


The purpose of this conference is to bring together researchers in geometry, topology, algebra,
analysis and dynamical systems and to provide for them a forum to present their recent work
to colleagues from different nationalities. This way we aim to stimulate discussion about the
latest findings in geometrical and topological methods in analysis and to increase international
collaboration.

The conference continues the traditional annual conference «Geometry in Odesa» holding from
2004, and hosted by Odesa National University of Technology (Odesa National Academy of Food
Technologies till 2021). From 2017 the conference was renamed to «Algebraic and geometric
methods of analysis» (AGMA).

The Conference languages: Ukrainian and English.

LiST OF TOPiCS
• Algebraic methods in geometry
• Differential geometry in the large
• Geometry and topology of differentiable manifolds
• General and algebraic topology
• Dynamical systems and their applications
• Geometric and topological methods in natural sciences
• Geometric problems in mathematical analysis

ORGANiZERS
• Ministry of Education and Science of Ukraine
• Odesa National University of Technology, Ukraine
• Institute of Mathematics of the National Academy of Sciences of Ukraine
• Taras Shevchenko National University of Kyiv
• Kyiv Mathematical Society

SCiENTiFiC COMMiTTEE

• Vladimir Balan (Bucharest, Romania)
• Taras Banakh (Lviv, Ukraine)
• Dmytro Bolotov (Kharkiv, Ukraine)
• Vyacheslav Boyko (Kyiv, Ukraine)
• Yulia Fedchenko (Odesa, Ukraine)
• Oleg Gutik (Lviv, Ukraine)
• Olena Karlova (Chernivtsi, Ukraine)
• Volodymyr Kiosak (Odesa, Ukraine)
• Nadiia Konovenko (Odesa, Ukraine)

• Volodymyr Lyubashenko (Kyiv,
Ukraine)
• Sergiy Maksymenko (Kyiv, Ukraine)
• Koji Matsumoto (Yamagata, Japan)
• Piotr Mormul (Warsaw, Poland)
• Maryna Nesterenko (Kyiv, Ukraine)
• Roman Popovych (Kyiv, Ukraine)
• Alexandr Prishlyak (Kyiv, Ukraine)
• Aleksandr Savchenko (Kherson,
Ukraine)

ORGANiZiNG COMMiTEE

• Nadiia Konovenko (Odesa, Ukraine)
• Yuliya Fedchenko (Odesa, Ukraine)
• Mykola Lysynskiy (Kyiv, Ukraine)

• Bohdan Mazhar (Kyiv, Ukraine)
• Sergiy Maksymenko (Kyiv, Ukraine)
• Alexandr Prishlyak (Kyiv, Ukraine)

1



50

Stability of vertical minimal surfaces
in three-dimensional sub-Riemannian manifolds

Ihor Havrylenko
(V.N. Karazin Kharkiv National University, Kharkiv, Ukraine)

E-mail: igorgavrilenko0898@gmail.com
Eugene Petrov

(V.N. Karazin Kharkiv National University, Kharkiv, Ukraine)
E-mail: petrov@karazin.ua

A sub-Riemannian manifold is a smooth manifold M together with a completely non-integrable
smooth distribution H on M (it is called a horizontal distribution) and a smooth field of Euclidean
scalar products 〈·, ·〉H on H (it is called a sub-Riemannian metric). In particular, 〈·, ·〉H can be
constructed as a restriction of some Riemannian metrics 〈·, ·〉 on M to H. Here we will assume
that all sub-Riemannian structures are of this form. Let Σ be a smooth oriented surface in a three-
dimensional sub-Riemannian manifold M . If Nh is the orthogonal projection of the unit normal
field N of Σ (in the Riemannian sense) onto H and dΣ is the Riemannian area form of Σ, then the
sub-Riemannian area of a domain D ⊂ Σ is defined as A(D) =

∫
D

|Nh| dΣ. The normal variation of

the surface Σ defined by a smooth function u is the map ϕ : Σ× I →M : ϕs(p) = expp(su(p)N(p)),
where I is an open neighborhood of 0 in R and expp is the Riemannian exponential map in p. Denote
A(s) =

∫
Σs

|Nh| dΣs, where Σs = ϕs(Σ). Then A′(0) is called the first (normal) area variation defined

by ϕ, and A′′(0) is called the second one. A surface Σ is called minimal if A′(0) = 0 for any normal
variations with compact support in Σ \ Σ0, where Σ0 = {p ∈ Σ | Nh(p) = 0} is the singular set
of Σ. A minimal surface Σ is called stable if A′′(0) ≥ 0 for any normal variations with compact
support in Σ\Σ0. We will call a surface Σ in a three-dimensional sub-Riemannian manifold vertical
if TpΣ ⊥ Hp for each p ∈ Σ. In particular, for such surfaces Nh = N and Σ0 = ∅.
Proposition 1. Let Σ be an oriented vertical surface in a three-dimensional sub-Riemannian
manifold M . Then its first normal area variation defined by a smooth function u with compact
support equals A′(0) = −

∫
Σ
2HudΣ, where H is the Riemannian mean curvature of Σ. Thus, Σ is

minimal in the sub-Riemannian sense if and only if it is minimal in the Riemannian sense.
Proposition 2. Let Σ be an oriented vertical minimal surface in a three-dimensional sub-Riemannian
manifold M . Then its second normal area variation defined by a smooth function u with compact
support equals

A′′(0) =

∫

Σ

− (X(u)− 〈∇NX,N〉u)2 + |∇Σu|2 −
(
Ric (N,N) + |B|2

)
u2 dΣ,

where ∇ and Ric are the Riemannian connection and the Ricci tensor of M respectively, X is
the unit normal vector field of H (which is tangent to Σ because it is vertical), ∇Σ and B are the
Riemannian gradient and the second fundamental form of Σ respectively. It follows that if Σ is
stable in the sub-Riemannian sense, it is also stable in the Riemannian sense.

Let us discuss some examples of such surfaces. In all these examplesM is a Lie group, H and 〈·, ·〉
are left-invariant. In [2] it was shown that a complete connected minimal surface with the empty
singular set (in particular, vertical) in the sub-Riemannian three-dimensional Heisenberg group is
stable if and only if it is a vertical Euclidean plane. In [3] the authors considered the standard
three-dimensional sphere with the horizontal distribution defined by the Hopf field X and showed
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that complete connected vertical minimal surfaces are Clifford tori. It is well-known that they are
not stable in the Riemannian sense, hence also in the sub-Riemannian sense. In [1] we proved that
in the solvable Lie group Ẽ(2), which is the universal covering of the proper motions group of the
Euclidean plane, with the Euclidean metric and a left-invariant horizontal distribution all complete
connected vertical minimal surfaces are Euclidean planes and standard helicoids. We showed that
planes are stable in the sub-Riemannian sense, and it is known that helicoids are not stable in the
Riemannian sense, hence also in the sub-Riemannian sense.

The three-dimensional Thurston geometry Sol is the space R3 with coordinates (x, y, z) and
with the following orthonormal basis of left-invariant vector fields defined by its solvable Lie group
structure:

X1 =
1√
2

(
e−z

∂

∂x
+ ez

∂

∂y

)
, X2 =

1√
2

(
e−z

∂

∂x
− ez ∂

∂y

)
, X3 =

∂

∂z
.

Note that [X2, X3] = X1, so the left-invariant distribution H orthogonal to X1 is completely non-
integrable. Let us consider a sub-Riemannian structure on Sol such that H is horizontal. It then
follows from the results of [4] that any complete connected vertical minimal surface in Sol after an
isometry becomes either a Euclidean plane z = C or a ”helicoid”

(s, t) 7→
(

1√
2
e−ts+ C1,

1√
2
ets+ C2, t

)
.

Using this description, we are able to prove the following.
Proposition 3. All vertical minimal surfaces in Sol are stable in the sub-Riemannian sense and
thus in the Riemannian sense.

The three-dimensional Thurston geometry ˜SL(2,R) can be described as the universal covering of
the unit tangent bundle of the hyperbolic plane H2 with the Sasaki metric, that is, the half-space
{(x, y, z) ∈ R3 | y > 0} with the following orthonormal basis of left-invariant vector fields with
respect to its simple Lie group structure:

X1 = y

(
− sin z ∂

∂x
+ cos z ∂

∂y

)
+ sin z ∂

∂z
, X2 = y

(
− cos z ∂

∂x
− sin z ∂

∂y

)
+ cos z ∂

∂z
, X3 =

∂

∂z
.

In particular, [X1, X2] = −X3, so the left-invariant distribution H orthogonal to X3 is completely
non-integrable. Consider a sub-Riemannian structure on this manifold such that H is horizontal.
We than obtain the following description.

Theorem 4. Any complete connected vertical minimal surface in ˜SL(2,R) has either the parame-
terization (s, t) 7→ (C, s, t) or (s, t) 7→

(
C1 +

1
C2

sinC2s,− 1
C2

cosC2s, t
)
and so is a cylinder over a

geodesic in H2. All vertical minimal surfaces in ˜SL(2,R) are stable in the sub-Riemannian sense
and thus in the Riemannian sense.

REFERENCES
[1] І. Гавриленко, Є. Петров. Стійкість мінімальних поверхонь у субрімановому многовиді Ẽ(2). Вісник ХНУ
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