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On the geometry of submersions

G. M. Abdishukurova
(National University of Uzbekistan, Tashkent, 100174, Tashkent, Uzbekistan)

E-mail: Abdishukurova93@yandex.ru

A. Ya. Narmanov
(National University of Uzbekistan, Tashkent, 100174, Tashkent, Uzbekistan)

E-mail: narmanov@yandex.ru

Let M be a smooth connected Riemannian manifold of dimension n with Riemannian metric g.

De�nition 1. Di�erentiable mapping π : M → B of maximal rank, where B is a smooth Riemannian
manifold of dimension m, called submersion for n > m.

Submersion of π : M → B generates a foliation F of dimension k = n−m on the manifoldM, whose
leaves are the submanifolds Lp = π−1(p), p ∈ B. For a point q ∈ Lp we denote by TqF the tangent
space of the leaf Lp at the point q, by H(q) the orthogonal complement of the tangent space TqF of
the leaf Lp, i.e. TqM = TqF ⊕H(q). We have two distributions TF : q → TqF, H : q → H(q). Each

vector �eld X can be represented as X = Xv + Xh, where Xv, Xh are the orthogonal projections of
X onto TF, H respectively. Here, for convenience, TF,H are considered as subbundles of the tangent
bundle TM. If Xh = 0, then X is called a vertical �eld (it is tangent to the foliation), and if Xv = 0,
then X is called a horizontal �eld.

De�nition 2. A di�eomorphism ϕ : M → M is called a di�eomorphism of the foliated manifold
(M,F ), if the image ϕ(Lα) of each leaf Lα is a leaf of the foliation F.

The di�eomorphism ϕ : M →M of the foliated manifold (M,F ), is denoted by ϕ : (M,F )→ (M,F ).
The set of all di�eomorphisms of a foliated manifold is denoted by DiffF (M). The set DiffF (M)
is a group with respect to the superposition of mappings and is a subgroup of the group Diff(M)
of di�eomorphisms of the manifold M. The group DiffF (M) was studied in [2], in particular, it was
proved that this group is a closed subgroup of the group Diff(M) with respect to a compactly open
topology.

De�nition 3. A di�eomorphism ϕ : (M,F ) → (M,F ) is called an isometry of the foliated manifold
(M,F ), if the restriction of the mapping ϕ to each leaf of the foliation F is an isometry, that is, for
each leaf Lα the map ϕ : Lα → f(Lα) is an isometry between the manifolds Lα and ϕ(Lα).

Denote by GF (M) the set of isometries of the foliated manifold (M,F ). The group GF (M) is
subgroup of Diff(M) and therefore it is topological group in compact open topology.
Let us consider submersion π : Rn+1 → R1, where

π(x1, x2, · · ·, xn, xn+1) = xn+1 − f(x1, x2, · · ·, xn), (1)

f(x1, x2, · · ·, xn) is a di�erentiable function.

Theorem 4. Di�eomorphism ϕ : Rn+1 → Rn+1, de�ned by formula

ϕλ(x1, x2, · · ·xn, xn+1) = (x1, x2, · · ·, xn, xn+1 + λπ) (2)

at λ 6= −1 is an isometry of foliation, generated by submersion (1).

Theorem 5. The set of di�eomorphisms

GΛ = {ϕλ : λ ∈ R1, λ 6= −1}, (3)

is a subgroup of the group GF (M).
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Using the mapping ϕλ → λ we identify the set GΛ with the set R1 \ {−1} of real numbers other
than −1. On the set R1 \ {−1} we de�ne the multiplication as follows

λ1 · λ2 → λ1 + λ2 + λ1λ2, (4)

The inverse element is determined by the formula

λ→ − λ

1 + λ
(5)

and it is obvious that they are di�erentiable. Therefore, we have following.

Proposition 6. The set GΛ is a one-dimensional Lie group.

Example 7. Consider the submersion π : R3 → R1, where π(x1, x2, x3) = x3 − f(x1, x2), f(x1, x2) =
x2

1 + x2
2. This submersion generates a two-dimensional foliation F. The following vector �elds

V1 =
∂

∂x1
+ 2x1

∂

∂x3
, V2 =

∂

∂x2
+ 2x2

∂

∂x3

are vertical vector �elds. Vector �eld

X = −x2
∂

∂x1
+ x1

∂

∂x2
+

∂

∂x3

is a foliated vector �eld for the foliation F, as shown by the following equalities [V1, X] = V2, [V2, X] =
−V1. It is known that the �ow of foliated vector �eld consists of di�eomorphisms of foliated manifold
(M,F ) [1]. The vector �eld X is a Killing vector �eld.Therefore, the �ow of a vector �eld X consists
of isometries of a foliated manifold. Indeed, the �ow of the vector �eld X consists of di�eomorphisms

x→ A(t)x+ bt

where t ∈ R, b = {0, 0, 1}T , x = (x1, x2, x3)T ,

A(t) =

 cos t − sin t 0
sin t cos t 0

0 0 1

 ,

which are isometries of the foliated manifold (F,R3).

Theorem 8. Suppose for a vector �eld

V =

n∑
i=1

ξi
∂

∂xi

holds equaality V (f) = 0. Then the �ow of the vector �eld

X = V +
∂

∂xn+1

consists of di�eomorphisms of the foliated manifold (F,Rn+1) generated by submersion (1). If the �eld
V is a Killing �eld, then the �ow of the vector �eld X consists of isometries of the foliated manifold
(F,Rn+1).
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Hyperbolic 4-cobordisms, Teichmuller spaces and quasiregular
mappings in space

Boris N. Apanasov
(Univ of Oklahoma, Math Dept, Norman, OK 73019, USA)

E-mail: apanasov@ou.edu

We present a new e�ect in the theory of deformations of hyperbolic 3-manifolds/orbifolds or their
uniform hyperbolic lattices Γ ⊂ IsomH3 (i.e. in the Teichm�uller spaces of conformally �at structures
on closed hyperbolic 3-manifolds, cf. [1, 2]). We show that such Teichm�uller space or the corresponding
variety of conjugacy classes of discrete representations ρ : Γ → IsomH4 may have connected compo-
nents whose dimensions di�er by arbitrary large numbers, cf. [3, 5]. This is based on our �Siamese
twins construction� of non-faithful discrete representations of hyperbolic lattices related to non-trivial
�symmetric hyperbolic 4-cobordisms� [8] and Gromov-Piatetski-Shapiro interbreeding construction [11].
There are several applications of this result, from new non-trivial hyperbolic homology 4-cobordisms
(cf. [9]) and wild 2-knots in the 4-sphere (cf. [5]), to bounded quasiregular locally homeomorphic map-
pings in 3-space, especially to their asymptotics in the unit 3-ball and to quasisymmetric embeddings
of a closed ball inextensible in neighborhoods of any boundary points (cf. [10, 12, 13, 14, 15]).
The last part is based on our construction of a new type of bounded locally homeomorphic quasireg-

ular mappings in 3-sphere (and in the unit 3-ball), see [6]. It addresses long standing problems for such
mappings, including M. A. Lavrentiev problem, Pierre Fatou problem and Matti Vuorinen injectivity
and asymptotics problems (cf. [7]). The construction of such mappings comes from our construc-
tion of non-trivial compact 4-dimensional cobordisms M with symmetric boundary components and
whose interiors have complete 4-dimensional real hyperbolic structures (cf. [4]). Such bounded locally
homeomorphic quasiregular mappings are de�ned in the unit 3-ball B3 ⊂ R3 as mappings equivariant
with the standard conformal action of uniform hyperbolic lattices Γ ⊂ IsomH3 in the unit 3-ball and
with its discrete representation G = ρ(Γ) ⊂ IsomH4 (cf. [6]). Here G is the fundamental group of
our non-trivial hyperbolic 4-cobordism M = (H4 ∪ Ω(G))/G and the kernel of the homomorphism
ρ : Γ→ G is a free group Fm on arbitrary large number m generators.
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Representation of gravi-electromagnetism using matrix algebra


Ismail Aymaz
(K�utahya Dumlup�nar University, Graduate School of Sciences, Department of Physics, K�utahya,

Turkey)
E-mail: aymazismail7@gmail.com

Mustafa Emre Kansu
(K�utahya Dumlup�nar University, Faculty of Art and Science, Department of Physics, K�utahya,

Turkey)
E-mail: memre.kansu@dpu.edu.tr

The vector, matrix and tensor algebras are frequently used in order to formulate many physical sys-
tems and engineering problems [?]. The nature of quantum mechanics, which is one of the signi�cant
areas of physics, has increased the importance of matrix algebra due to including non-commutative
structures. Therefore, matrix algebra satis�es the great contributions and developments. In this study,
after de�ning matrix de�nitions of quaternion algebra [?, ?], which is one of the member of higher di-
mensional algebra, both electromagnetism and linear gravity [?, ?, ?] are combined by using matrix
representation with dual [?] and complex [?] units. By this way, we have �rstly showed the isomor-
phism and similarity between quaternion and matrix algebras for gravi-electromagnetism [?, ?].
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Uniqueness of pretangent spaces at in�nity

Viktoriia Bilet
(IAMM of the NASU, Dobrovolskogo Str. 1, Sloviansk, 84100, Ukraine)

E-mail: viktoriiabilet@gmail.com

Oleksiy Dovgoshey
(IAMM of the NASU, Dobrovolskogo Str. 1, Sloviansk, 84100, Ukraine)

E-mail: oleksiy.dovgoshey@gmail.com

The pretangent spaces to an unbounded metric space (X, d) at in�nity are, by de�nition, some limits

of rescaling metric spaces
(
X, 1

rn
d
)
with rn tending to in�nity. The Gromov�Hausdor� convergence and

the asymptotic cones are most often used for construction of such limits. Both of these constructions
are based on high�order logic abstractions (see, e.g., [5]), which makes them very powerful, but it does
away the constructiveness. In [2, 3] we present and consider a more constructive approach to building
an asymptotic structure of unbounded metric spaces at in�nity.
The object of the present abstract is metric spaces having with unique pretangent spaces at in�nity.

The theorem below gives the necessary and su�cient conditions under which an unbounded metric
space X has an unique pretangent space ΩX

∞,r̃ at in�nity for every �xed scaling sequence r̃.
We will denote by A the class of spaces having the property

((X, d) ∈ A)⇔ ((X, d) is unbounded and ∀ r̃ there is a unique ΩX
∞,r̃).

Let (X, d) be a metric space and let p ∈ X. For each pair of nonempty sets C, D ⊆ X write

∆(C,D) := sup{d(x, y) : x ∈ C, y ∈ D}.
In addition we de�ne, for every ε ∈ (0, 1), the set S2

ε as

S2
ε :=

{
(r, t) ∈ Sp2(X) : r 6= 0 6= t and

∣∣∣r
t
− 1
∣∣∣ ≥ ε} ,

where Sp2(X) is the Cartesian square of Sp(X) = {d(x, p) : x ∈ X}.

Theorem 1. [4] Let (X, d) be an unbounded metric space and let p be a point of X. Then (X, d) ∈ A
if and only if the following conditions are satis�ed simultaneously.

(1) The limit relations

lim
k→1

lim sup
r→∞

diam(A(p, r, k))

r
= lim

r→∞

diam(S(p, r))

r
= 0

hold, where r ∈ (0,∞), k ∈ [1,∞), A(p, r, k) is the annulus {x ∈ X : r
k ≤ d(x, p) ≤ rk} and

S(p, r) is the sphere {x ∈ X : d(x, p) = r}.
(2) Let ε ∈ (0, 1). If ((qn, tn))n∈N ⊂ S2

ε and

lim
n→∞

qn = lim
n→∞

tn =∞,

and there is
lim
n→∞

qn
tn

= c0 ∈ [0,∞],

then there exists a �nite limit

lim
n→∞

∆(S(p, qn), S(p, tn))

|qn − tn|
:= κ0.

It can be proved that conditions (1) and (2) from Theorem 1 are mutually independent in the sense
that no one of them implies the another.
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Corollary 2. Let (X, d) be a metric space and let Y be an unbounded subspace X. Then (X, d) ∈ A
implies (Y, d) ∈ A.

Consider, for simplicity, logarithmic spirals having the pole at 0. The polar equation of these spirals
is

ρ = kbϕ, (1)

where k and b are constants, k ∈ (0,∞) and b ∈ (0, 1) ∪ (1,∞). The rotation of the polar axis on the
angle ϕ1 = − ln k

ln b transforms (1) to the form

ρ = bϕ. (2)

Let us denote by S∗ the set of all complex numbers lying on spiral (2) and let

S = S∗ ∪ {0},
i.e., S is the closure of S∗ in the complex plane C. In the following theorem we consider S as a metric
space with the usual metric d(z, w) = |z − w|.

Theorem 3. [4] Each pretangent space to (S, d) at in�nity is unique and isometric to S.

These results have natural in�nitesimal analogs (see [1]).
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Foliations of 3-manifolds with small module of mean curvature

Dmitry Bolotov
(B. Verkin ILTPE of NASU, 47 Nauky Ave., Kharkiv, 61103, Ukraine)

E-mail: bolotov@ilt.kharkov.ua

A taut foliation is a codimension one transversely oriented foliation of an oriented 3-manifold M
with the property that for each leaf there is a transverse circle intersecting it.
D. Sullivan proved that F is taut i� each leaf is a minimal surface for some Riemannian metric on

M which is equivalent that F does not contain generalized Reeb components [1]. Recall that a surface
F is called minimal if the mean curvature H of F is identically zero.
In the present work we announce the following result.

Theorem 1 (Main theorem). Let (M, g) be a closed oriented Riemannian 3-Manifold sutisfying the
following properties:

(1) the volume V ol(M, g) ≤ V0;
(2) the sectional curvature γ of (M, g) satis�es γ ≤ γ0 for the constant γ0 ≥ 0;
(3) min{inj(M, g), π

2
√
γ0
} ≥ i0.

Then there is a constant H0(V0, γ0, i0) such that any transversally oriented foliation F of codimension
one on M with the mean curvature of the leaves satisfying |H| < H0, must be taut. The constant H0

is de�ned as wollowing:

H0 =

min{2
√

3i20
V0

, 3

√
2
√

3
V0
}, if γ0 = 0,

min{2
√

3i20
V0

, x0}, if γ0 > 0,

(∗)
where x0 is the positive root of the equation

4

γ0
arcctg2 x

√
γ0
− 2V0√

3
x = 0.

Let us recall that, by the Novikov's theorem [2], if π1(M) < ∞ or π2(M) 6= 0, then excepting the
foliation of S2×S1 by spheres, F contains a Reeb component. Thus we obtain the following corollary.

Corollary 2. Let (M, g) be a Riemannian manifold that satis�es the properties in the theorem above.
If π1(M) < ∞ or π2(M) 6= 0, then excepting the foliation of S2 × S1 by spheres, (M, g) does not
admit a foliation with the mean curvature H of leaves satisfying the inequality |H| < H0, where H0 is
determined from (∗).
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On integrability of geodesic �ows on 3-dimensional manifolds

Alexey Bolsinov
(School of Mathematics, Loughborough University, Leicestershire, LE11 3TU, UK)

E-mail: A.Bolsinov@lboro.ac.uk

The goal of the talk is to discuss the behaviour of geodesics on 3-manifolds M with SL(2,R)
geometry, one of the eight natural geometries according to Thurston, appearing on three-dimensional
manifolds. It has been known that the corresponding geodesic �ows cannot be integrable, however,
this particular case has not been studied in detail. The situation turned out quite interesting: we have
observed (joint work with Alexander Veselov and Yiru Ye [6]) that the phase space T ∗M contains to two
open domains, complementary to each other and having common boundary, with integrable and chaotic
behaviour of geodesics. In the integrable domain, we have integrability in the class of real-analytic
integrals, whereas in the chaotic domain the geodesic �ow has positive topological entropy. As a speci�c
example, we study in more detail the geodesic �ow on the modular 3-manifoldM = SL(2,R)/SL(2,Z)
homeomorphic to the complement of a trefoil knot K in 3-sphere.
I will try to talk about these results in the context of a more general problem on topological ob-

structions to integrability of geodesic �ows on smooth manifolds following papers by V.V.Kozlov [1],
I. A.Taimanov [6, 4] and L.Butler [3, 5].
This work was supported by the Russian Science Foundation grant no. 17-11-01303 �Topological

and algebraic aspects of the theory of integrable systems: new trends and applications�.
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Algebraic and geometric questions about the EM helix

Enzo Bonacci
(Liceo Scienti�co Statale �G.B. Grassi�, Latina, Italy)
E-mail: enzo.bonacci@liceograssilatina.org

The recent proposal to detect Dark Matter through the Aharonov-Bohm e�ect [10] has renovated
the interest for cosmological solutions based upon magnetic monopoles [8]. Challenging the Λ-CDM
paradigm, some alternative representations are grounded on interactions with hypothetical magnetic
charges [6] whereas others suppose the in�uence of relic magnetic atoms [4]. This raises two apparently
separate issues about why magnetic monopoles have never been spotted and where those elusive parti-
cles come from. More than a decade ago [1, 2, 3] we described the materialization of mass from radiant
energy as a process requiring the indistinguishability between the inertial reference frames at v = c
(SOL, i.e., speed of light) and those at v < c (STL, i.e., slower than light). Such rigorous interpretation
of the relativity principle could clarify the entanglement between temporally separated photons [7] and
would allow the self-interacting electromagnetic rings, possible in SOL reference frames (characterized
by atemporality), to be perceived as electromagnetic helices for STL observers. Namely, we assumed
that a charged mass (both electric and magnetic) could be an electromagnetic helix, thus explaining
some intrinsic quantities of particles and the absence of magnetic monopoles at low energies. Our
model has been indirectly corroborated by the observation of the light self-torque [9] and could �nd
future con�rmation from a promising method to determine the geometry of an electron [5]. We wish to
illustrate the algebraic and geometric questions behind a so formulated mathematical-physical theory,
included a falsi�cation test currently being assembled at CERN's MoEDAL.
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The full classi�cation of closed geodesics on regular tetrahedra in Euclidean space follows from the
tiling of Euclidean plane by regular triangles [1].
In [2] we described a complete classi�cation of simple (without self-intersections) closed geodesics

on regular tetrahedra in hyperbolic 3-space. In addition, we presented the asymptotic of the number
of simple closed geodesics of length not greater than L as L tends to in�nity.
In current work we described all simple closed geodesics on regular tetrahedra in three-dimensional

spherical spaces. In this space the tetrahedron's curvature is concentrated both into its vertices and
into its faces. The value α of the faces' angle of a tetrahedron satis�es π/3 < α < 2π/3. The intrinsic
geometry of a tetrahedron depends on α.
By de�nition a simple closed geodesic on a tetrahedron has the type (p, q) if it has p points on each

of two opposite edges of the tetrahedron, q points on each of another two opposite edges, and there
are (p+ q) points on each edges of the third pair of opposite one.
We proved that on a regular tetrahedron in spherical space there exists the �nite number of simple

closed geodesic. The length of all these geodesics is less than 2π. Furthermore, for any coprime
integers (p, q) we found the numbers α1 and α2 depending on p, q and satisfying the inequalities
π/3 < α1 < α2 < 2π/3 such that
1) if the faces' angle of a regular tetrahedron is measured α ∈ (π/3, α1) then in spherical space there
exists unique, up to the rigid motion, simple closed geodesic of type (p, q) on this tetrahedron,
2) if the value α of faces' angle is in (α2, 2π/3) then there is no simple closed geodesic of type (p, q)
on the tetrahedron with such faces' angle in spherical space.
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The determination of a hypercohomology as cohomology group where are de�ned the solutions of the
�eld equations obeys to the triangulated derived categories that permit an scheme (triangle) commu-
tative whose integrals are solutions of the �eld equations. The determination of this hypercohomology
arises of the fact of that derived motivic category DMgm(k), which is of the motivic objects whose
image is under Spec(k), that is to say, an equivalence of the underlying triangulated tensor categories,

compatible with respective functors on SmOp
k . The geometrical motives will be risked with the moduli

stack to holomorphic bundles. kewise, is analysed the special case where complexes C = Q(q), are
obtained when cohomology groups of the isomorphism Hp

ét(X,Fét)
∼= Hp

Nis(X,FNis), can be vanished
for p > dim(Y ). We observe also the Beilinson-Soul�e vanishing conjectures where we have the van-
ishing Hp(F,Q(q)) = 0, if p ≤ 0, and q > 0, which con�rms the before established. Then survives
a hypercohomology Hq(X,Q). Then their objects are in Spec(Smk). Likewise for the complex Rie-
mannian manifold the integrals of this hypercohomology are those whose functors image will be in
SpecHSymT(OPLG(D)), which is the variety of opers on the formal disk D, or neighborhood of all
point in a surface Σ.
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Let N, R be the sets of natural and real numbers, respectively, C be the complex plane, C = C
⋃
{∞}

be its one point compacti�cation, U be the open unit disk in C and R+ = (0,∞). Let r(B, a) be an
inner radius of the domain B ⊂ C relative to a point a ∈ B [1�4]. The inner radius of the domain B
is connected with Green's generalized function gB(z, a) of the domain B by the relations

gB(z, a) = − ln |z − a|+ ln r(B, a) + o(1), z → a,

gB(z,∞) = ln |z|+ ln r(B,∞) + o(1), z →∞.

The system of points An := {ak ∈ C, k = 1, n }, n ∈ N, n > 2, is called n-radial, if |ak| ∈ R+ for
k = 1, n and

0 = arg a1 < arg a2 < . . . < arg an < 2π.

Consider the following extremal problem.
Problem. For all values of the parameter γ ∈ R+ to �nd estimate of the maximum of the functional

Jn(γ) = [r (B0, 0) r (B∞,∞)]γ
n∏
k=1

r (Bk, ak) , (1)

where n ∈ N, n > 2, a0 = 0, An = {ak}nk=1 ∈ C/{0,∞} be any �xed n-radial system of di�erent points,

B0, B∞, {Bk}nk=1 be a system of mutually non-overlapping domains, 0 ∈ B0 ⊂ C, ∞ ∈ B∞ ⊂ C,
ak ∈ Bk ⊂ C, k = 1, n.
The following proposition is true.

Theorem 1. Let n ∈ N, n > 2, γ ∈ R+. Then, for any �xed n-radial system of di�erent points
An = {ak}nk=1 ∈ C/{0,∞} and any mutually non-overlapping domains B0, B∞, Bk, a0 = 0 ∈ B0 ⊂ C,
∞ ∈ B∞ ⊂ C, ak ∈ Bk ⊂ C, k = 1, n, the following inequalities hold

Jn(γ) 6


(n+ 1)−γ

n+1
n+2

[
n∏
k=1

r (Bk, ak)

]1− 2γ
n+2 n∏

k=1

|ak|
2γ
n+2 , if γ ∈

(
0, n+2

2

]
;

(n+ 1)−
n+1

2

n∏
k=1

|ak|, if γ > n+2
2 .

Remark 2. If γ = n+2
2 and

n∏
k=1

|ak| 6 1, then from above posed Theorem 1, the following inequality

holds

[r (B0, 0) r (B∞,∞)]
n+2

2

n∏
k=1

r (Bk, ak) 6 (n+ 1)−
n+1

2 .

In this case the structure of points and domains is not important.
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For any n-radial system of points An = {ak}nk=1, |ak| = 1, and any pairwise non-overlapping domains

{Bk}nk=1, ak ∈ Bk ⊂ C, k = 1, n, the inequality
n∏
k=1

r(Bk, ak) 6 2n
n∏
k=1

αk

is valid (see Corollary 5.1.3 [1]). In Theorem 6.11 [2] for any di�erent points ak on the circle |ak| = 1,
k = 1, n (n > 2), and any pairwise non-overlapping domains Bk ⊂ C such that ak ∈ Bk, k = 1, n, the
inequality

n∏
k=1

r (Bk, ak) 6

(
4

n

)n
is proved. Thus, from Theorem 1 we have next result.

Corollary 3. Let n ∈ N, n > 2, γ ∈ R+. Then, for any system of di�erent points {ak}nk=1 of the

unit circle |ak| = 1 and any mutually non-overlapping domains B0, B∞, Bk, a0 = 0 ∈ B0 ⊂ C,
∞ ∈ B∞ ⊂ C, ak ∈ Bk ⊂ C, k = 1, n, the following inequalities hold

Jn(γ) 6


(n+ 1)−γ

n+1
n+2

(
4

n

)n− 2γn
n+2

, if γ ∈
(
0, n+2

2

]
;

(n+ 1)−
n+1

2 , if γ > n+2
2 .

If B0 ⊂ U, then from the proof of the Theorem 1, the following results are valid.

Corollary 4. Let n ∈ N, n > 2, γ ∈ R+ and B0 ⊂ U. Then, for any system of di�erent points {ak}nk=1

of the unit circle |z| = 1 and any mutually non-overlapping domains Bk, ak ∈ Bk ⊂ C, k = 0, n, a0 = 0,
and the domains Bk, k = 1, n, are mirror-symmetric relative to the unit circle |z| = 1, the inequality
holds

r2γ (B0, 0)
n∏
k=1

r (Bk, ak) 6 (n+ 1)−
n+1

2 .

Corollary 5. Let n ∈ N, n > 2, γ ∈ R+, R > 0 and B0 be an arbitrary domain belonging to the open
circle |w| < R. Then, for any n-radial system of di�erent points An = {ak}nk=1 such that |ak| = R,

k = 1, n, and any mutually non-overlapping domains Bk, ak ∈ Bk ⊂ C, k = 0, n, a0 = 0, and the
domains Bk, k = 1, n, are mirror-symmetric relative to the circle |w| = R, the inequality holds

r2γ (B0, 0)
n∏
k=1

r (Bk, ak) 6 (n+ 1)−
n+1

2 ·R2γ .

This work was supported by the budget program "Support of the development of priority trends of
scienti�c researches" (KPKVK 6541230).
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Finite-dimensional spectral problems on an interval were considered in [1] (some recent results see
in [4], [3] and applications in [2]). Finite-dimensional spectral problems on graphs occur in various
�elds of physics (see e.g. [5], [6] and [7]).
We consider a tree T rooted at a pendant vertex. All edges are directed away from the root. Each

edge ej of this tree is a Stieltjes string with point masses mj
k (k = 1, 2, . . . , nj , j = 1, 2, ..., q) and

subintervals ljk (k = 0, 1, . . . , nj). The total length of ej is lj =
nj∑
k=0

ljk. We denote ñj = nj − 1 if

ljnj = 0 and ñj = nj if l
j
nj > 0. The Dirichlet problem on this tree consists of the following equations.

For each edge:

ujk − u
j
k+1

ljk
+
ujk − u

j
k−1

ljk−1

−mj
kλ

2ujk = 0, (k = 1, 2, . . . , ñj , j = 1, 2, ..., q). (1)

For each interior vertex with incoming edge ej and outgoing edges er we have

ujñj+1 = ur0, (2)

and
ujñj+1 − u

j
ñj

ljñj

+
∑
r

ur0 − ur1
lr0

=

{
0, if ljnj > 0,

−mj
njλ

2ujnj , if ljnj = 0.
(3)

For an edge ej incident with a pendant vertex (except of the root) we have the Dirichlet boundary
condition:

ujnj+1 = 0. (4)

If e1 is the edge incident with the root then at the root we have

u1
0 = 0. (5)

The Neumann problem consists of equations (1)�(4) and

u1
0 = u1

1. (6)

at the root.
First of all we notice that interior vertices of degree 2 do not in�uence the results and we can

assume absence of such vertices without losses of generality. Let P be a path in the tree T involving
the maximum number of masses. Obviously it starts and �nishes with pendant vertices. We denote
the initial vertex of P by v0 and choose it as the root of the tree. The enumeration of other vertices
is arbitrary. We denote the edge incoming into a vertex vi by ei for all i. Then P : v0 → v1 → vs2 →
vs3 → ...→ vsr−1 → vsr . Deleting v0 and e1 we obtain a new tree T ′ rooted at the vertex v1.
Since the degree of v1 is d(v1) > 2 we can divide our tree T ′ into subtrees T ′1, T

′
2, ..., T

′
d(v1)−1 having

v1 as the only common vertex. (We say that T ′1, T
′
2, ..., T

′
d(v1)−1 are complementary subtrees of T

′.
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Denote by φN(v0)
(z) (where z = λ2) the characteristic polynomial of problem (1)� (4), (6) on the

tree T and by φD(v0)
(z) the characteristic polynomial of problem (1)� (4), (5) on this tree. These

polynomials are normalized such that

φD(v0)(0)

φN(v0)(0)
= l1 +

1

d(v1)−1∑
r=1

φNr(v1)(0)

φDr(v1)(0)

,

φD,r(v1)(z) is the characteristic polynomial of the Dirichlet problem (1)� (4), (5) on T ′r and φN,r(v1)(z)
is the characteristic polynomial of the Neumann problem (1)� (4), (6) on T ′r and so on.

The inverse problem lies in recovering the spectral problem data {mj
k}
nj
k=1, {l

j
k}
nj
k=0 using the spectra

{µk}nk=−n, k 6=0 and {νk}nk=−n, k 6=0 of the Neumann and Dirichlet problems.
The following theorem gives su�cient conditions for existence of solution of such inverse problem.

Theorem 1. Let {µk}nk=−n, k 6=0 and {νk}nk=−n, k 6=0 be symmetric (µ−k = −µk, ν−k = −νk) and
monotonic sequences of real numbers which interlace:

0 < (µ1)2 < (ν1)2 < ... < (µn)2 < (νn)2.

Let T be a metric tree of a prescribed form rooted at a pendant vertex v0 with prescribed lengths of
edges lj > 0 (j = 1, 2, ..., q, q is the number of edges in T ).
Then
1) there exist numbers nj ∈ {0} ∪ N (j = 1, 2, ..., q), sequences of positive numbers {mj

k}
nj
k=1 (point

masses on the edge ej, j = 1, 2, ..., q) and numbers {ljk}
nj
k=0 (ljk > 0 for all k = 0, 1, ..., nj − 1, lnj ≥ 0

for all j = 1, 2, ..., g such that
nj∑
k=0

ljk = lj,
q∑
j=1

nj = n, the spectrum of Neumann problem (1)�(4),

(6), coincides with {µk}nk=−n, k 6=0 and the spectrum of Dirichlet problem (1)�(4), (5) coincides with

{νk}nk=−n, k 6=0;

2) the two spectra {µk}nk=−n, k 6=0 and {νk}nk=−n, k 6=0 and the length l1 of the edge incident with the

root uniquely determine the masses {m1
k}
n1
k=1 (point masses on the edge e1) and lengths {l1k}

n1
k=0 of the

subintervals on this edge.
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We present our algorithm for constructing of Lazard`s one dimensional universal commutative formal
group. We apply it to some constructions of complex and algebraic cobordism.

Algorithm for constructing of Lazard`s one dimensional universal formal group

Here we follow to [1, 5, 8]. We extract from Lazard [1] an algorithm of constructing of Lazard`s one
dimensional universal formal group law. The constructions of n(n ≥ 1)-buds, formal groupoids and
moduli spaces of one dimensional formal groups are investigated and are used. Let Aq and A

‘
q be the

rings of polynomials Aq = Z[α1, . . . , αq] and A
‘
q = Q[α1, . . . , αq].

Proposition 1. The structure of the algorithm has the next form. For the (one-dimensional) 1-bud
x+ y + α1xy we put:

f1(x, y) = x+ y + α1xy; ϕ1 = x− 1

2
α1x

2;

fq+1(x, y) = fq(x, y) + h‘(x, y) + αq+1Cq+2(x, y), fq(x, y) ∈ Aq;

compute ϕq+1, ϕq+1 ∈ A‘
q.

Remark 2. The algorithm and expressions for ϕq+1, h
‘(x, y), Cq+2(x, y) will be given in my talk.

De�nition 3. The ring L = Z[α1, α2, · · · ] is called the Lazard ring.

Formal groups in complex cobordism

Here we follow to [2, 3, 4, 6].
LetM be a smooth manifold, TM be the tangent bundle onM and Rm the trivial realm-dimensional

bundle of M .

De�nition 4. A manifoldM is stably complex if for some natural m the real vector bundle TM
⊕

Rm
admits a complex structure.

Let M1 and M2 be two smooth manifolds of dimension n, and W be the smooth manifold of
dimension n+ 1 with a boundary that is the union of M1 and M2, i.e. ∂W = M1 +M2.

De�nition 5. Let M1,M2,W be stably complex manifolds. In above notations the complex (unitary)
cobordism between M1 and M2 is a manifold W whose boundary is the disjoint union of M1, M2,
∂W = M1 + M2 where the corresponding structure on ∂W is induced from W and M2 denotes the
manifold with opposite structure.

Remark 6. Suppose we have the relation of complex cobordism. Then the relation divides stably
complex manifolds on equivalence classes called classes of complex cobordisms.

Lemma 7. The set of classes of complex cobordisms with operations of disjoint union and product of
stable manifolds form commutative graded ring L = Z[v1, v2, · · · ] .
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Theorem 8 (A. S. Mishchenko). Let g(t) be the logarithm of Lazard universal formal group, and [CPn]
are classes of unitary cobordisms of complex projective spaces. Then

g(t) =
∑
n≥0

[CPn]

n+ 1
tn+1, [CP 0] = 1.

Formal groups in algebraic cobordism

Here we follow to [7]. Let k be a �eld of characteristic zero and Sm(k) be the full subcategory
of smooth quasi-projective k-schemes of the category of separable �nite-type k-schemes. Let A∗ be
an oriented cohomology theory on Sm(k) and let c1(L) be the �rst Chern class of line bundle L on
X ∈ Sm(k).

Proposition 9 (Quillen, [7]). Let L, M be line bundles on X ∈ Sm(k). There exists formal group
law FA with coe�cients in A∗ such that

c1(L⊗M) = FA(c1(L), c1(M)).

Theorem 10 (Levine-Morel). There is a universal oriented cohomology theory Ω over k called algebraic
cobordism. The classifying map φΩ : L → Ω∗(k) is an isomorphism , so FΩ is the universal formal
group law.

Problem 11. It seems that very little is known about applying n(n ≥ 2)-dimensional commutative
formal groups to cobordism theory. For instance what is the application of a two-dimensional 1-bud ?
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Let E ,F and G be Archimedean vector lattices. We say that a linear operator T : E → F is a lattice
homomorphism if T (x∨ y) = Tx∨ Ty for every x, y ∈ E. A bilinear map Φ : E ×F → G is said to be
positive if |Φ(x, y)| ≤ Φ(|x|, |y|) for all x ∈ E and y ∈ F . The bilinear map Φ : E×F → G is said to be
lattice bilinear map (or lattice bimorphism) whenever it is separately lattice homomorphisms for each
variable or equivalently, |Φ(x, y)| = Φ(|x|, |y|) for all x ∈ E and y ∈ F . Let E and F be Archimedean
vector lattices. Then, by [6] and [7] there exists an Archimedean vector lattice E

⊗̄
F (called Fremlin

tensor product) and a map
⊗

: E × F → E
⊗̄
F with the following well-known properties :

(i)
⊗

is a lattice bimorphism and represents E
⊗
F as a linear subspace of E

⊗̄
F .

(ii) If G is any Archimedean vector lattice, there is a one to one correspondence between lattice
bimorphisms ψ : E × F → G and lattice homomorphisms τ : E

⊗̄
F → G given by ψ = τ

⊗
.

(iii) E
⊗
F is dense in E

⊗̄
F . It means that for any u ∈ E

⊗
F there exist 0 ≤ x ∈ E and

0 ≤ y ∈ F such that for every δ > 0 there is a v ∈ E
⊗
F with | u− v |≤ δx⊗ y.

(iv) E
⊗
F is order dense in E

⊗̄
F . That is, if 0 < u in E

⊗̄
F there exist 0 < x in E, 0 < y in F

such that 0 < x⊗ y ≤ u.
(v) f u ∈ E

⊗̄
F there exist 0 ≤ x ∈ E, 0 ≤ y ∈ F such that | u |≤ x⊗ y.

(vi) If G is any Archimedean vector lattice and Φ : E × F → G is a lattice bimorphism such that
Φ(x, y) > 0 whenever x > 0 in E and y > 0 in F , then E

⊗̄
F may be identi�ed with the lattice

subspace of G generated by Φ(E × F ).

De�nition 1. Let E be a vector lattice and U be a subset of E. U is called a solid subset if | x |≤| y |
and y ∈ U imply x ∈ U . A solid subspace of E is called an order ideal. An order closed ideal is said
to be a band.

In this talk, we deal with tensor product of two order ideals. Let E be a uniformly complete vector
lattice and x ∈ E. An order ideal generated by x is given by

Ux = {y :| y |≤ λ | x | for some λ > 0}.

Order unit norm on Ux is given by

‖y‖ = inf{λ > 0 :| y |≤ λ | x |}.

Ux is algebraically and order isomorphic to an AM space with unit. Every AM space with unit is a
C(K) space for some compact Hausdor� space K with unit. Hence, Fremlin tensor product of two
order ideals generated by single elements is an order ideal. For general case, we need the de�nition of
orthomorphism. A linear operator T : E → E is called an orthomorphism if it is both band preserving
and order bounded. By using orthomorphism, we can show that Fremlin tensor product of two order
ideals is an order ideal.

Theorem 2. Fremlin tensor product of two order ideals generated by single elements in a uniformly
complete vector lattice is an order ideal.

For this subject, we give the following references.
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Let H be a separable Hilbert space and let S1[H] be the trace class operators on H (First Schatten
Class, [3]).

Consider H1 = L2(H; [0, π]) and de�ne an inner product on H1 by:

(f, g)H1
=

∫ π

0
(f(t), g(t))Hdt

for all f, g ∈ H1.

• With this inner product, H1 is also a separable Hilbert space.

Here, we study the same problem in [2], with H replaced by a arbitrary separable Banach space B,
under the following conditions:

(1) Q(t) has a weak second-order derivative in [0, π] and for t ∈ [0, π], Q(i)(t) (i = 0, 1, 2) is a self
adjoint trace class operator on B.

(2) ‖Q‖H1
< 1.

(3) H1 has an o.n.b. {ϕn}∞n=1 such that
∑∞

n=1 ‖Qϕn‖H1
<∞.

(4)
∥∥Qi(t)∥∥

S1[B]
(i = 0, 1, 2) is a bounded measurable function on [0, π].

It is clear from (4), that this is a nontrivial problem since, among other things, in the standard
approach, there are a number of possible de�nitions of S1[B] (see [3] and Pietsch [9]).
We assume that B is a continuous dense embedding in a separable Hilbert space H and for each
f, g ∈ B, (f, g)h = (f, g)H is the Hilbert functional on B.

Theorem 1 (Polar Representation Theorem). Let B be a separable Banach space. If A ∈ C[B], then
there exists a partial isometry U and a self-adjoint operator T , with D(T ) = D(A) and A = UT .

Furthermore, T = [A∗A]1/2 in a well-de�ned sense.

Def. If A ∈ S1[B], we called it a trace class (or nuclear) operator on B.
* Since Sp[H] is a two sided ∗ideal, it follows that the same is true for Sp[B].
* For 1 ≤ p <∞, A ∈ Sp[B] and B ∈ L[B] then AB,BA ∈ Sp[B] and

‖AB‖Sp[B] ≤ ‖B‖L[B] ‖A‖Sp[B]

‖BA‖Sp[B] ≤ ‖B‖L[B] ‖A‖Sp[B]

Lemma 2. If λ /∈ σ(L0) then QR0(λ) ∈ S1[H1]

Lemma 3. The operator valued function R(λ)−R0(λ) is analytic in ρ(L), the resolvent set of L, with
respect to the S1[H1] norm.

Theorem 4. The regularized trace formula for operator L on B with the conditions on operator func-
tion Q(t) is given by

∞∑
m=0

[ ∞∑
n=1

(λmn − µm)− 1

π

∫ π

0
trQ(t)dt

]
=

1

4
[tr(Q(0) + trQ(π)
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Centrally extended generalization of the superconformal loop Lie
algebra and integrable heavenly type systems on supermanifolds

Oksana Ye. Hentosh
(Pidstryhach Inst. for Applied Problems of Mech. and Math., NASU, Lviv, Ukraine)

E-mail: ohen@ua.fm

Let us consider the semi-direct sum G̃ n G̃∗reg of the loop Lie algebra G̃ := d̃iff(T1|N ), consisting of

the superconformal vector �elds on a supertor T1|N in the forms:

ã := a∂/∂x+
1

2

∑N

i=1
(Dϑia)Dϑi , a := a(x, ϑ;λ), (1)

where a ∈ C∞(T1|N × (D1
+ ∪D1

−); Λ0), (x, ϑ) ∈ T1|N ' S1×ΛN1 , Λ := Λ0⊕Λ1 is a in�nite-dimensional

Grassmann algebra over C ⊃ Λ0, ϑ := (ϑ1, ϑ2, . . . , ϑN ) and Dϑi := ∂/∂ϑi + ϑi∂/∂x, i = 1, N , which
are holomorphic in the "spectral" parameter λ ∈ C on the interior D1

+ ⊂ C and exterior D1
− ⊂ C

regions of the unit centrally located disk D1 ⊂ C, and its regular dual space G̃∗reg with respect to the
parity:

(l̃, ã)0 = resλ−1

∫
T1|N

dxdNϑ (la), l̃ := l(x, ϑ;λ)(dx+
∑N

i=1
ϑidϑi) ∈ G̃∗reg, (2)

where l ∈ C∞(T1|(2k−1)× (D1
+ ∪D1

−); Λ1) if N = 2k− 1 and l ∈ C∞(T1|2k × (D1
+ ∪D1

−); Λ0) if N = 2k,

k ∈ N. The superconformal loop Lie algebra G̃ possesses the commutator:

[ã, b̃] = c̃, c̃ := c∂/∂x+
1

2

∑N

i=1
(Dϑic)Dϑi ,

c := a(∂b/∂x)− b(∂a/∂x) +
1

2

∑N

i=1
(Dϑia)(Dϑib), ã, b̃ ∈ G̃,

splits into the direct sum of its Lie subalgebras G̃ = G̃+ ⊕ G̃−, for which the following dual spaces are
identi�ed: G̃∗+,reg ' G̃−, G̃∗−,reg ' G̃+. Here ã(∞) = 0 for any ã(λ) ∈ G̃−. On G̃ n G̃∗reg one determines
the commutator:

[ãn l̃, b̃n m̃] := [ã, b̃] n (ad∗ãm̃− ad∗b̃ l̃), ã, b̃ ∈ G̃, l̃, m̃ ∈ G̃∗reg,

where ad∗ is the co-adjoint action of G̃ with respect to the parity (2) and

ad∗al = lxa+
4−N

2
lax +

(−1)N+1

2

∑N

i=1
(Dϑi l)(Dϑia)

for any vector �eld ã ∈ G̃ and a �xed element l̃ ∈ G̃∗reg, as well as nondegenerate symmetric bilinear
form:

(ãn l̃, b̃nm) = (l̃, b̃)0 + (m̃, ã)0.

One constructs the central extension Ĝ := G̃ ⊕ C of the Lie algebra G̃ :=
∏
z∈S1(G̃ n G̃∗reg) by the

2-cocycle [1]:

ω2(ãn l̃, b̃nm) =

∫
S1

dz((l̃, ∂b̃/∂z)0 − (m̃, ∂ã/∂z)0), (ãn l̃), (b̃n m̃) ∈ G̃, z ∈ S1.

The Lie algebra G̃ permits the standard splitting G̃ := G̃+ ⊕ G̃− of the Lie algebra G̃ into the direct
sum of its Lie subalgebras G̃+ :=

∏
z∈S1(G̃+n G̃∗−,reg) and G̃− :=

∏
z∈S1(G̃−n G̃∗+,reg)). Thus, by means

of the R-operator approach [2] one introduces the following Lie-Poisson bracket:

{µ, ν}R = (ãn l̃, [R∇rµ(ãn l̃),∇lν(ãn l̃)] + [∇rµ(ãn l̃), R∇lν(ãn l̃)]) +

+ω2(R∇rµ(ãn l̃),∇lν(ãn l̃)) + ω2(∇rµ(ãn l̃), R∇lν(ãn l̃)), (3)
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where µ, ν ∈ D(G̃∗) are arbitrary smooth by Frechet functionals on G̃∗, R = (P+ − P−)/2, P+ and

P− are projectors on G̃+ and G̃− respectively, on the dual space G̃∗ ' G̃ to the Lie algebra G̃. Here
∇lh(ãn l̃) := (∇lhl̃ n∇lhã) ∈ G̃ and ∇rh(ãn l̃) := (∇rhl̃ n∇rhã) ∈ G̃ are left and right gradients of

any smooth functional h ∈ D(G̃∗) at a point (ãn l̃) ∈ G̃∗. Due to the Adler-Kostant-Symes theory [2]
the Lie-Poisson bracket (3) generates the hierarchy of Hamiltonian �ows:

∂(ãn l̃)/∂tp := −ad∗
P+∇lh(p)(ãnl̃)(ãn l̃) = {ãn l̃, h(p)}R, (ãn l̃) ∈ G̃∗, p ∈ Z+,

where P+∇lh(p)(ãn l̃) = (∇lh
(p)

l̃,+
n∇lh

(p)
ã,+), ∇lh(p)(ãn l̃) = λp∇lh(ãn l̃), ∇lhl̃ ∼

∑
j∈Z+

∇lhl̃,jλ
−j and

∇lhã ∼
∑

j∈Z+
∇lhã,jλ−j as |λ| → ∞, for any Casimir invariant h ∈ I(Ĝ∗), satisfying, by de�nition,

the following relationship:
ad∗∇lh(ãnl̃)(ãn l̃) = 0, (ãn l̃) ∈ G̃∗.

Any two Hamiltonian �ows on G̃∗ in the forms:

∂(ãn l̃)/∂y = {ãn l̃, h(y)(ãn l̃)}R, ∂(ãn l̃)/∂t = {ãn l̃, h(t)(ãn l̃)}R,

where ∇lh(y) = λpy∇lh(ã n l̃), ∇lh(t) = λpt∇lh(ã n l̃), py, pt ∈ Z+, and h ∈ I(Ĝ∗), give rise to the
separately commuting evolution equations:

∂ã/∂y = −[∇lh
(y)

l̃,+
, ã] + ∂(∇lh

(y)

l̃,+
)/∂z, ∂ã/∂t = −[∇lh

(t)

l̃,+
, ã] + ∂(∇lh

(t)

l̃,+
)/∂z, (4)

and

∂l̃/∂y = −ad∗
∇lh

(y)

l̃,+

l̃ + ad∗ã∇lh
(y)
ã,+ + ∂(∇lh

(y)
ã,+)/∂z,

∂l̃/∂t = −ad∗
∇lh

(t)

l̃,+

l̃ + ad∗ã∇lh
(t)
ã,+ + ∂(∇lh

(t)
ã,+)/∂z.

Proposition 1. The commutativity of evolutions (4) is equivalent to the relationship:

[∇lh
(y)

l̃,+
,∇lh

(t)

l̃,+
]− ∂(∇lh

(y)

l̃,+
)/∂t+ ∂(∇lh

(t)

l̃,+
)/∂y = 0, (5)

which is reduced on every coadjoint orbit of the Lie algebra Ĝ to the Lax-Sato representation for some
system of nonlinear heavenly type equations on a functional supermanifold. The relationship (5) is a
compatibility condition for the following linear vector equations:

∂ψ/∂y +∇lh
(y)

l̃,+
ψ = 0, ∂ψ/∂z + ãψ = 0, ∂ψ/∂t+∇lh

(t)

l̃,+
ψ = 0,

where (y, t;λ, z, x, θ) ∈ (R2 × (C× S1 × T1|N )) and ψ ∈ C2(R2 × (C× S1 × T1|N ));C).

By use of the Lax-Sato compatibility condition (5) one can construct integrable systems of heavenly
type equations on functional supermanifolds, which can be considered as generalizations of Lax-Sato
integrable superanalogs [3] of the Mikhalev-Pavlov heavenly type equation, choosing the smooth func-

tions a :=
∑K−1

k=1 wk,x(x, θ)λk − λK and l :=
∑K−1

k=1 ξk,x(x, θ)λk, K ∈ N, in (1) and (2) respectively.
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Smooth functions are the tool of investigation in many scienti�c �elds. Thus, their classi�cation are
important enough. There is a number of papers devoted to functions with non�degenerate singularities
on a surface with the boundary [1�5]. Furthermore, there are signi�cant results dedicated to topological
structure of spaces of smooth functions with isolated critical points was presented in [6�10].
LetM (and N) be smooth compact connected oriented surface with the boundary ∂M . We consider

the class of functions Ω(M) = {f : M → R|CP (f) = NDCP (f) ⊃ CP (f |∂M ) = NDCP (f |∂M )},
where CP (f) (NDCP (f)) is the set of (non-degenerated) critical points of f .

Theorem 1. The following statements hold true:
1) for arbitrary function f ∈ Ω(M) there exists the m-function g : M → R which is topologically

equivalent to f ;
2) for arbitrary m-function g : M → R there exists the function f ∈ Ω(M) such that f and g are

topologically equivalent.

De�nition 2. Smooth functions f ∈ Ω(M) and g ∈ Ω(N) are called O-equivalent if there exists a
homeomorphism λ : M → N , which maps the components of the level sets of f onto the components
of the level sets of g, preserve the growing directions of functions and preserve the orientation. The
O-equivalence class of the pair (U, f |U ) is called and O-atom for an oriented surface, where U is the
union of connected component of the (small enough) neighborhood of critical level, which contain the
critical points.

Let f ∈ Ω(M). The components of level lines of the function f are said to be layers. These layers are
homeomorphic to the circle or to the line segment for regular values of the function. Then, the surface
M can be considered as the union of layers and we get the foliation with singularities. We call a layer
by the layer of the �rst (the second) type if it corresponds to the component homeomorphic to the
line segment (circle). Let us consider the equivalence relation on M , such that points are equivalent if
and only if they belong to the same layer. Thus, after examining of nature factor-topology we get the
graph Γf with edges of two types. In such a way we get the classi�cation of edges being called edges
division of graph Γf .

De�nition 3. The vertices with degrees 3 and 4 of graph Γf of function f , which are incident to the
�rst type edges are said to be Y and X-vertices correspondingly.

De�nition 4. Equipped Reeb graph of a function f ∈ Ω(M) is graph Γf with edges division, orientation
and cycle order at Y and X-vertices.

De�nition 5. Equipped Reeb graphs Γf and Γg of functions f, g ∈ Ω(M) are said to be equivalent
by means of the isomorphism ϕ : Γf → Γg (denote by Γf ∼ Γg or Γf ∼ϕ Γg) if ϕ satis�es the following
statements:

(1) preserve the division of the edges;
(2) preserve the cycle orders of the edges at each X and Y-vertex;
(3) preserve the edges orientation.
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Theorem 6. Let M,N be smooth compact surfaces (with the boundaries), such that f ∈ Ω(M),
g ∈ Ω(N). Then f and g are O-equivalent if and only if their equipped Reeb graphs Γf and Γg are
equivalent.

Further the �rst and the second type edges of the graph Γf are said to be I and O-edges corre-
spondingly. To de�ne the genus of the surface we consider the following designation: let EI (EO) be
a number of I-edges (O-edges) and VI (VO) be a number of the vertices which are incident only with
I-edges (O-edges). The number of components of the boundary of the surface M we denote by ∂.

Theorem 7. Let graph Γf of a function f ∈ Ω(M) includes either O-edges, or I-edges. Then the genus
of the surface can be calculated from the formulas (1) and (2) correspondingly, where

gO = EO − VO + 1 (1)

gI =
EI − VI + 2− ∂

2
(2)

De�nition 8. A vertex with degree 2 (3) of the graph Γf of a function f , which are incident with the
edges of both types, are said to be T-vertex (D-vertex ).

Theorem 9. The genus of a surface can be calculated from the following formula

g = gO + gI + VD + VT − cO − cI + 1 (3)

where gO is a summary genus of the subgraph which consists only edge of the second type, such that
the genus of each graph components is de�ned by the formula 1, gI is a summary genus of the subgraph
which consists only edge of the �rst type, such that the genus of each graph components is de�ned by
the formula 2, VD is the number of D-vertices and VT is the number of T-vertices, cO is the number of
connected components of the subgraph which consists only edge of the second type and cI is the number
of connected components of the subgraph which consists only edge of the �rst type.

Corollary 10. Let f be m-function. Then the formulas 1, 2 and 3 hold true.

References

[1] A. Jankowski, R. Rubinsztein. Functions with non-degenerate critical points on manifolds with boundary. Comment.
Math., 16 : 99�112, 1972.

[2] S.I. Maksumenko. Classi�cation of m-functions on surfaces. Ukrainian Mathematical Journal, 51(8): 1129�1135 ,
1999.

[3] B.I. Hladysh, A.O. Prishlyak. Functions with nondegenerate critical points on the boundary of the surface. Ukrainian
Mathematical Journal, 68(1): 28�37, 2016.

[4] M. Borodzik, A. Némethi, A. Ranicki. Morse theory for manifolds with boundary. Algebraic and Geometric Topology,
16: 971�1023, 2016.

[5] B.I. Hladysh, A.O. Prishlyak. Simple Morse functions on an oriented surface with boundary. Journal of Mathematical
Physics, Analysis, Geometry, 15(3): 354�368, 2019.

[6] V. V. Sharko. Smooth and topological equivalence of functions on surfaces. Ukrainian Mathematical Journal, 55(5):
832�846, 2003.

[7] A.O. Prishlyak. Topological equivalence of smooth functions with isolated critical points on a closed surface. Topology
and its Applications, 119(3): 257�267, 2002.

[8] A.O. Polulyakh. On the Pseudo�harmonic Functions De�ned On a Disk, volume 80 of Pr. Inst. Mat. Nats. Akad.
Nauk Ukr. Mat. Zastos. Kyiv: Inst. Mat. NAN Ukr., 2009.

[9] B.I. Hladysh, A.O. Prishlyak. Topology of functions with isolated critical points on the boundary of a 2-dimensional
manifold. Symmetry, Integrability and Geometry: Methods and Applications, 13(050): 2017.

[10] B.I. Hladysh. Functions with isolated critical points on the boundary of a nonoriented surface. Nonlinear Oscillations,
23(1): 26�37, 2020.



29

The Cauchy problem for matrix factorizations of the Helmholtz
equation in a multidimensional bounded domain

D. A. Juraev
(The Higher Military Aviation School of the Republic of Uzbekistan, Karshi city, Uzbekistan)

E-mail: juraev_davron@list.ru

It is known that the Cauchy problem for elliptic equations is unstable relatively small change in the
data, i.e., is incorrect (Hadamard's example). In unstable problems the image of the operator is not
closed, therefore the solvability condition can not be written in terms of continuous linear functionals.
Thus, in the Cauchy problem for elliptic equations with data on a part of the boundary of the region,
the solution is usually unique, the problem is solvable for an everywhere dense set of data, but this set
not closed. Consequently, the theory of solvability of such problems is essentially It is more di�cult
and deeper than the theory of solvability of the Fredholm equations. The �rst results in this direction
appeared only in the mid-1980s in the works of L.A. Aizenberg, A.M. Kytmanov, N.N. Tarkhanov
(See, for instance [1]).
Let x = (x1, ..., xn), y = (y1, ..., yn) be are points of the Euclidean space Rn and G ⊂ Rm be a

bounded simply-connected domain with piecewise smooth boundary consisting of the plane T : ym = 0
and of a smooth surface S lying in the half-space ym > 0, that i.s., ∂G = S

⋃
T .

We consider in the domain G a system of di�erential equations

D

(
∂

∂x

)
U(x) = 0, (1)

where D

(
∂

∂x

)
is the matrix of �rst-order di�erential operators.

We denote by A(G) the class of vector functions in a domain G continuous on G = G
⋃
∂G and

satisfying system (1).

Problem 1. Suppose that U(y) ∈ A(G) and

U(y)|S = f(y), y ∈ S.

Here, f(y)− a given continuous vector-valued function on S.
It is required to restore the vector function U(y) in the region G, based on its values f(y) on S.

Theorem 2. Let U(y) ∈ A(G) it satisfy the inequality

|U(y)| ≤M, y ∈ T.

If

Uσ(x) =

∫
S

Nσ(y, x)U(y)dsy, x ∈ G,

then the following estimate holds

|U(x)− Uσ(x)| ≤ C(x)σe−σxm , σ > 1, x ∈ G.

Here and below functions bounded on compact subsets of the domain G, we denote by C(x).

Corollary 3. The limiting equality
lim
σ→∞

Uσ(x) = U(x),

holds uniformly on each compact set in the domain G.
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In the future, we will construct the Carleman matrix for matrix factorizations of the Helmholtz
equation in multidimensional bounded domain and based on it we will �nd an approximate solution
to the Cauchy problem in explicit form, using the methodology of previous works (See, for instance
[2, 3, 4, 5, 6, 7, 8, 13]).
In many well-posed problems for a system of equations of elliptic type of the �rst order with constant

coe�cients, the factorizing operator of Helmholtz, the calculation of the value of the vector function
on the whole boundary is inaccessible. Therefore, the problem of reconstructing, solving a system
of equations of elliptic type of the �rst order with constant coe�cients, the factorizing operator of
Helmholtz, is one of the topical problems in the theory of di�erential equations (See, for instance
[9, 10, 11, 12, 14]).
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The Fej�er sums of periodic measures and the norms of the deviations from the limit in the von
Neumann ergodic theorem are calculated, in fact, using the same formulas (by integrating the Fej�er
kernels), so this ergodic theorem is a statement about the asymptotics of the growth of the Fej�er sums
at zero for the spectral measure of the corresponding dynamical system.
As a result, well-known estimates for the rates of convergence in the von Neumann ergodic theorem

can be restated as estimates of the Fej�er sums at the point for periodic measures. For example, natural
criteria for the polynomial growth and polynomial decrease in these sums can be obtained.
On the contrary, available in the literature, numerous estimates for the deviations of Fej�er sums

at a point can be used to obtain new estimates for the rate of convergence in this ergodic theorem.
For example, for many dynamical systems popular in applications, the rates of convergence in the
von Neumann ergodic theorem can be estimated with a sharp leading coe�cient of the asymptotic by
applying S.N. Bernstein's more than hundred-year old results in harmonic analysis.
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We denote by N := {1, 2, . . . }, R, R+ := {x ∈ R : x ≥ 0}, R+
∗ := R+\0, and C the sets of natural, of

real, of positive, of strictly positive, and of complex numbers, each endowed with its natural order (≤,
sup / inf), algebraic, geometric and topological structure.

Mixed areas/volumes. Let S be a bounded subset in C with the support function [1, Ch. 1], [2]

SpS(z) :=
z ∈ C

sup
w∈S

Re(zw̄), spS(t) :=
t ∈ R

SpS(eit), and ∆S(t) :=
t ∈ R

(spS)′
left

(t) +

∫ t

0
spS(x) dx,

where (spS)′
left

is the left derivative of spS . The mixed area (of Minkowski) F(S1, S2) of bounded sets
S1, S2 ⊂ C is integrals [1, Ch. 1, 3], [2], [3, � 4]

F(S1, S2) :=
1

2

∫ 2π

0
spS1

(t) d∆S2(t) =
1

2

∫ 2π

0

(
spS1

spS2
− (spS1

)′
left

(spS2
)′
left

)
(t) dt = F(S2, S1).

Convexity with respect to a pair of functions. Let I ⊂ R be an open interval, and let f1 : I → R
and f2 : I → R be a pair of functions. A function g : I → R will be called convex with respect to the
pair f1, f2, or, brie�y, (f1, f2)-convex if there is a number d > 0 such that for each x1, x2 ∈ I with
|x1 − x2| < d and for each C1, C2 ∈ R such that

g(x1) ≤ C1f1(x1) + C2f(x1), g(x2) ≤ C1f1(x2) + C2f(x2),

we have g(x) ≤ C1f1(x) + C2f(x) for each x ∈ (x1, x2) [4, Ch. I, � 1]. So, if g : R+
∗ → R+

∗ is (f1, f2)-
convex for the pair f1 : x 7−→

x ∈ R+
∗

x and f1 : x 7−→
x ∈ R+

∗

1/x, then we say that g is (x, 1/x)-convex.

Entire functions in C. Even the following special result develops [3, � 4], [5], [6, Ch. 3, 4.2].
Let f 6= 0 be an entire function of exponential type with the indicator of growth of f denoted by

Ind1[f ](z) := lim sup
0<r→+∞

ln
∣∣f(rz)

∣∣
r

∈
z ∈ C

R.

The function Ind1[f ] is convex and positive homogeneous on C. Therefore, there is a non-empty convex
compact set If ⊂ C with SpIf = Ind1[f ] called the indicator diagram of this entire function f .

Theorem 1. Let f 6= 0 be an entire function of exponential type with the indicator diagram If . Suppose
that the function f vanish on a sequence Z = (zk)k∈N ⊂ C, i.e., f(zk) = 0 for each k ∈ N. If K is a
non-empty convex compact subset in C, and g : R+

∗ → R+
∗ is an increasing (x, 1/x)-convex function on

R+
∗ , such that

0 < lim inf
0<x→+∞

g(x)

x
≤ lim sup

0<x→+∞

g(x)

x
< +∞, (1)
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then

lim sup
1<a→+∞

lim sup
r→+∞

π
ar∫
r
g(1/x) dx

∑
r<|zk|≤ar

g
( 1

|zk|

)
spK

( zk
|zk|

)
≤ F(If ,K). (2)

Besides, for the identity function g : x 7−→
x ∈ R+

∗

x and for any non-empty convex compact subsets S and

K in C, there is an entire function f 6= 0 of exponential type with zero sequence Z = (zk)k∈N ⊂ C and
the indicator diagram If = S such that we have the equality in (2).

Theorem 1 can be extended to entire functions of �nite order ρ ∈ R+ of one or several complex
variables with signi�cant generalizations of mixed areas/volumes for ρ-convex sets. Thus, we obtain
numerous exact results on the completeness of systems of entire functions in classical function spaces
on sets in Cn for n ∈ N in terms of the mutual indicator of entire function and set [5], [6, Ch. 3, 4.2].
Here we note only the simplest version of the application of Theorem 1 to completeness questions.

Completeness of exponential systems. For a compact subset S of C, we denote by C(S)∩Hol(intS)
the normed space of all continuous functions f : S → C such that the restriction f to the interior intS
of S is holomorphic if this interior intS is non-empty, equipped with the norm ‖f‖S := sup

s∈S

∣∣f(s)
∣∣.

Theorem 2. Let S be a compact subset of the complex plane such that C \ S is connected. Let
Z = (zk)k∈N ⊂ C be a sequence of pairwise distinct numbers. If there are a non-empty compact convex
subset K ⊂ C and an increasing (x, 1/x)-convex function g : R+

∗ → R+
∗ satisfying (1) such that

lim sup
1<a→+∞

lim sup
r→+∞

π
ar∫
r
g(1/x) dx

∑
r<|zk|≤ar

g
( 1

|zk|

)
spK

( z̄k
|zk|

)
> F(I,K).

then the closure of the linear hull of
{
ezks : k ∈ N

}
in C(S)∩Hol(intS) coincides with C(S)∩Hol(intS).

Holomorphic functions in the unit disk/ball. In [7] and [8], we �rst used ρ-trigonometrically
convex and ρ-subspherical functions to study zero sets of holomorphic functions on the unit disk in C
and on the unit ball in Cn, respectively. Some of these results can be obtained in a more general form
in terms of mixed areas/volumes and Hausdor� measures of zero sets.
The research was supported by a Grant of the Russian Science Foundation, Project No. 18-11-00002.
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Let Γ be a family of curves γ in Rn, n > 2. A Borel measurable function ρ : Rn → [0,∞] is called
admissible for Γ, (abbr. ρ ∈ adm Γ), if ∫

γ

ρ(x) ds > 1

for any curve γ ∈ Γ. Let p ∈ (1,∞). The quantity

Mp(Γ) = inf
ρ∈adm Γ

∫
Rn

ρp(x) dm(x)

is called p�modulus of the family Γ.
For arbitrary sets E, F and G of Rn we denote by ∆(E,F,G) a set of all continuous curves γ :

[a, b]→ Rn that connect E and F in G, i.e., such that γ(a) ∈ E, γ(b) ∈ F and γ(t) ∈ G for a < t < b.
Let D be a domain in Rn, n > 2, x0 ∈ D and d0 = dist(x0, ∂D). Set

A(x0, r1, r2) = {x ∈ Rn : r1 < |x− x0| < r2} ,

Si = S(x0, ri) = {x ∈ Rn : |x− x0| = ri} , i = 1, 2 .

Let a function Q : D → [0,∞] be Lebesgue measurable. We say that a homeomorphism f : D → Rn
is ring Q-homeomorphism with respect to p-modulus at x0 ∈ D if the relation

Mp(∆(fS1, fS2, fD)) 6
∫
A

Q(x) ηp(|x− x0|) dm(x)

holds for any ring A = A(x0, r1, r2) , 0 < r1 < r2 < d0, d0 = dist(x0, ∂D) and for any measurable
function η : (r1, r2)→ [0,∞] such that

r2∫
r1

η(r) dr = 1 .

Denote by ωn−1 the area of the unit sphere

Sn−1 = {x ∈ Rn : |x| = 1}

in Rn and by

qx0(r) =
1

ωn−1 rn−1

∫
S(x0,r)

Q(x) dA

the integral mean over the sphere

S(x0, r) = {x ∈ Rn : |x− x0| = r},

where dA is the element of the surface area. Let L(x0, f, R) = sup
|x−x0|6R

|f(x)− f(x0)| .
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Theorem 1. Suppose that f : Rn → Rn is a ring Q-homeomorphism with respect to p-modulus at a
point x0 with p > n where x0 is some point in Rn and for some numbers r0 > 0, K > 0 the condition

qx0(t) 6 K tα

holds for a.e. t ∈ [r0,+∞). If α ∈ [0, p− n) then

lim
R→∞

L(x0, f, R)

R
p−n−α
p−n

> K
1

n−p

(
p− n

p− n− α

) p−1
p−n

> 0 .

If α = p− n then

lim
R→∞

L(x0, f, R)

(lnR)
p−1
p−n

> K
1

n−p

(
p− n
p− 1

) p−1
p−n

> 0 .
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In general, if f : M → R is an arbitrary smooth function with isolated critical points, then a
certain part of its �combinatorial symmetries� is re�ected by a so-called Kronrod-Reeb graph ∆f , see
e.g. [6, 2, 5, 4, 14, 13, 12, 1]. Such a graph is obtained by shrinking each connected component of each
level set f−1(c), c ∈ R, of f into a point.
Let D(M) the group of di�eomorphisms of M and

S(f) = {h ∈ D(M) | f(h(x)) = f(x) for all x ∈M}

be the group of di�eomorphisms h of M which �preserve� f in the sense that h leaves invariant each
level set f−1(c), c ∈ R, of f . Hence it yields a certain permutation of connected components of f−1(c)
being points of ∆f , and thus induces a certain map ρ(h) : ∆f → ∆f . It can be shown that ρ(h) is a
homeomorphism of ∆f , and the correspondence ρ : h 7→ ρ(h) is a homomorphism of groups

ρ : S(f)→ H(∆f ),

where H(∆f ) is the group of homeomorphisms of ∆f . One can also verify that the image of ρ(S(f))
is a �nite group.
Let also Did(M) be the identity path component of D(M), and

S ′(f) = S(f) ∩ Did(M)

be the group of f -preserving di�eomorphisms which are isotopic to the identity via an isotopy consisting
of not necessarily f -preserving di�eomorphsms. We will be interested in the group

Gf = ρ(S ′(f))

of automorphisms of ∆f induced by elements from S ′(f).
Suppose that the set Fix(Gf ) of common �xed points of all elements of Gf in ∆f is non-empty. Let

also v ∈ Fix(Gf ) be a vertex of ∆f �xed under Gf and Star(v) be a star of v, i.e. a small Gf -invariant
neighborhood of v. Then each γ ∈ Gf induces a homeomorphism of Star(v), and we can also de�ne
the group

Glocv = {γ|Star(v) | γ ∈ Gf}
of restrictions of elements of Gf to Star(v). We will call Glocv the local stabilizer of v.

Remark 1. We will give now an equivalent description of the group Glocv . Let K be the critical
component of a level-set of f corresponding to the vertex v ∈ ∆f . Since v ∈ Fix(Gf ), we obtain that
h(K) = K for all h ∈ S ′(f). Let c = f(K) be the value of f on K, and ε > 0 be a small number
such that the segment [c− ε, c+ ε] contains no other critical values of f except for c. Let also NK be
the connected component of f−1[c− ε, c+ ε] containing K. Notice that the quotient map p induces a
bijection between connected components ∂NK and edges of Star(v). Moreover, h(NK) = NK for all
h ∈ S ′(f), and hence h induces a permutation σh of connected components of ∂NK . Then G

loc
v is the

same as the group of permutations of connected components of ∂NK induced by h.
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In [9, 7, 8, 10, 11], the groups Glocv were calculated for all Morse functions on all orientable surfaces
distinct from S2. In the present paper, we give a complete description of the structure of the group
Glocv to the case whenM = S2. For the convenience of the reader we present a general statement about
the structure of the group Glocv for all orientable surfaces.

Theorem 2. Let f ∈ C∞(M,R) be a Morse function and v ∈ Fix(Gf ) be some vertex.

(1) If M 6= S2, T 2, then Glocv ≈ Zn, for some n ≥ 1, [9].

(2) If M = T 2, then Glocv ≈ Zm × Zmn, for some m,n ≥ 1, [7, 8, 10].

(3) Let M = S2. Then the following statements hold.

(a) For each vertex v ∈ Fix(Gf ), the group Glocv is isomorphic to a �nite subgroup of SO(3),
that is, to one of the following groups, see [3, pp. 21-23]:

Zn, Dn, A4, S4, A5, (n ≥ 1). (1)

(b) If Fix(Gf ) has at least one edge, then for any vertex v ∈ Fix(Gf ), the group Glocv is cyclic.

(c) If Fix(Gf ) consists of a unique vertex v and Glocv is non-trivial and cyclic, then Glocv
∼= Z2.
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The report presents a new method for constructing exact solutions of the classical linear equations
of mathematical physics of parabolic, hyperbolic, elliptic and variable types. The method is a gener-
alization of the theory of �nite-dimensional dynamics proposed for evolutionary di�erential equations
[2, 5]. The theory of �nite-dimensional dynamics is a natural development of the theory of dynamical
systems. Dynamics make it possible to �nd families that depends on a �nite number of parameters
among all solutions of PDEs (see [3, 3]).
Consider the following class of second order linear partial di�erential equations

utt + 2b(x)utx + c(x)uxx + h(x)ut + g(x)ux + f(x) = 0, (1)

where b, c, h, g, f are functions of the class C∞. Such equations are equivalent to the following evolu-
tionary systems {

ut = v,

vt = −2b(x)vx − c(x)uxx − h(x)v − g(x)ux − f(y).
(2)

We call the system of ordinary di�erential equations of order k + 1y
(k+1) = Y

(
x, y, z, y′, z′ . . . , y(k), z(k)

)
,

z(k+1) = Z
(
x, y, z, y′, z′ . . . , y(k), z(k)

) (3)

a dynamics of equation (1) if the vector function

(ϕ,ψ) := (z0,−2b(x)z1 − c(x)y2 − h(x)z0 − g(x)y1 − f(x))

is a generating function of in�nitesimal characteristic symmetries of this system [2]. Here x, y0, z0, y1,
z1, y2, z2 are canonical coordinates on the space of 2-jets J2(R1,R2).

Theorem 1. The vector �eld on Jk(R1,R2)

S = ϕ
∂

∂y0
+ ψ

∂

∂z0
+D(ϕ)

∂

∂y1
+D(ψ)

∂

∂z1
+ · · ·+Dk(ϕ)

∂

∂yk
+Dk(ψ)

∂

∂zk
(4)

is an in�nitesimal characteristic symmetry of system (3) if the following conditions hold:{
Dk+1(ϕ)− S(Y ) = 0,

Dk+1(ψ)− S(Z) = 0.
(5)

Here

D =
∂

∂x
+ y1

∂

∂y0
+ z1

∂

∂z0
+ · · ·+ yk

∂

∂yk−1
+ zk

∂

∂zk−1
+ Y

∂

∂yk
+ Z

∂

∂zk
.
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Let Γk ⊂ J2(R1,R2) be a k-graph of some solution of system (3) and let Φt be the shift along the
vector �eld S. Then the surface Φt(Γ

k) is a k-graph of a solution of system (2).

Example 2. Consider the telegraph equation

utt − uxx = au+ but + c, (6)

where a, b, c are constants. This equation admits two types of dynamics:
y2 =

y1

x+ α
,

z2 =
z1

x+ α

(7)

and 
y2 =

2bα− (x+ β)α2

4b2 + 16a− α2(x+ β)2
× y1 −

4α

4b2 + 16a− α2(x+ β)2
× z1,

z2 = − 4aα

4b2 + 16a− α2(x+ β)2
× y1 −

2bα+ α2(x+ β)

4b2 + 16a− α2(x+ β)2
× z1.

(8)

Here α, β are arbitrary constants. The general solution of equation (7) is{
y(x) =C3 + C4(x+ α)2,

z(x) =C1 + C2(x+ α)2,
(9)

and the general solution of equation (8) is
y(x) =

1

2
C2x

2 + C3x+ C4,

z(x) =
1

8α

(
x(C2β − C3)(2β + x)α2+ + (8C1 + 2bx2C2 + 4bC3x)α− 32

(
a+

b2

4

)
C2x

)
.

(10)

Here C1, . . . , C4 are arbitrary constants. Applying the shift transformations Φt to the obtained general
solutions, we obtain particular solutions of equation (6). For example, the function

u(t, x) =− 1 +
1

10

(
5

2
x2 + 5 + (10x+ 1− t)

√
5

)
e−

1
2

(t
√

5−1)+

+
1

10

(
5

2
x2 + 5 + (−10x− 1 + t)

√
5

)
e

1
2

(t
√

5−1) (11)

is a solution of equation (6). It corresponds to solution (10) with a = b = c = 1, α = 1, β = 0 and
C1 = 0, C2 = 1, C3 = 0, C4 = 0, C5 = 0.

This work is partially supported by Russian Foundation for Basic Research, project 18-29-10013 (A.
Kushner).
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Let M be a surface and D(M) be the group of C∞-di�eomorphisms of M . There is a natural right
action of the group D(M) on the space of smooth functions C∞(M,R) de�ned by the following rule:
(h, f) 7−→ f ◦ h, where h ∈ D(M), f ∈ C∞(M,R).
Thus, the stabilizer of f with respect to the action

S(f) = {h ∈ D(M) | f ◦ h = f}
consists of f -preserving di�eomorphisms of M .
Endow D(M) with Whitney C∞-topology and its subspaces S(f) with induced one. Denote by

Sid(f) the identity path component of S(f).

De�nition 1. Denote by F(M) the space of smooth functions f ∈ C∞(M,R) satisfying the following
conditions:

(1) The function f takes constant value at each connected component of ∂M and has no critical
points in ∂M .

(2) For every critical point z of f there is a local presentation fz : R2 → R of f near z such that
fz is a homogeneous polynomial R2 → R without multiple factors.

De�nition 2. A smooth vector �eld F will be called Hamiltonian-like for f ∈ F(M) if the following
conditions hold:

(1) F (x) = 0 if and only if x is a critical point of f ,
(2) f takes constant values on orbits of F ,
(3) Let z be a critical point of f . Then there exists a local representation of f at z as a homogeneous

polynomial g : (R2, 0)→ (R, 0) without multiple factors such that in the same coordinates (x, y)
near the origin 0 in R2 we have F = −g′y ∂

∂x + g′x
∂
∂y .

The smooth �ow F : M × R → M generated by a Hamiltonian-like vector �eld for f will be called
Hamiltonian-like �ow for f .

Denote by ∆−(f) the set of di�eomorphisms from S(f) leaving invariant each regular connected
component of each level-set of f and reverses its orientation.

Theorem 3. Let D2 be a 2-disk, f ∈ F(M). Suppose there exists h ∈ ∆−(f), i.e. ∆−(f) 6= ∅. Then
there exists another g ∈ ∆−(f) such that g = h in a neighborhood of ∂D and g2 ∈ Sid(f).

Theorem 4. Let M be an orientable connected compact surface and f ∈ F(M). If ∆−(f) 6= ∅, then
there exists another g ∈ ∆−(f) such that g2 ∈ Sid(f).
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A tensor �eld T in a Riemannian manifold is called recurrent if it satis�es ∇XT = A(X)T for a
certain 1-form A which is called recurrent 1-form, where ∇ means the covariant di�erentiation with
respect to the Riemannian metric.
Recently, we introduced the notion of (CHR)-curvature tensor �eld in an almost contact Riemannian

manifold.
In this talk, we consider the (CHR)-curvature tensor �eld is recurrent in a trans-Sasakian man-

ifold M , that is, (∇U (CHR))(X,Y, Z,W ) = A(U)(CHR)(X,Y, Z,W ) for any tangent vector �elds
U,X, Y, Z,W on M . Then, we show that the Riemannian curvature tensor (resp. (CHR)-curvature
tensor) is written by A,α and β.
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The topology of hyperspaces of sets of given dimension is investigated in numerous publications (see,
e.g., [3, 5, 2, 1]). In particular, in [7] the author described the topology of the hyperspace of sets of
given Hausdor� dimension.
There are di�erent de�nitions of dimension for the probability measures (see, e.g., [4, 6, 6]). The

present talk is devoted to the spaces of probability measures of given box dimension.
Let us recall some necessary de�nitions.
Let (X, d) be a complete metric space. For F ⊂ X and r > 0 denote by Nr(F ) the least number of

closed balls of radius r needed to cover the set F . The lower and upper box dimensions of a set F are
de�ned as follows:

dimbox(F ) = limr→0

logNr(F )

log(1/r)
;

dimbox(F ) = limr→0
logNr(F )

log(1/r)
,

and the box dimension of a set F is de�ned as

dimbox(F ) = lim
r→0

logNr(F )

log(1/r)

whenever the last limit exists.
Note also that the lower (upper) box dimension of a set coincides with the lower (upper) box

dimensions of its topological closure.
Additionally, let the quantity λ0 be given by the formula

λ0 = λ0(X) = inf{dimbox(Br(x)) | x ∈ X, r > 0},
where Br(x) denotes the closed ball of radius r centered at x, is called the smallest local upper box
dimension of X.
Now, let P (X) denote the space of probability measures on X and k > 0. We endow P (X) with the

weak* topology. The lower and upper box dimensions of a measure µ ∈ P (X) are de�ned, respectively,
by the formulae:

dimbox(µ) = lim
k→0

inf{dimbox(F ) | F ∈ B(X), µ(F ) ≥ 1− k};

dimbox(µ) = lim
k→0

inf{dimbox(F ) | F ∈ B(X), µ(F ) ≥ 1− k},

where B(X) denotes the set of Borel subsets in X.

Theorem 1. Let X be an in�nite complete separable metric space, then the set

{µ : dimbox(µ) = 0}
is homeomorphic to the separable Hilbert space l2.
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Theorem 2. Let X be an in�nite complete separable metric space, then the set

{µ : inf{dimbox(F ) : F ∈ B(X), µ(F ) > 0} ≥ λ0}
is homeomorphic to the separable Hilbert space l2.

The proofs of these theorems are based on results by Myjak and Rudnicki [9]. They proved that the
mentioned sets are residual in the space of probability measures. We also apply some characterization
theorems from in�nite-dimensional topology [8].
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In this talk we will show how framed cobordism of systems of non-separating 2-sided submanifolds
in a closed manifold can be used to classify epimorphisms onto free groups up to equivalence and
strong-equivalence. Such a classi�cation is known for surface groups and was done by Grigorchuk�
Kurchanov�Zieschang by using other methods. We use an extended Pontryagin�Thom construction to
associate for any system of submanifolds an induced homomorphism to a free group. We will present
geometric operations on submanifolds which realize elementary Nielsen transformations on induced
homomorphisms. These results are motivated by the notion of Reeb graph of a function on a manifold,
which leads to both free quotient and system of submanifold.
The results are from joint work with Wac law Marzantowicz.
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Let X be a topological space and let ξ be a system of closed subsets of X. The system ξ is called
linked, if any two elements of it have nonempty intersection. A linked system ξ of closed subsets of X
is called complete, if for any closed set F ⊂ X, the condition

” any neighborhood OF contains the set Φ ∈ ξ ” (?)

implies that F ∈ ξ [1]. The set of all complete linked systems (CLS) in the space X is denoted by NX.
Let U1, . . . , Uk, V1, . . . , Vn be a set of nonempty open subsets of X. Set O(U1, . . . , Uk)〈V1, . . . , Vn〉 =

{ξ ∈ NX : for any i = 1, . . . , k there exists Fi ∈ ξ such that Fi ⊂ Ui, and for any j = 1, . . . , n and
any Φ ∈ ξ, the intersection Φ∩ Vj is nonempty }. It is easily seen that the set of subsets of NX of the
form O(U1, . . . , Uk)〈V1, . . . , Vn〉 is an open basis of some topology on NX.

De�nition 1. Let X be a T1−space, ϕ be a cardinal-valued function, and τ be a cardinal number.
The Nϕ

τ −nucleus of a space X is the space

Nϕ
τ X = {ξ ∈ NX : there exists F ∈ ξ such that ϕ(F ) ≤ τ} [2].

De�nition 2. A topological space X is said to be Nϕ
τ −nuclear if Nϕ

τ X = NX.

As ϕ, we take a density function d. Let τ = ℵ0.
The de�nition implies that any space X is Nd

τ−nuclear, where τ = d(X); in particular, any separable
space X is Nϕ

ℵ0
−nuclear.

Theorem 3. Let X be an in�nite T1−space. Then
1) πw(Nd

ℵ0
X) = πw(X);

2) d(Nd
ℵ0
X) = d(X) (taken from [2]).

A set A ⊂ X is called τ−placed in X if for each point x ∈ X \ A there is a set P of type Gτ in X
such that x ∈ P ⊂ X \A [3].
Put q(X) = min{τ ≥ ℵ0 : X is τ−placed in βX}; q(X) is called the Hewitt-Nachbin number of X.

We say that X is a Qτ−space if q(X) ≤ τ.
A space X is called an mτ−space, where τ is given cardinal, if for each canonical closed set F in X

and each point x ∈ F there is set P of type Gτ in X such that x ∈ P ⊂ F.
Clearly, X is an mτ−space for τ = |X|. This allows us to give the following de�nition: put m(X) =

min{τ ≥ ℵ0 : X is an mτ−space }. The space X is called a Moscow space if m(X) ≤ ℵ0.

Theorem 4. Let q(Nd
ℵ0
X) ≤ τ and m(NX) ≤ τ , then Nd

ℵ0
X is τ−placed in NX.

Theorem 5. Let m(NX) ≤ τ = d(X), then an Nd
ℵ0
−nucleus Nd

ℵ0
X is τ−placed in NX.

Theorem 6. Let NX is a Moscow space and X is a separable, then Nd
ℵ0
X is τ−placed in NX.
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We give an explicit description of all complete G-invariant Ricci-�at K�ahler metrics on the tangent
bundle T (G/K) ∼= GC/KC of rank-one Riemannian symmetric spaces G/K of compact type, in terms
of associated vector-functions.
Over the latest decades there has been considerable interest in Ricci-�at K�ahler metrics whose

underlying manifold is di�eomorphic to the tangent bundle T (G/K) of a Riemannian symmetric space
G/K of compact type. For instance, a remarkable class of Ricci-�at K�ahler manifolds of cohomogeneity
one was discovered by M. Stenzel [1]. This has originated a great deal of papers. To cite but a few:
M. Cveti�c, G.W. Gibbons, H. L�u and C.N. Pope [2] studied certain harmonic forms on these manifolds
and found an explicit formula for the Stenzel metrics in terms of hypergeometric functions. Earlier,
T.C. Lee [3] gave an explicit formula of the Stenzel metrics for classical spaces G/K but in another
vein, using the approach of G. Patrizio and P. Wong [4]. Remark also that in the case of the standard
sphere S2, the Stenzel metrics coincide with the well-known Eguchi-Hanson metrics [5]. On the other
hand, and as it is well known, Stenzel metrics continue being a source of results both in physics and
di�erential geometry. We cite here only to G. Oliveira [6] and M. Ionel and T.A. Ivey [7].
We give an explicit description of all complete G-invariant Ricci-�at K�ahler metrics on the tangent

bundle T (G/K) of rank-one Riemannian symmetric spaces G/K of compact type or, equivalently, on
the complexi�cation GC/KC of G/K. To this end, we use the method of our article [8], giving the
result in terms of associated vector-functions (see below). It is also shown that this set of metrics
contains a new family of metrics which are not ∂∂̄-exact if G/K ∈ {CPn, n > 1}, and coincides with
the set of ∂∂̄-exact Stenzel metrics for any of the latter spaces G/K.
Remark here that until now, in the case of the space CPn (n > 1), all known Ricci-�at K�ahler metrics

were Calabi metrics, so being hyper-K�ahlerian and thus automatically Ricci-�at (see O. Biquard and
P. Gauduchon [9, 10] and E. Calabi [11]). Since by A. Dancer and M.Y. Wang [12, Theorem 1.1]
any complete G-invariant hyper-K�ahlerian metric on G/K = CPn (n > 2) coincides with the Calabi
metric, our new metrics are not hyper-K�ahlerian.
Note also, that in [12] the K�ahler-Einstein metrics on manifolds of G-cohomogeneity one were clas-

si�ed but only under one additional assumption: It is assumed that the isotropy representation of
the space G/H (see our notation below) splits into pairwise inequivalent sub-representations. This
condition is crucial for the fact that the Einstein equation can be solved. But this assumption fails,
for instance, for the symmetric space CPn (n > 2).
Let G/K be a rank-one symmetric space of a compact connected Lie group G. The tangent bun-

dle T (G/K) has a canonical complex structure JKc coming from the G-equivariant di�eomorphism
T (G/K) → GC/KC. The latter space is the above-mentioned complexi�cation of G/K. In our pa-
per [8] we described, for such a G/K, all G-invariant K�ahler structures (g, JKc ) which are moreover
Ricci-�at on the punctured tangent bundle T+(G/K) of T (G/K). This description is based on the
fact that T+(G/K) is the image of G/H × R+ under certain G-equivariant di�eomorphism. Here
H denotes the stabilizer of any element of T (G/K) in general position. Such G-invariant K�ahler
and Ricci-�at K�ahler structures are determined completely by a unique vector-function a : R+ → gH
satisfying certain conditions, gH being the subalgebra of Ad(H)-�xed points of the Lie algebra of G.
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LetM be a connected Riemannian C∞-manifold of dimension n.We will denote by (M,F ) manifold
M with k-dimensional foliation F on M.

De�nition 1. If for the some Cr- di�eomorphism ϕ : M → M the image ϕ(Lα) of any leaf Lα of
foliation F is a leaf of foliation F , we say that the ϕ is Cr- di�eomorphism of foliated manifold and
write as ϕ : (M,F )→ (M,F ) [2].

Let's denote as DiffF (M) the set of all Cr- di�eomorphisms of foliated manifold (M,F ), where
r ≥ 0. The group DiffF (M) is subgroup of Diff(M) and therefore it is topological group in compact
open topology.
Recall a vector �eld X is called a foliated �eld if for every vector �eld Y, tangent to F, Lie brocket

[X,Y ] also is tangent to F. It is known that �ow of every foliated �eld consists of di�eomorphisms
of foliated manifold (M,F ) [1]. The set L(M,F ) of foliated vector �elds is a Lie subalgebra of Lie
algebra V (M) [2]. It follows from here that the group DiffF (M) contains the Lie group for which the
Lie algebra is an algebra L(M,F ).
Let M be a smooth connected �nite-dimensional Riemannian manifold.

De�nition 2. An isometry ϕ : M → M is called an isometry of foliated manifold (M,F ) if it is
di�eomorphism of foliated manifold (M,F ) [1].

We will denote by IsoF (M) the set of all Cr-isometries of foliated manifold (M,F ), where r ≥ 0.
We have that

IsoF (M) = DiffF (M)
⋂

Iso(M).

Let us recall that vector �eld X on riemannian manifold (M, g) is called Killing �eld if its �ow
consists of isometries of Riemannian manifold (M, g), that is LXg = 0, where g is riemannian metric,
LXg denotes Lie derivative of the metric g with respect to X. If X is foliated Killing vector �eld,
it's �ow consists of isometries of foliated manifold (M,F ).) The set K(M,F ) of foliated Killing vector
�elds is a Lie subalgebra of Lie algebra L(M,F ). It follows from here that the group IsoF (M) contains
the Lie group for which the Lie algebra is an algebra K(M,F ).

Theorem 3. Let (M,F ) be a foliated manifold where M is a smooth connected �nite-dimensional
Riemannian manifold. Then the group IsoF (M) is closed subset of Iso(M) in compact open topology.

Really Cartan's theorem states that on a closed subgroup of a Lie group there exists a di�erential
structure with respect to which the closed subgroup is a Lie subgroup of a given Lie group.By using
this fact we formulate following .

Theorem 4. Let (M,F ) be a foliated manifold where M is a smooth connected �nite-dimensional
Riemannian manifold. Then the group IsoF (M) is Lie subgroup of Lie group Iso(M).



49

References

[1] A. Narmanov and A.Sharipov. On the group of foliation isometries,Methods of Functional Analysis and Topology,
2009, vol. 15, pp. 195�2009.

[2] I. Tamura. Topology of Foliations: An Introduction, American Mathematical Society. Providence, Rhode Island,
1992. http://bookre.org/reader?�le=582002.



50

On boundary behavior by prime ends of solutions to Beltrami
equations

Igor Petkov
(Admiral Makarov National University of Shipbuilding, Mykolaiv, Ukraine)

E-mail: igorpetkov@i.ua

Vladimir Ryazanov
(Institute of Applied Mathematics and Mechanics of National Academy of Sciences of Ukraine;
Bogdan Khmelnytsky National University of Cherkasy, Physics Dept., Lab. of Math. Physics)

E-mail: Ryazanov@nas.gov.ua, vl.ryazanov1@gmail.com

It is shown that each homeomorphic W 1,1
loc solution to the Beltrami equation is the so-called lower

Q-homeomorphism with Q(z) = Kµ(z) where Kµ(z) is the dilatation quotient of this equation. It is
developed on this basis, see e.g. [2], the theory of the boundary behavior of such solutions.

Let D be a domain in the complex plane C and let µ : D → C be a measurable function with
|µ(z)| < 1 a.e. in D. The Beltrami equation is the equation of the form

fz = µ(z)fz (1)

where fz = ∂f = (fx+ ify)/2, fz = ∂f = (fx− ify)/2, z = x+ iy, and fx and fy are partial derivatives
of f in x and y, correspondingly. The function µ is called the complex coe�cient and

Kµ(z) =
1 + |µ(z)|
1− |µ(z)|

(2)

the dilatation quotient for the equation (1) that is degenerate if ess supKµ(z) =∞.

In [2] and [3], we follow Caratheodory in the de�nition of the prime ends for bounded �nitely
connected domains in C and refer readers to Chapter 9 in [1]. In what follows, DP denotes the
completion of the domain D by its prime ends with the the topology of prime ends, see Section 9.5
in [1]. Further, we assume that Kµ is extended by 0 outside of D.

Theorem 1. Let D and D′ be bounded �nitely connected domains in C and let f : D → D′ be a
homeomorphic W 1,1

loc solution of the Beltrami equation (1) with

δ(z0)∫
0

dr

||Kµ||(z0, r)
= ∞ ∀ z0 ∈ ∂D (3)

where 0 < δ(z0) < d(z0) = sup
z∈D
|z − z0| and ||Kµ||(z0, r) :=

∫
|z−z0|=r

Kµ(z) |dz| . Then f can be

extended to a homeomorphism of DP onto D′P .
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A hypergraph H = (V,E) based on the vertex set V and with the edge set E is called k-uniform if
all its edges have cardinality k. A strong l-coloring of the hypergraph H is a map h : V → [l] where
[l] = {1, 2, . . . , l} such that for each edge e = {v1, v2, . . . , vk} ∈ E the vertices v1, v2, . . . , vk are labeled
with di�erent colors. Note that a strong coloring of a uniform hypergraph H is just a proper coloring
of its 1-skelethon H(1), which is covered by a collection of k-cliques.
Let S be a family of nonempty subsets of some base set X. The generalized Kneser hypergraph

Kgkm(S) where m ≤ k − 1 is de�ned as follows. The vertices of Kgkm(S) are the elements Si of S and
there is a k-edge e = {Si1 , . . . , Sik} in Kgkm(S) if and only if Si1 ∩ · · · ∩ Sim+1 = ∅ for any distinct sets
Si1 , . . . , Sil+1

from S (see also [1, 12]).
In the present talk, we represent k-uniform hypergraphs H as generalized Kneser hypergraphs

Kgkk−1(S). For the given k, l with l ≥ k we de�ne the generalized Kneser k-uniform hypergraph

Kgkk−1(T) which is called the testing hypergraph for l-coloring of k-uniform hypergraphs. Both

Kgkk−1(S) and Kgkk−1(T) have the natural geometric interpretation as cell complexes, denoted by

Bk(Kg
k
k−1(S)) and Bk,l(T), respectively. The cell complexes Bk(Kg

k
k−1(S)) and Bk,l(T) are en-

hanced with natural action of the symmetric grup Sk. The action of the group Sk is e�ective on
both cell complexes. For each l-coloring of a k-uniform hypergraph H there is a natural homo-
mor�zm g : Kgkk−1(S) → Kgkk−1(T) of hypergraphs Kgkk−1(S) and Kgkk−1(T). The homomor�zm

g : Kgkk−1(S) → Kgkk−1(T) induces an Sk-equivariant cellular map g′ : Bk(Kg
k
k−1(S)) → Bk,l(T).

Therefore, the nonexistence of such Sk-equivariant map from Bk(Kg
k
k−1(S)) to Bk,l(T) is a topo-

logical obstruction for existence of strong l-coloring of the k-uniform hypergraph H. We discuss the
conditions under which such topological obstructions do not vanish.
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Let p : X → Y be a factor map between topological spaces, that is p is surjective and a subset
A ⊂ Y is open if and only if p−1(A) is open in X.
Let ∆ = {p−1(y) | y ∈ Y } be the partition of X into the inverse images of points of Y . A continuous

map h : X → X will be called a ∆-map if for each ω ∈ ∆ its image h(ω) is contained in some element
ω′ of ∆. Hence every ∆-map h induces a map ψ(h) : Y → Y making commutative the following
diagram:

X
h−−−−→ X

p

y yp
Y

ψ(h)−−−−→ Y

(1)

It is well known that ψ(h) is continuous whenever h is so.
Let E(X,∆) be the monoid of all ∆-maps of X, and E(Y ) = C(Y, Y ) be the monoid of all continuous

self-maps of Y . Let also H(X,∆) be the subgroup of E(X,∆) consisting of homeomorphisms and H(Y )
be the group of homeomorphisms of Y .
Then the correspondence h 7→ ψ(h) is a well de�ned map

ψ : E(X,∆)→ E(Y ) (2)

being a homomorphism of monoids.
The following statement gives su�cient conditions under which ψ will be continuous with respect

to compact open topologies on E(X,∆) and E(Y ).

Lemma 1. Let p : X → Y be a factor map having the following property:

(K) for every compact subset L ⊂ Y there exists a compact subset K ⊂ X such that p(K) = L.

Then the homomorphism of monoids ψ : E(X,∆) → E(Y ) is continuous with respect to compact open
topologies.

Recall that a continuous map p : X → Y

• is called proper if p−1(L) is compact for each compact L ⊂ Y ;
• admits local cross-sections if for every y ∈ Y there exists an open neighborhood V and a
continuous map f : V → X such that p ◦ f = idV .

Corollary 2. Suppose Y is a locally compact Hausdor� space. Then each of the following conditions
implies that the map ψ : E(X,∆)→ E(Y ) is continuous with respect to compact open topologies:

(1) p is a proper map;
(2) p is an open map and admits local cross sections;
(3) p is a locally trivial �bration.

Let Y be a topological space. Say that two points y, z ∈ Y are T2-disjoint (in Y ) if they have
disjoint neighborhoods. Denote by hcl(y) the set of all z ∈ Y that are not T2-disjoint from y. Then
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z ∈ hcl(y) if and only if each neighborhood of z intersects each neighborhood of y. We will call hcl(y)
the Hausdor� closure of y.
We will say that y ∈ Y is a branch point whenever hcl(y) \ y 6= ∅, so there are points that are not

T2-disjoint from y. The set of all branch points of Y will be denoted by Br(Y ).

Theorem 3. Let X be a locally compact Hausdor� topological space, Y be a T1-space whose set Br(Y )
of branch points is locally �nite, and p : X → Y be an open continuous and surjective map. Then for
every compact L ⊂ Y there exists a compact subset K ⊂ X such that p(K) = L. In particular, due to
Lemma 1, the map (2) ψ : E(X,∆)→ E(Y ) is continuous with respect to compact open topologies.
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We investigate the topological structure of �ows with collective dynamics on the sphere. Flows
with �xed points of hyperbolic type and focus in which there is one heteroclinic (or as a partial case
homoclinic) cycle which divides a surface into two parts and contains all saddle points are considered.
One part is connected, homeomorphic to the open disk and has Hamiltonian-type dynamics with focus
inside, and the other is divided into regions that have gradient-like dynamics and the same properties
as the Morse �eld. Namely: 1) all points of hyperbolic type; 2) there are no trajectories connecting the
saddles, except for trajectories belonging to the selected heteroclinic cycle; 3) each trajectory begins
and ends at a �xed point (sink, source, saddle). A complete topological invariant of these �ows is
constructed.
This invariant is a planar graph, which has the form of a circle with some segments drawn inside

it. The circle (the selected cycle on the graph) corresponds to a closed trajectory in the Hamiltonian
region, which is quite close to the selected heteroclinic cycle. The vertices correspond to the saddle
points and sources, and the saddle lying on the boundary of the two components of the connectivity
of the gradient region corresponds to two vertices. Segments (edges that do not belong to the selected
cycle) correspond to separatrixes coming from a source and chords connecting vertices corresponding
to one saddle. By sequentially numbering the vertices on the circle, we divide them into groups and
selected pairs. One group includes those vertices of the saddle, which include separatrixes from one
source (we mark it as (1,2,3)), the chords correspond to the numbers of pairs of vertices (we mark it as
{1,2}). Using these invariants, all possible structures of such �ows with no more than 6 saddles were
found. Thus there is a single �ow with one saddle: (1). Two �ows with two saddles are 1): (1), (2)
and 2): (1,2). Four �ows with three saddles are: 1): (1), (2), (3); 2): (1,2), (3); 3): (1,2,3); 4): (1),
(3), {2,4}. 18 �ows with 5 saddles and 47 �ows of di�erent structure with 6 saddles were also found.
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Let F be a �eld of characteristic zero. Denote by Mm,n(F) the set of m× n matrices over F and by
Mm,n(F[λ]) the set of m× n matrices over the polynomial ring F[λ].

In the ring F[λ] we consider the operation of di�erentiation D. Let a(λ) =
∑l

i=0 aiλ
l−i ∈ F[λ].

Put D (a(λ)) =
∑l

i=0(l − i)aiλl−i−1 and Dk(a(λ)) = D(a(k−1)(λ)) = a(k)(λ) for every natural k ≥ 2.
The di�erentiation of a matrix A(λ) =

[
aij(λ)

]
∈ Mm,n(F[λ]) is understood as its elementwise

di�erentiation, i.e., A(1)(λ) = D(A(λ)) = [D(aij(λ))] = [a
(1)
ij (λ)] and A(k)(λ) = D(A(k−1)(λ))

Let b(λ) = (λ − β1)k1(λ − β2)k2 · · · (λ − βr)
kr ∈ F[λ], deg b(λ) = k = k1 + k2 + · · · + kr, and

A(λ) ∈Mm,n(F[λ]). For the monic polynomial b(λ) and the matrix A(λ) we de�ne the matrix

M [A, b] =


N1

N2
...
Nr

 ∈Mmk,n(F), where Nj =


A(βj)

A(1)(βj)
...

A(kj−1)(βj)

 ∈Mmkj ,n(F), j = 1, 2, . . . , r.

The Kronecker product of matrices A = [aij ] (n×m) and B is denoted by A⊗B =
[
aijB

]
. Let non-

singular matrices A(λ), B(λ) ∈ Mn,n(F[λ]) be equivalent and S(λ) = diag (s1(λ), . . . , sn−1(λ), sn(λ))
be their Smith normal form (see [5], Chapter 1). For A(λ) and B(λ) we de�ne the matrix

D(λ) =
((
s1(λ)s2(λ) · · · sn−1(λ)

)−1
B∗(λ)

)
⊗At(λ) ∈Mn2,n2(F[λ]),

where At(λ) denote the transpose of A(λ). It may be noted if S(λ) = diag (1, . . . , 1, s(λ)) is the Smith
normal form of the matrices A(λ) and B(λ), then D(λ) = B∗(λ)⊗At(λ).

De�nition 1. Two families of n × n matrices A = {A1, A2, . . . , Ar} and B = {B1, B2, . . . , Br} over
a �eld F are said to be similar if there exists a matrix T ∈ GL(n,F) such that Ai = TBiT

−1 for all
i = 1, 2, . . . , r.

The task of classifying square matrices up to similarity is one of the core and oldest problems in
linear algebra (see [1]� [7] and references therein), and it is generally acknowledged that it is also one
of the most hopeless problems already for r = 2. Standard approaches for deciding similarity depend
upon the Jordan canonical form, the invariant factor algorithm and the Smith form, or the closely
related rational canonical form. In numerical linear algebra, this leads to deep algorithmic problems,
unsolved even up to this date, that are caused by numerical instabilities in solving eigenvalue problems
or by the inability to e�ectively compute sizes of the Jordan blocks or degrees of invariant factors, if
the matrix entries are not known precisely. At present such problems are called wild ([2], [3]).
The families A and B we associate with monic matrix polynomials

A(λ) = Inλ
r +A1λ

r−1 +A2λ
r−2 + · · ·+Ar and B(λ) = Inλ

r +B1λ
r−1 +B2λ

r−2 + · · ·+Br

over a �eld F of degree r respectively, where In is the identity n×n matrix. It is clear that the families
A and B are similar over F if and only if the matrices A(λ) and B(λ) are similar over F. The purpose
of this report is to give a criterion of similarity of two families of matrices over a �eld.
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Theorem 2. Let matrices A(λ) = Inλ
r +

∑r
i=1Aiλ

r−i, B(λ) = Inλ
r +

∑r
i=1Biλ

r−i ∈ Mn,n(F[λ])
of degree r be equivalent, and let S(λ) = diag (s1(λ), . . . , sn−1(λ), sn(λ)) be their Smith normal form.
Further, let sn(λ) = (λ− α1)k1(λ− α2)k2 · · · (λ− αr)kr , where αi ∈ F for all i = 1, 2, . . . , r.
The families A = {A1, A2, . . . , Ar} and B = {B1, B2, . . . , Br} are similar over F if and only if

rank M [D, sn] < n2 and the homogeneous system of equations M [D, sn]x = 0̄ has a solution x =
[v1, v2, . . . , vn2 ]t over F such that the matrix

V =


v1 v2 . . . vn
vn+1 vn+2 . . . v2n

. . . . . . . . . . . .
vn2−n+1 vn2−n+2 . . . vn2

 ∈Mn,n(F)

is nonsingular. If detV 6= 0, then Ai = V −1BiV for all i = 1, 2, . . . , r.

Example 3. Let F = Q be the �eld of rational numbers. Further, let

A =

{
A1 =

[
−3 0
−4 1

]
, A2 =

[
1 1
1 1

]}
and B =

{
B1 =

[
1 0
−4 −3

]
, B2 =

[
0 0
1 2

]}
be two

families of 2× 2 matrices over the �eld Q.

Monic matrix polynomials A(λ) = I2λ
2 +A1λ+A2 =

[
λ2 − 3λ+ 1 1
−4λ+ 1 λ2 + λ+ 1

]
and

B(λ) = I2λ
2 + B1λ + B2 =

[
λ2 + λ 0
−4λ+ 1 λ2 − 3λ+ 2

]
with entries from Q[λ] are equivalent and

S(λ) = diag (1, (λ2 − 1)(λ2 − 2λ)) is their Smith normal form. It may be noted that s1(λ) = 1 and
s2(λ) = λ(λ+ 1)(λ− 1)(λ− 2). Construct the matrix

D(λ) = B∗(λ)⊗At(λ) =

[
λ2 − 3λ+ 2 0

4λ− 1 λ2 + λ

]
⊗
[
λ2 − 3λ+ 1 −4λ+ 1

1 λ2 + λ+ 1

]
and solve the system of equations M [D, s2]x = 0̄. Crossing out zero rows in the matrix M [D, s2] and
after elementary transformations over the rows of this matrix we get the following system of linear
equations  1 1 0 0

3 9 2 6
7 49 6 42



x1

x2

x3

x4

 =


0
0
0
0

 .
From this system of equations we obtain x1 = −x2 = t, x3 = 0 and x4 = t. It is obvious that the

matrix V =

[
t −t
0 t

]
is nonsingular for nonzero t ∈ Q. Thus, the families of matrices A and B are

similar, i.e., Ai = V −1BiV , i = 1, 2.
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Invariant factors and their connections play an important role in the studying of matrix's structure
[3, 5]. For instance, at augmented one matrix with a single row to obtain another matrix are used
the relationships between the invariant factors of these matrices. B.W. Jones [2] state a fact that a
unimodular m × n (m < n) matrix A over a principal ideal domain may always be augmented with
a single row to obtain a unimodular (m+ 1)× n matrix B. Some relationships between the invariant
factors of an arbitrary matrix A and those of a one row prolongation B over the same area was
established by R. Thompson [4]. D. Carlson [1] obtained similar results in terms of a �nitely generated
module.
In this paper, we give necessary and su�cient conditions that a matrix A may be augmented with

a single row to obtain a matrix B over elementary divisor domains.
Let R be an elementary divisor domain [4] with 1 6= 0, i.e., every m × n matrix A over R have

diagonal reduction, namely A ∼ E = diag(ε1, . . . , εk, 0, . . . , 0), εi|εi+1, i = 1, . . . , k − 1, where the
matrix E is called the Smith normal form, the diagonal elements εi are invariant factors of the matrix
A. The notation a|b means that the element a is the divisor of the element b, i.e., b = ac, where c ∈ R.

Theorem 1. Let R be an elementary divisor domain, A be an m × n matrix over R, A ∼ E =
diag(ε1, . . . , εk, 0, . . . , 0), εi|εi+1, i = 1, . . . , k − 1. Let also δ1, . . . , δk ∈ R be nonzero elements such
that δi|δi+1, i = 1, . . . , k − 1. Then the matrix A may be augmented with a single row to obtain an
(m+ 1)× n matrix B ∼ ∆ = diag(δ1, . . . , δk, 0, . . . , 0), δi|δi+1, i = 1, . . . , k − 1, if and only if

δ1|ε1|δ2|ε2| . . . |δk|εk.
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The Cartan group is the free nilpotent Lie group of rank 2 and step 3. We consider the left-invariant
sub-Riemannian problem on the Cartan group de�ned by an inner product in the �rst layer of its Lie
algebra. This problem gives a nilpotent approximation of an arbitrary sub-Riemannian problem with
the growth vector (2,3,5).
In previous works we described a group of symmetries of the sub-Riemannian problem on the Cartan

group, and the corresponding Maxwell time � the �rst time when symmetric geodesics intersect one
another. It is known that geodesics are not globally optimal after the Maxwell time.
Now we study local optimality of geodesics on the Cartan group. We prove that the �rst conjugate

time along a geodesic is not less than the Maxwell time corresponding to the group of symmetries.
Geodesics for which the �rst conjugate time is equal to the Maxwell time are presented.
Earlier we conjectured that the Maxwell time is equal to the cut time � the time when geodesics

lose optimality. Our result is an important step in the proof of this conjecture.
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A permutation group X is the group of all permutations (i.s.one-one and onto mappings X → X.
A permutation group of a set X is usually denoted by S(X). If X = {1, 2, 3, ...n}, S(X) is denoted by
Sn , as well [1].
Let Xn be the n-th power of a compact X. The permutation group Sn of all permutations, acts on

the n-th power Xn as permutation of coordinates. The set of all orbits of this action with quotient
topology we denote by SPnX . Thus, points of the space SPnX are �nite subsets (equivalence classes)
of the product Xn. Thus two points (x1, x2, ..., xn) , (y1, y2, ..., yn) ∈ Xn are considered to be equivalent
if there is a permutation σ ∈ Sn such that yi = xσ(i).The space SP

nX is called the n -permutation
degree of a space X. Equivalent relation by which we obtained space SPnX is called the symmetric
equivalence relation. The n-th permutation degree is always a quotient of Xn. Thus, the quotient map
is denoted by as following: πsn : Xn → SPnX.
Where for every x = (x1, x2, ..., xn) ∈ Xn, πsn ((x1, x2, ..., xn)) = [(x1, x2, ..., xn)] is an orbit of the

point X = (x1, x2, ..., xn) ∈ Xn.
The concept of a permutation degree has generalizations. Let G be any subgroup of the group

Sn.Then it also acts on Xn as group of permutations of coordinates. Consequently, it generates a
G -symmetric equivalence relation on Xn. This quotient space of the product of Xn under the G-
symmetric equivalence relation is called G-permutation degree of the space X and it is denoted by
SPnG. An operation SP

n
G = SPn is also the covariant functor in the category of compacts and it is said

to be a functor of G -permutation degree. If G = Sn then SPnG = SPn. If the group G consists only
of unique element then SPnG = Xn.
We say that the local density of a topological space X is τ at a point x, if τ is the smallest cardinal

number such that x has a neighborhood of density τ in X.The local density at a point x is denoted by
ld(x). The local density of a topological space X is de�ned as the supremum of all numbers ld(x) for
x ∈ X ld (X) = sup{ld(x) : x ∈ X} [2].
It is known that, for any topological space we have ld(X) ≤ d(X).

Theorem 1. Let X be an in�nite T1−space and Y is a dense in X. Then SPnY is also dense in
SPnX.

Theorem 2. Let X be an in�nite T1−space and Y is a local dense in X. Then SPnY is also local
dense in SPnX.
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Theorem 1. Let X be an ε-space and let I be an ideal having a pseudounoin, then X satis�es
Sfin(Ω,OI-gp) if and only if X has Hurewicz property [4].

Lemma 2. [1, Theorem 4.1.2] (see also [5]) An ideal I of N is meager if and only if there is a partition
{Pn : n ∈ N} of N into �nite sets such that each A ∈ I contains atmost �nitely many P ′ns.

Proposition 3. For a space X and a meager ideal I, X satis�es Sfin(Λ,OI-gp) if and only if X has
Hurewicz property.

Problem 4. Is there a Lindel�of non-ε-space such that Sfin(Ω,OI-gp) holds but Sfin(Λ,OI-gp) fails?.

De�nition 5. A space X is said to have I-Hurewicz property (in short IH) if for each sequence
(Un : n ∈ N) of open covers of X there is a sequence (Vn : n ∈ N) such that for each n ∈ N,Vn is a
�nite subset of Un and for each x ∈ X, {n ∈ N : x 6∈ ∪Vn} ∈ I[2].

Theorem 6. Let X be an ε-space satisfying CDRsub(Λ,Λ) and let I be a meager ideal of N. If X has
I-Hurewicz property then X also has Hurewicz property.

Theorem 7. If a �lter { does not have I-Hurewicz property then χ(F) ≥ b(I).

Remark 8. CH denotes the Continuum Hypothesis. Assume ¬CH. Let I be an ideal of N and let
k be an in�nite cardinal satisfying b < k < b(I). There is X ⊂ NN of size b which is not a Hurewicz
space. But X is I-Hurewicz.

Example 9. There exists a non-I-Hurewicz �lter of character b(I). Consider a set {fα : α < b(I)}
which is not I-bounded. Let F be a �lter on N × N generated by the family {Fα : α < b(I)} where
Fα = {(n,m) : m ≥ fα(n), n ∈ N}. For each n ∈ N, U = {U(n,m) : m ∈ N} is an open cover of F
where for each n,m ∈ N, U(n,m) = {A ⊂ N× N = min{k ∈ N : (n, k) ∈ A}}.
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The kinetic equation Boltzmann is the main instrument to study the complicated phenomena in the
multiple-particle systems, in particular, rare�ed gas. This kinetic integro-di�erential equation for the
model of hard spheres has a form [1, 2]:

D(f) = Q(f, f). (1)

We will consider the continual distribution [3]:

f =

∫
R3

ϕ(t, x, u)M(v, u, x)du, (2)

which contains the local Maxwellian of special form describing the screw-shaped stationary equilibrium
states of a gas (in short-screws or spirals) [4]. They have the form:

M(v, u, x) = ρ0e
βω2r2

(
β

π

) 3
2

e−β(v−u−[ω×x])2
. (3)

Physically, distribution (3) corresponds to the situation when the gas has an inverse temperature
β = 1

2T , where T = 1
3ρ

∫
R3

(v − u)2fdv and rotates in whole as a solid body with the angular velocity

ω ∈ R3 around its axis on which the point x0 ∈ R3 lies,

x0 =
[ω × u]

ω2
, (4)

The square of this distance from the axis of rotation is

r2 =
1

ω2
[ω × (x− x0)]2 (5)

and the density of the gas has the form:

ρ = ρ0e
βω2r2

(6)

(ρ0 is the density of the axis, that is r = 0), u ∈ R3 is the arbitrary parameter (linear mass velocity
for x), for which x||ω, and u+ [ω × x] is the mass velocity in the arbitrary point x. The distribution
(3) gives not only a rotation, but also a translational movement along the axis with the linear velocity

(ω, u)

ω2
ω,

Thus, it really describes a spiral movement of the gas in general, moreover, this distribution is stationary
(independent of t), but inhomogeneous.
The purpose is to �nd such a form of the function ϕ(t, x, u) and such a behavior of all hydrodynamical

parameters so that the uniform-integral remainder [3, 4]

∆ = sup
(t,x)∈R4

∫
R3

|D(f)−Q(f, f)|dv, (7)

or its modi�cation "with a weight":

∆̃ = sup
(t,x)∈R4

1

1 + |t|

∫
R3

|D(f)−Q(f, f)|dv, (8)
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tends to zero.
Also some su�cient conditions to minimization of remainder ∆ and ∆̃ are found. The obtained

results are new and may be used with the study of evolution of screw and whirlwind streams.

References

[1] C. Cercignani. The Boltzman Equation and its Applications. New York: Springer, 1988.
[2] M.N. Kogan. The dinamics of a Rare�ed Gas. Moscow: Nauka, 1967.
[3] V.D. Gordevskyy, E.S. Sazonova. Continual approximate solution of the Boltzmann equation with arbitrary density.

Matematychni Studii., 45(2) : 194�204, 2016.
[4] V.D. Gordevskyy. Bi�ow Distributions with Screw Modes. Theor. Math. Phys., 126(2) : 234�249, 2001.



63

Asymptotically best possible Lebesgue inequalities on the classes of
generalized Poisson integrals

Anatoly S. Serdyuk
(Institute of Mathematics of NAS of Ukraine, 01024 Ukraine, Kiev-4, 3, Tereschenkivska st.)

E-mail: serdyuk@imath.kiev.ua

Tetiana A. Stepanyuk
(University of Lubeck, Institut of Mathematics, Ratzeburger Allee 160, 23562 Lubeck, Germany)

E-mail: stepaniuk.tet@gmail.com

Denote by Cα,rβ C, α > 0, r > 0, (see, e.g., [1]) the set of all 2π�periodic functions, sucht that for
all x ∈ R can be represented in the form of convolution

f(x) =
a0

2
+

1

π

π∫
−π

Pα,r,β(x− t)ϕ(t)dt, a0 ∈ R, ϕ ⊥ 1, (1)

where ϕ ∈ C, and Pα,r,β(t) is a generalized Poisson kernel of the form

Pα,r,β(t) =

∞∑
k=1

e−αk
r

cos
(
kt− βπ

2

)
, α > 0, r > 0, β ∈ R.

If f and ϕ are connected with a help of equality (1), then the function f in this equality is called
the generalized Poisson integral of the function ϕ and is denoted by Jα,rβ (ϕ). The function ϕ in the

equality (1) is called the generalized derivative of the function f and is denoted by fα,rβ .

By ρn(f ;x) we denote the deviation of the function f from its partial Fourier sum of order n− 1:

ρn(f ;x) := f(x)− Sn−1(f ;x),

where

Sn−1(f ;x) =
a0

2
+

n−1∑
k=1

(ak cos kx+ bk sin kx) ,

ak = ak(f) =
1

π

π∫
−π

f(t) cos ktdt, bk = bk(f) =
1

π

π∫
−π

f(t) sin ktdt,

and by En(f)C we denote the best uniform approximation of the function f by elements of the subspace
τ2n−1 of trigonometric polynomials tn−1(·) of the order n− 1:

En(f)C := inf
tn−1∈τ2n−1

‖f − Sn−1(f)‖C .

The norms ‖ρn(f ; ·)‖C can be estimated via En(f)C , using the Lebesgue inequality

‖ρn(f ; ·)‖C ≤
(

4

π2
lnn+O(1)

)
En(f)C , n ∈ N. (2)

On the whole space C the inequality (2) is asymptotically exact. At the same time for the sets of
functions Cα,rβ C the inequality (2) is not asymptotically exact.

We establish the asymptotically best possible Lebesgue-type inequalities for the functions f ∈ Cα,rβ C,

in which for all n, starting from the number n1 = n1(α, r), an additional term is estimated by absolute
constant.
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For arbitrary α > 0, r ∈ (0, 1) we denote by n1 = n1(α, r) the smallest integer n ∈ N, such that

1

αr

1

nr

(
1 + ln

πn1−r

αr

)
+

αr

n1−r ≤
1

(3π)3
. (3)

Theorem 1. Let α > 0, r ∈ (0, 1), β ∈ R and n ∈ N. Then, for any function f ∈ Cα,rβ C and all

n ≥ n1(α, r) the following inequality holds

‖ρn(f ; ·)‖C ≤ e−αn
r

(
4

π2
ln
n1−r

αr
+ γn

)
En(fα,rβ )C . (4)

Moreover, for arbitrary function f ∈ Cα,rβ C one can �nd a function F (x) = F (f, n, x) from the set

Cα,rβ C, such that En(Fα,rβ )C = En(fα,rβ )C , such that for n ≥ n1(α, r) the equality holds

‖ρn(F ; ·)‖C = e−αn
r

(
4

π2
ln
n1−r

αr
+ γn

)
En(fα,rβ )C . (5)

In (4) and (5) for the quantity γn = γn(α, r, β) the estimate holds |γn| ≤ 20π4.
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De�nition 1. Let M,B be smooth manifolds and p ∈ M. Let f, g : M → B be smooth mappings
satisfying the condition f(p) = g(p) = q.
1) f has a �rst-order tangency with g at the point p if (df)p = (dg)p as the map TpM → TpB.
2) f has a contact of k th order with g at the point p if the map (df) : TM → TB has a contact

of order (k − 1) with map (dg) at each point TpM. This fact can be written as follows: f ∼k g at the
point p (k -positive number) [2].

We denote by Jk(M,B)p,q the sets of equivalence classes with respect to the "∼k at the point

p" in the space of mappings f : M → B satisfying the condition f(p) = q. We put Jk(M,B) =⋃
(p,q)∈M×B J

k(M,B)p,q.

De�nition 2. The set Jk(M,B) is called the space of k -jets.

The action of the group G on M gives rise to some action of the group on Jk(M,B). This action is
called the k -prolongation of the group G on Jk(M,B).

We letG(k) denote the associated prolonged group action on the jet space Jk(M,B). The in�nitesimal
generators of the k -th prolongation of the group G to Jk(M,B) are k - prolongations of in�nitesimal
generators of the group G.

De�nition 3. The function I ∈ C∞(Jk(M,B)) is called a di�erential invariant of order k of the group
G if it is preserved under the action of the k -th prolongation G on Jk(M,B), that is, g(I) = I for any

transformation g ∈ G(k).

Di�erential invariants of Lie group of transformations are studied in the papers [1], [3], [4].
Let G be a Lie group of transformations of the space of two independent u, v and three dependent

x1, x2, x3 variables, and following vector �eld

X = ξ1(u, v, x)
∂

∂u
+ ξ2(u, v, x)

∂

∂v
+

3∑
i=1

ηi(u, v, x)
∂

∂xi
(1)

is in�nitesimal generator of the group G.
It is known that any Lie group is similar to the group of translations. This property of the groups

is remarkable and its use permits simpli�cation of �nding of di�erential invariants of the group.
In order to use this possibility we produce the replacement of variables.
Let us consider functions F1(u, x) and F2(v, x) which are solutions of following equation

X(F ) = 1. (2)

Let I1(u, v, x), I2(u, v, x) and I2(u, v, x) be are functionally independent invariant functions of the
group G, i.e. they are satisfy following equations

X(Ii) = 0, i = 1, 2, 3. (3)
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We will replace the variables in the space of (u, v, x1, x3, x3) by putting

s = F1(u, x), t = F2(v, x), (4)

yi = Ii(u, v, x), (5)

where i = 1, 2, 3. Using easy deductions, we can verify that in variables (s, t, y1, y2, y3) the vector �eld
(1) has the following form

X =
∂

∂s
+
∂

∂t
. (6)

This form of the vector �eld X shows that the group G is similar to the group of translations. Moreover
in the coordinates (s, t, y1, y2, y3) for any k ∈ N for k − th prolongation X(k) of the vector �eld (6) it

holds equality X(k) = X.
Let us recall di�erentiation operator D is called invariant di�erentiation operator with respect group

G if it holds DX(F ) = XD(F ) for any smooth function F.
It follows from the form of the vector �eld (6) invariant di�erentiation operators for the group G

are following operators of total derivatives: D = Ds +Dt.
If we put

pi,k =
∂kyi
∂sk

, qi,k =
∂kyi
∂tk

then we can write total derivatives in following forms:

Ds =
∂

∂s
+

3∑
i=1

pi,1
∂

∂yi
+

3∑
i=1

pi,2
∂

∂pi,1
+ ... (7)

Dt =
∂

∂t
+

3∑
i=1

qi,1
∂

∂yi
+

3∑
i=1

qi,2
∂

∂qi,1
+ .... (8)

We have the following equalities

Ds =
1

DuF1
Du, Dt =

1

DvF2
Dv, (9)

which will allow us to return to the old variables, where Du, Dv− also operators of total derivatives
with respect u, v.
Let denote by Dk(F ) derivatives Dk

s +Dk
t (F ) of order k.

Thus we have the following theorem.

Theorem 4. Suppose I1, I2, I3 are independent invariants of the group G, F1(u, x), F2(v, x), are so-
lutions of the equation X(F ) = 1. Then functions Ii(u, v, x) and Dk(Ii) are di�erential invariants of
order k.
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In this talk, we will show that the newly introduced F-metric spaces, introduced by Jleli and Samet
in [1], are metrizable. Also, we deduce that the notions of convergence, Cauchy sequence, completeness
due to Jleli and Samet for F-metric spaces are equivalent to that of usual metric spaces. Moreover, we
show that the Banach contraction principle in the context of F-metric spaces is a direct consequence
of its standard metric counterpart.
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This is a paper in classical geometry, namely about triangle conics and cubics. In recent years,
N.J. Wildberger has actively dealt with this topic using an algebraic perspective. Triangle conics were
also studied in detail by H.M. Cundy and C.F. Parry recently. The main task of the article was to
develop an algorithm for creating curves, which pass through triangle centers. During the research, it
was noticed that some di�erent triangle centers in distinct triangles coincide. The simplest example:
an incenter in a base triangle is an orthocenter in an excentral triangle. This was the key for creating
an algorithm. Indeed, we can match points belonging to one curve (base curve) with other points of
another triangle. Therefore, we get a new intersting geometrical object. We may observe the method
through deriving one of the results:
One can consider as a base conic Jarabek Hyperbola [3]. It passes through circumcenter, orthocenter,

Lemoine point, isogonally conjugated to the de Longchamps point, and vertices of a triangle. We may
study this hyperbola in the excentral triangle. One can notice that all of the above points have
correspondence with points in the base triangle: Bevan point, incenter, mittenpunkt, de Longchamps
point, and centers of the excircles, respectively. Therefore, we got a new cubic, which passes through
the above points. All of the properties of the base hyperbola could be analogically converted in a new
view perspective.

Theorem 1. As a consequence, one may apply the described above method to various curves and
various constructed triangles, such as excentral, medial, mid-arc, Euler triangles, etc. The application
yields the following results:

Corollary 2. The �rst obtained conic is ractangular conic that passes through centers of the excircles,
Bevan point, incenter, mittenpunkt and de Longchamps point. The new hyperbola is isogonaly conjugate
to the line, which passes through incenter, citcumcenter, Bevan point, isogonaly conjugated point to the
mittenpunkt with respect to the base triangle, and isogonaly conjugate to the mittenpunkt with respect
to the excentral triangle. Moreover, its center lies on the circumscribed circle.

Corollary 3. The second derived conic has vertices in the centroid and de Longchaps point, focus
in the orthocenter. Directrix of the hyperbola is perpendicular to the Euler line and passes through
circumcenter.

Corollary 4. The third derived conic is the rectangular hyperbola that passes through circumcenter,
incenter, midpoint of mittenpunkt and incenter, Schi�er point, and isogonaly conjugate point to the
Bevan point.

Corollary 5. The �rst obtained cubic passes through vertices of the triangle, bases of the altitudes,
middles of the triangle sides in the orthic triangle, orthocenter, Euler point, centroid in orthic triangle,
Lemoine point, and gomotetic center of the orthic and tangent triangles.

Corollary 6. The second constructed cubic passes through vertices of the triangle, bases of the alti-
tudes, orthocenter, Euler center, and circumcenter.
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Corollary 7. The third developed cubic passes through Speaker point, center of the Euler circle, cir-
cumcenter, orthocenter, complementary conjugate of orthocenter.

Corollary 8. The fourth obtained cubic passes through Lemoine point, centroid, circumcenter, mit-
tenpunkt, incenter, and orthocenter.

Corollary 9. The �fth derived cubic passes through circumcenter, orthocenter, Euler center and mid-
point of the incenter and the orthocenter.

Jarabek and Y� hyperbole; Thomsom, Darboux,and Lucas cubics were taken for construction of
the above curves. The properties of the invented curves and the algorithm of their construction are
described in more details in the paper. The originality of the obtained results could be veri�ed [4].

The beauty of the idea of the corresponding points lies in the fact that it can be applied to various
geometric objects. Many wider results are obtained by applying this technique to straight lines passing
through triangular centers. Also, one can apply this method to other curves.

The developed idea completely closes the question of curves passing through triangular centers.
However, it opens up a number of new questions. What is the topological nature of these transforma-
tions? Is it possible to apply a similar idea to non-Euclidean objects? Could one use the same method
over an arbitrary �nite �eld? Can this idea be further generalized?
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The idea of loess as a natural multi-fractal was formed in the works of Bird [1], Russell [2]. On the
basis of the fractal characteristics of the pore and particle structure, there were obtained theoretical
models describing di�usion, deformation of the compaction and the shift of the medium [3], [4]. In [2]
the distribution function Ns(L > ds) of the particles sizes is de�ned as the number of particles of the
size L such that L > ds, where ds runs over the real numbers. The fractal dimension of the particle
size distribution function is de�ned as follows

Ds = lim
ds→0

− ln(Ns(L > ds))

ln(ds)

In the presented paper we study subsidence of soils, which are eluvial, eluvial-deluvial loess-like
deposits of the Middle-Upper Pleistocene age, lying on the Right-Bank Loess Upland Plain (Middle
Dnieper, Ukraine).
On the basis of the fractal characteristics of the pore and particle structure, there were obtained

theoretical models describing di�usion, deformation of the compaction and the shift of the medium
[3], [4]. Under some additional conditions of fractal nature of the loess soil and developing methods
introduced in [5, 6] we obtained certain predictive estimations of the coe�cient of porosity after the
disintegration of micro-aggregates. In this note we obtain some estimations of soil subsidence volume,
based on the introduced above fractal dimension.
The particles forming the ground may have only a �nite set of sizes. We denote these sizes

d1, d2, ..., dn−1, dn ranging in decreasing order from the largest. We assume that α = αj = dj/dj−1,
where 2 6 j 6 n , does not depend on j. This assumption corresponds to the idea of the self-similarity
of fractal structures. In addition, all known mathematical fractals are constructed on this principle.
As the structures formed by particles of a �xed size are self-similar, we also assume that all these
structures have the same coe�cient of porosity kp as well as the same porosity Kp = kp/(1 + kp). We
discovered that under such conditions two di�erent situations may occurred. Let k′ be the coe�cient
of porosity and K ′ be the porosity of the soil after the disintegration of micro-aggregates.

Theorem 1. In the above denotations we have :

1. If Kp > αDs, then k′ =
(1+kp)d3−Ds

1∑n
j=1 d

3−Ds
j

− 1 and K ′ = 1−
∑n
j=1 d

3−Ds
j

(1+kp)d3−Ds
1

;

2. If Kp < αDs, then k′ =
kpd

3−Ds
n∑n

j=1 d
3−Ds
j

and K ′ =
kpd

3−Ds
n

kpd
3−Ds
n +

∑n
j=1 d

3−Ds
j

.

The results of our experiments and calculations show that on the basis of a new theoretical models
and the "Microstructure" technique, having the values of the fractal dimension of the particle size
distribution by volume, it is possible to forecast the volume deformations after the disintegration of
the micro-aggregates. Depending on the type of soils and the speci�c experimental conditions, this
may be the amount of subsidence deformation, swelling or su�usion. The details of our experiments
and techniques are described in [6].
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In this talk on the joint work [TTU20] withRyoto Tange in Kogakuin university andAnh T. Tran
in the University of Texas at Dallas, we study irreducible SL2-representations of twist knots. For each
n ∈ Z, the twist knot J(2, 2n) is de�ned by the diagram below, the horizontal twists being right handed
if n is positive and left handed if negative.

We have J(2, 0) = 01 (unknot), J(2, 2) = 31 (trefoil), J(2, 4) = 52, and J(2,−2) = 41 (�gure-eight
knot). Regarding a 1/2-full twist to be a half twist, J(2,−2n) and J(2, 2n+ 1) are the mirror images
to each other, hence we only consider J(2, 2n). The knot group πn := π1(S3 − J(2, 2n)) of J(2, 2n)
admits the presentation

πn = 〈a, b | awn = wnb〉 , w = [a, b−1] = ab−1a−1b.

by [HS04, Proposition 1]. Since twist knots are 2-bridge knots, the Culler�Shalen theory of character
variety together with Riley's calculation assures that conjugacy classes of ρ ∈ Hom(πn,SL2(SL)) are
parametrized by x := tr ρ(a) and y := tr ρ(ab). A representation ρ is said to be acyclic if Hi(π, ρ) = 0
holds for every i and non-acyclic if otherwise. Here is our �rst theorem.

Theorem 1. Conjugacy classes of non-acyclic irreducible SL2(SL)-representations of J(2, 2n) are ex-

actly given by x = y = 1− 2 cos
2πk

3n− 1
, 0 < k ≤ |3n− 1| − 1

2
, k ∈ Z.

This implies that every such representation corresponds to a point on the diagonal x = y in R2 ⊂ SL2.
In order to prove this assertion, we investigate the intersection of curves de�ned by Chebyshev-like
polynomials fn(x, y), τn(x, y) ∈ Z[x, y]. The polynomial fn(x, y) de�nes a component of the character
variety and coincides with the Riley polynomial Φn(x, u) via −u = y−x2 +2. The polynomial τn(x, y)
is the Reidemeister torsion regarded as a function so that τn(x, y) = 0 i� a representation ρ with
(tr ρ(a), tr ρ(ab)) = (x, y) is non-acyclic. We �rst prove that the intersection of their zeros lie on x = y
and then determine all common roots of fn(x, x) and τn(x, x). We also introduce several Chebyshev-
like polynomials gn, hn, kn ∈ Z[x] and prove fn(x, x) = gnkn, τn(x, x) = hnkn, where kn is the greatest
common divisor. We in addition prove the following theorem, generalizing [B�en20, Remark 4.6].

Theorem 2. The two curves fn(x, y) = 0 and τn(x, y) = 0 in R2 have a common tangent line at
every intersection point, while the second derivatives of their implicit functions do not coincide. In other
words, every zero of τn(x, y) on fn(x, y) = 0 has multiplicity two in the function ring SL[x, y]/(fn(x, y)).

The following theorems characterize non-acyclic representations.

Theorem 3. The conjugacy class of an irreducible SL2(SL)-representation ρ of J(2, 2n) is on the line
x = y if and only if ρ factors through the −3-Dehn surgery.

Theorem 4. The conjugacy class of an irreducible SL2(SL)-representation ρ of J(2, 2n) on x = y is
non-acyclic if and only if ρ(a−1wn) is of order 3.

Our study is indeed motivated by a problem in arithmetic topology. We �nally investigate the
L-invariants of universal deformations of residual representations, which was introduced in [KMTT18]
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in a perspective of the Hida�Mazur theory. Let ρ : πn → SL2(F ) be a representation over a �eld
F with char = p > 2 and a completed discrete valuation ring (CDVR) O with the residue �eld F . A
deformation (or a lift) of ρ over a complete local O-algebra R is a representation ρ : πn → SL2(R) with
the residual representation ρ. A universal deformation ρ : πn → SL2(R) of ρ over O is a deformation
such that any deformation over any R uniquely factors through ρ up to strict equivalence. If ρ is
absolutely irreducible, then ρ uniquely exists up to O-isomorphism and strict equivalence.
When R is a Noetherian UFD and the group homology H1(πn,ρ) with local coe�cients is a �nitely

generated torsion R-module, the L-invariant Lρ ∈ R/ =̇ is de�ned to be the order of H1(πn,ρ), where
=̇ denotes the equality up to multiplication by units in R. Let ∆ρ,i(t) denote the i-th ρ-twisted
Alexander polynomials. Then we have Lρ =̇ ∆ρ,1(1). A general theory of twisted invariants yields Lρ

=̇ τρ∆ρ,0(0). For most cases we have ∆ρ,0 =̇ 1, so that we have Lρ
˙6= 1 if and only if τρ = 0, that is,

ρ is non-acyclic. Now B. Mazur's Question 2 in [Maz00, page 440] may be varied as follows:

Problem 5. Investigate the L-invariants Lρ of the universal deformations ρ over O of absolutely
irreducible non-acyclic residual representations ρ.

The following theorem completely answers to this problem, that is, it determines all residual repre-
sentations with non-trivial L-invariants, as well as explicitly determine the L-invariants themselves.

Theorem 6. Every absolutely irreducible representation ρ : πn → SL2(F ) of a twist knot corresponds
to a root of kn in F . Suppose that ρ corresponds to a root α of kn with multiplicity m and that

α1 = α, · · · , αm are distinct lifts of α with kn(αi) = 0 and α ∈ O. If
∂fn
∂y

(α, α) 6= 0 holds, so that

there is a universal deformation ρ : πn → SL2(O[[x− α]]) over O, then the equalities

Lρ =̇ kn(x)2 =̇
∏
i

(x− αi)2

in R = O[[x− α]] hold. If in addition p - 3n− 1, then m = 1 and Lρ =̇ (x− α)2 holds.

If instead
∂fn
∂x

(α, α) 6= 0, then a similar equality holds in R = O[[y − α]].

We remark that our work is derived from the scope of the following dictionary of analogy between
knots and prime numbers (cf. [MT07, MTTU17, KMTT18], [Mor12, Chapter 14]).

Low dimensional topology Number theory

Deformation space of hyperbolic structures Universal p-ordinary modular deformation space
Dehn surgery points with Z-coe�cient Arithmetic points
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The class of mappings with �nite length distortion was introduced in [2] for Rn, n > 2, see also [3].
This class is a natural generalization of the classes of isometries and quasi�isometries.
Here we follow Caratheodory in the de�nition of the prime ends for �nitely connected domains

on Riemann surfaces and DP denotes the completion of the domain D by its prime ends with the the
topology of prime ends, cf. Chapter 9 in [1]. We prove criteria in terms of dilatations Kf for the
homeomorphic extension to the boundary of these mappings f between domains in compacti�cations
by Kerekjarto-Stoilow of Riemann surfaces by prime ends, see de�nitions and notations in [4]�[5].
Further, we assume that Kf is extended by 0 outside of D.

Theorem 1. Let S, S∗ be Riemann surfaces, D, D∗ be �nitely connected domains on S, S∗, ∂D ⊂ S,
∂D∗ ⊂ S∗. Suppose that f : D → D∗ is a homeomorphism with �nite length distortion and, for all
p0 ∈ ∂D,

ε(p0)∫
0

dr

||Kf || (p0, r)
= ∞ , ||Kf || (p0, r) : =

∫
h(p,p0)=r

Kf (p) dsh(p). (1)

Then f can be extended to a homeomorphism of DP onto D′P .
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The quotient group of the restricted and unrestricted wreath product by its commutator is found.
The generic sets of commutator of wreath product were investigated.
We generalize the results presented in the book of Meldrum J. [1] about commutator subgroup of

wreath products since, as well as considering regular wreath products, we consider those which are not
regular (in the sense that the active group A does not have to act faithfully). The fundamental group
of orbits of a Morse function f : M → R de�ned upon a M�obius band M with respect to the right
action of the group of di�eomorphisms D(M) has been investigated.
Denote the set of all the orbits of A on X by O, if this set is �nite then by Of . Recall that the

direct product indexed by in�nite set consists of all in�nite sequences, and the direct sum consists
only of sequences with �nitely many elements distinct from zero. Denote by Z(4̃(B)) the subgroup of
diagonal subgroup [2] Fun(X,Z(B)) of functions f : X → Z(B) which are constant on each orbit of
action of A on X for unrestricted wreath product, and denote by Z(4(Bn)) the subgroup of diagonal
Fun(X,Z(Bn)) of functions with the same property for restricted wreath product, where n is number
of non-trivial coordinates in base of wreath product.

Theorem 1. A centre of the group (A, X) oB is direct product of normal closure of centre of a diagonal
of Z(Bn) i.e. (E × Z(4(Bn))), trivial an element, and intersection of (K) × E with Z(A). In other
words,

Z((A, X) o B) = 〈(1; h, h, . . . , h︸ ︷︷ ︸
n

), e, Z(K, X) o E〉 ' (Z(A) ∩ K)× Z(4(Bn)),

where h ∈ Z(B), |X| = n.
For restricted wreath product with n non-trivial coordinate: Z((A, X) o B) =

〈(1; . . . , h, h, . . . , h, . . .), e, Z(K, X) o E〉 ' (Z(A) ∩ K)× Z(4(Bn)) '
'
⊕
j∈Of

(Z(A) ∩ K)× Z(B).

In case of unrestricted wreath product we have: Z((A, X) o B) =

〈(1; . . . , h−1, h0, h1, . . . , hi, hi+1, . . . , ), e, Z(K, X) o E〉 ' (Z(A) ∩ K)× Z(4̃(B))
=
∏
j∈O

(Z(A) ∩ K)× Z(B).

Theorem 2. If W = (A, X) o (B, Y ), where |X| = n, |Y | = m and active group A acts on X
transitively, then

d
(
G′
)
≤ (n− 1)d(B) + d(B′) + d(A′).

Theorem 3. The quotient group of a restricted wreath products G = Z oX Z by a commutator subgroup
is isomorphic to Z×Z. In previous conditions if G = AoXB then, G/G′ = A/A′×B/B′. If G = ZnoZm,
where (m, n) = 1, then d(G/G′) = 1. If G = Z o Z is an unrestricted regular wreath product then
G/G′ ' Z × E ' Z.
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H. Toru�nczyk and J. West [11] considered the construction of (completed) in�nite iteration of the
hyperspace functor and established some of its geometric properties. A counterpart of this construction
for the superextension functor was investigated in [12]. Later, V. Fedorchuk [3] introduced a general
notion of perfectly metrizable functor and obtained generalizations of results from [12].
Having in mind increasing interest to the fuzzy metric spaces we are going to extend the notion of

perfectly metrizable functor over the class of fuzzy metric spaces in the sense of George and Veeramani
[5].
Let X be a set, ∗ : [0, 1] × [0, 1] → [0, 1] be a continuous t-norm. A GV-fuzzy metric on X is a

mapping m : X ×X × R+ → (0, 1] satis�es the following conditions for all x, y, z ∈ X, s, t ∈ R+:

(1GV) m(x, y, t) > 0;
(2GV) m(x, y, t) = 1 if and only if x = y;
(3GV) m(x, y, t) = m(y, x, t);
(4GV) m(x, z, t+ s) ≥ m(x, y, t) ∗m(y, z, s);
(5GV) the function m(x, y,−) : R+ → [0, 1] is continuous.

We will consider the class of (closed to) normal functors in the category Comp of compact Haus-
dor� spaces and continuous maps. For any such a functor F , there exists a natural transformation
η : 1Comp → F .
Suppose that to each compact fuzzy metric space (X,mX , ∗) a fuzzy metricmF (X) on the space F (X)

is assigned (with respect to the same triangular norm ∗). We will make the following assumptions:

(1) If f : (X,mX)→ (Y,mY ) is an isometric embedding, then so is

F (f) : (F (X),mF (X))→ (F (Y ),mF (Y )).

(2) The map ηX : (X,mX)→ (F (X),mF (X)) is an isometric embedding.
(3) diam(X,mX) = diam(F (X),mF (X)).

We suppose now that the mentioned functor F is a functorial part of a monad (F, η, ψ). Then we
additionally require that the following holds.

(4) The map ψX : (F 2(X),mF 2(X))→ (F (X),mF (X)) is nonexpanding.

The condition in the de�nition from [3] that concerns the preservation of uniform continuity (this
is equivalent to the preservation of (ε, δ)-continuity) does not have a unique counterpart in the case
of fuzzy metric spaces, as in the latter case there are di�erent notions of uniform continuity (see, e.g.,
[6, 4]).
In the talk, we discuss the question of completion of the metric direct limits of the form

F+(X) = lim−→{X → F (X)→ F 2(X)→ . . . },

with bonding maps Fn(X)→ Fn+1(X) taken from the set {F j(ηFn−j(X)) | 0 ≤ j ≤ n}. Remark that
the completion of fuzzy metric spaces does not necessarily exist [7].



78

Next, we consider the question of embedding of the (completions of the) spaces F+(X) in the spaces
of the form

Fω(X) = lim←−{F (X)← F 2(X)← F 3(X)← . . . }
As an example, we consider the hyperspace functor ([8]; see also [1]). Another example is the functor

of idempotent measures; its fuzzy metrization is constructed in [2]. Recall that the idempotent measures
are counterparts of the probability measures in idempotent mathematics, i.e., the part of mathematics
in which at least one of arithmetic operations in R is replaced by an idempotent operation (e.g., max
or min).
In the paper [10], a metrization of functors of �nite degree is constructed. The considerations of

this paper are signi�cantly extended in [1], where the so called `p-metrics are de�ned on the sets of
the form F (X), where F is a functor with �nite supports on the category of sets.
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Ðîçãëÿäà¹òüñÿ äèôåðåíöiàëüíå ðiâíÿííÿ äðóãîãî ïîðÿäêó

y′′ = α0p(t)ϕ0(y)ϕ1(y′), (1)

ó ÿêîìó α0 ∈ {−1; 1}, p : [a, ω[→]0,+∞[ (−∞ < a < ω ≤ +∞), ϕi : ∆Yi →]0,+∞[ (i ∈ {0, 1}) �
íåïåðåðâíi ôóíêöi¨, Yi ∈ {0,±∞}, ∆Yi � îäíîái÷íèé îêië Yi.
Ââàæà¹ìî òàêîæ, ùî ôóíêöiÿ ϕ1 ¹ ïðàâèëüíî çìiííîþ (äèâ. [1], ðîçäië 1.4, ñòîð. 17) ïðè z →

Y1 (z ∈ ∆Y1) ïîðÿäêó σ1, à ôóíêöiÿ ϕ0 äâi÷è íåïåðåðâíî äèôåðåíöiéîâíà íà ∆Y0 òà òàêà, ùî

lim
y→Y0
y∈∆Y0

ϕ(y) =

{
àáî 0,
àáî +∞, lim

z→Y0
z∈∆Y0

ϕ0(z)ϕ′′0(z)(
ϕ′0(z)

)2 = 1. (2)

Â ñèëó óìîâ (2) ôóíêöiÿ ϕ0 òà ¨¨ ïîõiäíà ïåðøîãî ïîðÿäêó ¹ [1] øâèäêî çìiííèìè ïðè ïðÿ-
ìóâàííi àðãóìåíòó äî Y0. Òàêèì ÷èíîì, äîñëiæóâàíå äèôåðåíöiàëüíå ðiâíÿííÿ ìiñòèòü ó ïðàâié
÷àñòèíi äîáóòîê øâèäêî òà ïðàâèëüíî çìiííèõ ôóíêöié.
Äèôåðåíöiàëüíå ðiâíÿííÿ (1) äîñëiäæó¹òüñÿ ùîäî óìîâ iñíóâàííÿ ó íüîãî Pω(Y0, Y1, 0)-ðîçâ'ÿç-

êiâ, à òàêîæ àñèìïòîòè÷íèõ çîáðàæåíü òàêèõ ðîçâ'ÿçêiâ òà ¨õ ïîõiäíèõ ïåðøîãî ïîðÿäêó.
Ðîçâ'ÿçîê y ðiâíÿííÿ (1) íàçèâà¹òüñÿ Pω(Y0, Y1, 0)-ðîçâ'ÿçêîì, ÿêùî âií âèçíà÷åíèé íà ïðîìiæ-

êó [t0, ω[ i çàäîâîëüíÿ¹ óìîâè

lim
t↑ω

y(i)(t) = Yi (i = 0, 1), lim
t↑ω

(y′(t))2

y′′(t)y(t)
= 0.

Îñíîâíi ðåçóëüòàòè äîâîäÿòüñÿ ó ïðèïóùåííi iñíóâàííÿ äëÿ Pω(Y0, Y1, 0)-ðîçâ'ÿçêiâ ñêií÷åííî¨

÷è íåñêií÷åííî¨ ãðàíèöi lim
t↑ω

πω(t)y′′(t)
y′(t)

òà âèêëàäåíi ó [2]. Çà àïðiîðíèìè âëàñòèâîñòÿìè òàêèõ

ðîçâ'ÿçêiâ ìà¹ìî

lim
t↑ω

πω(t)y′(t)

y(t)
= 0, lim

t↑ω

πω(t)y′′(t)

y′(t)
= −1, (3)

äå

πω(t) =

{
t, ÿêùî ω = +∞,
t− ω, ÿêùî ω < +∞. .

Hàðàçi óòî÷íåíà êiëüêiñòü òàêèõ Pω(Y0, Y1, 0)-ðîçâ'ÿçêiâ ðiâíÿííÿ (1). Áóëî îòðèìàíî, ùî ó

âèïàäêó, êîëè lim
t↑ω

πω(t)I ′2(t)
I2(t)

= c ∈ R,

(1) ïðè c(1− σ1) > 0 ðiâíÿííÿ (1) ìà¹ îäíîïàðàìåòðè÷íó ñiì'þ Pω(Y0, Y1, 0)-ðîçâ'ÿçêiâ,
(2) ïðè c(1−σ1) < 0 òà β(1−σ1) < 0 ðiâíÿííÿ (1) ìà¹ äâîïàðàìåòðè÷íó ñiì'þ òàêèõ ðîçâ'ÿçêiâ,
(3) ïðè c(1− σ1) < 0 òà β(1− σ1) > 0 � ìà¹ ïðèíàéìíi îäèí òàêèé ðîçâ'ÿçîê, äå

I2(t) = sign(y0
1) ·

t∫
B2
ω

∣∣∣∣πω(τ)p(τ)θ1

(
sign(y0

1)

|πω(τ)|

)∣∣∣∣
1

1−σ1

dτ ïðè t ∈ [b;ω[⊂ [t0, ω[.
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Ó âèïàäêó, êîëè lim
t↑ω

πω(t)I′2(t)
I2(t) = ±∞, ðiâíÿííÿ (1) ìà¹ îäíîïàðàìåòðè÷íó ñiì'þ Pω(Y0, Y1, 0)-

ðîçâ'ÿçêiâ.
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Ãîëîìîðôíî-ïðîåêòèâíi ïåðåòâîðåííÿ ëîêàëüíî
êîíôîðìíî-êåëåðîâèõ ìíîãîâèäiâ ó ñèìåòðè÷íié F -çâ'ÿçíîñòi.

�. Â. ×åðåâêî
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Îçíà÷åííÿ 1. Åðìiòîâèé ìíîãîâèä Mn, ìà¹ íàçâó ëîêàëüíî êîíôîðìíî-êåëåðîâîãî (êîðîòøå,
ËÊÊ-) ìíîãîâèäîì, ÿêùî iñíó¹ âiäêðèòå ïîêðèòòÿ U =

{
Uα
}
α∈A ìíîãîâèäó M òà ñèñòåìà

Σ = {σα : Uα → R}α∈A
ãëàäêèõ ôóíêöié òàêèõ, ùî

{
J |Uα , ĝα = e−2σαg|Uα

}
� êåëåðîâà ñòðóêòóðà äëÿ áóäü ÿêîãî α ∈ A.

Ïåðåõiä âiä ìåòðèêè g|Uα äî ìåòðèêè e−2σαg|Uα ìà¹ íàçâó ëîêàëüíî êîíôîðìíîãî ïåðåòâîðåííÿ
ñòðóêòóðè. Ôóíêöiÿ σ ìà¹ íàçâó âèçíà÷àëüíîþ ôóíêöi¹þ êîíôîðìíîãî ïåðåòâîðåííÿ[2].

Íà ËÊÊ-ìíîãîâèäi ãëîáàëüíî âèçíà÷åíî ôîðìà Ëi(Lee):

ω =
2

n− 2
δΩ ◦ J

Âiäîìî, ùî ËÊÊ-ìíîãîâèäè íå äîïóñêàþòü ãîëîìîðôíî-ïðîåêòèâíèõ ïåðåäâîðåíü äëÿ çâ'ÿçíîñòi
Ëåâi-×iâiòà [3]. Àëå ìîæíà íà òàêîìó ìíîãîâèäi çàäàòè ñèìåòðè÷íó F -çâ'ÿçíiñòü, òîáòî òàêó, â
ÿêié êîìïëåêñíà ñòðóêòóðà ¹ êîâàðiàíòíî ñòàëîþ:

∇XJ = 0.

Öå íå òiëüêè âiäîìà çâ'ÿçíiñòü Âåéëÿ. Íàïðèêëàä, ñèìåòðè÷íó F -çâ'ÿçíiñòü, ìîæíà ïîáóäóâàòè
iíøèì ÷èíîì. Íåõàé øóêàíà F -çâ'ÿçíiñòü çàäàíà ôîðìóëîþ:

Γ
k
ij = Γkij + P kij ,

äå P kij � òåíçîð àôiíî¨ äåôîðìàöi¨, à ñèìâîëîì Γkij ïîçíà÷åíî êîìïîíåíòè çâ'ÿçíîñòi Ëåâi-×iâiòà,
óçãîäæåíî¨ ç ËÊÊ-ìåòðèêîþ gij . Òåíçîð àôiíî¨ äåôîðìàöi¨ äëÿ F -çâ'ÿçíîñòi áóäü-ÿêîãî åðìiòî-
âîãî ìíîãîâèäó ìîæíà çàäàòè òàê [1]:

P kij = −1

4
(∇jJui +∇iJuj )Jku +

1

4
(∇jJku −∇uJkj )Jui . (1)

Ñèìâîëîì ∇ ïîçíà÷åíî êîâàðiàíòíó ïîõiäíó ó çâ'ÿçíîñòi Ëåâi-×iâiòà, óçãîäæåíî¨ ç ËÊÊ-ìåòðè-
êîþ. Âðàõîâóþ÷è, ùî íà ËÊÊ-ìíîãîâèäi

∇jJki =
1

2

(
δkj J

t
iωt − ωhJij − Jkj ωi + Jkt ω

tgij
)
,
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ç (1) îòðèìó¹ìî:

P kij = −1

4

(
δkj ωi + δkj ωj + Jkj J

t
iωt + Jki J

t
jωt − 2ωkgij

)
.

Íåõàé ãîëîìîðôíî-ïðîåêòèâíèõ ïåðåòâîðÿííÿ ïîðîäæóþòüñÿ ìàéæå àíàëiòè÷íèì âåêòîðíèì ïî-
ëåì ξ, òîáòî òàêèì, äëÿ ÿêîãî âèêîíó¹òüñÿ

LξJ
h
i = 0.

Òîäi ïîõiäíà Ëi îá'¹êòó çâ'ÿçíîñòi Ëåâi-×iâiòà ïðè ãîëîìîðôíî-ïðîåêòèâíèõ ïåðåòâîðÿííÿõ
òîäi ìàòèìå âèãëÿä:

LξΓ
h
ij =

1

4

(
δhj∇i

(
ωαξ

α
)

+ δhi ∇j
(
ωαξ

α
)

+ Jhj J
t
i∇t
(
ωαξ

α
)

+ Jhi J
t
j∇t
(
ωαξ

α
)

−ghr∇r
(
ωαξ

α
)
gij − ωhLξgij + ghβωα(Lξgβα)gij

)
+ ρjδ

h
i + ρiδ

h
j − ρtJ tiJhj − ρtJ tjJhi .

Äîâåäåíî, ùî îá'¹êò

Πh
ij = Γhij +

1

2
ωhgij −

1

n+ 2

((
Γsjs + ωj

)
δhi +

(
Γsis + ωi

)
δhj

+
(
Γsts −

n

2
ωt
)
J tiJ

h
j +

(
Γsts −

n

2
ωt
)
J tjJ

h
i

)
¹ iíâàðiàíòíèì ïðè öèõ ïåðåòâîðåííÿõ. Öiêàâèì ¹ òå, ùî òàêèé ñàìèé îá'¹êò áóäå iíâàðiàíòíèì,
ÿêùî ñêîðèñòàòèñÿ äëÿ ãîëîìîðôíî-ïðîåêòèâíèõ ïåðåòâîðåíü çâ'ÿçíiñòþ Âåéëÿ [4].
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Ãðàôè Êðîíðîäà�Ðiáà ôóíêöié Ìîðñà íà 2-òîði òà ¨õ
àâòîìîðôiçìè

Áîãäàí Ôåùåíêî
(Ëàáîðàòîðiÿ òîïîëîãi¨ ó ñêëàäi âiääiëó àëãåáðè i òîïîëîãi¨, Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè)
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Íåõàé M � ãëàäêà îði¹íòîâàíà êîìïàêòíà ïîâåðõíÿ. Ãðóïà äèôåîìîðôiçìiâ D(M) äi¹ íà ïðî-
ñòîði ãëàäêèõ ôóíêöié C∞(M) çà òàêèì ïðàâèëîì: γ : C∞(M)×D(M)→ C∞(M), γ(f, h) = f ◦h.
Âiäíîñíî öi¹¨ äi¨ âèçíà÷èìî ñòàáiëiçàòîð S(f) òà îðáiòó O(f) ïðèðîäíèì ÷èíîì:

S(f) = {h ∈ D(M) | f ◦ h = f}, O(f) = {f ◦ h |h ∈ D(M)}.

Íàäiëèìî ïðîñòîðè D(M) òà C∞(M) ñèëüíèìè òîïîëîãiÿìè Ó¨òíi. Öi òîïîëîãi¨ iíäóêóþòü äåÿêi
òîïîëîãi¨ íà ïðîñòîðàõ S(f) òà O(f).
Íåõàé Did(M) � çâ'ÿçíà êîìïîíåíòà òîòîæíüîãî âiäîáðàæåííÿ ïðîñòîðó D(M), Of (f) � êîì-

ïîíåíòà çâ'ÿçíîñòi O(f), ùî ìiñòèòü f i S ′(f) = S(f) ∩ Did(M) � ãðóïà äèôåîìîðôiçìiâ M , ùî
çáåðiãàþòü ãëàäêó ôóíêöiþ f .
Ãîìîòîïiéíi âëàñòèâîñòü êîìïîíåíò çâ'ÿçíîñòi ïðîñòîðiâ S(f) òà O(f) äëÿ ôóíêöié Ìîðñà íà

êîìïàêòíèõ ïîâåðõíÿõ äîñëiäæóâàëèñü ó ðîáîòàõ Å. Êóäðÿâöåâî¨, Ñ. Ìàêñèìåíêà òà éîãî ó÷íiâ.
Çîêðåìà, áóëî âñòàíîâëåíî, ùî Of (f) ¹ ãîìîòîïiéíî åêâiâàëåíòíîþ ôàêòîð-ïðîñòîðó (S1)m/G(f)
ó âèïàäêó êîëè M 6= S2 i SO(3) × (S1)m/G(f), ÿêùî M = S2, äå G(f) � ãðóïà àâòîìîðôiçìiâ
ãðàôó Êðîíðîäà�Ðiáà ôóíêöi¨ Ìîðñà íà M , ùî ¹ iíäóêîâàíèìè äèôåîìîðôiçìàìè ç S ′(f), ÿêà
âiëüíî äi¹ íà (S1)m, m ∈ N, äèâ. îãëÿä ó [4].
Ñ. Ìàêñèìåíêî òà À. Êðàâ÷åíêî âèâ÷àëè ìiíiìàëüíó ìíîæèíó êëàñiâ içîìîðôiçìiâ ãðóï G(f)

äëÿ ôóíêöié Ìîðñà íà êîìïàêòíèõ ïîâåðõíÿõ êðiì 2-òîðà òà ïiäìíîæèíè öi¹¨ ìíîæèíè äëÿ
ïðîñòèõ òà çàãàëüíèõ (generic) ôóíêöié Ìîðñà [1, 2, 3]. Ìè äàìî îïèñ ìiíiìàëüíî¨ ìíîæèíè êëàñiâ
içîìîðôiçìó ãðóï G(f) äëÿ ôóíöié Ìîðñà íà 2-òîði. Ìàòåðiàë òåç áàçó¹òüñÿ íà ñòàòòi [4].
Äëÿ ôîðìóëþâàííÿ ðåçóëüòàòiâ ìè íàãàäà¹ìî îçíà÷åííÿ âiíöåâîãî äîáóòêó ç öèêëi÷íèìè ãðó-

ïàìè òà ðîçãëÿíåìî äåêiëüêà êëàñiâ ãðóï, ùî âèçíà÷àþòüñÿ çà äîïîìîãîþ âiíöåâèõ äîáóòêiâ.
Íåõàé G � ãðóïà i n,m ≥ 1 � íàòóðàëüíi ÷èñëà. Ðîçãëÿíåìî äâi åôåêòèâíi äi¨ α : Gn × Zn → Gn i
β : Gnm× (Zn×Zm)→ Gnm ãðóï Zn òà Zn×Zmn íà Gn òà Gnm âiäïîâiäíî, ùî çàäàíi ôîðìóëàìè:

α((gi)
n−1
i=0 , a) = (gi+a)

n−1
i=0 , β((gi,j)

n−1,m−1
i,j=0 , (b, c)) = (gi+b,j+c)

n−1,m−1
i,j=0 ,

äå óñi iíäåêñè âçÿòi çà ìîäóëÿìè n òà n,m. Íàïiâïðÿìi äîáóòêè GoZn := GnoαZn i Go(Zn×Zm) :=
Gnm oβ (Zn × Zm), ùî âiäïîiâäàþòü öèì äiÿì, ìè áóäåìî íàçèâàòè âiíöåâèìè äîáóòêàìè G ç Zn
òà G ç (Zn × Zm) âiäïîâiäíî.
Äëÿ íàòóðàëüíîãî n, íåõàé Pn � ìiíiìàëüíà ìíîæèíà êëàñiâ içîìîðôiçìó ãðóï, ùî çàäîâîëü-

íÿþòü òàêèì óìîâàì:

• îäèíè÷íà ãðóïà {1} íàëåæèòü äî Pn,
• ÿêùî A,B ∈ Pn, òî A×B òà A o Zn íàëåæàòü äî Pn.

Íåõàé P ìiíiìàëüíà ìíîæèíà êëàñiâ içîìîðôiçìó ãðóï, ùî ìiñòÿòü Pn ÿê ïiäìíîæèíè äëÿ óñiõ
n ∈ N. Íåõàé òàêîæ Ei, i = 0, 1, 2 � ìiíiìàëüíi ìíîæèíè êëàñiâ içîìîðôiçìó ãðóï òàêèõ, ùî

• E0 ìiñòèòü ãðóïó A0 o (Zn × Zmn), n,m ≥ 1 äëÿ áóäü-ÿêî¨ A0 ∈ P,
• E1 ìiñòèòü ãðóïó A1 o Zn, n ≥ 1 äëÿ áóäü-ÿêî¨ A1 ∈ P,
• E2 ìiñòèòü ãðóïó A2 o Zn, n ≥ 1 äëÿ áóäü-ÿêî¨ A2 ∈ P2.

Âiäîìî, ùî ãðàô Êðîíðîäà�Ðiáà ôóíêöi¨ Ìîðñà íà 2-òîði ¹ àáî äåðåâîì, àáî ìiñòèòü öèêë. Ìi-
íiìàëüíó ìíîæèíó êëàñiâ içîìîðôiçìó ãðóï G(f) äëÿ ôóíêöié Ìîðñà íà 2-òîði ãðàôè ÿêèõ ¹
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äåðåâàìè ïîçíà÷èìî ÷åðåç G0(T 2), à â iíøîìó âèïàäêó ÷åðåç G1(T 2). Ïîçíà÷èìî ÷åðåç G smp(T 2)
ìiíiìàëüíó ìíîæèíó êëàñiâ içîìîðôiçìiâ ãðóï G(f) äëÿ ïðîñòèõ ôóíêöié Ìîðñà íà 2-òîði.
Îñíîâíèì ðåçóëüòàòîì ¹ òàêà òåîðåìà.

Òåîðåìà 1 (Theorem 2.5 [4]). Ìàþòü ìiñöå ðiâíîñòi:

G0(T 2) = E0, G1(T 2) = E1, G gen(T 2) = E2.
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Ïðèêëàäè ïîâåðõîíü ç ïëîñêîþ íîðìàëüíîþ çâ'ÿçíiñòþ òà ñòàëîþ
êðèâèíîþ ãðàññìàíîâîãî îáðàçó â ïðîñòîði Ìiíêîâñüêîãî

Ì. Ãðå÷í¹âà
(Çàïîðiçüêèé íàöiîíàëüíèé óíiâåðñèòåò, Çàïîðiææÿ, Óêðà¨íà)

E-mail: grechnevamarina@gmail.com

Ï. Ñò¹ãàíöåâà
(Çàïîðiçüêèé íàöiîíàëüíèé óíiâåðñèòåò, Çàïîðiææÿ, Óêðà¨íà)
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Âèêîðèñòàííÿ ïîíÿòü ãðàññìàíîâîãî ìíîãîâèäó òà ãðàññìàíîâîãî îáðàçó ïîâåðõíi äîçâîëÿ¹
ðîçøèðèòè êîëî çàäà÷ äèôåðåíöiàëüíî¨ ãåîìåòði¨ [1], [2]. Â ðîáîòi [10] âñòàíîâëåíî, ùî ñåêöié-
íà êðèâèíà K̄(σ) ãðàññìàíîâîãî ìíîãîâèäó G(2, 4) åâêëiäîâîãî ïðîñòîðó R4 ïðèéìà¹ çíà÷åííÿ ç
âiäðiçêó [0, 2], à äëÿ ïðîñòîðó Ìiíêîâñüêîãî â [6] äîâåäåíî, ùî öÿ êðèâèíà ìîæå áóòè áóäü-ÿêèì
äiéñíèì ÷èñëîì. Äîñëiäæåíi â [9],[3] ïîâåðõíi åâêëiäîâîãî ïðîñòîðó ç ìiíiìàëüíèì òà ìàêñèìàëü-
íèì çíà÷åííÿìè êðèâèíè ãðàññìàíîâîãî ìíîãîâèäó âçäîâæ ïëîùèí, äîòè÷íèõ äî ãðàññìàíîâîãî
îáðàçó ïîâåðõíi (êðèâèíè ãðàññìàíîâîãî îáðàçó ïîâåðõíi). Äëÿ ïðîñòîðó Ìiíêîâñüêîãî àíàëîãi÷-
íå äîñëiäæåííÿ ïðîâåäåíî â [4].
Â [5] äîñëiäæåíi áàãàòîâèìiðíi ïîâåðõíi åâêëiäîâîãî ïðîñòîðó ç ïëîñêîþ íîðìàëüíîþ çâ'ÿçíiñòþ

òà ïîñòiéíîþ êðèâèíîþ ãðàññìàíîâîãî ìíîãîâèäó. Â öié ðîáîòi äëÿ òàêèõ ïîâåðõîíü ïðîñòîðó
Ìiíêîâñüêîãî ç ìåòðèêîþ ñiãíàòóðè (−+ ++) îòðèìàíi íàñòóïíi ðåçóëüòàòè.

Òåîðåìà 1. Íåõàé V 2 ⊂1 R4 ¹ ðåãóëÿðíîþ ÷àñîïîäiáíîþ ïîâåðõíåþ ç ïëîñêîþ íîðìàëüíîþ
çâ'ÿçíiñòþ i íåâèðîäæåíèì ãðàññìàíîâèì îáðàçîì ñòàëî¨ êðèâèíè K̄. Òîäi K̄ ïðèéìà¹ çíà÷åííÿ
ç âiäðiçêó [0, 1].

Òåîðåìà 2. Íåõàé V 2 ⊂1 R4 ¹ ðåãóëÿðíîþ ïðîñòîðîâîïîäiáíîþ ïîâåðõíåþ ç ïëîñêîþ íîðìàëüíîþ
çâ'ÿçíiñòþ i íåâèðîäæåíèì ãðàññìàíîâèì îáðàçîì ñòàëî¨ êðèâèíè K̄. Òîäi çíà÷åííÿ öi¹¨ êðèâèíè
íàëåæàòü ìíîæèíi (−∞,−1]

⋃
{0}, ÿêùî ãðàññìàíîâèé îáðàç ïðîñòîðîâîïîäiáíèé i ìíîæèíi

[0,−∞), ÿêùî ãðàññìàíîâèé îáðàç ÷àñîïîäiáíèé.

Äëÿ îá÷èñëåííÿ êðèâèíè ãðàññìàíîâîãî îáðàçó ÷àñîïîäiáíî¨ òà ïðîñòîðîâîïîäiáíî¨ ïîâåðõîíü
ç ïëîñêîþ íîðìàëüíîþ çâ'ÿçíiñòþ âèêîðèñòîâó¹ìî âiäïîâiäíî ôîðìóëè, ÿêi âèâåäåíi ç çàïðîïî-
íîâàíî¨ â ðîáîòi [8] ôîðìóëè äëÿ ñåêöiéíî¨ êðèâèíè ãðàññìàíîâèõ ìíîãîâèäiâ ïñåâäîåâêëiäîâèõ
ïðîñòîðiâ

K̄(σ) =
(L2

11L
2
22 + L1

22L
1
11)2

(L2
11L

2
22)2 + (L1

22L
2
11)2 + (L1

11L
2
22)2 + (L1

11L
1
22)2

(1)

òà

K̄(σ) = − (L2
11L

2
22 − L1

22L
1
11)2

(L2
11L

2
22)2 − (L1

22L
2
11)2 − (L1

11L
2
22)2 + (L1

11L
1
22)2

, (2)

â ÿêèõ Lkij - êîåôiöi¹íòè äðóãèõ êâàäðàòè÷íèõ ôîðì âiäïîâiäíèõ ïîâåðõîíü.

Íàâåäåìî ïðèêëàäè, iäåÿ ÿêèõ âçÿòà ç ðîáîòè [7].

Ïðèêëàä 3. ×àñîïîäiáíà ïîâåðõíÿ çàäàíà ôóíäàìåíòàëüíèìè ôîðìàìè ds2 = −du2 +dv2, II1 =
a2du2 − b2dv2, II2 = h(du2 + dv2), a, b, h = const. Êðèâèíà ¨¨ ãðàññìàíîâîãî îáðàçó çàäîâîëüíÿ¹
íåðiâíîñòi 0 ≤ K̄(σ) ≤ 1 ïðè áóäü-ÿêèõ çíà÷åííÿõ a, b, h.

Ïðèêëàä 4. Ïðîñòîðîâîïîäiáíà ïîâåðõíÿ, çàäàíà ôóíäàìåíòàëüíèìè ôîðìàìè ds2 = du2 +
dv2, II1 = du2 − 4dv2, II2 = du2 + dv2, ìà¹ ïðîñòîðîâîïîäiáíèé ãðàññìàíîâèé îáðàç. Êðèâèíà
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¨ ¨ ãðàññìàíîâîãî îáðàçó äîðiâíþ¹ K̄(σ) = −25
12 . Ïðîñòîðîâîïîäiáíà ïîâåðõíÿ, çàäàíà ôóíäàìåí-

òàëüíèìè ôîðìàìè ds2 = du2 + dv2, II1 = du2 + 4dv2, II2 = 2du2 + 3dv2, ìà¹ ÷àñîïîäiáíèé
ãðàññìàíîâèé îáðàç. Êðèâèíà ¨¨ ãðàññìàíîâîãî îáðàçó äîðiâíþ¹ K̄(σ) = 4

21 .

Iñíóâàííÿ ðîçãëÿíóòèõ ïîâåðõîíü âèïëèâà¹ ç òîãî, ùî êîåôiöi¹íòè ¨õ ôóíäàìåíòàëüíèõ ôîðì
çàäîâîëüíÿþòü ðiâíÿííÿì Ãàóññà-Êîäàööi-Ði÷÷i.
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Ïðî ÷èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ íàïiâìiíiìàëüíèõ
ãëàäêèõ ôóíêöié íà äâîâèìiðíîìó êðåíäåëi
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ÍåõàéMg � çàìêíåíà ãëàäêà îði¹íòîâíà ïîâåðõíÿ ðîäó g ≥ 0, à Cn(Mg) � êëàñ ãëàäêèõ ôóíêöié
íà Mg (ç òðüîìà êðèòè÷íèìè çíà÷åííÿìè), ÿêi îêðiì ëîêàëüíèõ ìiíiìóìiâ òà ëîêàëüíèõ ìàêñè-
ìóìiâ ìàþòü ëèøå îäíó (â çàãàëüíîìó âèïàäêó âèðîäæåíó) êðèòè÷íó òî÷êó òèïó ñiäëà, iíäåêñ
Ïóàíêàðå ÿêî¨ ñòàíîâèòü 1 − n = 2 − 2g − λ, äå λ ≥ 2 � ñóìàðíå ÷èñëî ëîêàëüíèõ ìiíiìóìiâ òà
ìàêñèìóìiâ (íàïð. [4], [5]).
Ôóíêöi¨ f1 i f2 ç êëàñó Cn(Mg) íàçèâàþòü òîïîëîãi÷íî åêâiâàëåíòíèìè, ÿêùî iñíóþòü ãîìåî-

ìîðôiçìè h : Mg →Mg i h
′ : R1 → R1 (h′ çáåðiãà¹ îði¹íòàöiþ), òàêi ùî f2 = h′ ◦ f1 ◦ h−1.

ßêùî h çáåðiãà¹ îði¹íòàöiþ, òî ôóíêöi¨ f1 òà f2 íàçèâàþòü òîïîëîãi÷íî ñïðÿæåíèìè (íàïð. [4])
àáî æ O-òîïîëîãi÷íî åêâiâàëåíòíèìè (íàïð. [5]).
×åðåç Ck,l(Mg) ⊂ Cn(Mg) ïîçíà÷èìî êëàñ ôóíêöié íà Mg, ÿêi ìàþòü òî÷íî k ëîêàëüíèõ ìi-

íiìóìiâ (ìàêñèìóìiâ), l ëîêàëüíèõ ìàêñèìóìiâ (ìiíiìóìiâ) òà îäíó êðèòè÷íó òî÷êó òèïó ñiäëà.
ßêùî k = l = 1, òî ôóíêöi¨ ç âiäïîâiäíîãî êëàñó íàçèâàþòü ìiíiìàëüíèìè; ÿêùî æ k = 1, l > 1
(àáî l = 1, k > 1), òî ôóíêöi¨ ç âiäïîâiäíîãî êëàñó áóäåìî íàçèâàòè íàïiâìiíiìàëüíèìè.
Çàäà÷i ïðî ïiäðàõóíîê ÷èñëà òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñiâ C1,1(Mg) (g ≥ 0) i

Ck,l(M0) (k, l ∈ N) áóëî ïîâíiñòþ ðîçâ'ÿçàíî ëèøå ó 2015 ð. â ðîáîòàõ [5] òà [6] âiäïîâiäíî.
Â çàãàëüíîìó âèïàäêó, äëÿ íàòóðàëüíèõ g, k, l (àáî æ k, l i n = 2g+k+ l−1, òîáòî äëÿ ôóíêöié

ç ôiêñîâàíèì ñèíãóëÿðíèì òèïîì), çàäà÷à ïðî ïiäðàõóíîê ÷èñëà òîïîëîãi÷íî íååêâiâàëåíòíèõ
ôóíêöié ç êëàñó Ck,l(Mg) âèÿâèëàñü äîñèòü âàæêîþ òà íåðîçâ'ÿçàíîþ äî ñüîãîäíi ïðîáëåìîþ.
ßê ç'ÿñóâàëîñÿ (â [2] ç ïîñèëàííÿì íà ðîáîòó [1]), çàäà÷à ïðî ïåðåðàõóâàííÿ îäíîêëiòèíêîâèõ

äâîêîëüîðîâèõ êàðò ç n ðåáðàìè (îäíå ç ÿêèõ ¹ ïîìi÷åíèì), k áiëèìè òà l ÷îðíèìè âåðøèíàìè
òiñíî ïîâ'ÿçàíà iç çàäà÷åþ ïðî ïiäðàõóíîê ÷èñëà òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó
Ck,l(Mg). Âiäîìîñòi ïðî êàðòè ìîæíà çíàéòè, íàïðèêëàä, â îãëÿäi [1] òà ðîáîòi [2].
ßâíi ôîðìóëè äëÿ ïiäðàõóíêó ÷èñëà O-òîïîëîãi÷íî íååêâiâàëåíòèõ ôóíêöié ç êëàñó Cn(T 2) ≡

Cn(M1) àíîíñîâàíî â [7]. Äëÿ ôiêñîâàíèõ íàòóðàëüíèõ k i l çàäà÷à ïðî ïiäðàõóíîê ÷èñëà òîïîëî-
ãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó Ck,l(T

2) òàêîæ çàëèøà¹òüñÿ íåðîçâ'ÿçàíîþ.
Ç óðàõóâàííÿì ðåçóëüòàòiâ ðîáiò [2] i [3] âñòàíîâëåíî ñïðàâåäëèâiñòü íàñòóïíèõ òâåðäæåíü äëÿ

äâîâèìiðíîãî êðåíäåëÿ P 2.

Òåîðåìà 1. Äëÿ äîâiëüíîãî íàòóðàëüíîãî n = m + 4 ≥ 5 ÷èñëî d∗(n) O-òîïîëîãi÷íî íååêâiâà-
ëåíòíèõ ôóíêöié ç êëàñó C1,m(P 2) ìîæíà îá÷èñëèòè çà ôîðìóëîþ

d∗(n) =
1

n

(3n2 − n− 6)

8
· C6

n+1 +
∑

j|n, j∈{2;3;4;5;6;8}

φ(j) · ρ
(
n, nj

) , (1)

äå: φ(q) � ôóíêöiÿ Åéëåðà; ∀j ∈ N : nj /∈ N âåëè÷èíè ρ
(
n, nj

)
≡ 0, à

∀j ∈ {2; 3; 4; 5; 6; 8} : nj ∈ N âåëè÷èíè ρ
(
n, nj

)
âèçíà÷àþòüñÿ çà äîïîìîãîþ ñïiââiäíîøåíü

ρ
(
n,
n
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)
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n
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, ρ
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=
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, ρ
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Òåîðåìà 2 (îñíîâíà). Äëÿ äîâiëüíîãî íàòóðàëüíîãî n = m + 4 ≥ 5 ÷èñëî d∗∗(n) òîïîëîãi÷íî
íååêâiâàëåíòíèõ ôóíêöié ç êëàñó C1,m(P 2) ìîæíà îá÷èñëèòè çà ôîðìóëàìè

d∗∗(n) =
1

2
(d∗(n) + S(n)) , (3)

äå

S(n) =


(n− 3)(n− 1)(n+ 1)(5n+ 7)

384
, n = 2k + 1

(n− 4)(n− 2)
(
5n2 + 34n+ 96

)
384

, n = 2k.

(4)

n d(n) d∗(n) d∗∗(n) n d(n) d∗(n) d∗∗(n)
5 8 4 4 21 12 087 306 575 592 288 951
6 84 16 13 22 17 968 566 816 858 409 959
7 469 67 44 23 26 212 571 1 139 677 571 516
8 1 869 237 140 24 37 589 475 1 566 377 785 361
9 5 985 667 366 25 53 068 015 2 122 723 1 063 721
10 16 401 1 649 883 26 73 854 495 2 840 739 1 423 367
11 39 963 3 633 1 894 27 101 437 245 3 756 943 1 881 702
12 88 803 7 417 3 836 28 137 637 045 4 915 841 2 461 957
13 183 183 14 091 7 203 29 184 664 025 6 367 725 3 188 185
14 355 355 25 405 12 945 30 245 181 573 8 173 019 4 091 833
15 654 654 43 650 22 112 31 322 377 804 10 399 284 5 205 312
16 1 154 062 72 166 36 503 32 420 045 164 13 126 768 6 570 279
17 1 958 502 115 206 58 086 33 542 668 764 16 444 518 8 229 569
18 3 215 142 178 678 90 018 34 695 524 060 20 457 020 10 237 300
19 5 126 010 269 790 135 660 35 884 784 516 25 279 560 12 649 062
20 7 963 242 398 242 200 162 36 1 117 639 908 31 046 082 15 534 091

Òàáëèöÿ 2.1. Ïî÷àòêîâi çíà÷åííÿ âåëè÷èí d(n), d∗(n) òà d∗∗(n)
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Ãåîäåçè÷íi âiäîáðàæåííÿ ïðîñòîðiâ ç ϕ(Ric)-âåêòîðíèìè ïîëÿìè
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Âèõîäÿ÷è ç àëãåáðà¨÷íèõ ìiðêóâàíü áóëè ââåäåíi â ðîçãëÿä ϕ(Ric)-âåêòîðíi ïîëÿ ϕi, ÿêi çàäî-
âîëüíÿþòü ðiâíÿííÿì:

ϕi,j = sRij ; s,i = 0,

äå êîìà � çíàê êîâàðiàíòíî¨ ïîõiäíî¨, à Rij � òåçîð Ði÷÷i. Äåÿêi ãåîìåòðè÷íi âëàñòèâîñòi òàêèõ
âåêòîðíèõ ïîëiâ âèâ÷åíi â ðîáîòàõ Â. Êiîñàêà òà I. Ãiíòåðëÿéòíåð [1, 2]. Ëiíiéíà ôîðìà îñíîâíèõ
ðiâíÿíü òåîði¨ ãåîäåçè÷íèõ âiäîáðàæåíü ìà¹ âèãëÿä [3, .ñ121]

aij,k = λigjk + λjgik. (1)

nλi,j = µgij + aαiR
α
j − aαβR

α β
. ij . ,

òóò µ = λα,βg
αβ; Rij = Rαjg

αi; Rh k
ij = Rhijαg

αk, gij � ìåòðè÷íèé òåíçîð Vn, à g
ij � åëåìåíòè

ìàòðèöi îáåðíåíî¨ äî íüîãî.
Áóëî äîâåäåíî:

Òåîðåìà 1. ßêùî ïñåâäîðiìàíiâ ïðîñòið Vn äîïóñêà¹ íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ, òî
äëÿ òåíçîðà aij òà âåêòîðà λi âèêîíóþòüñÿ óìîâè λiαa

α
j − λjαaαi = 0, äå λij = λi,j.

Òåîðåìà 2. Ïðè íåòðèâiàëüíîìó ãåîäåçè÷íîìó âiäîáðàæåííi ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ùî
äîïóñêàþòü ϕ(Ric)-ïîëÿ, âåêòîð λi ¹ âëàñíèì âåêòîðîì òåíçîðà aij:

λαaαi = uλi.

Òåîðåìà 3. ßêùî ïñåâäîðiìàíiâ ïðîñòið Vn, ùî äîïóñêà¹ ϕ(Ric) âåêòîðíi ïîëÿ, äîïóñêà¹ íå-
òðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ, òî âåêòîðè ϕi òà λi êîëiíåàðíi, òîáòî ϕi = ρλi, äå ρ �
äåÿêèé iíâàðiàíò.

Òåîðåìà 4. ßêùî ïñåâäîðiìàíiâ ïðîñòið, ùî äîïóñêà¹ ϕ(Ric)-ïîëÿ, äîïóñêà¹ i íåòðèâiàëüíi ãåî-
äåçè÷íi âiäîáðàæåííÿ, òî â íüîìó çà íåîáõiäíiñòþ ìà¹ ðîçâ'ÿçîê ñèñòåìà ðiâíÿíü (1) òà

λi,j = Agij +Baij ,

äå B =
1

n
vαξ

α;A =
1

n
(µλα − avα)ξα.
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Äåÿêi ïèòàííÿ òåîði¨ 2F -ïëàíàðíèõ âiäîáðàæåíü ïñåâäîðiìàíîâèõ
ïðîñòîðiâ ç àáñîëþòíî ïàðàëåëüíîþ f-ñòðóêòóðîþ
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Ìè ïðîäîâæó¹ìî âèâ÷åííÿ áàçîâèõ ïèòàíü òåîði¨ 2F -ïëàíàðíèõ âiäîáðàæåíü ìíîãîâèäiâ, ÿêi
íàäiëåíi àôiíîðíîþ ñòðóêòóðîþ ïåâíîãî òèïó [1], [2], [3].
Ðàíiøå ìè äîâåëè, ùî êëàñ ïñåâäîðiìàíîâèõ ïðîñòîðiâ ç àáñîëþòíî ïàðàëåëüíîþ f -ñòðóêòóðîþ

çàìêíóòèé ùîäî ðîçãëÿíóòèõ âiäîáðàæåíü, à òàêîæ ùî çà óìîâîþ êîâàðiàíòíî¨ ñòàëîñòi àôiíîðà
f -còðóêòóðè ó âiäîáðàæóâàíèõ ïðîñòîðàõ íåòðèâiàëüíi 2F -ïëàíàðíi âiäîáðàæåííÿ ìîæóòü áóòè
òðüîõ òèïiâ: ïîâíi i êàíîíi÷íi I, II òèïiâ. Çàðàç ìè äîñëiäæó¹ìî òiëüêè ïîâíå 2F -ïëàíàðíå âiä-

îáðàæåííÿ ïðîñòîðiâ ç àáñîëþòíî ïàðàëåëüíîþ f -ñòðóêòóðîþ (Vn, gij , F
h
i ) i (V n, gij , F

h
i ), ÿêå â

çàãàëüíié çà âiäîáðàæåííÿì ñèñòåìi êîîðäèíàò (xi) õàðàêòåðèçó¹òüñÿ îñíîâíèìè ðiâíÿííÿìè:

Γ
h
ij(x) = Γhij(x) + ψ(iδ

h
j) + φ(i

1

F hj) + σ(i

2

F hj),

F hi (x) = F
h
i (x),

F hαF
α
β F

β
i + F hi = 0,

1
Fij +

1
Fji = 0,

1

F ij +
1

F ji = 0,
1
Fij = giα

1

Fαj ,
1

F ij = giα
1

Fαj ,

1

F hi,j = 0, i, h, α, β, . . . = 1, 2, . . . , n,

äå Γhij ,Γ
h
ij - êîìïîíåíòè îá'¹êòiâ çâ'ÿçíîñòi Vn, V n; ψi(x), φi(x), σi(x) - äåÿêi êîâåêòîðè, à äóæêàìè

ïîçíà÷åíà îïåðàöiÿ ñèìåòðóâàííÿ, ”,” - çíàê êîâàðiàíòíî¨ ïîõiäíî¨ â Vn.
Òóò ïîçíà÷åíî

1

F hi = F hi ,
2

F hi = F hαF
α
i .

2FÏÂ ââàæà¹òüñÿ òðèâiàëüíèì, êîëè ψi = φi = σi = 0.
Â [3] áóëî âèäiëåíî êëàñè ïðîñòîðiâ ç àáñîëþòíî ïàðàëåëüíîþ f -ñòðóêòóðîþ, ùî äîïóñêàþòü

2F -ïëàíàðíå âiäîáðàæåííÿ íà ïëîñêèé ïðîñòið, i çíàéäåíî ¨õ ìåòðèêè â ñïåöiàëüíié ñèñòåìi êî-
îðäèíàò.
Äàëi âèíèêà¹ çàêîíîìiðíå ïèòàííÿ ïðî òå, ÷è iñíóþòü iíøi êëàñè òàêèõ ïðîñòîðiâ, ÿêi äîïóñ-

êàþòü 2F -ïëàíàðíi âiäîáðàæåííÿ, i ÿê ¨õ çíàéòè. Âèêîðèñòîâóþ÷è ìåòîäè, ðîçðîáëåíi â òåîði¨
ãåîäåçè÷íèõ âiäîáðàæåíü [4], ìè çâîäèìî îñíîâíi ðiâíÿííÿ 2F -ïëàíàðíèõ âiäîáðàæåíü îñíîâíîãî
òèïó äî âèäó, ÿêèé äîïóñêà¹ åôåêòèâíå äîñëiäæåííÿ - öå òàê çâàíà íîâà ôîðìà îñíîâíèõ ðiâíÿíü.
Âèêîðèñòîâóþ÷è öþ íîâó ôîðìó, ìè, çîêðåìà, ïîêàçàëè, ùî ïñåâäîðiìàíîâèé ïðîñòið ç àáñîëþòíî
ïàðàëåëüíîþ f -ñòðóêòóðîþ, â ÿêîìó iñíó¹ êîíöiðêóëÿðíå [4] àáî êâàçiêîíöiðêóëÿðíå [1] âåêòîðíå
ïîëå, äîïóñêà¹ íåòðèâiàëüíå 2F -ïëàíàðíå âiäîáðàæåííÿ îñíîâíîãî òèïó. Äîâåäåíî òåîðåìè, ÿêi
äàþòü ðåãóëÿðíèé ìåòîä, ùî äîçâîëÿ¹ äëÿ áóäü-ÿêîãî ïñåâäîðiìàíîâîãî ïðîñòîðó ç àáñîëþòíî

ïàðàëåëüíîþ f -ñòðóêòóðîþ (Vn, gij , F
h
i ) àáî çíàéòè âñi ïðîñòîðè (V n, gij , F

h
i ), íà ÿêi Vn äîïóñêà¹

2F -ïëàíàðíå âiäîáðàæåííÿ îñíîâíîãî òèïó, àáî äîâåñòè, ùî òàêèõ ïðîñòîðiâ íåìà¹.
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Íàãàäà¹ìî, ùî ïåðåòâîðåííÿì ìíîæèíè íàçèâà¹òüñÿ ái¹êòèâíå (îäíî÷àñíå ií'¹êòèâíå i ñþð'¹ê-
òèâíå, òîáòî âçà¹ìíî îäíîçíà÷íå) âiäîáðàæåííÿ öi¹¨ ìíîæèíè íà ñåáå. Ç ãðóïîâî¨ òî÷êè çîðó
îêðåìà ãåîìåòðè÷íà òåîðiÿ âèâ÷à¹ iíâàðiàíòè ïåâíî¨ ãðóïè ïåðåòâîðåíü ïðîñòîðó. Ç öi¹¨ òî÷êè
çîðó ôðàêòàëüíà ãåîìåòðiÿ[1] âèâ÷à¹ iíâàðiàíòè ãðóïè ïåðåòâîðåíü ïðîñòîðó, ÿêi çáåðiãàþòü
ôðàêòàëüíó ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à ìíîæèí (ìà¹òüñÿ íà óâàçi, ùî îáðàç i ïðîîáðàç
ìàþòü îäíàêîâó ðîçìiðíiñòü).
Âèêîðèñòîâóþ÷è ðiçíi çîáðàæåííÿ (êîäóâàííÿ) äiéñíèõ ÷èñåë, ó ðÿäi ðîáiò âèâ÷àëèñü ïåðå-

òâîðåííÿ âiäðiçêà, ÿêi ìàþòü ôðàêòàëüíi âëàñòèâîñòi, ñàìîïîäiáíîñòi, àâòîìîäåëüíîñòi, çáåðiãà-
þòü ÷è òðàíñôîðìóþòü ìiðó, ðîçìiðíiñòü àáî iíøi ÷èñëîâi õàðàêòåðèñòèêè áîðåëiâñüêèõ ìíîæèí
àáî ïåâíi âëàñòèâîñòi çîáðàæåííÿ ÷èñåë. Êîìáiíàöi¨ òàêèõ ïåðåòâîðåíü (ïðÿìèé äîáóòîê àáî ií-
øi ¾îïåðàöi¨¿) ïðèâîäÿòü äî öiêàâèõ ïåðåòâîðåíü êâàäðàòiâ òà ïðÿìîêóòíèêiâ ç ôðàêòàëüíèìè
âëàñòèâîñòÿìè. ×àñòî â ÿêîñòi iíâàðiàíòíèõ ìíîæèí òàêèõ ïåðåòâîðåíü âèíèêàþòü ãðàôiêè íå-
ïåðåðâíèõ ëîêàëüíî ñêëàäíèõ ôóíêöié (ñèíãóëÿðíèõ, íiäå íå ìîíîòîííèõ, íåäèôåðåíöiéîâíèõ).
Ó äîïîâiäi ïðîïîíóþòüñÿ ðåçóëüòàòè äîñëiäæåííÿ ôðàêòàëüíèõ âëàñòèâîñòåé ïåðåòâîðåíü êâà-

äðàòà: K = [0; 1]× [0; 1] òà C = [0; g0]× [0; g0], äå ïàðàìåòð g0 ∈ (1
2 ; 1) ÿêi âèçíà÷àþòüñÿ ó òåðìiíàõ

äâîñèìâîëüíèõ êîäóâàíü (çîáðàæåíü) äiéñíèõ ÷èñåë: Q2-çîáðàæåííÿ i G2-çîáðàæåííÿ. Íàãàäà¹ìî
¨õ çìiñò

[0; 1] 3 x = α1q1−α1 +
∞∑
k=2

αkq1−αk

k−1∏
j=1

qαj

 ≡ ∆Q2
α1α2...αk...

,

[0; g0] 3 x = α1g1−α1 +
∞∑
k=2

αkg1−αk

k−1∏
j=1

gαj

 ≡ ∆G2
α1α2...αk...

,

äå αk ∈ A = {0, 1}, q0 � ôiêñîâàíå ÷èñëî ç iíòåðâàëó (0; 1), q1 ≡ 1− q0, g1 ≡ g0 − 1.

Ëåìà 1. ßêùî ϕ1 i ϕ2 � íåïåðåðâíi ïåðåòâîðåííÿ îäèíè÷íîãî âiäðiçêà, òî ôîðìóëè{
x′ = ϕ1(x),

y′ = ϕ2(y)
àáî

{
x′ = ϕ1(y),

y′ = ϕ2(x)

çàäàþòü ïåðåòâîðåííÿ îäèíè÷íîãî êâàäðàòà.

Áiëüøiñòü (ó ïåâíîìó ñåíñi) íåïåðåðâíèõ ïåðåòâîðåíü îäèíè÷íîãî âiäðiçêà ìàþòü ñêëàäíó ëî-
êàëüíó ñòðóêòóðó, áàãàòi ìíîæèíè ðiçíèõ îñîáëèâîñòåé, çîêðåìà, äèôåðåíöiàëüíîãî õàðàêòåðó.

Íàïðèêëàä, ïåðåòâîðåííÿ çàäàíå ôîðìóëîþ I(∆Q2
α1α2...αk...) = ∆Q2

[1−α1][1−α2]...[1−αk]..., ÿêå íàçèâà-

¹òüñÿ iíâåðñîðîì Q2-çîáðàæåííÿ. Âîíî ¹ íåïåðåðâíîþ ñòðîãî ñïàäíîþ ñèíãóëÿðíîþ ôóíêöi¹þ
(ìà¹ ïîõiäíó ðiâíó 0 ìàéæå ñêðiçü ó ðîçóìiíi ìiðè Ëåáåãà).
Äî iíøîãî êëàñó íåïåðåðâíèõ ïåðåòâîðåíü êâàäðàòà ïðèâîäÿòü ïåðåòâîðåííÿ, ùî çáåðiãàþòü

õâîñòè çîáðàæåíü äiéñíèõ ÷èñåë ó ðiçíèõ ñèñòåìàõ êîäóâàííÿ.
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Ïðèêëàä 2. Àíàëîã ¾ñèìåòðiÿ¿ âiäíîñíî âiäðiçêà:

{
x′ = I(x),

y′ = y.

Iíâàðiàíòíi òî÷êè öüîãî ïåðåòâîðåííÿ óòâîðþþòü âiäðiçîê, ÿêèé çàäà¹òüñÿ ðiâíÿííÿì

x = ∆Q2

0(1) = ∆Q2

1(0)

Ïðèêëàä 3. Àíàëîã ¾ñèìåòði¨¿ âiäíîñíî òî÷êè γ1 :

{
x′ = I(x),

y′ = I(y);
γ2 :

{
x′ = I(y),

y′ = I(x).

Iíâàðiàíòíîþ òî÷êîþ öüîãî ïåðåòâîðåííÿ ¹ òî÷êà ç êîîðäèíàòàìè (∆Q2

1(0); ∆Q2

1(0)).

Áiëüø öiêàâèìè ¹ íåïåðåðâíi ïåðåòâîðåííÿ çàäàíi ôîðìóëàìè

{
x′ = f1(x, y)

y′ = f2(x, y),
äå fi(x, y) íå-

ïåðåðâíà ôóíêöiÿ ç ôðàêòàëüíèìè âëàñòèâîñòÿìè, âèçíà÷åíà â òåðìiíàõ âèùå çàçíà÷åíèõ äâî-
ñèìâîëüíèõ çîáðàæåíü ÷èñåë. Ó äîïîâiäi íàâîäÿòüñÿ ïðèêëàäè òàêèõ ôóíêöié i âèñâiòëþþòüñÿ
äåÿêi ¨õ âëàñòèâîñòi.
Ñóòò¹âî ñêëàäíiøèìè ¹ àíàëîãi÷íi îá'¹êòè îçíà÷åííi â òåðìiíàõ G2-çîáðàæåííÿ ÷èñåë, ÿêå

âèêîðèñòîâó¹ äâi ðiçíîçíàêîâi îñíîâè g0 i g1 ≡ g0−1. Iíâåðñîð äëÿ òàêîãî çîáðàæåííÿ ¹ ôóíêöi¹þ
íiäå íå ìîíîòîííîþ i ðîçðèâíîþ âG2-áiíàðíèõ òî÷êàõ. Äëÿ ìîäåëþâàííÿ ïåðåòâîðåíü, ïîâ'ÿçàíèõ
ç öèì çîáðàæåííÿì âèêîðèñòîâóþòüñÿ îïåðàòîðè ëiâîñòîðîííüîãî òà ïðàâîñòîðîííüîãî çñóâiâ i
ñïåöèôi÷íi ôóíêöi¨.

Ëiòåðàòóðà

[1] Albeverio S., Pratsiovytyi M., Torbin G. Fractal probability distributions and transformations preserving the
Hausdor�-Besicovitch dimension // Ergod.Th. & Dynam. Sys. � 2004, 24. � P. 1�16.

[2] Isaieva T. M., Pratsiovytyi M. V. Transformations of (0, 1] preserving tails ∆µ-representation of numbers // Algebra
and Discrete Mathematics, Volume 22 (2016). Number 1, pp. 102�115.

[3] Pratsiovytyi M. V., Lysenko I. M., Maslova Yu. P. Group of continuous preserving tails of G2-representation of
numbers Algebra and Discrete Math., 29 (2020). no 1, pp. 99�108.

[4] Pratsiovytyi M., Chuikov A. Continuous distributions whose functions preserve tails of an A2-continued fraction
representation of numbers // Random Operators and Stochastic Equations, 2019. Vol. 27(3), pp. 199�206.

[5] Ëèñåíêî I.Ì., Ìàñëîâà Þ.Ï., Ïðàöüîâèòèé Ì.Â. Äâîîñíîâíà ñèñòåìà ÷èñëåííÿ ç ðiçíîçíàêîâèìè îñíîâàìè i
ñïåöiàëüíi ôóíêöi¨, ç íåþ ïîâ'ÿçàíi // Çáiðíèê ïðàöü Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè 2019, ò. 16, � 2, �
Ñ. 50�62.

[6] Îñàóëåíêà Ð.Þ. Ãðóïà ïåðåòâîðåíü âiäðiçêà [0; 1], ÿêi çáåðiãàþòü ÷àñòîòè öèôð Qs-çîáðàæåííÿ ÷èñåë// Çáiðíèê
ïðàöü Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè. � 2016. � Òîì 3. � Ñ. 191�204.

[7] Ïðàöüîâèòèé Ì.Â., Êëèì÷óê Ñ.Î. Ñåðåäí¹ çíà÷åííÿ ñèìâîëiâ Qs-çîáðàæåííÿ äðîáîâî¨ ÷àñòèíè äiéñíîãî ÷èñëà
i ïîâ'ÿçàíi ç íèì çàäà÷i // Íàóêîâèé ÷àñîïèñ ÍÏÓ iìåíi Ì.Ï.Äðàãîìàíîâà. Ñåðiÿ 1. Ôiç.-ìàò. íàóêè, 2011.��
�12. � Ñ. 186-195.

[8] Ïðàöüîâèòèé Ì.Â., Êëèì÷óê Ñ.Î., Ìàêàð÷óê Î.Ï. ×àñòîòà öèôðè ó çîáðàæåííi ÷èñëà i éîãî àñèìïòîòè÷íå
ñåðåäí¹ çíà÷åííÿ öèôðè // Óêð.ìàò.æóðí. 2014., Òîì 66, �3. � Ñ. 302�310.



94

Ïðî ãåîìåòðè÷íó õàðàêòåðèñòèêó ñïåöiàëüíèõ ìàéæå ãåîäåçè÷íèõ
âiäîáðàæåíü ïðîñòîðiâ àôiííîãî çâ'ÿçêó çi ñêðóòîì

Ëàäà Ïàâëiâíà Ëàäèíåíêî
(ÄÇ ¾ÏÍÏÓ iìåíi Ê.Ä. Óøèíñüêîãî¿, Îäåñà, Óêðà¨íà)

E-mail: kolyalada74@gmail.com

Ó ðîáîòi ðîçãëÿäàþòüñÿ ïðîñòîðè àôiííîãî çâ'ÿçêó An (n ∈ N , n > 2) êëàñó Cr (r > 1) çi
ñêðóòîì. ßê âiäîìî [1], êðèâó γ íàçèâàþòü ìàéæå ãåîäåçè÷íîþ ëiíi¹þ ïðîñòîðó An, ÿêùî ó An

iñíó¹ òàêèé êîìïëàíàðíèé âçäîâæ γ äâîâèìiðíèé ðîçïîäië, ÿêîìó ó êîæíié éîãî òî÷öi íàëåæèòü
âåêòîð, äîòè÷íèé äî äàíî¨ êðèâî¨. Ç òî÷êè çîðó òåîði¨ êðèâèíè êðèâèõ ó ïðîñòîðàõ àôiííîãî
çâ'ÿçêó ìàéæå ãåîäåçè÷íi ëiíi¨ ¹ êðèâèìè, ïåðøà êðèâèíà ÿêèõ ¹ äîâiëüíîþ. à âñi íàñòóïíi êðè-
âèíè òîòîæíüî äîðiâíþþòü íóëþ.
Äëÿ ïðîñòîðiâ àôiííîãî çâ'ÿçêó An òà A

n
ðîçãëÿäàþòü âiäîáðàæåííÿ f : An → A

n
, çãiäíî

ÿêèõ îáðàçîì êîæíî¨ ãåîäåçè÷íî¨ ëiíi¨ ïðîñòîðó An ¹ ìàéæå ãåîäåçè÷íà ëiíiÿ ïðîñòîðó A
n
. Òàêi

âiäîáðàæåííÿ äëÿ ïðîñòîðiâ An i A
n
íàçèâàþòü ìàéæå ãåîäåçè÷íèìè [1].

Âèîêðåìëþþòü òðè òèïè ìàéæå ãåîäåçè÷íèõ âiäîáðàæåíü ïðîñòîðiâ àôiííîãî çâ'ÿçêó çi ñêðó-
òîì [2]. Ìàáóòü, íàéáiëüø öiêàâèìè ñåðåä íèõ ïðåäñòàâëÿþòüñÿ âiäîáðàæåííÿ Π2 äðóãîãî òèïó,
ÿêi õàðàêòåðèçóþòüñÿ òèì, ùî, çãiäíî íèõ, êîæíà ãåîäåçè÷íà ëiíiÿ ïðîñòîðó An ïåðåõîäèòü ó òà-
êó ìàéæå ãåîäåçè÷íó ëiíiþ ïðîñòîðó A

n
, äëÿ ÿêî¨ âiäïîâiäíå ïîëå êîìïëàíàðíîãî äâîâèìiðíîãî

ðîçïîäiëó âèçíà÷à¹òüñÿ äîòè÷íèì âåêòîðîì λn i âåêòîðîì F hαλ
α, äå F hα � êîìïîíåíòè ïåâíîãî

àôiíîðà F , ó òàê çâàíó F -êðèâó [2, 3]. Π2-âiäîáðàæåííÿ f íàçèâàþòü òàêèì, ùî çàäîâîëüíÿ¹
óìîâó âçà¹ìíîñòi, ÿêùî âiäîáðàæåííÿ, îáåðíåíå äî íüîãî, òàêîæ ¹ âiäîáðàæåííÿì òèïó Π2, ùî
âiäïîâiäà¹ òîìó æ ñàìîìó àôiíîðó. Iç ñóêóïíîñòi òèõ âiäîáðàæåíü òèïó Π2, ùî çàäîâîëüíÿþòü
óìîâó âçà¹ìíîñòi, âèäiëÿþòü âiäîáðàæåííÿ òèïó Πn

2 (e), n ∈ N , n > 1, ùî õàðàêòåðèçóþòüñÿ
ñïiââiäíîøåííÿìè

Fn h
i = eδhi , äå F

n h
i = F hα1

· Fα1
α2
· ... · Fαn−1

i , e = ±1.

Íà âiäìiíó âiä ïîïåðåäíiõ äîñëiäæåíü [2, 3], ó äàíié ðîáîòi âäàëîñÿ äëÿ äîâiëüíîãî ÷èñëà n ∈ N ,
n > 1 ó ÿâíîìó âèãëÿäi îòðèìàòè òàêi äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî õàðàêòåðó îáìåæåííÿ íà
àôiíîð F , ùî äîçâîëÿþòü îõàðàêòåðèçóâàòè âiäîáðàæåííÿ òèïó Πn

2 (e), n ∈ N , n > 1 ãåîìåòðè-
÷íî, ÿê âiäîáðàæåííÿ, çà äîïîìîãîþ ÿêèõ F -êðèâi ïðîñòîðó An ïåðåõîäÿòü ó F -êðèâi ïðîñòîðó
A
n
.
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Ïðî êâàçi-ãåîäåçè÷íi âiäîáðàæåííÿ óçàãàëüíåíî-ðåêóðåíòíèõ
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Ðîçãëÿíåìî (ïñåâäî-)ðiìàíîâèé ïðîñòið (Vn, gij , F
h
i ), â ÿêîìó iñíó¹ àôiíîð F hi , ùî çàäîâîëüíÿ¹

óìîâàì

F h(i,j) + F hαF
α
(iφj) = p(iδ

h
j) + q(iF

h
j),

i

F hαF
α
i = eδhi ,

äå e = −1,+1 àáî 0; pi, qi - äåÿêi êîâåêòîðè, à ”,” - çíàê êîâàðiàíòíî¨ ïîõiäíî¨ âiäíîñíî çâ'ÿçíîñòi
Γ â Vn.
Áóäåìî íàçèâàòè òàêó àôiíîðíó ñòðóêòóðó óçàãàëüíåíî-ðåêóðåíòíîþ (åëiïòè÷íîãî, ãiïåðáî-

ëi÷íîãî àáî ïàðàáîëi÷íîãî òèïó çàëåæíî âiä çíà÷åííÿ e = −1,+1 àáî 0.), à ñàì ïðîñòið Vn -
óçàãàëüíåíî-ðåêóðåíòíèì âiäïîâiäíîãî òèïó. Àôiíîðíi ñòðóêòóðè ç òàêèìè óìîâàìè âèíèêëè â
[2] ïðè äîñëiäæåííi ïåâíîãî òèïó âiäîáðàæåíü àôiííîçâ'ÿçíèõ ïðîñòîðiâ.
Ðîçãëÿíóòî âëàñòèâîñòi óçàãàëüíåíî-ðåêóðåíòíî¨ ñòðóêòóðè ïàðàáîëi÷íîãî òèïó. Çîêðåìà, äî-

âåäåíî, ùî êîëè àôiíîðíà ñòðóêòóðà F hi óçàãàëüíåíî-ðåêóðåíòíîãî ïðîñòîðó ïàðàáîëi÷íîãî òèïó
(Vn, gij , F

h
j ) óçãîäæåíà ç ìåòðè÷íèì òåíçîðîì gij íàñòóïíèì ÷èíîì:

giαF
α
j = −gjαFαi ,

òî ¨¨ äèôåðåíöiàëüíi ðiâíÿííÿ íàáóâàþòü âèãëÿäó

F h(i,j) = F h(iqj).

Ìè íàçèâà¹ìî âåêòîð qi â öiõ ðiâíÿííÿõ âåêòîðîì óçàãàëüíåíî¨ ðåêóðåíòíîñòi ñòðóêòóðè
F hi . Äàëi, äîâåäåíî, ùî òåíçîð Ðiìàíà óçàãàëüíåíî-ðåêóðåíòíîãî ïðîñòîðó ïàðàáîëi÷íîãî òèïó
(Vn, gij , F

h
i ) çàäîâîëüíÿ¹ ñïiââiäíîøåííÿì

3(Rhjki +Rhjki +Rhjki +Rhjki) = 2Qjhki +Qjkhi −Qhkji,

äå

Qhjki = q[h,j]Fki + q[k,i]Fhj .

Íåõàé óçàãàëüíåíî-ðåêóðåíòíèé ïðîñòið ïàðàáîëi÷íîãî òèïó (Vn, gij , F
h
i ) äîïóñêà¹ íåòðèâiàëüíå

êâàçi-ãåîäåçè÷íå âiäîáðàæåííÿ [1] íà ïðîñòið (V n, gij). Òîäi â ñóìiñíié çà âiäîáðàæåííÿì ñèñòåìi

êîîðäèíàò (xi) âèêîíóþòüñÿ îñíîâíi ðiâíÿííÿ

Γ
h
ij(x) = Γhij(x) + ψ(i(x)δhj) + φ(i(x)F hj)(x),

Fij = −Fji, Fij = giαF
α
j , F ij = −F ji, F ij = giαF

α
j ,

F hαF
α
i = 0

F h(i,j) = F h(iqj).
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Ðîçãëÿíóòî âèïàäîê, êîëè óçàãàëüíåíî-ðåêóðåíòíèé ïðîñòið ïàðàáîëi÷íîãî òèïó ç iíòåãðîâíîþ
àôiíîðíîþ ñòðóêòóðîþ (Vn, gij , F

h
i ) äîïóñêà¹ êâàçi-ãåîäåçè÷íå âiäîáðàæåííÿ çi çáåðåæåííÿì âåê-

òîðà óçàãàëüíåíî¨ ðåêóðåíòíîñòi íà ïëîñêèé ïðîñòið V n = En, òîáòî R
h
ijk = 0. Äîâåäåíî, ùî òîäi

Vn áóäå Ði÷÷i-ïëîñêèì:
Rij = 0,

âåêòîð qi - ãðàäi¹íòíèì

qi =
∂q(x)

∂xi
,

à òåíçîð Ðiìàíà ïðîñòîðó Vn íåîáõiäíî ìà¹ âèãëÿä

Rhijk = Ce−2q(x)

(
FhkFij − FhjFik + 2FhiFkj

)
ïðè äåÿêié ñòàëié C.
Äëÿ ðåêóðåíòíî-ïàðàáîëi÷íîãî ïðîñòîðó, òåíçîð Ðiìàíà ÿêîãî ìà¹ îçíà÷åíó ñòðóêòóðó, îòðè-

ìàíî êîìïîíåíòè ìåòðè÷íîãî òåíçîðà â îêîëi äåÿêî¨ òî÷êè M◦ ïðîñòîðó Vn â ñïåöiàëüíié ñèñòåìi
êîîðäèíàò.
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Ìiíiìàëüíi ïîâåðõíi òà ¨õ äåôîðìàöi¨
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Âèâ÷åííÿ íåñêií÷åííî ìàëèõ (í.ì.) äåôîðìàöié ïîâåðõîíü çàêëþ÷à¹òüñÿ ó âèÿâëåííi íåòðè-
âiàëüíèõ í.ì. äåôîðìàöié (âåêòîð çìiùåííÿ y 6= const íà âñié S). ßêùî æ ïîâåðõíÿ äîïóñêà¹
òiëüêè òðèâiàëüíi í.ì. äåôîðìàöi¨ (y = const), òî âîíà çâåòüñÿ æîðñòêîþ ïî âiäíîøåííþ äî öèõ
äåôîðìàöié.
Ó E3-ïðîñòîði áóäåìî ðîçãëÿäàòè í.ì. äåôîðìàöiþ ïåðøîãî ïîðÿäêó îäíîçâ'ÿçíî¨ ïîâåðõíi

êëàñó C3, íà ÿêó íàêëàäåíi ïåâíi îáìåæåííÿ:
1) ëiíi¨ ãåîäåçè÷íîãî ñêðóòó (LGT-ëiíi¨) ñòàöiîíàðíi (â ãîëîâíîìó) [1];
2) ïîâíà êðèâèíà S (K 6= 0) çìiíþ¹òüñÿ çà óìîâè

δK = 2Kµ (1)

äå δK-âàðiàöiÿ ïîâíî¨ êðèâèíè S,µ(x1, x2) - äåÿêà íåâiäîìà ôóíêöiÿ êëàñó C3.
Äëÿ ìiíiìàëüíèõ ïîâåðõîíü (H = 0, H-ñåðåäíÿ êðèâèíà S) ìàòåìàòè÷íîþ ìîäåëëþ ïîñòàâëåíî¨
çàäà÷i áóäå íàñòóïíà ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè âiäíîñíî ôóíêöié
uα(x1, x2) i µ(x1, x2):

gij (uα),ji −
Ks

K
gβsuα,β −Kuα = µiρ

iα. (2)

Òóò êîìîþ ïîçíà÷åíî êîâàðiàíòíå äèôåðåíöiþâàííÿ íà áàçi ìåòðè÷íîãî òåíçîðà gij , µα = ∂µ
∂xα ,

ρiα = cijbαj −Hciα, cij = giαgjβcαβ, cαβ - äèñêðèìiíàíòíèé òåíçîð S.
Iíäåêñè íàáóâàþòü çíà÷åíü 1,2.
×åðåç êîæíèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (2) ÷àñòèííi ïîõiäíi âåêòîðà çìiùåííÿ äàíî¨ äåôîðìàöi¨
ìàòèìóòü íàñòóïíå ïðåäñòàâëåííÿ

yi = µri + ciαu
αn, (3)

äå rα,n (îðò íîðìàëi S) - áàçèñíi âåêòîðè.
Î÷åâèäíî, ùî òiëüêè ó âèïàäêó µ = 0, uα = 0 äàíà äåôîðìàöiÿ áóäå òðèâiàëüíîþ, à ïîâåðõíÿ

S-æîðñòêîþ. Çîêðåìà, ÿêùî µ = 0, uα 6= 0, òî ìàòèìåìî À-äåôîðìàöi¨ çi ñòàöiîíàðíèìè LGT-
ëiíiÿìè ìiíiìàëüíèõ ïîâåðõîíü, ÿêi âèâ÷àëèñÿ â ðîáîòi [2].
Îòæå, ñïðàâåäëèâà

Òåîðåìà 1. Êîæíà ìiíiìàëüíà ïîâåðõíÿ äîïóñêà¹ íåòðèâiàëüíó í.ì. äåôîðìàöiþ ïåðøîãî ïî-
ðÿäêó çi ñòàöiîíàðíèìè LGT-ëiíiÿìè òà ïîâíîþ êðèâèíîþ, ùî çìiíþ¹òüñÿ çà óìîâîþ (1),
÷àñòèííi ïîõiäíi âåêòîðà çìiùåííÿ ÿêî¨ ïðè öüîìó ìàþòü âèãëÿä (3), äå ôóíêöi¨ uα i µ ¹
ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (2).

Ïðèïóñòèìî, ùî µ(x1, x2) çàçäàëåãiäü çàäàíà ôóíêöiÿ òî÷êè ïîâåðõíi êëàñó C3. Òîäi êîæíå

ðiâíÿííÿ iç (2) â çàìêíåíié îáëàñòi G çàäîâîëüíÿ¹ ðiâíîìiðíié åëiïòè÷íîñòi
(

1
g ≥ ∆0 > 0, ∆0 =

const
)
. Öå îçíà÷à¹, ùî (2) ìîæíà ïðèâåñòè äî íàñòóïíîãî êàíîíi÷íîãî âèãëÿäó âiäíîñíî uα:

uα11 + uα22 + e1uα1 + e2uα2 −Kuα = Fα(µ), (4)

äå uαβ = ∂2u
∂xα∂xβ

, e1, e2- âiäîìi ôóíêöi¨ òî÷îê S.
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Ìà¹ ìiñöå

Òåîðåìà 2. Áóäü-ÿêà ìiíiìàëüíà ïîâåðõíÿ äîïóñêà¹ íåòðèâiàëüíó í.ì. äåôîðìàöiþ ïåðøîãî ïî-
ðÿäêó çi ñòàöiîíàðíèìè ëiíiÿìè ãåîäåçè÷íîãî ñêðóòó òà ïîâíîþ êðèâèíîþ, ùî çàäîâîëüíÿ¹ óìîâi
(1), âåêòîð çìiùåííÿ ÿêî¨ âèðàæà¹òüñÿ ÷åðåç çàçäàëåãiäü çàäàíó ôóíêöiþ µ ∈ C3(G), äîâiëüíó
ôóíêöiþ ω(x1, x2) ∈ C3(G) òà ôóíêöi¨ uα(x1, x2) ∈ C3(G), ÿêi ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (4).

Ïðèïóñòèìî òåïåð, ùî â ñèñòåìi ðiâíÿíü (2) çàçäàëåãiäü çàäàíi ôóíêöi¨ uα. Òîäi îòðèìà¹ìî
íåîäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ äðóãîãî ïîðÿäêó ç ÷àñòèííèìè ïîõiäíèìè ãiïåðáîëi÷íîãî
òèïó âiäíîñíî µ, ÿêå íàáóâà¹ êàíîíi÷íîãî âèãëÿäó:

µ11 − µ22 + dµ1 + eµ2 = Φ(u1, u2), (5)

äå d, e - âiäîìi ôóíêöi¨ òî÷îê ïîâåðõíi S.
Äîâåäåíà íàñòóïíà

Òåîðåìà 3. Áóäü-ÿêà ìiíiìàëüíà ïîâåðõíÿ äîïóñêà¹ íåòðèâiàëüíó í.ì. äåôîðìàöiþ ïåðøîãî ïî-
ðÿäêó çi ñòàöiîíàðíèìè ëiíiÿìè ãåîäåçè÷íîãî ñêðóòó i ïîâíà êðèâèíà ÿêî¨ çìiíþ¹òüñÿ çà óìî-
âè (1). Âåêòîð çìiùåííÿ ïðè öüîìó ìàòèìå ïðåäñòàâëåííÿ ÷åðåç çàçäàëåãiäü çàäàíi ôóíêöi¨
uα ∈ C3, äâi äîâiëüíi ôóíêöi¨ êëàñó C2, êîæíà âiä îäíi¹¨ çìiííî¨ òà ôóíêöiþ µ ∈ C3, ÿêà ¹
ðîçâ'ÿçêîì ðiâíÿííÿ (5).

Íåõàé íà ïëîùèíi x1Ox2 çàäàíà äóãà êðèâî¨ l, ÿêà ïåðåòèíà¹òüñÿ íå áiëüøå íiæ â îäíié òî÷öi ç
ïðÿìèìè, ïàðàëåëüíèìè âiñÿì êîîðäèíàò i ðiâíÿííÿ ÿêî¨ ìîæå áóòè çàïèñàíî ó âèãëÿäi x2 = g(x1).

Çàäàìî âçäîâæ êðèâî¨ l çíà÷åííÿ µ òà ∂µ
∂x2 :

µ|x2=g(x1)=ω0(x1),
∂µ

∂x2
|x2=g(x1)=ω1(x1) (6)

òà ðîçãëÿíåìî çàäà÷ó Êîøi (5), (6), ðîçâ'ÿçîê ÿêî¨ çàâæäè iñíó¹ i ¹äèíèé [3].
Îòæå, ñïðàâåäëèâà

Òåîðåìà 4. Áóäü-ÿêà ìiíiìàëüíà ïîâåðõíÿ ïðè ãðàíè÷íié óìîâi (6) äîïóñêà¹ íåòðèâiàëüíó í.ì.
äåôîðìàöiþ ïåðøîãî ïîðÿäêó çi ñòàöiîíàðíèìè LGT-ëiíiÿìè òà ïîâíîþ êðèâèíîþ, ùî çìiíþ¹-
òüñÿ çà óìîâè (1), âåêòîð çìiùåííÿ ÿêî¨ âèðàæà¹òüñÿ ÷åðåç äâi äîâiëüíi ôóíêöi¨, êîæíà âiä
îäíi¹¨ çìiííî¨ òà çàçäàëåãiäü çàäàíèõ uα ∈ C3.

Ñëiä âiäçíà÷èòè, ùî í.ì. äåôîðìàöi¨ ïåðøîãî ïîðÿäêó çi ñòàöiîíàðíèìè LGT-ëiíiÿìè i ïîâíîþ
êðèâèíîþ ìiíiìàëüíèõ ïîâåðõîíü áóëè ðîçãëÿíóòi â ðîáîòi [4].
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Â îñòàííi äåñÿòèëiòòÿ iíòåíñèâíî ðîçâèâà¹òüñÿ òîïîëîãiÿ ìíîãîâèäiâ, ìîäåëüîâàíèõ íà äåÿêèõ
kω-ïðîñòîðàõ, òîáòî ïðîñòîðàõ, ÿêi ¹ ïðÿìèìè (ií'¹êòèâíèìè) ãðàíèöÿìè êîìïàêòíèõ ïðîñòîðiâ.
Ïðèêëàäàìè òàêèõ ìíîãîâèäiâ ¹ R∞-ìíîãîâèäè òà Q∞-ìíîãîâèäè (R∞ = lim

−→
Rn, Q∞ = lim

−→
Qn, äå

Q îçíà÷à¹ ãiëüáåðòiâ êóá). Îäåðæàíi â öüîìó íàïðÿìêó ðåçóëüòàòè âèêîðèñòîâóþòüñÿ äëÿ îïèñó
òîïîëîãi¨ äåÿêèõ ïðîñòîðiâ, ùî âèíèêàþòü ó òîïîëîãi÷íié àëãåáði òà ôóíêöiîíàëüíîìó àíàëiçi.
Õàðàêòåðèçàöiéíi òåîðåìè äëÿ R∞- òà Q∞-ìíîãîâèäiâ äîâiâ Ê. Ñàêà¨ [1]. Çãîäîì Ò. Áàíàõ òà
Ê. Ñàêà¨ [2] äîâåëè õàðàêòåðèçàöiéíó òåîðåìó äëÿ áiòîïîëîãi÷íèõ ìíîãîâèäiâ, ìîäåëüîâàíèõ íà
ïàðàõ (R∞, σ) òà (Q∞,Σ), äå σ � ìíîæèíà ôiíiòíèõ ïîñëiäîâíîñòåé, à Σ � ëiíiéíà îáîëîíêà
ñòàíäàðòíîãî ãiëüáåðòîâîãî êóáà ó ñåïàðàáåëüíîìó ãiëüáåðòîâîìó ïðîñòîði.
Ó çâ'ÿçêó ç ðåçóëüòàòàìè Ò. Ðàäóëà [3], ùî ñòîñóþòüñÿ ïîãëèíàþ÷èõ ïðîñòîðiâ äëÿ C-êîìïàêòiâ,

ìè ðîçãëÿäà¹ìî ìíîãîâèäè, ìîäåëüîâàíi íà äåÿêèõ kω-ïðîñòîðàõ, ùî ¹ kω-àíàëîãàìè äëÿ ïðîñòî-
ðiâ, ÿêi îçíà÷èâ Ðàäóë.
Áiëüø äåòàëüíî, íåõàé dimC îçíà÷à¹ òðàíñôiíiòíå ðîçøèðåííÿ âèìiðó Ëåáåãà dim, ÿêå çà-

ïðîâàäèâ Ï. Áîðñò i ÿêå õàðàêòåðèçó¹ âëàñòèâiñòü C ó ñåíñi [4]. (Íàãàäà¹ìî, ùî ïðîñòið X ìà¹
âëàñòèâiñòü C, ÿêùî äëÿ äëÿ êîæíî¨ ïîñëiäîâíîñòi (Un)∞n=1 éîãî âiäêðèòèõ ïîêðèòü iñíó¹ âiäêðèòå
ïîêðèòòÿ âèãëÿäó V = ∪∞n=1Vn, äå êîæíà ñiì'ÿ Vn ñêëàäà¹òüñÿ ç ïîïàðíî äèç'þíêòíèõ ìíîæèí,
ùî ìiñòÿòüñÿ â åëåìåíòàõ ñiì'¨ Un; äèâ. [5].) Ò. Ðàäóë äîâiâ, ùî äëÿ íåçëi÷åííî¨ ìíîæèíè çëi÷åí-
íèõ îðäèíàëiâ β iñíó¹ ïåðåäãiëüáåðòîâèé ïðîñòið Dβ , ÿêèé ¹ ïîãëèíàþ÷èì ïðîñòîðîì äëÿ êëàñó
êîìïàêòiâ X ç dimC X < β. Ìè ïîêàçó¹ìî, ùî iñíó¹ àíàëîã öüîãî ïðîñòîðó (ïîçíà÷à¹òüñÿ D′β)
äëÿ êëàñó kω-ïðîñòîðiâ.
Äëÿ D′β-ìíîãîâèäiâ äîâåäåíî õàðàêòåðèçàöiéíi òåîðåìè, à òàêîæ òåîðåìè ïðî âiäêðèòå i çàìê-

íåíå âêëàäåííÿ ó ìîäåëüíèé ïðîñòið D′β .
Ðîçãëÿäàþòüñÿ òàêîæ çàäà÷i õàðàêòåðèçàöi¨ áiòîïîëîãi÷íèõ

(
D′β,Dβ

)
-ìíîãîâèäiâ òà çàäà÷i çáå-

ðåæåííÿ D′β-ìíîãîâèäiâ äåÿêèìè ôóíêòîðàìè ñêií÷åííîãî ñòåïåíÿ.
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Ìèõàéëî Ðîìàíñüêèé
(ÄÄÏÓ iìåíi Iâàíà Ôðàíêà)

E-mail: Romanskiy.miha@ukr.net

Îñíîâè àñèìïòîòè÷íî¨ òîïîëîãi¨ âèêëàäåíî â ñòàòòi [2] Äðàíiøíiêîâà. Äðàíiøíèêîâ òàêîæ ðîç-
ãëÿäà¹ ðiçíîìàíiòíi êîíñòðóêöi¨ ó àñèìïòîòè÷íié êàòåãîði¨ A (òîáòî êàòåãîði¨ âëàñíèõ ìåòðè÷íèõ
ïðîñòîðiâ i àñèìïòîòè÷íî ëiïøèöåâèõ âiäîáðàæåíü), çîêðåìà ïðîïîíó¹ íîâèé ïiäõiä äî ïîíÿòòÿ
äîáóòêó. Âií òàêîæ îçíà÷ó¹ êîíóñ, íàäáóäîâó i äæîéí.
Äåêàðòiâ äîáóòîê (X × Y, dX + dY ) íå ¹ êàòåãîðíèì â àñèìïòîòè÷íié êàòåãîði¨ A, îñêiëüêè

ïðîåêöi¨ íà ìíîæíèêè íå ¹ ìîðôiçìàìè. Â ðîáîòi [2] À. Äðàíiøíiêîâ îçíà÷èâ àñèìïòîòè÷íèé
äîáóòîê

X×̃Y (x0, y0) = {(x, y)|dX(x0, x) = dY (y0, y), x ∈ X, y ∈ Y },
äå x0, y0 � ôiêñîâàíi òî÷êè â ìåòðè÷íèõ ïðîñòîðàõ X òà Y âiäïîâiäíî. Ìåòðèêà íà X×̃Y iíäó-
êîâàíà âêëàäåííÿì X×̃Y ⊂ X × Y .
Ó ñòàòòi [2] îçíà÷åíî êîíóñ CX i íàäáóäîâó

∑
X â àñèìïòîòè÷íèõ êàòåãîðiÿõ äëÿ êîæíîãî

ìåòðè÷íîãî ïðîñòîðó çà àíàëîãi¹þ: CX = X×̃R2
+/i+(X) i

∑
X = X×̃R2

+/i±(X) = CX/i−X äå

i± : X → X×̃R2
+ âêëàäåííÿ, îçíà÷åíi ôîðìóëàìè i±(x) = (x,±‖x‖, 0). Â öié æå ñòàòòi ñòâåðäæó¹-

òüñÿ, ùî äëÿ ãåîäåçiéíèõ ïðîñòîðiâ X êîíóñ ìîæíà çàäàâàòè ïðîñòîþ ôîðìóëîþ CX = X ×R+,
àëå ó ñòàòòi [5] â ëåìi 1 äîâåäåíî, ùî êîíóñ CR íå içîìîðôíèé ïiâïðîñòîðó R2

+ â àñèìïòîòè-
÷íié êàòåãîði¨ A. Àíàëîãi÷íî ìîæíà äîâåñòè, ùî íàäáóäîâà

∑
R íå içîìîðôíà ïðîñòîðó R2 â

àñèìïòîòè÷íié êàòåãîði¨ A.

Ëåìà 1. Êîíóñ CR íå içîìîðôíèé ïiâïðîñòîðó R2
+ â àñèìïòîòè÷íié êàòåãîði¨ A.

Òåîðåìà 2. Ïðîñòîðè C(R+) i
∑

(R+) íå ¹ ãðóáî åêâiâàëåíòíi.

Äëÿ áóäü-ÿêèõ äâîõ ìåòðè÷íèõ ïðîñòîðiâ X i Y ç ôiêñîâàíèìè òî÷êàìè ìîæíà îçíà÷èòè áóêåò
X ∨ Y . Äæîéí X ∗ R+ öå ïiäïðîñòið ïðîñòîðó P2(X ∨ R+) éìîâiðíiñíèõ ìið, íîñiÿìè ÿêèõ ¹
äâîòî÷êîâi ìíîæèíè. Ôîðìóëà äëÿ ìåòðèêè Êàíòîðîâè÷à-Ðóáiíøòåéíà íà äæîéíi X ∗ R+ ìiæ
äâîìà äîâiëüíèìè éìîâiðíiñíèìè ìiðàìè µ = αδx + (1−α)δy i ν = βδx′ + (1−β)δy′ ìà¹ íàñòóïíèé
âèãëÿä

dKP (µ, ν) =| α− β | (y + y′) + min{α, β}d(x, x′) + (1−max{α, β}) | y − y′ | .

Ëåìà 3. Äæîéí Rn ∗ R+ içîìîðôíèé ïiâïðîñòîðó Rn+1
+ â àñèìïòîòè÷íié êàòåãîði¨ A.

Ó ñòàòòi [5] àíàëîãi÷íèé ðåçóëüòàò äîâåäåíî äëÿ γ-ñëàáî îïóêëèõ òà δ-ñëàáî âãíóòèõ ãåîäåçiéíèõ
ïðîñòîðiâ.
Ç ëåì 1 i 3 îòðèìó¹ìî íàñòóïíèé íàñëiäîê.

Íàñëiäîê 4. Äæîéí R ∗ R+ íå içîìîðôíèé êîíóñó CR â àñèìïòîòè÷íié êàòåãîði¨ A.

Ëåìà 5. Íåõàé X = {n2 | n ∈ N} ⊂ R. Äæîéí X ∗ R+ íå içîìîðôíèé êîíóñó CX â àñèìïòî-
òè÷íié êàòåãîði¨ A.

Äëÿ ìåòðè÷íîãî ïðîñòîðó (X, ρ) ÷åðåç expX ïîçíà÷àþòü ãiïåðïðîñòið ïðîñòîðó X, òîáòî ìíî-
æèíó íåïîðîæíiõ êîìïàêòíèõ ïiäìíîæèí â X, íàäiëåíó ìåòðèêîþ Ãàóñäîðôà ρH :

ρH(A,B) = inf{ε > 0|A ⊂ Oε(B), B ⊂ Oε(A)}.



101

Äëÿ êîæíîãî n ∈ N ÷åðåç expnX ïîçíà÷èìî ïiäïðîñòið expX, ùî ñêëàäà¹òüñÿ ç óñiõ ìíîæèí
ïîòóæíîñòi ≤ n.
Íåõàé ∼ � âiäíîøåííÿ åêâiâàëåíòíîñòi íà ñòåïåíi Xn, ùî çàäà¹òüñÿ óìîâîþ (x1, ..., xn) ∼

(y1, ..., yn) òîäi é òiëüêè òîäi, êîëè iñíó¹ ïåðåñòàíîâêà σ ìíîæèíè {1, ..., n} òàêà, ùî xi = yσ(i)

äëÿ êîæíîãî i = 1, ..., n. Ôàêòîðïðîñòið ïðîñòîðó Xn çà òàêèì âiäíîøåííÿì åêâiâàëåíòíîñòi
íàçèâàþòü ñèìåòðè÷íèì ñòåïåíåì ïðîñòîðó X i ïîçíà÷àþòü SPn(X).

Òåîðåìà 6. Ãiïåðïðîñòið exp3 R+ , ñèìåòðè÷íèé ñòåïiíü SP 3 R+ òà ïðîñòið R3
+ ëiïøèöåâî

åêâiâàëåíòíi.

Òåîðåìà 7. Ãiïåðïðîñòið exp3 R , ñèìåòðè÷íèé ñòåïiíü SP 3 R òà R3
+ ëiïøèöåâî åêâiâàëåíòíi.

Ç òåîðåì 6 i 7 îòðèìó¹ìî òàêèé íàñëiäîê.

Íàñëiäîê 8. Ãiïåðïðîñòîðè exp3 R+, exp3 R, ñèìåòðè÷íi ñòåïåíi SP 3 R+, SP
3 R òà R3

+ ëiï-
øèöåâî åêâiâàëåíòíi.

Êîíóñ Cone(X) íàä êîìïàêòíèì ìåòðè÷íèì ïðîñòîðîì (X, d) � öå ôàêòîðïðîñòið äîáóòêó
(X × R+)/ ∼, äå âiäíîøåííÿ åêâiâàëåíòíîñòi ∼ çàäà¹òüñÿ óìîâîþ (x, 0) ∼ (y, 0), x, y ∈ X. ßêùî

(X, d) � ìåòðè÷íèé ïðîñòið i diam(X) ≤ 2, òî ìåòðèêà d̂ íà Cone(X) çàäà¹òüñÿ ôîðìóëîþ:

d̂((x, t), (y, s)) = min{t, s}d(x, y) + |t− s|.

Ëåìà 9. ßêùî êîìïàêòíi ìåòðè÷íi ïðîñòîðè (X, d) i (Y, ρ) ëiïøèöåâî åêâiâàëåíòíi, òî ìå-
òðè÷íi ïðîñòîðè Cone(X) i Cone(Y ) òàêîæ ëiïøèöåâî åêâiâàëåíòíi.

Ëåìà 10. Ïiâñôåðà Sn+ òà êóá In ëiïøèöåâî åêâiâàëåíòíi.

Ç ëåì 9 òà 10, âðàõóâàâøè, ùî Cone(Sn+) ' Rn+1
+ , îòðèìó¹ìî òàêèé íàñëiäîê.

Íàñëiäîê 11. Êîíóñ Cone(In) òà Rn+1
+ ëiïøèöåâî åêâiâàëåíòíi.

Íàñòóïíó òåîðåìó ìîæíà ââàæàòè ãðóáèì àíàëîãîì îäíîãî ðåçóëüòàòó Øîði [4].

Òåîðåìà 12. Ãiïåðïðîñòið exp2 Rm ëiïøèöåâî åêâiâàëåíòíèé Rm × Cone (RPm−1), äå RPm−1

� ïðî¹êòèâíèé ïðîñòið.

Òåîðåìà 13. Ïðîñòîðè R3
+ òà P2(R) íå ¹ ãðóáî åêâiâàëåíòíi.

Çàóâàæåííÿ 14. Àíàëîãi÷íèé ðåçóëüòàò ìîæíà äîâåñòè äëÿ ñóïåððîçøèðåííÿ λ3(R). Íàãàäà¹-
ìî, ùî λ3(R) ìîæíà âèçíà÷èòè ÿê ôàêòîðïðîñòið SP 3(X) çà íàñòóïíèì âiäíîøåííÿì åêâiâàëåí-
òíîñòi [x, x, y] ∼ [x, x, z]. Çàóâàæèìî, ùî ïðîñòið λ3(S1) ãîìåîìîðôíèé S3 (äèâ. [1]).

Çàóâàæèìî òàêîæ, ùî ïðîñòîðè R3
+ òà P2(R) íå ãîìåîìîðôíi.
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Àñèìïòîòèêà íàéêðàùèõ ðiâíîìiðíèõ íàáëèæåíü êëàñiâ çãîðòîê
ïåðiîäè÷íèõ ôóíêöié âèñîêî¨ ãëàäêîñòi

À. Ñ. Ñåðäþê, I. Â. Ñîêîëåíêî
(Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà)
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Íåõàé C i Lp, 1 ≤ p ≤ ∞, � ïðîñòîðè 2π-ïåðiîäè÷íèõ ôóíêöié çi ñòàíäàðòíèìè íîðìàìè ‖ · ‖C
òà ‖ · ‖p, âiäïîâiäíî.
Ïîçíà÷èìî ÷åðåç Cψ

β̄,p
, 1 ≤ p ≤ ∞, ìíîæèíó âñiõ 2π-ïåðiîäè÷íèõ ôóíêöié f , ÿêi çîáðàæóþòüñÿ

çà äîïîìîãîþ çãîðòêè

f(x) =
a0

2
+

1

π

π∫
−π

ϕ(x− t)Ψβ̄(t)dt, a0 ∈ R, ϕ ∈ B0
p = {ϕ ∈ Lp : ‖ϕ‖p ≤ 1, ϕ ⊥ 1},

iç ôiêñîâàíèì òâiðíèì ÿäðîì Ψβ̄ ∈ Lp′ ,
1

p
+

1

p′
= 1, ðÿä Ôóð'¹ ÿêîãî ìà¹ âèãëÿä

S[Ψβ̄](t) =
∞∑
k=1

ψ(k) cos

(
kt− βkπ

2

)
, βk ∈ R, ψ(k) > 0. (1)

Îñêiëüêè ϕ ∈ Lp, a Ψβ̄ ∈ Lp′ , òî ôóíêöiÿ f ¹ íåïåðåðâíîþ ôóíêöi¹þ, òîáòî Cψ
β̄,p
⊂ C.

ßêùî f ∈ C, ÷åðåç En(f)C ïîçíà÷èìî íàéêðàùå ðiâíîìiðíå íàáäèæåííÿ ôóíêöi¨ f ïiäïðîñòî-
ðîì T2n−1 òðèãîíîìåòðè÷íèõ ïîëiíîìiâ Tn−1 ïîðÿäêó íå âèùîãî íiæ n− 1

Tn−1(x) =

n−1∑
k=0

(αk cos kx+ βk sin kx), αk, βk ∈ R.

ßêùî N � äåÿêèé ôóíêöiîíàëüíèé êëàñ ç ïðîñòîðó C (N ⊂ C), òî âåëè÷èíó

En(N)C = sup
f∈N

En(f)C (2)

íàçèâàþòü íàéêðàùèì ðiâíîìiðíèì íàáëèæåííÿì êëàñóN ïiäïðîñòîðîì T2n−1 òðèãîíîìåòðè÷íèõ
ïîëiíîìiâ Tn−1 ïîðÿäêó íå âèùîãî íiæ n− 1.
Ðîçãëÿäà¹òüñÿ çàäà÷à ïðî çíàõîäæåííÿ àñèìïòîòè÷íèõ ðiâíîñòåé âåëè÷èí (2) ïðè n → ∞ ó

âèïàäêó, êîëè ó ðîëi N âèñòóïàþòü êëàñè Cψ
β̄,p
, 1 ≤ p ≤ ∞, à ïîñëiäîâíîñòi ψ(k) ñïàäàþòü äî

íóëÿ äóæå øâèäêî, çîêðåìà êîëè
∞∑

k=n+1

ψ(k) = o(1)ψ(n). (3)

Çàçíà÷èìî, ùî ó âèïàäêó p = ∞ àñèìïòîòè÷íi ðiâíîñòi i, íàâiòü, òî÷íi çíà÷åííÿ âåëè÷èí

En(Cψ
β̄,p

)C ïðè îêðåñëåíèõ îáìåæåííÿõ íà ψ(k) âiäîìi (äèâ., íàïðèêëàä, [2, 3]).

Ïîçíà÷èìî ÷åðåç En(N)C âåëè÷èíè

En(N)C = sup
f∈N
‖f(·)− Sn−1(f ; ·)‖C , (4)

äå Sn−1(f ; ·) � ÷àñòèííà ñóìà Ôóð'¹ ïîðÿäêó n− 1 ôóíêöi¨ f .
Îñêiëüêè

En(N)C ≤ En(N)C , N ⊂ C, (5)

òî âåëè÷èíè (4) ïðèðîäíüî âèêîðèñòîâóâàòè äëÿ îöiíîê çâåðõó íàéêðàùèõ íàáëèæåíü êëàñiâ N.
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Çàäà÷à ïðî çíàõîäæåííÿ ñèëüíî¨ àñèìïòîòèêè âåëè÷èí (4) ïðè n → ∞ íîñèòü íàçâó çàäà÷i
Êîëìîãîðîâà�Íiêîëüñüêîãî äëÿ ñóì Ôóð'¹. Âîíà ìà¹ âåëèêó iñòîðiþ, ïîçíàéîìèòèñü ç ÿêîþ ìî-

æíà, íàïðèêëàä, ïî ìîíîãðàôi¨ [1]. Äëÿ øâèäêî ñïàäíèõ ψ(k) àñèìïòîòèêà âåëè÷èí En(Cψ
β̄,p

)C

âiäîìà ïðè óñiõ 1 ≤ p ≤ ∞ i βk ∈ R (äèâ. [4]).
Íåõàé n ∈ N. Íàäàëi áóäåìî âèìàãàòè, ùîá ïîñëiäîâíiñòü ìîäóëiâ êîåôiöi¹íòiâ Ôóð'¹ òâiðíîãî

ÿäðà Ψβ̄(t) çàäîâîëüíÿëà óìîâó
∞∑

k=n+1

ψ(k) < ψ(n). (6)

Òåîðåìà 1. Äëÿ äîâiëüíèõ {βk}∞k=1, βk ∈ R, 1 ≤ p ≤ ∞, n ∈ N i ψ(k), ùî çàäîâîëüíÿþòü óìîâó
(2), âèêîíóþòüñÿ íàñòóïíi ñïiââiäíîøåííÿ

‖ cos t‖p′
π

(
ψ(n)−

∞∑
k=n+1

ψ(k)
)
≤ En(Cψ

β̄,p
)C ≤ En(Cψ

β̄,p
)C ≤

‖ cos t‖p′
π

(
ψ(n) +

∞∑
k=n+1

ψ(k)
)
. (7)

ßêùî æ ψ(k) çàäîâîëüíÿ¹ óìîâó (3), òî ìàþòü ìiñöå àñèìïòîòè÷íi ðiâíîñòi

En(Cψ
β̄,p

)C

En(Cψ
β̄,p

)C

 =
‖ cos t‖p′

π
ψ(n) +O(1)

∞∑
k=n+1

ψ(k),
(8)

(9)

â ÿêèõ O(1) ¹ ðiâíîìiðíî îáìåæåíèìè âiäíîñíî óñiõ ðîçãëÿäóâàíèõ ïàðàìåòðiâ.

Çàçíà÷èìî, ùî àñèìïòîòè÷íi ðiâíîñòi (8) i (9) ïðè äåÿêèõ ñïiââiäíîøåííÿõ ìiæ ïàðàìåòðàìè
âèïëèâàþòü ç ðîáiò [1]-[6].
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Ïåâíi õàðàêòåðèñòèêè ñïåöiàëüíî¨ ãåîìåòði¨ äîòè÷íîãî
ðîçøàðóâàííÿ ïðîñòîðó àôiííî¨ çâ'ÿçíîñòi, ïîðîäæåíî¨
iíâàðiàíòíîþ òåîði¹þ íàáëèæåíü áàçîâîãî ïðîñòîðó

Ñèíþêîâà Îëåíà Ìèêîëà¨âíà
(ÄÇ ¾ÏÍÏÓ iìåíi Ê.Ä. Óøèíñüêîãî¿, Îäåñà, Óêðà¨íà)
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Ðîçãëÿäàííÿ ó äîâiëüíié òî÷öi M(xi), i = 1, n, ïðîñòîðó àôiííî¨ çâ'ÿçíîñòi An, n ∈ N ,
n > 2, ðiìàíîâî¨ ñèñòåìè êîîðäèíàò äîçâîëÿ¹ äëÿ êîìïîíåíò Γhij(x

1, ..., xn) àôiííî¨ çâ'ÿçíîñòi öüî-
ãî ïðîñòîðó îòðèìàòè iíâàðiàíòíi âiäíîñíî âèáîðó ñèñòåìè êîîðäèíàò ðÿäè òèïó ðÿäiâ Òåéëîðà,
÷ëåíè ÿêèõ çàëåæàòü íå ëèøå âiä êîîðäèíàò ïîòî÷íî¨ òî÷êè, à é âiä êîìïîíåíò yi, i = 1, n, äîòè-
÷íîãî åëåìåíòà ó íié. ßê ðåçóëüòàò íåõòóâàííÿ ó öèõ ðÿäàõ äîäàíêàìè òðåòüîãî i áiëüø âèñîêèõ
ïîðÿäêiâ ìàëîñòi âiäíîñíî êîìïîíåíò yi, óòâîðþþòüñÿ êîìïîíåíòè àôiííî¨ çâ'ÿçíîñòi

Γ̃hij(x
1, ..., xn; y1, ..., yn) = Γhij(x

1, ..., xn; y1, ..., yn)− 1

3
Rh(ij)α(x1, ..., xn)yα,

äå h, i, j, α = 1, n, Rh(ij)α(x1, ..., xn) � êîìïîíåíòè òåíçîðà êðèâèíè ïðîñòîðó An, êðóãëi äóæêè

ïîçíà÷àþòü ñèìåòðóâàííÿ áåç äiëåííÿ çà âìiùåíèìè ó íèõ iíäåêñàìè. Âèõîäÿ÷è çi ñòðóêòóðè

êîìïîíåíò Γ̃hij , ìîæíà ñòâåðäæóâàòè, ùî âîíè õàðàêòåðèçóþòü ïåâíèé ãåîìåòðè÷íèé îá'¹êò ïðî-

ñòîðó äîòè÷íîãî ðîçøàðóâàííÿ T (An), âèçíà÷àþòü íà An äåÿêó ¾ïîøèðåíó¿ àôiííó çâ'ÿçíiñòü Γ̃,
ó ïåâíîìó ñåíñi ïîäiáíó äî çâ'ÿçíîñòåé Êàðòàíà i Áåðâàëüäà ôiíñëåðîâî¨ ãåîìåòði¨.

Çà äîïîìîãîþ ¾ïîøèðåíî¨¿ àôiííî¨ çâ'ÿçíîñòi Γ̃ äëÿ òåíçîðíèõ ïîëiâ ïðîñòîðó T (An), ââîäè-
òüñÿ [1] êîâàðiàíòíå äèôåðåíöiþâàííÿ ¾;¿ çà ïðàâèëîì

T hi (x; y);j =
∂T hi
∂xj

− yαΓβαj
∂T hi
∂yβ

+ ΓhjαT
α
i − ΓαjiT

h
α

Íà ïiäñòàâi êîìïîíåíò Γ̃hijy ó ïðîñòîði äîòè÷íîãî ðîçøàðóâàííÿ T (An), çà äîïîìîãîþ îïåðàöi¨

òèïó ïîâíîãî ëiôòó [2] ïîáóäîâàíî çâ'ÿçíiñòü Γ̂, êîìïîíåíòè Γ̂hij , h, i, j = 1, 2n ÿêî¨ çíàõäÿòüñÿ
çãiäíî ôîðìóë

Γ̂hij(x
1, ..., xn; y1, ..., yn) = Γ̃hij(x

1, ..., xn; y1, ..., yn); h, i, j = 1, n;

Γ̂hij(x
1, ..., xn; y1, ..., yn) =

∂Γ̃h−nij

∂xα
(x1, ..., xn; y1, ..., yn)yα; h = n+ 1, 2n; j, k, α = 1, n;

Γ̂hij(x
1, ..., xn; y1, ..., yn) = −Γ̃h−ni j−n(x1, ..., xn; y1, ..., yn); h, j = n+ 1, 2n; i = 1, n;

Γ̂hij(x
1, ..., xn; y1, ..., yn) = −Γ̃h−ni−n j(x

1, ..., xn; y1, ..., yn); h, i = n+ 1, 2n; j = 1, n;

Γ̂hij(x
1, ..., xn; y1, ..., yn) = −Γ̃hi−n j−n(x1, ..., xn; y1, ..., yn); i, j = n+ 1, 2n; h = 1, n;

Γ̂hij(x
1, ..., xn; y1, ..., yn) = 0, i = n+ 1, 2n;h, j = 1, n;

Γ̂hij(x
1, ..., xn; y1, ..., yn) = 0, j = n+ 1, 2n;h, i = 1, n;
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Γ̂hij(x
1, ..., xn; y1, ..., yn) = −Γ̃n−hn−in−j(x

1, ..., xn; y1, ..., yn), h, i, j = n+ 1, 2n.

Çà äîïîìîãîþ çâ'ÿçíîñòi Γ̂ ó ïðîñòîði T (An) ïðèðîäíèì ÷èíîì ââåäåíî êîâàðiàíòíå äèôåðåöi-
þâàííÿ ¾ | ¿.
Äîñëiäæåíî âçà¹ìîçâÿçêè ìiæ ñòàíäàðòíèì êîâàðiàíòíèì äèôåðåíöiþâàííÿì ¾,¿ ó ïðîñòîði

An, êîâàðiàíòíèìè äèôåðåíöiþâàííÿìè ¾;¿ i ¾ | ¿ ó T (An). Ïðè öüîìó ìà¹òüñÿ íà óâàçi, ùî
ïðîñòið An ïðèðîäíèì ÷èíîì âêëàäåíî ó ïðîñòið T (An).
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Äîñëiäæåííÿ T0-òîïîëîãié íà n-åëåìåíòíié ìíîæèíi ç âàãîþ
k ∈ (2n−2, 2n−1]

Ñò¹ãàíöåâà Ïîëiíà Ãåîðãi¨âíà
(Çàïîðiçüêèé íàöiîíàëüíèé óíiâåðñèòåò, Çàïîðiææÿ, Óêðà¨íà)

E-mail: stegpol@gmail.com

Ñêðÿáiíà Àííà Âiêòîðiâíà
(Çàïîðiçüêèé íàöiîíàëüíèé óíiâåðñèòåò, Çàïîðiææÿ, Óêðà¨íà)

E-mail: anna_29_95@ukr.net

Äëÿ äîñëiäæåííÿ T0-òîïîëîãié âèêîðèñòîâó¹òüñÿ ¨õ îïèñàííÿ âåêòîðîì òîïîëîãi¨ � íåñïàäíîþ
ïîñëiäîâíiñòþ (α1, α2, ..., αn) íåâiä'¹ìíèõ öiëèõ ÷èñåë, ÿêå áóëî çàïðîïîíîâàíå â ðîáîòi [4]. Âàãîþ
òîïîëîãi¨ ïðèéíÿòî íàçèâàòè êiëüêiñòü âiäêðèòèõ ìíîæèí â íié. Âñi òîïîëîãi¨ îäíàêîâî¨ âàãè k
óòâîðþþòü k-êëàñ òîïîëîãié. Âåêòîðè âñiõ òîïîëîãié ç âàãîþ k ∈ (2n−1, 2n] çíàéäåíî â ðîáîòi [4].
Â ðîáîòàõ [1]-[3] îïèñàíi T0-òîïîëîãi¨ ç âàãîþ k ≥ 5 · 2n−4.
Â öié ðîáîòi ïîêàçàíî, ùî âñi k-êëàñè òîïîëîãié íà n-åëåìåíòíié ìíîæèíi ç âàãîþ k ∈ [5 ·

2n−4, 2n−1], ìiñòÿòü ïðèíàéìíi îäíó T0-òîïîëîãiþ ç íàñòóïíîþ âëàñòèâiñòþ: iñíó¹ (n−1)-åëåìåíòíà
ïiäìíîæèíà, íà ÿêié öÿ òîïîëîãiÿ iíäóêó¹ áëèçüêó äî äèñêðåòíî¨ òîïîëîãiþ (â öüîìó âèïàäêó ãî-
âîðÿòü, ùî òîïîëîãiÿ óçãîäæåíà ç áëèçüêîþ äî äèñêðåòíî¨). Öÿ âëàñòèâiñòü äîçâîëÿ¹ âêàçàòè
âåêòîðè òàêèõ òîïîëîãié. Çíàéäåíî êëàñè, â ÿêèõ âñi òîïîëîãi¨ ìàþòü âêàçàíó âëàñòèâiñòü. Êðiì
öüîãî, ìè äîñëiäæóâàëè ïîìi÷åíi T0-òîïîëîãi¨ ç âàãîþ k ∈ (2n−2, 13 · 2n−5). Òåðìií äâî¨ñòà âèêî-
ðèñòîâó¹òüñÿ äëÿ òîïîëîãi¨, îòðèìàíî¨ ç çàäàíî¨ øëÿõîì ïåðåõîäó äî äîïîâíåíü ¨¨ åëåìåíòiâ.
Òåîðåìà. Ó êëàñàõ òîïîëîãié ç âàãîþ k ∈ [13 · 2n−5, 2n−1], çà âèêëþ÷åííÿì T0-òîïîëîãié, óçãî-

äæåíèõ ç áëèçüêèìè äî äèñêðåòíèõ òà äâî¨ñòèõ äî íèõ, iíøèõ òîïîëîãié íåìà¹. Iñíóþòü êëàñè
òîïîëîãié ç âàãîþ k ∈ [5 · 2n−4, 13 · 2n−5), ÿêi íå âè÷åðïóþòüñÿ T0-òîïîëîãiÿìè, óçãîäæåíèìè ç
áëèçüêèìè äî äèñêðåòíèõ òà äâî¨ñòèìè äî íèõ. Iñíóþòü êëàñè òîïîëîãié ç âàãîþ k ∈ (2n−2, 5·2n−4),
â ÿêèõ íåìà¹ æîäíî¨ òîïîëîãi¨, óçãîäæåíî¨ ç áëèçüêèìè äî äèñêðåòíî¨ òîïîëîãiÿìè.
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Íåõàé W p
σ , σ > 0, ïðîñòið Ïåëi-Âiíåðà öiëèõ ôóíêöié f åêñïîíåíöiàëüíîãî òèïó ≤ σ, ùî íà-

ëåæàòü äî Lp(R). Âií ìîæå áóòè âèçíà÷åíèé i ÿê ïðîñòið öiëèõ ôóíêöié, äëÿ ÿêèõ âèêîíó¹òüñÿ
óìîâà

sup
ϕ∈(0;2π)


+∞∫
0

|(freiϕ)|pe−pσr| sinϕ|dr


1/p

< +∞.

Íåõàé Ep[C(α;β)], 0 < β − α < 2π, 1 ≤ p < +∞, ¹ ïðîñòîðîì àíàëiòè÷íèõ ôóíêöié f â C(α;β) =
{z : α < arg z < β} äëÿ ÿêèõ

sup
α<ϕ<β


+∞∫
0

|f(reiϕ)|dr

 < +∞.

Âèííèöüêèé Á., Äiëüíèé Â. òà Ãiùàê Ò. ðîçãëÿäàëè íàñòóïíó çàäà÷ó ðîçùåïëåííÿ.

Çàäà÷à 1. ×è êîæíà ôóíêöiÿ f ∈ W 1
σ äîïóñêà¹ ðîçùåïëåííÿ f = χ + µ, äå ôóíêöi¨ χ òà µ ¹

àíàëiòè÷íèìè â C+ = {z : Rez > 0} i χ ∈ E1[C(0; π2 )], µ ∈ E1[C(−π
2 ; 0)]?

Ò. Ãiùàê çàïðîïîíóâàëà øóêàòè ôóíêöiþ χ ó âèãëÿäi

χ(z) = χ1(z) + iχ2(−iz), (1)

äå

χ1(z) =
1√
2π

σ∫
0

ϕ(it)eitzdt, χ2(z) = − 1√
2π

0∫
−σ

ϕ(it)eitzdt.

Ïîçíà÷èìî ÷åðåç W 1
σ,+ ïiäïðîñòið f ∈W 1

σ , ùî ñêëàäà¹òüñÿ ç ïàðíèõ ôóíêöié.

Òåîðåìà 2. Íåõàé f ∈W 1
σ,+. Òîäi ôóíêöiÿ χ, âèçíà÷åíà ðiâíiñòþ (1), ¹ ðîçâ'ÿçêîì âèùåíàâåäåî¨

ïðîáëåìè.

Äîâåäåííÿ áàçó¹òüñÿ íà íàñòóïíîìó òâåðäæåííi.

Ëåìà 3. Íåõàé (ck) ∈ l2 i σ ≥ 0. Òîäi íàñòóïíi óìîâè ¹ åêâiâàëåíòíèìè:

1) ïîñëiäîâíiñòü (ck) ¹ ïàðíîþ;

2) ôóíêöiÿ ϕ(t) =
∑+∞

k=−∞ cke
− ikπt

σ ¹ ïàðíîþ;

3) ôóíêöiÿ f(z) =
∑+∞

k=−∞(−1)kck
πsinσz
σz−πk ¹ ïàðíîþ.
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Ãðóïïû Ëè èíôèíèòåçèìàëüíûõ êîíôîðìíûõ ïðåîáðàçîâàíèé
âòîðîé ñòåïåíè â ñèììåòðè÷åñêîì ðèìàíîâîì ïðîñòðàíñòâå

ïåðâîãî êëàññà

È. È. Áåëîêîáûëüñêèé
(Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè È.È. Ìå÷íèêîâà, Îäåññà, Óêðàèíà)

E-mail: indalamar4200@gmail.com

Ñ. Ì. Ïîêàñü
(Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè È.È. Ìå÷íèêîâà, Îäåññà, Óêðàèíà)
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Ï. À. Øèðîêîâûì â [1] áûëè íàéäåíû âñå íåïðèâîäèìûå ñèììåòðè÷åñêèå ðèìàíîâû ïðîñòðàí-
ñòâà Vn(x; g(x)) ïåðâîãî êëàññà. Ìåòðè÷åñêèé òåíçîð gij(x) òàêèõ ïðîñòðàíñòâ â ðèìàíîâîé ñè-

ñòåìå êîîðäèíàò ñ íà÷àëîì â òî÷êå M0(xh = 0) èìååò ñëåäóþùèé âèä:

gij(x) = gij
o

+
1

3
(hiα
o
hjβ
o
− hij

o
hαβ
o

)xαxβ, (1)

(gij)
o

=

(
0 E
E 0

)
, (hij)

o
=


e1

en
0

0 0

 ,

ãäå E � åäèíè÷íàÿ ìàòðèöà à, ei = ±1, i = 1, ..., n
Äëÿ ïðîèçâîëüíîãî ðèìàíîâà ïðîñòðàíñòâà Vn(x; g(x)) Ñ. Ì. Ïîêàñü [2] ââåë ïîíÿòèå ïðîñòðàí-

ñòâà âòîðîãî ïðèáëèæåíèÿ Ṽ 2
n (y; g̃(y)):

g̃ij(y) = gij
o

+
1

3
R
o
iαβjy

αyβ, (2)

gij
o

= gij(M0), R
o
iαβj = Riαβj(M0),M0 ∈ Vn.

Ñðàâíåíèå (1) è (2) ïîêàçûâàåò, ÷òî ðèìàíîâî ïðîñòðàíñòâî âòîðîãî ïðèáëèæåíèÿ Ṽ 2
n äëÿ ñèì-

ìåòðè÷åñêîãî ðèìàíîâà ïðîñòðàíñòâà ïåðâîãî êëàññà èçîìåòðè÷íî èñõîäíîìó ïðîñòðàíñòâó Vn.
Ïîýòîìó ãðóïïà Ëè èíôèíèòåçèìàëüíûõ ïðåîáðàçîâàíèé G̃r ïðîñòðàíñòâà Ṽ

2
n èçîìîðôíà ãðóï-

ïå Ëè èíôèíèòåçèìàëüíûõ ïðåîáðàçîâàíèé Gr ñèììåòðè÷åñêîãî ðèìàíîâà ïðîñòðàíñòâà ïåðâîãî
êëàññà Vn.
Èçó÷åíèå èíôèíèòåçèìàëüíûõ êîíôîðìíûõ ïðåîáðàçîâàíèé â ïðîñòðàíñòâå Ṽ 2

n ñâîäèòñÿ ê èñ-
ñëåäîâàíèþ îáîáùåííûõ óðàâíåíèé Êèëëèíãà [4]

ξ̃(i,j) = ψ(y)g̃ij

Çäåñü áûë ïîëó÷åíè ñëåäóþùèé ðåçóëüòàò [3].

Òåîðåìà 1. Â ïðîñòðàíñòâå âòîðîãî ïðèáëèæåíèÿ Ṽ 2
n äëÿ ðèìàíîâà ïðîñòðàíñòâà Vn íåíóëå-

âîé ñêàëÿðíîé êðèâèçíû â òî÷êå M0 ñóùåñòâóþò èíôèíèòåçèìàëüíûå êîíôîðìíûå ïðåîáðàçî-
âàíèÿ ñ âåêòîðîì ñìåùåíèÿ âèäà

ξ̃h = ah + ah.ly
l + ah.l1l2y

l1yl2 , (3)

(ah, ah.l, a
h
.l1l2 − const)
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îòëè÷íûå îò äâèæåíèé, òîãäà è òîëüêî òîãäà, êîãäà êîíñòàíòû ah. è ah.l óäîâëåòâîðÿþò àë-
ãåáðàè÷åñêèì óðàâíåíèÿì

aα.ig
o
jα = 0 (4)

aα.(iRo j)(l1l2)α + aα.(l1Ro l2)(ij)α = 0 (5)

C
l1l2l3

[
aα. Ro α(l1l2)βR

o
.(ij)l3 −

3

2

(
bαR

o

α
.(ij)l1

g
o
l2l3 − bl1Ro i(l2l3)j

)]
= 0 (6)

ãäå C
l1l2l3

- îçíà÷àåò öèêëèðîâàíèå ïî èíäåêñàì l1l2l3,

ahl1l2y
l
1y
l
2 = aα.

1

3
R
o

h
.l1l2αy

l1yl2 +
1

2

(
b
1
yh − 1

2
bhg
o
l1l2y

l1yl2
)

(7)

ψ(y) = bly
l (8)

Òàê êàê ñêàëÿðíàÿ êðèâèçíà ñèììåòðè÷åñêîãî ðèìàíîâà ïðîñòðàíñòâà ðàâíà íóëþ, òî àíàëî-
ãè÷íî Òåîðåìå 1 äîêàçàíî óòâåðæäåíèå.

Òåîðåìà 2. Â ñèììåòðè÷åñêîì ðèìàíîâîì ïðîñòðàíñòâå ïåðâîãî êëàññà Vn ñóùåñòâóþò èí-
ôèíèòåçèìàëüíûå êîíôîðìíûå ïðåîáðàçîâàíèÿ ñ âåêòîðîì ñìåùåíèÿ âèäà (3) òîãäà è òîëüêî
òîãäà, êîãäà êîíñòàíòû ah. è a

h
.l óäîâëåòâîðÿþò àëãåáðàè÷åñêèì óðàâíåíèÿì

aα.ig
o
jα = bg

o
ij (9)

aαβR
o

α β

.(ij).
= 0 (10)

aα.(iRo j)(l1l2)α + aα.(l1Ro l2)(ij)α = 0 (11)

ψ(y) = b+ bly
l (12)

Èññëåäóÿ óðàâíåíèÿ (9)-(11) ïðè óñëîâèè (1) ïðèõîäèì ê òàêîé òåîðåìå:

Òåîðåìà 3. Èíôèíèòåçèìàëüíûå êîíôîðìíûå ïðåîáðàçîâàíèÿ ñ âåêòîðîì ñìåùåíèÿ âèäà (3) â
ñèììåòðè÷åñêîì ðèìàíîâîì ïðîñòðàíñòâå ïåðâîãî êëàññà ïî íåîáõîäèìîñòè ÿâëÿþòñÿ èíôè-
íèòåçèìàëüíûìè ãîìîòåòè÷åñêèìè ïðåîáðàçîâàíèÿìè.

Äëÿ n = 4 äîêàçàíà

Òåîðåìà 4. Ñèììåòðè÷åñêîå ðèìàíîâîå ïðîñòðàíñòâî V4 1-ãî êëàññà äîïóñêàåò ãðóïïó Ëè ãî-
ìîòåòè÷åñêèõ èíôèíèòåçèìàëüíûõ ïðåîáðàçîâàíèé G12.

Íàéäåí áàçèñ ýòîé ãðóïïû è å¼ ñòðóêòóðà.
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Êîíå÷íîìåðíûå äèíàìèêè è òî÷íûå ðåøåíèÿ óðàâíåíèÿ
âîçíèêíîâåíèÿ ìîëíèé

È.Â. Æåðåáÿòíèêîâ
(Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò Ì.Â. Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ)

E-mail: zherebiatnikov.iv16@physics.msu.ru

Â ðàáîòå [1] áûëà ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ îáúÿñíåíèÿ âîçíèêàþùèõ â îá-
ëàêàõ ñêà÷êîâ íàïðÿæ¼ííîñòè ýëåêòðè÷åñêîãî ïîëÿ, ïðèâîäÿùèõ ê âîçíèêíîâåíèþ ìîëíèé. Â
îñíîâå ýòîãî ïîäõîäà ëåæèò ïðåäïîëîæåíèå î òîì, ÷òî çàðÿæåííóþ ÷àñòü îáëàêà ìîæíî îïèñàòü
ñ ïîìîùüþ îñíîâíûõ óðàâíåíèé ãèäðîäèíàìèêè çàðÿæåííîé ñðåäû, äâèæóùåéñÿ ïîä äåéñòâèåì
âíåøíèõ ñèë (ïîòîêè âåòðà, êîíâåêöèÿ è ò. ä.). Òàì æå ïðèâåäåíî íåëèíåéíîå äèôôåðåíöèàëüíîå
óðàâíåíèå äëÿ îïèñàíèÿ ðàñïðåäåëåíèÿ ýëåêòðè÷åñêîãî ïîëÿ äëÿ îäíîìåðíîãî äâèæåíèÿ çàðÿ-
æåííîãî ãàçà:

∂u(ξ, τ)

∂τ
=
∂2u(ξ, τ)

∂ξ2
− (u(ξ, τ)− α)

∂u(ξ, τ)

∂ξ
, (1)

ãäå u(ξ, τ) � áåçðàçìåðíàÿ íàïðÿæ¼ííîñòü ýëåêòðè÷åñêîãî ïîëÿ, ξ, τ � áåçðàçìåðíûå ïðîñòðàí-
ñòâåííàÿ è âðåìåííàÿ êîîðäèíàòû, α � ïîñòîÿííàÿ.
Â äîêëàäå ïðåäñòàâëåí ìåòîä ïîñòðîåíèÿ òî÷íûõ ðåøåíèé óðàâíåíèÿ (1) ñ èñïîëüçîâàíèåì

òåîðèè êîíå÷íîìåðíûõ äèíàìèê [2]. Ïðàâàÿ ÷àñòü ýòîãî óðàâíåíèÿ ïîðîæäàåò ôóíêöèþ

ϕ (y0, y1, y2) = y2 − (y0 − α) y1 (2)

íà ïðîñòðàíñòâå äæåòîâ J2(R) ñ êàíîíè÷åñêèìè êîîðäèíàòàìè x, y0, y1, y2. Ýòó ôóíêöèþ ìû ðàñ-
ñìàòðèâàåì êàê ïðîèçâîäÿùóþ ôóíêöèþ ñèììåòðèé äëÿ íåêîòîðîãî îáûêíîâåííîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà (òàê íàçûâàåìîé äèíàìèêè) [2]. Áóäåì èñêàòü òàêîå ÎÄÓ
â âèäå:

F := y1 − h(y0) = 0. (3)

Ïðèìåíÿÿ ñòàíäàðòíóþ òåõíèêó (ñì. [2, 3]), íàõîäèì, ÷òî ôóíêöèÿ h èìååò âèä êâàäðàòè÷íîé
ôóíêöèè

h(y0) =
1

2
y2

0 + ay0 + b,

ãäå a, b � ïðîèçâîëüíûå ïîñòîÿííûå. Ðåøàÿ óðàâíåíèå (3), íàõîäèì

y(ξ) = −a− th

(
ξ + c

2

√
a2 − 2b

)√
a2 − 2b, (4)

ãäå a, b, c � ïðîèçâîëüíûå ïîñòîÿííûå. Ñîîòâåòñòâóþùåå ýâîëþöèîííîå âåêòîðíîå ïîëå, êîòîðîå
ÿâëÿåòñÿ èíôèòåçèìàëüíîé ñèììåòðèåé äëÿ óðàâíåíèÿ (1), èìååò âèä

S = (a+ α)

(
1

2
y2

0 + ay0 + b

)
∂

∂y0
. (5)

Ïðåîáðàçîâàíèå ñäâèãà Φτ , îòâå÷àþùåå ýòîìó ïîëþ, èìååò âèä

ξ 7−→ ξ,

y0 7−→ −a− th

[
a+ α

2
τ
√
a2 − 2b+

1

2
ln

√
a2 − 2b− a− y0√
a2 − 2b+ a+ y0

]√
a2 − 2b,
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ãäå τ � ïàðàìåòð ñäâèãà âäîëü òðàåêòîðèè. Ïðèìåíÿÿ îáðàòíîå ïðåîáðàçîâàíèå Φ−1
τ ê ðåøåíèþ

óðàâíåíèÿ (3), ïðèõîäèì ê òî÷íîìó ðåøåíèþ óðàâíåíèÿ (1):

u(ξ, τ) = (Φ−1
τ )∗(y(ξ)) =

(a+ d)
[
1 + th

(
ξ+c

2 d
)]

eτ(a+α)d + (a− d)
[
1− th

(
ξ+c

2 d
)]

[
1 + th

(
ξ+c

2 d
)]

eτ(a+α)d +
[
1− th

(
ξ+c

2 d
)] , (6)

ãäå d =
√
a2 − 2b. Çäåñü ïðîèçâîëüíûå ïîñòîÿííûå âûáðàíû òàê, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî

a2 − 2b > 0. Íà ðèñ. 0.1 ïðåäñòàâëåí ãðàôèê ðåøåíèÿ óðàâíåíèÿ (1). Íà íåì âûäåëåíà îáëàñòü,

Ðèñ. 0.1. Ãðàôèê íàïðÿæ¼ííîñòè ýëåêòðè÷åñêîãî ïîëÿ u(ξ, τ) ïðè a = 22, b = 42,
c = 0, α = 1.

â êîòîðîé íàáëþäàþòñÿ ðåçêèå ñêà÷êè íàïðÿæ¼ííîñòè ýëåêòðè÷åñêîãî ïîëÿ â îáëàêå, ÷òî ìîæåò
ïðèâåñòè ê âîçíèêíîâåíèþ ðàçðÿäà.
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Ïîèñê òî÷íûõ ðåøåíèé óðàâíåíèé ãèäðîäèíàìè÷åñêîé ìîäåëè
çàðÿæåííîãî ãàçà ñ ïîìîøüþ òåîðèè ñèììåòðèé

Ñ. Ì. Êëÿõàíäëåð
(Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà)

E-mail: kliakhandler.sm16@physics.msu.ru

Îïèñàíèå ìåõàíèçìà âîçíèêíîâåíèÿ ðàçíîñòè ýëåêòðè÷åñêèõ ïîòåíöèàëîâ, îñíîâàííîå íà ãèä-
ðîäèíàìè÷åñêîé ìîäåëè çàðÿæåííîãî ãàçà, áûëî ïðåäëîæåíî Â.È. Ïóñòîâîéòîì â ðàáîòå [1]. Èì
áûëî ïîëó÷åíî ñëåäóþùåå íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ îïèñàíèÿ ðàñïðåäåëå-
íèÿ ýëåêòðè÷åñêîãî ïîëÿ ïðè îäíîìåðíîì äâèæåíèè çàðÿæåííîãî ãàçà:

∂2y(ξ, τ)

∂ξ∂τ
=

∂

∂ξ

(
∂2y(ξ, τ)

∂ξ2
− (y(ξ, τ)− y0)

∂y(ξ, τ)

∂ξ

)
, (1)

ãäå y(ξ, τ) � áåçðàçìåðíàÿ íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ, ξ, τ � ïðîñòðàíñòâåííàÿ è âðå-
ìåííàÿ êîîðäèíàòû, y0 � ïîñòîÿííàÿ.
Â äîêëàäå ïðåäñòàâëåí ìåòîä ïîñòðîåíèÿ òî÷íûõ ðåøåíèé óðàâíåíèÿ (1), îñíîâàííûé íà òåîðèè

ñèììåòðèé [2].

Òåîðåìà. Àëåãáðà Ëè òî÷å÷íûõ ñèììåòðèé óðàâíåíèÿ (1) áåñêîíå÷íîìåðíà è ïîðîæäåíà âåê-
òîðíûìè ïîëÿìè

X1 =

(
F1(τ) +

τξ

2

)
∂

∂ξ
+
τ2

2

∂

∂τ
+

(
Ḟ1(τ) +

τu0

2
− τy

2
+
ξ

2

)
∂

∂y
,

X2 =

(
F2(τ) +

ξ

2

)
∂

∂ξ
+ τ

∂

∂τ
+
(
Ḟ2(τ) +

u0

2
− y

2

) ∂

∂y
,

X3 = F3(τ)
∂

∂ξ
+

∂

∂τ
+ Ḟ3(τ)

∂

∂y
,

(2)

ãäå F1(τ), F2(τ), F3(τ) � ïðîèçâîëüíûå ôóíêöèè, à òî÷êà � ïðîèçâîäíàÿ ïî τ .
Ýòà àëãåáðà ñèììåòðèé ïðèìåíÿåòñÿ äëÿ ïîñòðîåíèÿ òî÷íûõ ðåøåíèé óðàâíåíèÿ (1). Íàïðè-

ìåð, ðàññìàòðèâàÿ ñèììåòðèþ X2 è ïîëàãàÿ F2(τ) ≡ 1, ïîëó÷èì ïîòîê ϕt, ïîðîæäàåìûé ýòèì
âåêòîðíûì ïîëåì. Îí èìååò ñëåäóþùèé âèä

ϕt = {x −→ (x+ 2)e
p
2 − 2, τ −→ τep, y −→ (y − u0)e−

p
2 + u0}, (3)

ãäå p � ïàðàìåòð ñäâèãà âäîëü òðàåêòîðèé. Òîãäà èíâàðèàíòíîå ðåøåíèå èìååò âèä

y(τ, ξ) =
1√
t
J(z) + u0, z =

x+ 2√
t
, (4)

ãäå J(z) � ïðîèçâîëüíàÿ ôóíêöèÿ.

Ïîëó÷èì ðåäóöèðîâàííîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, êîòîðîå èíòåãðèðóåòñÿ
â êâàäðàòóðàõ, îäíàêî ââèäó ãðîìîçäêîñòè îáùåå ðåøåíèå çàïèñûâàòü íå áóäåì. Îäíî èç ÷àñòíûõ
ðåøåíèé èìååò âèä

U(z) =
−2(z + 2) exp

(
− (z+4)2

4

)
− 6KummerM

(
5
2 ,

3
2 ,−

(z+4)2

4

)
(z + 4) exp

(
− (z+4)2

4 ,
) , (5)
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ãäå KummerM(µ, ν, z) � ôóíêöèÿ Êóììåðà, ðåøåíèå âûðîæäåííîãî ãèïåðãåîìåòðè÷åñêîãî óðàâ-
íåíèÿ

z
d2y

dz2
+ (ν − z)dy

dz
− µy = 0. (6)

Ðåøåíèå èñõîäíîãî óðàâíåíèÿ ïîëó÷èì, ïîäñòàâèâ âûðàæåíèå z ÷åðåç èñõîäíûå ïåðåìåííûå
ñèñòåìû τ, ξ

y(τ, ξ) =
4
√
τ + 4ξ

√
τ + ξ2√τ + 6τ3/2 + 12τ + 6ξτ + 4u0τ

2 + 2u0τ
3/2 + u0ξτ

3/2

τ3/2(4
√
τ + ξ + 2)

. (7)

Ðèñ. 0.1. Ãðàôèê íàïðÿæåííîñòè ýëåêòðè÷åñêîãî ïîëÿ

Ìîæíî óâèäåòü, ÷òî íà ãðàôèêå ïðèñóòñòâóåò îñîáåííîñòü â âèäå êðèâîé, îïðåäåëÿåìîé íóëåì
çíàìåíàòåëÿ 4

√
τ + ξ+ 2 = 0. Èìåííî íà ýòîé êðèâîé íàïðÿæåííîñòü ïîëÿ ñòðåìèòñÿ ê áåñêîíå÷-

íîñòè � ñêàïëèâàþòñÿ çàðÿäû è âîçìîæíî ïîÿâëåíèå ìîëíèè.

Ëèòåðàòóðà
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Îá îäíîé àëãåáðå îïåðàòîðîâ Áåðãìàíà ñ ãèïåðáîëè÷åñêîé
ãðóïïîé ñäâèãîâ

Ìîçåëü Â. À.
(Îäåññà, óë. Ñðåäíåôîíòàíñêàÿ, 19-Á, êâ. 270, 65039, Îäåññà, Óêðàèíà)

E-mail: mozel@ukr.net

Ïóñòü D � îòêðûòûé åäèíè÷íûé êðóã êîìïëåêñíîé ïëîñêîñòè. Â ãèëüáåðòîâîì ïðîñòðàíñòâå
L2(D) ââåäåì ñëåäóþùèå îïåðàòîðû:
K � õîðîøî èçâåñòíûé îïåðàòîð Áåðãìàíà;
W = Wg � óíèòàðíûé (èçîìåòðè÷åñêèé) îïåðàòîð âçâåøåííîãî ñäâèãà, îáðàçîâàííûé ãèïåðáî-

ëè÷åñêèì äðîáíî-ëèíåéíûì ïðåîáðàçîâàíèåì g ∈ G êðóãà D â ñåáÿ, ãäå G � áåñêîíå÷íàÿ öèêëè-
÷åñêàÿ êîììóòàòèâíàÿ ãðóïïà, ïîðîæä¼ííàÿ îòîáðàæåíèåì g, ñ äâóìÿ íåïîäâèæíûìè è ïðåäåëü-
íûìè òî÷êàìè âñåõ ñäâèãîâ, ëåæàùèìè íà àáñîëþòå.
Â ðàáîòå èçó÷àåòñÿ êîììóòàòèâíàÿ C∗-àëãåáðà, êîòîðàÿ ïîðîæäåíà âñåìè îïåðàòîðàìè âèäà

B =

+∞∑
j=−∞

AjW
j

ãäå Aj � îïåðàòîðû êîììóòàòèâíîé C∗-àëãåáðû îïåðàòîðîâ áåç ñäâèãà:

Aj = aj(z)I + bj(z)K + Lj

I � åäèíè÷íûé, Lj � êîìïàêòíûé, êîýôôèöèåíòû aj , bj ÿâëÿþòñÿ àâòîìîðôíûìè (ò.å. óäîâëåòâî-
ðÿþùèìè óñëîâèÿì aj(g(z)) = aj(z), bj(g(z)) = bj(z)) ôóíêöèÿìè, ïîñòîÿííûìè íà ãèïåðöèêëàõ
� ëó÷àõ, âûõîäÿùèõ èç îäíîé íåïîäâèæíîé òî÷êè (îòòàëêèâàþùåé) è ïðèõîäÿùèõ â äðóãóþ
(ïðèòÿãèâàþùóþ), � è íåïðåðûâíûìè íà äóãå îêðóæíîñòè, ëåæàùåé âíóòðè åäèíè÷íîãî êðóãà è
îðòîãîíàëüíîé ê àáñîëþòó.
Â ðàáîòå ñòðîèòñÿ àëãåáðà ñèìâîëîâ è óñòàíàâëèâàåòñÿ êðèòåðèé ôðåäãîëüìîâîñòè äëÿ îïåðà-

òîðîâ óêàçàííîé C∗-àëãåáðû.
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Îá èíâàðèàíòíûõ ðåøåíèé äâóìåðíîãî óðàâíåíèÿ
òåïëîïðîâîäíîñòè

Íàðìàíîâ Îòàáåê Àáäèãàïïàðîâè÷
(Òàøêåíòñêèé óíèâåðñèòåò èíôîðìàöèîííûõ òåõíîëîãèé, Òàøêåíò, 100174, Óçáåêèñòàí)

E-mail: otabek.narmanov@mail.ru

Ïóñòü íàì äàíî äèôôåðåíöèàëüíîå óðàâíåíèå ïîðÿäêà

∆(x, u(m)) = 0 (1)

îò n íåçàâèñèìûõ x = (x1, x2, ..., xn) è q çàâèñèìûõ ïåðåìåííûõ u = (u1, u2, ..., uq) , ñîäåðæàùåå
ïðîèçâîäíûå îò u ïî x äî ïîðÿäêà m.
Îïðåäåëåíèå-1 Ãðóïïà G ïðåîáðàçîâàíèé, äåéñòâóþùàÿ íà ìíîæåñòâåM ïðîñòðàíñòâà íåçà-

âèñèìûõ è çàâèñèìûõ ïåðåìåííûõ äèôôåðåíöèàëüíîãî óðàâíåíèÿ íàçûâàåòñÿ ãðóïïîé ñèììåò-
ðèé óðàâíåíèÿ (0.1) , åñëè äëÿ êàæäîãî ðåøåíèÿ u = f(x) óðàâíåíèÿ (0.1) è äëÿ g ∈ G òàêîãî,
÷òî îïðåäåëåíî g ◦ f, òî ôóíêöèÿ ũ = g ◦ f, òàêæå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ.
Íàõîæäåíèþ ãðóïï ñèììåòðèé äèôôåðåíöèàëüíûõ óðàâíåíèé è èõ ïðèìåíåíèÿì äëÿ èññëå-

äîâàíèé ïîñâÿùåíû ìíîãî÷èñëåííûå èññëåäîâàíèÿ [1],[3],[2]. Â ðàáîòå [1] íàéäåíà àëãåáðà Ëè
èíôèíèòåçèìàëüíûõ îáðàçóþùèõ ãðóïïû ñèììåòðèé äëÿ äâóìåðíîãî è òðåõìåðíîãî óðàâíåíèÿ
òåïëîïðîâîäíîñòè. Íåêîòîðûå èíâàðèàíòíûå ðåøåíèÿ äâóìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè
íàéäåíû â ðàáîòå [2].
Ðàññìîòðèì äâóìåðíîå óðàâíåíèå òåïëîïðîâîäíîñòè

ut =

2∑
i=1

∂

∂xi
(ki(u)

∂u

∂xi
) +Q(u) (2)

ãäå u = u(x1, x2, t) ≥ 0 � òåìïåðàòóðíàÿ ôóíêöèÿ, ki(u) ≥ 0, Q(u) � ôóíêöèè îò òåìïåðàòóðû
u. Ôóíêöèÿ Q(u) îïèñûâàåò ïðîöåññ òåïëîâûäåëåíèÿ, åñëè Q(u) > 0 è ïðîöåññ òåïëîïîãëîùåíèÿ,
åñëè Q(u) < 0.
Ðàññìîòðèì ñëó÷àé êîãäà êîýôôèöèåíòû òåïëîïðîâîäíîñòè k1(u), k2(u) â óðàâíåíèè (1) ÿâëÿ-

þòñÿ ýêñïîíåíöèàëüíûìè ôóíêöèÿìè òåìïåðàòóðû ò.å. îíè èìåþò âèä k1(u) = k2(u) = exp(u).
Ïðåäïîëîæèì, ÷òî Q(u) = −exp(αu), ãäå α− äåéñòâèòåëüíîå ÷èñëî. Â ýòîì ñëó÷àå óðàâíåíèå

(1) èìååò ñëåäóþùèé âèä:

ut = exp(u)∆u+ exp(u)(∇u)2 − exp(αu) (3)

ãäå ∆u = ∂2u
∂x2

1
+ ∂2u

∂x2
2

� îïåðàòîð Ëàïëàñà,∇u = { ∂u∂x1
, ∂u∂x2
} �ãðàäèåíò ôóíêöèè u.

Ïðåäïîëîæèì, ÷òî α 6= 0. Â ðàáîòå [1] ïîêàçàíî, ÷òî ñëåäóþùåå âåêòîðíîå ïîëå ÿâëÿåòñÿ
èíôèíèòåçèìàëüíåé îáðàçóþùåé ãðóïïû ñèììåòðèè óðàâíåíèÿ (2):

X = 2αt
∂

∂t
− (α− 1)

∂

∂x1
− (α− 1)

∂

∂x2
− 2

∂

∂u
.

Ýòî îçíà÷àåò, ÷òî ïîòîê ýòîãî âåêòîðíîãî ïîëÿ X ïîðîæäàåò ãðóïïó ïðåîáðàçîâàíèé ïðîñòðàí-
ñòâà ïåðåìåííûõ (t, x1, x2, u), ýëåìåíòû êîòîðîãî ïåðåâîäèò ðåøåíèÿ óðàâíåíèÿ (4) â åãî ðåøåíèÿ.
Ïîòîê âåêòîðíîãî ïîëÿ X ïîðîæäàþò ñëåäóþùóþ ãðóïïó ïðåîáðàçîâàíèé

(t, xi, u)→ (te2αs, xie
(α−1)s, u− 2s), s ∈ R (4)

Ìû íàéäåì ðåøåíèÿ óðàâíåíèÿ (2), èíâàðèàíòíûå îòíîñèòåëüíî ãðóïï ïðåîáðàçîâàíèé (4).
Äëÿ ýòîãî ñíà÷àëà íàõîäèì èíâàðèàíòûå ôóíêöèè ýòèõ ïðåîáðàçîâàíèé.
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Èçâåñòíî, ÷òî [3] ãëàäêàÿ ôóíêöèÿ f : M → R ÿâëÿåòñÿ èíâàðèàíòíîé ôóíêöèåé ãðóïïû
ïðåîáðàçîâàíèé G, äåéñòâóþùåé íà ìíîãîîáðàçèè M òîãäà è òîëüêî òîãäà, êîãäà Xf = 0 äëÿ
êàæäîé èíôèíèòåçèìàëüíîé îáðàçóþùåé X ãðóïïû G.
Èñïîëüçóÿ ýòîò êðèòåðèé ìû íàõîäèì, ÷òî ôóíêöèè

I = e
u
2 t

1
2α , ξ =

x1 − x2

tβ
,

ãäå β = α−1
2α , ÿâëÿþòñÿ èíâàðèàíòíûìè ôóíöèÿìè ãðóïïû ïðåîáðàçîâàíèé (3), ÷òî âûòåêàåò èç

ñëåäóùèõ ðàâåíñòâ X1(I) = 0, X1(ξ) = 0. Ðåøåíèå óðàâíåíèÿ (3) èùåì â âèäå

u = ln
V (ξ)

t
1
α

(5)

Ïîäñòàâëÿÿ ôóíêöèþ (5) â óðàâíåíèå (3) ïîëó÷èì ñëåäóþùåå îáûêíîâåííîå äèôôåðåíöèàëü-
íîå óðàâíåíèå îòíîñèòåëüíî ôóíêöèè V :

2V ′′ + βξ
V ′

V
− V α +

1

α
= 0 (6)

Â ñëó÷àå, êîãäà α = 1 óðàâíåíèå (6) èìååò ñëóäþùèé âèä

2
d2V

dξ2
− V + 1 = 0. (7)

Äåëàÿ çàìåíó p(V ) = dV
dξ ïîëó÷èì ëèíåéíî óðàâíåíèå ïåðâîãî ïîðÿäêà

2p
dp

dV
+ V + 1 = 0.

Ðåøàÿ ýòî óðàâíåíèå íàõîäèì, ÷òî

p =
1√
2

√
V 2 − 2V + C1.

Òåïåðü èç óðàâíåíèÿ

dV

dξ
=

1√
2

√
V 2 − 2V + C1

íàõîäèì, ÷òî

V − 1 +
√
V 2 − 2V + C1 = C2e

ξ√
2 ,

ãäå C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Åñëè C1 = 1, òî ôóíêöèþ ìîæíî íàïèñàòü â ÿâíîé ôîðìå:

V = C2e
ξ√
2 + 1. Òàêèì îáðàçîì â îáùåì ñëó÷àå, êîãäà α 6= 0, ìû èìååì ñëåäóþùóþ òåîðåìó

Òåîðåìà 1. Èíâàðèàíòíûå ðåøåíèÿ óðàâíåíèÿ (3) îòíîñèòåëüíî ãðóïïû ïðåîáðàçîâàíèé (4)
èìåþò ñëåäóþùèé âèä

u = ln
V (ξ)

t
1
α

(8)

ãäå V (ξ)− îáùåå ðåøåíèå óðàâíåíèÿ (6).

Â ñëó÷àå α = 1 ïîñêîëüêó â óðàâíåíèè åñòü èñòî÷íèê ïîãëîùåíèÿ òåïëà, èç âèäà ðåøåíèÿ (8)
âûòåêàåò, ÷òî ïðè 0 < t ≤ 1 òåìïåðàòóðà â êàæäîé òî÷êè ïëîñêîñòè óâåëè÷èâàåòñÿ. Íà÷èíàÿ ñ
t ≥ 1 òåìïåðàòóðà óìåíøàåòñÿ è ñòðåìèòñÿ ê u = lnV (ξ) ïðè t→∞.
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Òîæäåñòâà êðèâèçíû îáîáùåííûõ ìíîãîîáðàçèé Êåíìîöó

Âàäèì Ôåäîðîâè÷ Êèðè÷åíêî
(ÌÏÃÓ, Ìîñêâà, Ðîññèÿ)

E-mail: highgeom@yandex.ru

Àëèãàäæè Ðàáàäàíîâè÷ Ðóñòàíîâ
(ÈÔÎ, ÍÈÓ ÌÃÑÓ, Ìîñêâà, Ðîññèÿ)

E-mail: aligadzhi@yandex.ru

Ñâåòëàíà Âëàäèìèðîâíà Õàðèòîíîâà
(ÎÃÓ, Îðåíáóðã, Ðîññèÿ)
E-mail: hcb@yandex.ru

Ïóñòü (M2n+1,Φ, ξ, η, g = 〈·, ·〉) � ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå.

Îïðåäåëåíèå 1. ([1], [2]). Êëàññ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, õàðàêòåðèçóå-
ìûõ òîæäåñòâîì ∇X(Φ)Y +∇Y (Φ)X = −η(Y )ΦX− η(X)ΦY ; X,Y ∈ X(M), íàçûâàåòñÿ îáîáùåí-
íûìè ìíîãîîáðàçèÿìè Êåíìîöó (êîðî÷å, GK-ìíîãîîáðàçèÿìè).

Îïðåäåëåíèå 2. Íàçîâåì ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå ìíîãîîáðàçèåì êëàññà
R1, åñëè åãî òåíçîð êðèâèçíû óäîâëåòâîðÿåò ðàâåíñòâó R(ξ,X)ξ = 0; ∀X ∈ X(M).

Òåîðåìà 3. GK-ìíîãîîáðàçèå êëàññà R1 ÿâëÿåòñÿ ïÿòèìåðíûì ïî÷òè êîíòàêòíûì ìåòðè÷åñ-
êèì ìíîãîîáðàçèåì, ïîëó÷àåìûì èç òî÷íåéøå êîñèìïëåêòè÷åñêîãî ìíîãîîáðàçèÿ êàíîíè÷åñêèì
êîíöèðêóëÿðíûì ïðåîáðàçîâàíèåì òî÷íåéøå êîñèìïëåêòè÷åñêîé ñòðóêòóðû ðàçìåðíîñòè 5.

Òåîðåìà 4. Òåíçîð ðèìàíîâîé êðèâèçíû GK-ìíîãîîáðàçèÿ óäîâëåòâîðÿåò ñëåäóþùèì òîæ-
äåñòâàì:

1) R(Φ2X,Φ2Y )ξ = R(ΦX,ΦY )ξ = 0;
2) R(X,Y )ξ = η(X)F 2(Y )− η(Y )F 2(X) + η(Y )X − η(X)Y ;
3) R(ξ,Φ2X)Φ2Y −R(ξ,ΦX)ΦY = 0;
4) R(ξ,X)Y −R(ξ,ΦX)ΦY = η(Y )F 2(X)− η(Y )X + η(X)η(Y )ξ;∀X,Y ∈ X(M).

Íàçîâåì òîæäåñòâî R(ξ,Φ2X)ξ = F 2(Φ2X) + Φ2X; ∀X ∈ X(M) ïåðâûì äîïîëíèòåëüíûì

òîæäåñòâîì êðèâèçíû GK-ìíîãîîáðàçèÿ . À òîæäåñòâî

R(ξ,Φ2X)(Φ2Y ) +R(ξ,ΦX)ΦY = 2〈F (X), F (Y )〉 − 〈X,Y 〉+ η(X)η(Y )ξ ;

∀X,Y ∈ X(M), íàçîâåì âòîðûì äîïîëíèòåëüíûì òîæäåñòâîì êðèâèçíû GK-ìíîãî-

îáðàçèÿ .

Îïðåäåëåíèå 5. Íàçîâåì ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå ìíîãîîáðàçèåì êëàññà
R2, åñëè åãî òåíçîð êðèâèçíû óäîâëåòâîðÿåò ðàâåíñòâó:

R(ξ,Φ2X)(Ψ2Y ) +R(ξ,ΦX)ΦY = 0 ;

∀X,Y ∈ X(M).

Òåîðåìà 6. GK-ìíîãîîáðàçèå ÿâëÿåòñÿ ìíîãîîáðàçèåì êëàññà R2 òîãäà è òîëüêî òîãäà, êîãäà
îíî ÿâëÿåòñÿ ìíîãîîáðàçèåì êëàññà R1.

Îïðåäåëåíèå 7. Íàçîâåì ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå ìíîãîîáðàçèåì êëàññà
R3, åñëè åãî òåíçîð êðèâèçíû óäîâëåòâîðÿåò ðàâåíñòâó:

R(Φ2X,Φ2Y )Φ2Z −R(Φ2X,ΦY )ΦZ −R(ΦX,Φ2Y )ΦZ −R(ΦX,ΦY )Φ2Z = 0 ;
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∀X,Y ∈ X(M).

Òåîðåìà 8. GK-ìíîãîîáðàçèå ÿâëÿåòñÿ ìíîãîîáðàçèåì êëàññà R3 òîãäà è òîëüêî òîãäà, êîãäà
îíî ÿâëÿåòñÿ ñïåöèàëüíûì îáîáùåííûì ìíîãîîáðàçèåì Êåíìîöó II ðîäà, äëÿ êîòîðîãî Cabcd = 0.

Íàçîâåì òîæäåñòâî

R(Φ2X,Φ2Y )Φ2Z +R(Φ2X,ΦY )ΦZ −R(ΦX,Φ2Y )ΦZ +R(ΦX,ΦY )Φ2Z =

= −4A(Z,X, Y ) +∇Φ2Y (C)(Φ2Z,Φ2X)−∇Φ2Y (C)(ΦZ,ΦX) +∇ΦY (C)(Φ2Z,ΦX)+

+∇ΦY (C)(ΦZ,Φ2X)− 2Φ2X〈ΦY,ΦZ〉 − 2ΦX〈Y,ΦZ〉;∀X,Y, Z ∈ X(M)

÷åòâåðòûì äîïîëíèòåëüíûì òîæäåñòâîì êðèâèçíû GK-ìíîãîîáðàçèÿ .

Îïðåäåëåíèå 9. Íàçîâåì ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå ìíîãîîáðàçèåì êëàññà
R4, åñëè åãî òåíçîð êðèâèçíû óäîâëåòâîðÿåò ðàâåíñòâó:

R(Φ2X,Φ2Y )Φ2Z +R(Φ2X,ΦY )ΦZ −R(ΦX,Φ2Y )ΦZ +R(ΦX,ΦY )Φ2Z = 0 ;

∀X,Y ∈ X(M).

Òåîðåìà 10. GK-ìíîãîîáðàçèå ÿâëÿåòñÿ ìíîãîîáðàçèåì êëàññà R4 òîãäà è òîëüêî òîãäà, êîãäà

A(Z,X, Y ) =
1

4
{∇Φ2Y (C)(Φ2Z,Φ2X)−∇Φ2Y (C)(ΦZ,ΦX)+

+∇ΦY (C)(Φ2Z,ΦX) +∇ΦY (C)(ΦZ,Φ2X)− 2Φ2X〈ΦY,ΦZ〉 − 2ΦX〈Y,ΦZ〉}
∀X,Y, Z ∈ X(M).

Òåîðåìà 11. GK-ìíîãîîáðàçèå êëàññà R4 ÿâëÿåòñÿ SGK-ìíîãîîáðàçèåì II ðîäà.
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Î ãåîìåòðèè îðáèò âåêòîðíûõ ïîëåé

Øàìñèåâ Æàõîíãèð
(Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà, Òàøêåíò, 100174, Óçáåêèñòàí)

E-mail: jahongirshamsiyev455@gmail.com

Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå ðàçìåðíîñòè n, V (M) � ìíîæåñòâî âñåõ ãëàäêèõ âåêòîðíûõ
ïîëåé, îïðåäåëåííûõ íà M . Îáîçíà÷èì ÷åðåç [X,Y ] ñêîáêó Ëè âåêòîðíûõ ïîëåé X,Y ∈ V (M).
Îòíîñèòåëüíî ñêîáêè Ëè ìíîæåñòâî V (M) ÿâëÿåòñÿ àëãåáðîé Ëè.
Ãëàäêîñòü â äàííîé ðàáîòå îçíà÷àåò ãëàäêîñòü êëàññà C∞.
Ðàññìîòðèì ìíîæåñòâî D ⊂ V (M), ÷åðåç A(D) îáîçíà÷èì íàèìåíüøóþ ïîäàëãåáðó Ëè, ñî-

äåðæàùóþ ìíîæåñòâî D. Ñåìåéñòâî D ìîæåò ñîäåðæàòü êîíå÷íîå è áåñêîíå÷íîå ÷èñëî ãëàäêèõ
âåêòîðíûõ ïîëåé.
Äëÿ òî÷êè x ∈ M ÷åðåç t → Xt(x) îáîçíà÷èì èíòåãðàëüíóþ êðèâóþ âåêòîðíîãî ïîëÿ X,

ïðîõîäÿùóþ ÷åðåç òî÷êó x ïðè t = 0. Îòîáðàæåíèå t → Xt(x) îïðåäåëåíî â íåêîòîðîé îáëàñòè
I(x) ⊂ R, êîòîðàÿ â îáùåì ñëó÷àå çàâèñèò îò ïîëÿ X, è îò íà÷àëüíîé òî÷êè x.
Â äàëüíåéøåì, âñþäó â ôîðìóëàõ âèäà Xt(x) áóäåì ñ÷èòàòü, ÷òî t ∈ I(x).

Îïðåäåëåíèå 1. Îðáèòà L(x) ñåìåéñòâà D âåêòîðíûõ ïîëåé, ïðîõîäÿùàÿ ÷åðåç òî÷êó x, îïðå-
äåëÿåòñÿ êàê ìíîæåñòâî òàêèõ òî÷åê y èç M, äëÿ êîòîðûõ ñóùåñòâóþò äåéñòâèòåëüíûå ÷èñëà
t1, t2, . . . , tk è âåêòîðíûå ïîëÿ X1X2, . . . , Xk èç D (ãäå k− ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî) òà-
êèå, ÷òî

y = Xtk
k (X

tk−1

k−1 (...(Xt1
1 (x))...)).

Èçó÷åíèþ ñòðóêòóðû ìíîæåñòâà äîñòèæèìîñòè è îðáèòû ñèñòåì ãëàäêèõ âåêòîðíûõ ïîëåé
ïîñâÿùåíû èññëåäîâàíèÿ ìíîãèõ ìàòåìàòèêîâ â ñâÿçè ñ åå âàæíîñòüþ â òåîðèè îïòèìàëüíîãî
óïðàâëåíèÿ, äèíàìè÷åñêèõ ñèñòåìàõ, â ãåîìåòðèè è â òåîðèè ñëîåíèé( [1]-[3]).
Â ðàáîòàõ [2], [3] äîêàçàíî, ÷òî êàæäàÿ îðáèòà ñåìåéñòâà âåêòîðíûõ ïîëåé (êëàññà Cr, r ≥ 1)

ñ òîïîëîãèåé Ñóññìàíà îáëàäàåò äèôôåðåíöèàëüíîé ñòðóêòóðîé, ïî îòíîøåíèþ êîòîðûì îíà
ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì êëàññà Cr, ãëàäêî ïîãðóæåííûì â M.
Èçâåñòíî, ÷òî ðàçáèåíèå ìíîãîîáðàçèÿ M íà îðáèòû ñåìåéñòâà D ÿâëÿåòñÿ ñèíãóëÿðíûì ñëî-

åíèåì [2].
Åñëè ðàçìåðíîñòè âñåõ îðáèò îäèíàêîâû, òî ðàçáèåíèå M íà îðáèòû D ÿâëÿåòñÿ ðåãóëÿðíûì

ñëîåíèåì. Èçâåñòíî, ÷òî äëÿ ðàçìåðíîñòè îðáèòû èìååò ìåñòî dimAx(D) ≤ dimL(x), ãäå Ax(D) =
{X(x) : X ∈ A(D)} ïîäïðîñòðàíñòâî êàñàòåëüíîãî ïðîñòðàíñòâà TxM [3].
Ïóñòü M = R3(x1, x2, x3), ãäå (x1, x2, x3) � äåêàðòîâû êîîðäèíàòû. Ðàññìîòðèì ñåìåéñòâî D,

ñîñòîÿùåå èç ñëåäóþùèõ âåêòîðíûõ ïîëåé

X1 = −x2
∂

∂x1
+ x1

∂

∂x2
, X2 =

∂

∂x1
+ 2x1

∂

∂x3
(1)

Òåîðåìà 2. Îðáèòû ñåìåéñòâà D, ïîðîæäàþò äâóìåðíîå ñëîåíèå, ñëîÿìè êîòîðîãî ÿâëÿþòñÿ
ïîâåðõíîñòè íåîòðèöàòåëüíîé êðèâûçíè.
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Èçâåñòíà êëàññè÷åñêàÿ ôîðìóëà äëÿ ïðåîáðàçîâàíèÿ Ëåæàíäðà [1]:

f∗(p) = max
x∈Rn

[(p, x)− f(x)] , (1)

ãäå Rn � åâêëèäîâî n-ìåðíîå àðèôìåòè÷åñêîå ïðîñòðàíñòâî, (p, x) � ñêàëÿðíîå ïðîèçâåäåíèå
x, p ∈ Rn, f(x) � âûïóêëàÿ ôóíêöèÿ, f∗(p) � äâîéñòâåííàÿ ê f(x) èëè ïðåîáðàçîâàíèå Ëåæàíäðà
ôóíêöèÿ f(x). Â ðàáîòå [2] áûëî ââåäåíî àíàëîãè÷íîå ïîíÿòèå äëÿ êîíôîðìíî-ïëîñêèõ ìåòðèê
íà åäèíè÷íîé n-ìåðíîé ñôåðå Sn ⊂ Rn+1;

f∗(y) = max
x∈Sn

‖y − x‖2

2f(x)
, (2)

çäåñü f(x) êîíôîðìíî-âûïóêëàÿ ôóíêöèÿ íà ñôåðå [3], òî åñòü ôóíêöèÿ äëÿ êîòîðîé êîíôîðìíî-

ïëîñêàÿ ìåòðèêà ds2 = dx2

f2(x)
èìååò íåîòðèöàòåëüíóþ îäíîìåðíóþ ñåêöèîííóþ êðèâèçíó, ‖y − x‖ �

õîðäîâîå ðàññòîÿíèå ìåæäó òî÷êàìè íà ñôåðå, f∗(y) y ∈ Sn ôóíêöèÿ çàäàþùàÿ äâîéñòâåííóþ èëè

ïîëÿðíóþ ìåòðèêó ds∗2 = dy2

f∗2(y)
. Â ðàáîòå [5] áûëî ïðåäëîæåíî íàçâàòü ýòî ïðåîáðàçîâàíèå òàêæå

ïðåîáðàçîâàíèåì Ëåæàíäðà ôóíêöèè f(x) x ∈ Sn. Ñ âû÷èñëèòåëüíîé òî÷êè çðåíèÿ ôîðìóëà (2)
èìååò äèñêðåòíûé âèä;

f∗(yj) = max
xi∈Sn

‖yj − xi‖2

2f(xi)
, (3)

ãäå {xi} êîíå÷íàÿ ñåòêà òî÷åê íà ñôåðå. Â äàííîé ðàáîòå ïðåäëàãàåòñÿ àáñòðàêòíîå îáîáùåíèå
ôîðìóëû (3) äëÿ èäåìïîòåíòíîé ìàòåìàòèêè.

Îïðåäåëåíèå 1. Ïóñòü n > 1, R+
n � ìíîæåñòâî íàáîðîâ f = {fi}, i = 1, . . . , n ïîëîæèòåëüíûõ

÷èñåë, A = ‖Aji‖ i, j = 1, . . . , n ñèììåòðè÷íàÿ êâàäðàòíàÿ ìàòðèöà íåîòðèöàòåëüíûõ ÷èñåë ñ
íóëåâîé äèàãîíàëüþ. Îáîçíà÷èì ÷åðåç LA � îòîáðàæåíèå ìíîæåñòâà R+

n â ñåáÿ LA : R+
n → R+

n

îïðåäåëÿåìîå ôîðìóëîé LA [{fi}] = {f∗j }, ãäå

f∗j = max
i

Aji
fi
. (4)

Çàìå÷àíèå 2. Â ôîðìóëå (4) ó÷àñòâóþò òîëüêî äâå îïåðàöèè íàä íåîòðèöàòåëüíûìè ÷èñëàìè
óìíîæåíèå (äåëåíèå) è max (min), ñ ïîìîùüþ ôóíêöèè log ýòî ìíîæåñòâî ÷èñåë ìîæíî îòîæ-
äåñòâèòü ñ èäåìïîòåíòíûì ïîëóêîëüöîì Rmax = R ∪ {−∞} ñì.[6], [4].

Òåîðåìà 3. Ïðåîáðàçîâàíèå (4) ïîëóêîëüöà Rmax = R ∪ {−∞} îáëàäàåò ñâîéñòâàìè:

f∗∗i ≤ fi, f∗∗∗i = f∗i i = 1, . . . , n, (5)

ãäå {f∗i } = LA [{fi}], {f∗∗i } = LA [{f∗i }], {f∗∗∗i } = LA [{f∗∗i }].

Ñëåäñòâèå 4. Â óñëîâèÿõ òåîðåìû 3 ñïðàâåäëèâî íåðàâåíñòâî: f∗j ·fi ≥ Aji � àíàëîã íåðàâåíñòâà
Þíãà�Ôåíõåëÿ.

Ïðèìåð 5. Ðàññìîòðèì êàê âûãëÿäèò LA ïðè n = 3, ïóñòü ìàòðèöà A èìååò âèä:

A =

 0 a b
a 0 c
b c 0


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Òîãäà {f∗i } = LA [{fi}], {f∗∗i } = LA [{f∗i }] èìåþò âèä:

f∗1 = max

(
a

f2
,
b

f3

)
, f∗2 = max

(
a

f1
,
c

f3

)
, f∗2 = max

(
b

f1
,
c

f2

)
;

f∗∗1 = max

(
amin

(
f1

a
,
f3

c

)
, bmin

(
f1

b
,
f2

c

))
,

f∗∗2 = max

(
cmin

(
f1

b
,
f2

c

)
, amin

(
f2

a
,
f3

b

))
,

f∗∗3 = max

(
cmin

(
f1

a
,
f3

c

)
, bmin

(
f2

a
,
f3

b

))
.

Çàìå÷àíèå 6. Êàê ïîêàçàëè ÷èñëåííûå ýêñïåðèìåíòû åñëè ìàòðèöà A â òåîðåìå 3 íå îáëàäàåò
òðåáóåìûìè ñâîéñòâàìè, òî òåîðåìà íå âåðíà.

Ãèïîòåçà 7. Òåîðåìà 3 ñïðàâåäëèâà â ñëó÷àå àáñòðàêòíîãî ïîëóêîëüöà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (êîä

ïðîåêòîâ 18-47-860016, 18-01-00620), ïðè ïîääåðæêå Íàó÷íîãî Ôîíäà ÞÃÓ � 13-01-20/10.

Ëèòåðàòóðà

[1] Â. Ñ. Âëàäèìèðîâ. Ïðåîáðàçîâàíèå Ëåæàíäðà âûïóêëûõ ôóíêöèé. Ìàòåì. çàìåòêè, 1:6 (1967), 675�682; Math.
Notes, 1(6), : 448-�452, 1967.

[2] Å. Ä. Ðîäèîíîâ, Â. Â. Ñëàâñêèé. Ïîëÿðíîå ïðåîáðàçîâàíèå êîíôîðìíî-ïëîñêèõ ìåòðèê. Ìàòåì. òð., 20:2 (2017),
120�138; Siberian Adv. Math., 28(2), : 101�114, 2018.

[3] M. V. Kurkina, V. V. Slavsky, E. D. Rodionov. Conformally convex functions and conformally �at metrics of
nonnegative curvature. Äîêë. ÀÍ ÑÑÑÐ, 91(3), : 287�289, 2015.

[4] Ã. Ë. Ëèòâèíîâ, Â. Ï. Ìàñëîâ, À. Í. Ñîáîëåâñêèé. Èäåìïîòåíòíàÿ ìàòåìàòèêà è èíòåðâàëüíûé àíàëèç. Âû-
÷èñëèòåëüíûå òåõíîëîãèè, 6(6), : 47�70, 2001.

[5] Ì. Â. Êóðêèíà. Îá èçìåíåíèè êðèâèçíû êîíôîðìíî-ïëîñêîé ìåòðèêè ïðè ïðåîáðàçîâàíèè Ëåæàíäðà. Èçâåñòèÿ
àëòàéñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà, 4(102), : 88�92, 2018.

[6] Serge Sergeev and Hans Schneider. CSR expansions of matrix powers in max algebra. Transactions of the American
Mathematical Society, 364(11) : 5969�5994, 2012.



124

QA-äåôîðìàöiÿ åëiïòè÷íîãî ïàðàáîëî¨äà
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Â ðîáîòi äîñëiäæó¹òüñÿ íåñêií÷åííî ìàëà äåôîðìàöiÿ ïîâåðõíi âèãëÿäó

r∗(u, v, t) = r(u, v) + tU(u, v),

äå r(u, v) � ¨¨ âåêòîðíî-ïàðàìåòðè÷íå ðiâíÿííÿ, à U(u, v) � ïîëå çìiùåííÿ, t −→ 0, ïðè ÿêié
âàðiàöiÿ åëåìåíòà ïëîùi δdσ ¹ çàäàíîþ ôóíêöi¹þ. Òàêi äåôîðìàöi¨ íàçèâàþòüñÿ êâàçiàðåàëüíèìè
àáî êîðîòêî QA-äåôîðìàöiÿìè [1].
Âàðiàöiÿ ïëîùi δdσ ïðè íåñêií÷åííî ìàëié äåôîðìàöi¨ âèðàæà¹òüñÿ ÷åðåç âàðiàöiþ ìåòðè÷íîãî

òåíçîðà 2εij ≡ δgij çà ôîðìóëîþ δdσ = εijg
ijdσ. Çà äîïîìîãîþ ðiâíîñòåé δdσ

dσ = εijg
ij = −2µ(u, v)

ââîäèìî ôóíêöiþ µ(u, v). Î÷åâèäíî, çàäàííÿ ôóíêöi¨ δdσ ðiâíîñèëüíî çàäàííþ ôóíêöi¨ µ. Íàäàëi
áóäåìî ãîâîðèòè, ùî ôóíêöiÿ µ âèðàæà¹ çàêîí çìiíþâàííÿ åëåìåíòà ïëîùi ïðè QA-äåôîðìàöi¨
ïîâåðõíi. Ïðè µ = 0 òàêà äåôîðìàöiÿ ¹ àðåàëüíîþ.
Çàäà÷à ïðî iñíóâàííÿ çàçíà÷åíî¨ äåôîðìàöi¨ ïîâåðõíi S(K 6= 0) â E3−ïðîñòîði çâîäèòüñÿ äî

ðîçâ'ÿçóâàííÿ íàñòóïíî¨ ñèñòåìè ðiâíÿíü [1]
Tαβ,α − Tαbβα + µαc

αβ = 0,

Tαβbαβ + Tα,α = 0,

cαβT
αβ = 0

(1)

âiäíîñíî ôóíêöi¨ µ = µ(u, v) òà òåíçîðíèõ ïîëiâ Tαβ, Tα(α, β = 1, 2), ÷åðåç ÿêi âèðàæàþòüñÿ
÷àñòèííi ïîõiäíi âåêòîðà çìiùåííÿ U :

Ui =
(
ciαT

αβ − µδβi
)
rβ + ciαT

αn.

Ñèñòåìà ðiâíÿíü (1) ïðåäñòàâëÿ¹ ñîáîþ ñèñòåìó òðüîõ äèôåðåíöiàëüíèõ ðiâíÿíü âiäíîñíî 6 íåâi-
äîìèõ ôóíêöié: T 11, T 12 = T 21, T 22, T 1, T 2, µ.
Íåõàé Tαβ = 0, òîäi ñèñòåìà ðiâíÿíü (1) ¹ ñèñòåìîþ òðüîõ ðiâíÿíü âiäíîñíî òðüîõ íåâiäîìèõ

ôóíêöié {
− Tαbβα + µαc

αβ = 0,

Tα,α = 0.
(2)

Ïåðøèé òåíçîð äåôîðìàöi¨ 2εij ≡ δgij ÷åðåç Tαβ òà µ âèðàæà¹òüñÿ ó âèãëÿäi [1]

2εij = Tαβ (ciαgjβ + cjαgiβ)− 2µgij .

Óìîâà Tαβ = 0 ðiâíîñèëüíà òîìó, ùî εij = −µgij . Ôóíêöiþ µ, ùî çóñòði÷à¹òüñÿ â òàêèõ ðiâíÿ-

ííÿõ, íàçèâàþòü ôóíêöi¹þ êîíôîðìíîñòi [2]. Îòæå, ïðè Tαβ = 0 ôóíêöiÿ µ, ùî âèðàæà¹ çàêîí
çìiíþâàííÿ åëåìåíòà ïëîùi ïðè QA-äåôîðìàöi¨ ïîâåðõíi ¹ ôóíêöi¹þ êîíôîðìíîñòi.
Íåõàé âåêòîðíî-ïàðàìåòðè÷íå ðiâíÿííÿ åëiïòè÷íîãî ïàðàáîëî¨äà çàäàíî ó âèãëÿäi

r(u, v) = {u cos v, u sin v,
u2

2
}.

Â ðîáîòi îòðèìàíî ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (2) äëÿ åëiïòè÷íîãî ïàðàáîëî¨äà

T 1 = 0, T 2 =
−c

u
√

1 + u2
, µ = −c ln |u+

√
1 + u2|+ c0,

äå c 6= 0, c0 � äåÿêi êîíñòàíòè.
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Ìà¹ ìiñöå òåîðåìà.

Òåîðåìà 1. Ïîâåðõíÿ åëiïòè÷íîãî ïàðàáîëî¨äà äîïóñêà¹ QA-äåôîðìàöiþ, ïðè ÿêié êîîðäèíàòè
ïîëÿ çìiùåííÿ ìàþòü âèãëÿä

U(u, v) = {ucosv
(
c ln |u+

√
1 + u2|+ c0

)
+ c1, usinv

(
c ln |u+

√
1 + u2|+ c0

)
+ c2,

u2

2

(
c ln |u+

√
1 + u2|+ c0

)
− c

4

(
u
√

1 + u2 + ln |u+
√

1 + u2|
)

+ c3},

äå c 6= 0, c1, c2, c3 � äåÿêi ñòàëi. Ïðè öüîìó ôóíêöiÿ µ = −c ln |u+
√

1 + u2|+c0, ùî âèðàæà¹ çàêîí
çìiíþâàííÿ åëåìåíòà ïëîùi, ¹ ôóíêöi¹þ êîíôîðìíîñòi.
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