——V*+=—=0 6
+BE; += (6)
B cayuae, koryia o = 1 ypasHenue (6) umeeT CJIyTiONIii BT
d*v
28 L _vi1=0.
i@ V+ 0 (7)

Henast sameny p(V) = % TTOJIYYUM JIMHEWHO ypaBHEHWE TTEPBOTO TOPIIKA

dp
2 1=0.
pdv+v+

Pemmag sTo ypaBHenne HaxomgnuM, UTO

1l S
Teneps 3 ypaBHEHUS

av 1 N Z ey
— = V22V 4+C
& 2 !

£
V—-1+4++V2-2V+C)=CoeVz,

rae Cq, Co — mpousBosibHbIe IocTosiHEBIE. Beqm Cp = 1, To QyHKITHIO MOXKHO HAMUCATH B ABHOU (hopMe:
¢

HaXO0JuM, 9TO

V = (Cev2 + 1. Takum obpasom B o0mem ciaydae, korga « 7% 0, MBI IMeeM CJIEIYIONLYI0 TEOPEeMy

Teopema 1. HUnsapuanmmnvie pewernus ypasrernus (3) ommocumenvno epynnve npeobpaszosanuts (4)
umerm caedyrowuti ud

V()
te

u=1In

(8)

2de V(&)— obwee pewenue ypasnenus (6).

B ciyuae o = 1 10CKOJIbKY B ypaBHEHMM €CTh MCTOYHUK IMOIJIONIEHWs! TeIJIa, U3 B pemenns (8)
BeiTekaer, 910 npu 0 < t < 1 Temreparypa B KaXK/0# TOYKHU IJIOCKOCTH yBeaunuuBaercd. Hauunas c
t > 1 remneparypa ymenmaercs u crpemurca K u = In V(&) npu t — oo.
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(MTIITY, Mocksa, Poccus)
E-mail: highgeom@yandex.ru

Anuramxu Pabaganosuy Pycranosn
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Mycts (M2 @ & n,g = (-,-)) — TOUTH KOHTAKTHOE METPHIECKOe MHOTOOOpasye.

Omnpepenienne 1. ([1], [2]). Kiacc nourn KOHTaAKTHBIX METpHYECKMX MHOroo0Opaswuii, XapakTepu3ye-
MbIX TOKIeCTBOM Vx (P)Y +Vy (®)X = —n(Y)dX —n(X)PY; X, Y € X (M), nazsiBaercs 06001meH-
HeiMu MHOT00Opazusmu Kenmory (kopoue, GK-muOr006pazusamu).

Onpenesnenne 2. Hazosem mouTH KOHTAKTHOE METPUYECKOE MHOTO00pPa3ne MHOrooOpasmeM KJacca
Ry, ecain ero TeH30p KpuBU3HBI yjoBieTBopsier pasencrey R(§, X )& = 0; VX € X(M).

Teopema 3. GK-mHoz006pasue kiacca Ry ABAAEMCA NAMUMEDPHVIM NOUWMU KOHMAKMHIM MEMPUYEC-
KUM MH02000DA3UCM, NOAYUAEMBIM U3 MOYHETWE KOCUMNAEKMUNECKO20 MHO2000DA3UA KAHOHUYECKUM
KOHUUDPKYAAPHLIM NPEOOPA308aHUEM MOYHETUE KOCUMNACKMUYECKOT CMPYKMYDPbL PA3MEPHOCTIU .

Teopema 4. Tensop pumanosoti kpususnv, GK-mio2000padus yoo6Aemeopsem cAeOYOUUM MOIC-
decmeam:

1) R(®%2X,0%Y)¢ = R(®X,®Y)E = 0;

2) R(X,Y)¢ = n(X)F*(Y) - n(Y)F*(X) +n(Y)X — n(X)Y;

3) R(&,92X)P%Y — R(£,9X)PY = 0;

4) R(& X)Y — R(§, 2X)PY = 5(Y)F?(X) — n(Y)X +n(X)n(Y)§ VX, Y € X(M).

Hazosem Toxkaectso R(E, ®?X)E = F2(P°X) + ®2X; VX € X(M) nepevim donoanumenvroum
mootcdecmeom kpusudnsv, GK-mrnoz2000pasus. A TOX1eCTBO

R(&, @°X)(®?Y) + R(E, ®X)PY = 2(F(X), F(Y)) — (X, Y) + n(X)n(Y)€;

VX,Y € X(M), nazosem émopvim donosnumesbrovim mostcdecmeom kpueudnv, GK-mnozo-
obpa3us.

Onpenesienune 5. HazoBeM nouru KOHTAKTHOE METPUYECKOe MHOroobOpasme MHOroobpasmeMm Kjiacca
Ry, ecjiz ero TeH30p KPUBU3HBI YAOBIETBOPAET PABEHCTBY:

R(&,P*X)(P2Y) + R(£,2X)PY = 0;
VXY € X(M).

Teopema 6. GK-mnozoobpasue asaaemca mnoz000pasuem xaacca Ro mozda u moavko mozda, xozda
OHO ABAAECMNCA MHO2000pa3uem Kaiacca Ry.

Onpenesenune 7. HazoBeM moUTH KOHTAKTHOE METPUYECKOE MHOTOOOpa3me MHOrooOpasmeM K/iacca
Rj3, ecyin ero T€H30p KPUBU3HBI YIOBIETBOPSAET PABEHCTBY:

R(®?X,®?Y)®?Z — R(P*X,dY)DZ — R(®X,P?Y)PZ — R(PX,dY)P*Z = 0;
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VX,Y € X(M).

Teopema 8. GK-mnozo0bpasue seasemcs muoz2o0bpaszuem kaacca Rz mozda u moavko mozda, xozda
OHO ABAAECMCA CREUUANOHBIM 0000wWeHHBIM MH02000pasuem Kenmouy I poda, das xomopozo Capeq = 0.

Hazosem ToXXmecTBO
R(®?X, 9?Y)D?Z + R(P*X,dY)DZ — R(®PX, P?Y)PZ + R(PX, DY )P Z =
= —4A(Z,X,Y) + Vgry (C)(P%Z, 82 X) — Va2 (C)(PZ,DX) + Vay (C)(P*Z, & X )+
+Vay (C)(PZ, 9°X) — 282X (DY, dZ) — 20X (Y, Z);VX,Y, Z € X(M)
HEMBEPIMBIM JONOAHUMENBHBIM TMOAHCOIECTLEOM KpUuBu3Hsvl GK-MH02005pa3Uﬂ,.

Onpenenenne 9. HazoBem mouTyn KOHTAKTHOE METPHUYECKOE MHOr000pa3re MHOr00OpasmeM KJIacca
Ry, eciiu ero TeH30p KPUBU3HBI YIOBJIETBOPSIET PABEHCTBY:

R(®’X, ?Y)D?Z + R(P*X,dY)DZ — R(®X,D?Y)DZ + R(DX, dY)P*Z = 0;
VX,Y € X(M).
Teopema 10. GK-mmnozo06pasue seasemcs mnozoobpasuem kiacca Ry moeda u moavko moeda, xoeda
1
A(Z,X,Y) = [{Vay (C)(9?2,°X) — Vaoy (C)(PZ, 2 X)+
+Vay (C)(®*Z,8X) 4+ Vay (C)(®Z, D?X) — 202X (DY, dZ) — 20X (Y, D7)}
VXY, Z € X(M).
Teopema 11. GK-mnozoobpasue xaacca Ry asasemca SGK-mnozoobpasuem LI poda.
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O reomerpum OopoOUT BEKTOPHBIX ITOJIEM

ITTamcuen 2KaxoHrup
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E-mail: jahongirshamsiyev455Q@gmail.com

[Tycts M — rinagkoe MHOrOOGOpasue pasmepuoctu n, V(M) — MHOXKECTBO BCEX IVIAJIKUX BEKTOPHBIX
noJieit, onpegenenabix Ha M. O6osnaunm uepes [X, Y] ckooky Jlu Bekropubix moneit X, Y € V(M).
Otrrocurensro ckobkn JIn muOKecTBO V(M) aBnsercs anrebpoit Jlu.

I'magkocTs B mammOil paboTe 03HAYAET IVIQAKOCTh Kaacca C°°.

Pacemorpum muoxkecrBo D C V(M), uepes A(D) o6o3HaunM HamMeHbINy0 mogaarebpy Jlu, co-
nepxkaiyto MmaHO)KecTBO D. CeMmeiicTBo D MOXKeT Co/iepKaTh KOHEUHOE U DECKOHETHOE UMCJIO TJIAJKUX
BEKTOPHBIX MOJICH.

Jlng Toukn x € M uepes t — X'(x) o603HAMMM WHTErpajbHYI0 KPUBYIO BEKTOPHOTO Tojs X,
IPOXOIATIYT0 depe3 Touky x mpu t = 0. Otobpakenne t — X'(x) ompesenero B HeKoTopoii obmacTh
I(x) C R, xkoropas B 00IIeM CIydae 3aBUCAT OT MO X, I OT HAYAJBHOH TOUKH .

B nasibreiinieM, Beroy B hopmytax suga X' (z) 6ymem canTath, uTo t € I(x).

Onpenestenne 1. Opbura L(z) cemeiictBa D BEKTOPHBIX MOJIEl, MPOXOISIAs U€Pe3 TOUKY T, OTPe-
Jensercd KaK MHOXKECTBO TaKMX To4ueK y u3 M, JjId KOTOPBIX CYIIECTBYIOT JAeliCTBUTEIbHBIE UHC/IA
ti,to,...,tr u BekTopHBIE MO X1 X9, ..., X} w3 D (rae k— mpou3BO/LHOE HATYPAJIbHOE UHCJIO) Ta-
KHe, 9TO

y= XX (X (2)).0).

W3ydenuio CTrpyKTypbl MHOXKECTBA, JOCTUXKMMOCTU ¥ OPOUTHI CUCTEM IJIQJIKMX BEKTOPHBIX IIOJIEi
INOCBAIIECHbI MCCJACA0BaHNA MHOI'MX MATEMATHUKOB B CBASK C €€ BaKHOCTBIO B TE€OPpUU OIITUMAJIBHOI'O
YUDPaBJICHUS, JIMHAMMYECKUX CUCTEMAX, B reoMerpun u B reopun cuoenuii( [1]-[3]).

B paborax [2], [3] mokazano, uTo Kaxkmgas opbmTa cemMeicTBa BeKTOPHBIX moJeil (kmacca CT,r > 1)
¢ tomoJiorueit Cyccmana obsamaer auddepeHuanibHoil CTPYKTYPOil, MO0 OTHOIIEHWIO KOTOPBIM OHA
SIBJISIETCS TIAIKUM MHOTOOOpasueM kijacca CT, MiaKo TOTpyKeHHbBIM B M.

NsBectHo, uTo pasdbuenne MHOT0OOpasus M Ha opObuThl ceMeiicTBa D SBISETCS CUHTYISPHBIM CJIO-
enneM |[2].

Ecnu pazmepHocTH Beex OpOUT OMHAKOBLI, TO pasouenue M Ha opOUTHl DD ABJISIETCS PEryJIsIPHBIM
cyoenneM. I3BecTrO, 9T0 it pazMepHOCTH 0pOUTH mMeeT MecTo dimAg (D) < dimL(x), tne Az(D) =
{X(z): X € A(D)} nommpocrpamncrso KacareabHOro npocrpancrsa 1, M [3].

[ycts M = R3(x1,x9,23), Tne (1,29, 73) — AeKapTOBBI KOOPAMHATEL PaccMoTpmu cemeiicTso D,
COCTOMIIEe U3 CAENYIONNX BeKTOPHBIX TOJIei

0 0 0
+x1—, X0 + 21— (1)
0xy 0xy " om 1
Teopema 2. Opbumui cemeticmea D, noposicdarom 0ymeproe cAOEHUE, CAOAMU KOMOPO2O AGAAIOTCA
NoBEPITHOCTNU, Heompuuameﬂb’r—toﬁ Kpusebvl3HU.

Xl —X9—~—— a$3
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Amnajior npeobpasoBanug Jlexkanapa B UIeMIOTEHTHON MaTeMaTUKe
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sBecrHa kiaccuueckas dopmydia Jyisi upeobdbpasosanust Jlexxanapa [1]:
f*(p) = max [(p,z) — f(z)], (1)
TER™

riae R™ — eBKJINIOBO n-MepHOe apudMeTHuecKoe MPOCTPAHCTBO, (P, ) — CKaJIsSPHOE NPOU3BEIEHUE
z,p € R", f(x) — Boinyksas dyukiyst, f*(p) — asoiicrennas k f(x) nwau npeobpasosanue Jlexkanapa
dbyuxuus f(z). B pabore [2] 6bu10 BBEJEHO aHAJOINYHOE MOHSATHE JJisi KOH(MOPMHO-TIJIOCKUX METPHK
Ha equHIIHOI n-MepHoit cdepe S” C R

2
‘ ly — |
- 2
f*(y) = max TR (2)
snech f(x) korndopmHo-BhInyKIas dyHKImst Ha cdepe [3], To ecTh dyHKIWs 17151 KOTOPOiT KOHGOPMHO-

2
I7I0CKas MeTpuka ds? = fd%(x) HMeeT HeOTPUIATETbHYTO OJTHOMEPHY IO CEKIIMOHHY0 KPUBH3HY, ||y — x| —

XOPI0BOE paccTosinue Mexk 1y Toukamu Ha cdepe, f*(y) y € S™ dynkuuns 3a/12a101mast JBOACTBEHHYTO M1
HOJIAPHYIO MeTpuKy ds*2 = %. B pat6ore [5] 6110 TIpeI0KEHO HA3BATE 3TO TPEOOPA30BAHIE TAKIKe
npeobpazosannem Jlexanapa dyukuun f(z) x € S™. C BbranciaurenbHoil Toukn 3penust dhopmysa (2)
MMeeT MUCKPEeTHBII BU/I; )

f*(y;) = miax W (3)
rie {x;} KoneuHas cerka rouek Ha cdepe. B ganHoii pabore npejaraercs abcrpakTHoe 06001eHne
dopmysbr (3) a1 MAEMIIOTEHTHONW MATEMATUKH.

Omnpenenenne 1. Ilycts n > 1, R} — muoxkecrso nabopos f = {f;}, i = 1,...,n n0oJ0KuTEILHBIX
ancen, A = ||Ajl 4,7 = 1,...,n cumMerprdHas KBaJpaTHAS MATPUIA HEOTPHIATENBHBIX WHCE C
HyJ1eBoi jnaronanbro. O6oznaunm vepes L — orobpazkenue muoxecrtsa R B cebs Ly @ R — R

onpesessieoe dbopuysofi L [{f,}] = {1}, e

fi= max AJZ (4)

Bameuanue 2. B dopwmyse (4) yqacTByIlOT TOIBKO JBE ONEPAIUY HAJ| HEOTPUIATETHHBIME IUC/IAME
yMHOXKeHue (ziesienne) n max (min), ¢ nmomompio GyHKIUU 10g 910 MHOXKECTBO YUCEsI MOXKHO OTOXK-
JeCTBUTH C UJEMIIOTEHTHBLIM HOJIYKOIBIOM Rpax = R U {—o0} cm.[6], [4].

Teopema 3. Ilpeobpasosarue (4) noayromya Ryax = RU{—00} obaadaem ceoticmeamu:
< BT=Fi=Lom 5)
ede {f7} = Lal{fi}], {£7"} = Lal{f7}, {f7} = La [{F7}).

Ciuencreue 4. B ycaosuix meopemvt 3 cnpasediuso HepaseHcmaeo: f]*fl > Aj; — ananoe nepasencmea
IOnea— Penzensn.

ITpumep 5. Pacemorpum Kak BRITISAUT L4 mpu n = 3, mycTh MaTpuna A mMeer BUI:

A=

QO
o O
oo o
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Torna {f'} = La[{fi}], {fi*} = La[{f]}] nmeror Bu:

b
fl—max(;; f) fs = max<f f) fs = max(f1 fz)
s omin (5152 ) b (5,57
1 =max | amin bmin , ,

a’ ¢ b’ c
,* = max <cm1n <f1 f2> amin <f2 fg))
2 - b’ c)’ a’b ’
(e (.52 o (5
3" = max | cmin , ,bmin , .
a’ ¢ a’ b

3ameuyannme 6. Kak mokazaam dncjeHHbIe SKCIIEPUMEHTHI ecin MaTpuiia A B Teopeme 3 e obagaer
TpebyeMbIMU CBOICTBAMU, TO TEOPEMa HE BEPHA.

I'unore3a 7. Teopema 3 cnpasediusa 6 cayuae abCmMPaKmMMH020 NOAYKONDUQ.

Pa6ora Boinosinena npu dunancoBoii mozepkke Poccuiickoro donga dyHmaMentanbabix uccaeaoBanuii (Ko

npoekTos 18-47-860016, 18-01-00620), upu noxaepxkke Hayunoro ®onga FOT'Y Ne 13-01-20/10.

(1]
2]
(3]
[4]
[5]
(6]

JINTEPATYPA

B. C. Baagumupos. IIpeoGpasosanme Jlexanapa Beimykabrx dbyakmmit. Marenm. 3amerku, 1:6 (1967), 675-682; Math.
Notes, 1(6), : 448--452, 1967.

E. 1. Poguonos, B. B. Cnasckuii. ITonaproe npeobpasosanue koun@opmuo-110ckux Merpux. Marem. tp., 20:2 (2017),
120-138; Siberian Adv. Math., 28(2), : 101—114, 2018.

M. V. Kurkina, V. V. Slavsky, E. D. Rodionov. Conformally convex functions and conformally flat metrics of
nonnegative curvature. Joks. AH CCCP, 91(3), : 287—289, 2015.

I". JI. Jlurunos, B. II. Macnos, A. H. CobosteBckuii. VlgeMnoTenTHas MaTeMaTUKa W MHTEPBAJIbHbBINA aHaju3. Bb-
aucsmTebHbIe Texaonornu, 6(6), : 47-70, 2001.

M. B. Kypkuna. O6 usmMenenuu KpuBu3Hbl KOH(POPMHO-ILUIOCKOI MeTpUKY 11pu 1peobpaszoBanuu Jlexannpa. zsecrus
anTafiCKOTo TOCYAApCTBEeHHOr0 yamBepcuTera, 4(102), : 88-92, 2018.

Serge Sergeev and Hans Schneider. CSR expansions of matrix powers in max algebra. Transactions of the American
Mathematical Society, 364(11) : 59695994, 2012.



124
Q A-nedopmariis esginTudHOro nmapabdbosioiga

Xomuy FOsis
(Opecbkuii Hanionaabuuii ynisepcurer imeni 1. I. Meunukosa)
E-mail: khomych.yuliia@gmail.com

B pob6oTi mocaimkyerhea HeCKiHUEHHO MaJia gaedopMaliis MOBEPXHI BUTISITY
7™ (u,v,t) = T(u,v) + tU (u,v),

ae T(u,v) — i1 BekTOpHO-TapaMerpuyne pipHsHHsA, a U(u,v) — nose smimenns, ¢ — 0, npu sxiit
Bapiaris esieMenTa ot ddo € 3aanoio GyHKIien. Taki gedopmaliii Ha3MBAIOTHCS KBa3iapeaJ bHUMI
abo koporko QA-edopmarisivu [1].

Bapiauisg miomi ddo npu HeckindeHHO Mauliil gedopMaliil BUpaskacThCsl Yepe3 Bapiallilo MeTPUYHOIO
Tensopa 2¢;; = 8g;; 3a popmynowo ddo = ;" do. 3a nonomoroio pisrocTeil %’ = €ij9" = —2u(u,v)
BBOANMO byHKI f1(u, v). OueBnano, 3ananns GyHKIT ddo piBHOCHIBHO 3ajanHio dyHkuil ©. Hagami
OysemMo roBopuTH, 110 (BYHKILS [ BUpaXKae 3aKOH 3MIiHIOBaHHSI ejieMenTta momli npu QA-medopmarii
nosepxwi. [Ipu p = 0 Taka medopmariia € apeasbHOIO.

Bajaua npo icuysanns 3a3nadenol jgedopmanii nosepxui S(K # 0) B F3—npocTopi 3B0uThCs 110
PO3B’sI3yBaHHsl HACTYIIHOI CUCTeMU PiBHsHB [1]

foﬁ _ Tabg + Macaﬁ =0,
TPbos + TS =0, (1)
cagTaﬁ =0

Bigmocro dbywkiii g = p(u,v) Ta rensopuux noiiz T T%a, B = 1,2), 4epes siki BUParKalOThCH
JaCTUHHI TOXiTHI BeKTOpa 3MmimenHst U :

U; = ((:mTO‘B — /Léiﬁ) T3 + cia T
Cucrema pisasinb (1) npejacrasise coboro cucremy Tpbox AudepeHiajbHuX PiBHsAHD BITHOCHO 6 HEBi-
gomux bynxuif: TH, T2 = 721 722 71 72 44
Hexait T = 0, Toui cucrema pishsnb (1) € cucremoro TPHOX PIBHSAHBL BITHOCHO TPHOX HEBIJIOMUX
byuakuiit
— TV + o™ =0, @
7% =0.
Ilepmmit Tersop medopmarii 2e;; = dg;; depes T8 ta 1 BupasKaeThCs y BUTISLL [1]
2¢i; = T (Cia9jp + cjalis) — 219ij-
Vmosa T = 0 pisnocmibra ToMy, 110 €ij = —pGij. PYHKIIIO 1, MO 3yCTPivaeThCA B TAaKUX DiBHS-
HHSIX, HA3MBAIOTH (dyHKIie KoHbopmHOocTi [2]. Orxe, npu T8 = 0 dynxuis g, WO BHpaKae 3aKOH
3MiHIOBaHHS ejeMenTa 1ot mpu QA-medopmariii moBepxHi € GyHKINE KOH(MOPMHOCTI.
Hexait BekTOpHO-TTapaMeTpuyHe PiBHIHHS €IINTUIHOTO TAapabdoJIoiia 3a/aH0 y BUTISII

w2
7(u,v) = {ucosv,usinv, ?}

B po6oTi orpumano po3B’sa30K cucTemMu PIBHAHD (2) /s eITHIHOTO TTapabosioina

T =0, TQZ%, p=—clnlu+V1+u?|+ co,
uv1l+u

ne ¢ # 0, co — J1esiki KOHCTAHTH.
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Mag wicre Teopema.

Teopema 1. [logepzha eainmuunozo napabosoida donyckae QA-depopmanito, npu Axid xoopdurnamu
NOAA BMIWEHHA MAIOMD GULALD

U(u,v) = {ucosv (cln]u—i— V14 u?| +co> + c1, usinv <cln]u+ V14 u?| +CQ> + o,
2
% <c1n|u+ V1+u?| +c0> - 2 <ux/1+u2+ln|u+ V1 +u2\) +esh,

de ¢ # 0, ¢y, co,c3 — deari ecmani. Ipu yvomy dymkyia p = —cln |u+ V1 + u?|+co, wo eupasicae 3axon
BMIHIOBAHHA EAEMERTNG NAOWL, € PYHKUIEN KOHPBOPMHOCT.
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