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Quantum calculus and singularities of quasi-discriminant sets

Alexander Batkhin
(Keldysh Institute of Applied Mathematics of RAS (Moscow) & Moscow Institute of Physics and
Technology (Dolgoprudny), Russia)
E-mail: batkhin@gmail.com

Let g : R — R : z — g(x) be a given smooth one-to-one map of the real axis, which is the domain
of polynomial f(z) with arbitrary coefficients. We want to find conditions on the coefficients of the
polynomial under which it has at least a pair of roots t;,t; satisfying the relation g¢(¢;) = t; and
investigate the structure of the algebraic variety in the space of coefficients possessing such property.

Here we consider a generalization of the classical discriminant of the polynomial. This general-
ization naturally includes the classical discriminant and its analogs emerging when the g-differential
and difference operators are used. The aim of this research is to propose an efficient algorithm for
calculating the parametric representation of all components of the g-discriminant set D,(f) of the
monic polynomial f,(z) of degree n.

Define the g-bracket [a];, ¢-Pochhammer symbol (a;q),, g-factorial [n],!, ¢-binomial co-

a
—1
efficients (Gaussian) coefficients mq, g-binomial {xz;t},., as follows: [a], = qq — (a;q)n =
n—1 n ( . ) ko i

o k . o | o q;4)n n _ [n]q! o q .+ —1
kl;[() (1 aq )a (Q,Q)O - 1’ [n]q - kl;ll[k]q - (1—(])"’ q ?é 1a [k]q - [nfk],j[k]q! - zl;Il ¢ —1

n—1 .
{z;t}ng = [1 (@ — ¢'(t)), {x;t}o,q = 1. Here g* is the k-th iteration of the diffeomorphism g, k € Z.
=0

As g — 1, all these objects become classical.

Let f,(x) be is a monic polynomial of degree n with complex coefficients defined by f,(z) dof
2" 4a1x" ' agr™ 2+ - 4a,. Let P be the space of polynomials over R and let g : R — R : 2 — gz 4w,
¢, w € R, ¢ # {—1,0}, be a linear diffeomorphism on R that induces a linear Hahn operator A, on P,
satisfying the following two conditions: (1) the degree reduction: deg(.Ayf,)(z) = n —1; in particular,
Agx = 1; (2) Leibnitz rule analogue: (Agxfy,)(z) = fn(z) + g(x)( Ay fr)(z).

The Hahn operator A, called below g-derivative has the form

g flgr +w) — f(z)
(Agf)(z) = (¢—Dr+w

f/(WO)) T = wo,

) Q?#WO,

where wy = w/(1 — q) is the fixed point of g. Parameters ¢ and w are satisfied the following conditions
¢, w€R, ¢#{-1,0} and (¢,w) # (1,0). The g-derivative A, can be considered as a generalization of
the g-differential Jackson operator A, at w = 0, ¢ # 1, as the difference operator A, at ¢ =1 and as
the classical derivative d/dz in the limit ¢ — 1 and w = 0.

The g-calculus has became a part of the more general construct called quantum calculus [1, 2]. It
has numerous applications in various fields of modern mathematics and theoretical physics. The pair
of roots t;, t;, 1,5 =1,...,n, i # j of the polynomial f,(x) is called g-coupled if g(t;) = t;.

Problem 1. In the coefficient space II = C" of the polynomial f,(z), investigate the g-discriminant
set denoted Dy( f,) on which this polynomial has at least one pair of g-coupled roots.

The sequence Squk) (t1) of g-coupled roots of length k is defined as the finite sequence {t;}, i =
1,...,k in which each term, beginning with the second one, is a g-coupled root of the preceding term:

g(t;) = ti+1. The initial root ¢; is called the generating root of the sequence Seqék) (t1) .
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For each fixed set of parameters ¢, w, the g-discriminant set Dy( f5,) consists of a finite set of varieties
Vi, on each of which f,,(z) has k sequences Squli)(ti) of g-coupled roots of length ; with different
generating roots t;, ¢ = 1,...,k. To obtain an expression for the generalized (sub)discriminant of
the polynomial fy,(z) in terms of its coefficients, any method available in the classical elimination
theory can be used. If we replace the derivative f)(x) by the polynomial A, f,(x), then any matrix
method for calculating the resultant of a pair of polynomials gives an expression of the generalized
k-th subdiscriminant Dék)( fn) 3]

Theorem 2. The polynomial f,(x) has exactly n—d different sequences of g-coupled roots, iff the first
nonzero element in the sequence of i-th generalized subdiscriminants Dg(f)(fn) s the subdiscriminat
Déd)(fn) with the index d.

Consider the partition A = [1™12"23" ] of a natural number n. Every partition A of n deter-
mines the structure of the g-coupled roots of the polynomial f,(z), and this structure is associated
with the algebraic variety Vli, i = 1,...,p(n) of dimension [ corresponding to the number of dif-
ferent generating roots t; in the coefficient space II. The partition [nl] corresponding to the case
when there is a unique sequence of roots of length n specified by the generating root t;. Then, the
polynomial f,(z) is a g-binomial {z;%;}y., and its coefficients a; can be represented in terms of the
elementary symmetric polynomials o;(z1, z2,...,,) calculated on the roots ¢/ (t1), j = 0,...,n — 1,
a; = (—1)iO'i (tl,g(tl), R ,gn_1<t1)), 1=1,...,n.

Theorem 3 ([4]). Let there be a variety V;, dimV; = I on which the polynomial f,(x) has different
sequences of g-coupled roots and the sequence of roots Squm) (t1) has length m > 1. The roots of

the other sequences are mot g-coupled with all roots of the sequence Squm)(tl). Let vi(t1,...,t;) be a
parameterization of the variety V;. Then for 0 < k < n, the formula
Y TR [m— !
_ a [ qi Y
ry(te, ...t b)) = vt ..o, t) + ;g; [i}q il (Abrs) (t){ti1st1 bisg (1)

specifies a polynomial parameterization of the part of V11 on which there are two sequences of roots

Squm_k) (g%(t1)) and Seqék) (9(ti+1)), and the other sequences of roots are the same as on the original
variety V.

The structure of singular points of each variety V;y1 can be described in terms of varieties V),
connected with it by (1).

The same results on the structure and parametrization of the g-discriminant set Dy(f,) can be
obtained for other variants of g-derivative, e.g. for the case of Hahn symmetric derivative [2]

T rn Tt w) — [T - )
Aq,wf(t) - (q — q_l)t + (1 + q_l)w

as well.
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