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Àðåàëüíi íåñêií÷åíío ìàëi äåôîðìàöi¨ ïîâåðõíi äîòè÷íèõ

Áåçêîðîâàéíà Ë.Ë., Ãîëîïüîðîâà Î.Ñ.

(ÎÍÓ iì. I.I. Ìå÷íèêîâà, Îäåñà, Óêðà¨íà)

E-mail address: mazur_elena@mail.ru

Äîñëiäæóþòüñÿ àðåàëüíi íåñêií÷åííî ìàëi äåôîðìàöi¨ ïîâåðõíi äîòè÷íèõ:

r̄(s, v) = ρ̄(s) + vt̄(s). (1)

×àñòèííi ïîõiäíi âåêòîðà çìiùåííÿ Ū ïðåäñòàâèìî ó âèãëÿäi:

Ūi = ciαT
αβ r̄β + ciαT

αn̄. (2)

Îñíîâíà ñèñòåìà ðiâíÿíü àðåàëüíî¨ íåñêií÷åííî ìàëî¨ äåôîðìàöi¨ äëÿ ïîâåðõíi äîòè÷íèõ

ó ðîáîòi ïðåäñòàâëåíà ó íàñòóïíîìó âèãëÿäi:

T 11 =
Tα,α
vkæ

,

∂T 12

∂v
+ 3T 12 1

v
= − ∂

∂s

(
Tα,α
vkæ

)
− 2vk̇ + k

v2k2æ
Tα,α − æ

vk
T 1,

∂T 22

∂v
+ T 22 1

v
= −∂T

12

∂s
− vk̇ − 2k

vk
T 12 +

vk̇ + v2k3 + k

v2k2æ
Tα,α +

æ

vk
T 1,

(3)

äå k i æ � êðèâèíà òà ñêðóò êðèâî¨ ρ̄ = ρ̄(s).
Çíàéäåíî ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (3):

T 11 =
Tα,α
vkæ

,

T 12 =
c1
v3

+
1

v3

∫ (
−v3 ∂

∂s

(
Tα,α
vkæ

)
− v(2vk̇ + k)

k2æ
Tα,α − v2æ

k
T 1

)
dv,

T 22 =
c2
v

+
1

v

∫ (
−v∂T

12

∂s
− vk̇ − 2k

k
T 12 +

vk̇ + v2k3 + k

v2k2æ
Tα,α +

æ

k
T 1

)
dv.

(4)

Òåîðåìà 1. Ïðè óìîâi δn̄ = 0 ïîâåðõíÿ äîòè÷íèõ äîïóñêà¹ íåòðèâiàëüíó àðåàëüíó

íåñêií÷åííî ìàëó äåôîðìàöiþ ç âåêòîðîì çìiùåííÿ Ū(s, v) òà êîìïîíåíòàìè òåíçîðiâ À-

äåôîðìàöi¨: 
T 11 = 0, T 12 =

c1
v3
,

T 22 =
c2
v

+
c1k̇

kv2
+
c1
v3
, Tα = 0.

(5)

Òåîðåìà 2. Ïðè óìîâi δn̄ = 0 ïîâåðõíÿ äîòè÷íèõ äîïóñêà¹ íåòðèâiàëüíi íåñêií÷åííî ìàëi

çãèíàííÿ ç âåêòîðîì îáåðòàííÿ Ū(s, v) òà ïîëÿìè çãèíàííÿ Tαβ, Tα ó âèãëÿäi (5).

5



Êâàçiàðåàëüíà íåñêií÷åííî ìàëà äåôîðìàöiÿ ïîâåðõíi â E3 : îñíîâíi ðiâíÿííÿ

Ë. Ë. Áåçêîðîâàéíà

Þ. Ñ. Õîìè÷

(Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I. I. Ìå÷íèêîâà, Îäåñà, Óêðà¨íà)

E-mail address: mazur_elena@mail.ru, yli4ka_h@mail.ru

Íåõàé S− ïîâåðõíÿ êëàñó C3, çàäàíà ó òðèâèìiðíîìó åâêëiäîâîìó ïðîñòîði. Áóäåìî
ðîçãëÿäàòè ¨¨ íåñêií÷åííî ìàëó äåôîðìàöiþ ïåðøîãî ïîðÿäêó:

r∗(x1, x2, t) = r(x1, x2) + tU(x1, x2). (1)

Íåñêií÷åííî ìàëó äåôîðìàöiþ âèãëÿäó (1) áóäåìî íàçèâàòè êâàçiàðåàëüíîþ íåñêií÷åííî
ìàëîþ äåôîðìàöi¹þ, ÿêùî ïðè òàêié äåôîðìàöi¨ åëåìåíò ïëîùi ïîâåðõíi çìiíþ¹òüñÿ çà
çàäàíèì çàêîíîì [1].

Òåîðåìà 1. Äëÿ òîãî, ùîá íåñêií÷åííî ìàëà äåôîðìàöiÿ áóëà êâàçiàðåàëüíîþ, íåîáõiäíî

i äîñòàòíüî, ùîá ïðè òàêié äåôîðìàöi¨ âèêîíóâàëàñü óìîâà

εαβg
αβ = 2ϕ,

äå 2εαβ ≡ δgαβ− ïåðøèé òåíçîð äåôîðìàöi¨, à ϕ(x1, x2)− äåÿêà çàçäàëåãiäü çàäàíà ôóíêöiÿ

êëàñó C2.
Î÷åâèäíî, ïðè ϕ = 0 êâàçiàðåàëüíà íåñêií÷åííî ìàëà äåôîðìàöiÿ ïðåäñòàâëÿ¹ ñîáîþ

äåôîðìàöiþ çi ñòàöiîíàðíèì åëåìåíòîì ïëîùi, òîáòî àðåàëüíó.
Ïîêëàäåìî

Ui = CiβT̂
βαrα + CiαT

αn, (2)

äå T̂ βα ∈ C2− äåÿêèé òåíçîð òèïó

(
2
0

)
, à Tα ∈ C2−êîíòðàâàðiàíòíèé âåêòîð. Ðîçêëàäåìî

òåíçîð T̂ βα íà ñèìåòðè÷íó i êîñîñèìåòðè÷íó ÷àñòèíè ó âèãëÿäi

T̂ βα = T βα + µCβα,

äå µ = µ(x1, x2), à Cβα− äèñêðèìiíàíòíèé òåíçîð òèïó

(
2
0

)
.

Â ðîáîòi îòðèìàíî çâ'ÿçîê ìiæ ôóíêöiÿìè ϕ òà µ: ϕ(x1, x2) = −µ(x1, x2).
Çíàéäåíi óìîâè iíòåãðîâíîñòi ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (2) òà äîâåäåíà
Òåîðåìà 2. Äëÿ iñíóâàííÿ êâàçiàðåàëüíî¨ íåñêií÷åííî ìàëî¨ äåôîðìàöi¨ îäíîçâ'ÿçíî¨

ïîâåðõíi êëàñó C3 íåîáõiäíî i äîñòàòíüî, ùîá ñèñòåìà ðiâíÿíü
T βα,β − T

βbαβ = ϕβC
βα,

T βαbαβ + T ββ = 0,

εαβg
αβ = 2ϕ(x1, x2)

ìàëà íåíóëüîâèé ðîçâ'ÿçîê.

Äîñëiäæó¹òüñÿ êâàçiàðåàëüíà äåôîðìàöiÿ ïðè äåÿêèõ îáìåæåííÿõ. Óñòàíîâëåíî òàêîæ,
ùî êâàçiàðåàëüíi íåñêií÷åííî ìàëi äåôîðìàöi¨ çíàõîäÿòü çàñòîñóâàííÿ â áåçìîìåíòíié òåîði¨
íàâàíòàæåíèõ îáîëîíîê.

Ñïèñîê ëiòåðàòóðè

[1] Ì. Ë. Ãàâðèëü÷åíêî, Ë. Ë. Áåçêîðîâàéíàÿ, Ã. ß. Çàÿö Áåñêîíå÷íî ìàëûå äåôîðìàöèè

ïîâåðõíîñòåé, ñîîòâåòñòâóþùèå áåçìîìåíòíîìó íàïðÿæåííîìó ñîñòîÿíèþ ðàâíîâåñèÿ

îáîëî÷åê.,- Íàó÷íàÿ êîíôåðåíöèÿ, ïîñâÿùåííàÿ 100-ëåòèþ óíèâåðñèòåòà, ìåõ.-ìàò. ôàê.,
Òåçèñû äîêëàäîâ, Îäåññà, 1965, Ñ. 67-68.
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Äåôîðìàöiÿ âåêòîðíèõ ïîëiâ íà ïîâåðõíÿõ

I. Ì. Iâàíþê, À. Î. Ãàãàé

(ÊÍÓ iì. Òàðàñà Øåâ÷åíêà, Êè¨â, Óêðà¨íà)

E-mail address: ivong07@yandex.ru

Íàìè äîñëiäæóþòüñÿ òîïîëîãi÷íi âëàñòèâîñòi ñiì'¨ âåêòîðíèõ ïîëiâ íà ïîâåðõíi. Ïîëå
íà ïîâåðõíi ó çàãàëüíîìó âèïàäêó ¹ ïîëåì Ìîðñà-Ñìåéëà. Äëÿ çàäàííÿ öüîãî ïîëÿ
âèêîðèñòîâóþòüñÿ àòîìè çà Ôîìåíêîì. Âîíè ïîâíiñòþ îïèñóþòü ¨õ òîïîëîãi÷íó ñòðóêòóðó.

×åðåç êëàñ Ti ïîçíà÷èìî âñi âåêòîðíi ïîëÿ, ó ÿêèõ íå áiëüøå íiæ ”i” ñiäëîâèõ òî÷îê.
Ïîáóäîâàíî ãðàô, ùî ñêëàäà¹òüñÿ ç âåðøèí i ðåáåð, âåðøèíè âiäïîâiäàþòü àòîìàì çà
Ôîìåíêîì, à ðåáðà - äåôîðìàöiÿì. Êîæíié äåôîðìàöi¨ âåêòîðíîãî ïîëÿ âiäïîâiäà¹ øëÿõ íà
ãðàôi.

Òåîðåìà 1. ßêùî äâi ñiì'¨ òîïîëîãi÷íî åêâiâàëåíòíi â êëàñi Ti, òî âîíè çàäàþòü îäíàêîâi

øëÿõè íà ãðàôi. Íàâïàêè, äâà ïîëÿ êëàñó Ti ìîæíà ç'¹äíàòè øëÿõîì (ñiì'¹þ âåêòîðíèõ

ïîëiâ) â êëàñi Ti, ÿêùî iñíó¹ øëÿõ íà ãðàôi, ÿêèé ç'¹äíó¹ âiäïîâiäíi âåðøèíè.

Òåîðåìà 2. ßêùî äâîì ñiì'ÿì âiäïîâiäàþòü îäíàêîâi îñíàùåíi øëÿõè íà ãðàôi, òî âîíè

òîïîëîãi÷íî åêâiâàëåíòíi.

Ñïèñîê ëiòåðàòóðè

[1] Áîëñèíîâ À.Â., Ôîìåíêî À.Ò. Èíòåãðèðóåìûå ãàìèëüòîíîâûå ñèñòåìû. Ãåîìåòðèÿ,
òîïîëîãèÿ, êëàññèôèêàöèÿ. � Èæåâñê: Èçä. Äîì "Óäìóðòñêèé óíèâåðñèòåò". � Ò.1. � 1999.
� ñ.69-145.

[2] Â.È.Àðíîëüä, Â.Ñ.Àôðàéìîâè÷, Ë.Ñ.Èëüÿøåíêî. Òåîðèÿ áèôóðêàöèé � 217ñ.
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Àòîìè ñêëàäíîñòi 2 m-ôóíêöié òà ¨õ äåôîðìàöi¨

Î. Ì. Iâàíþê, Î. Î. Ïðèøëÿê

(ÊÍÓ iì. Òàðàñà Øåâ÷åíêà, Êè¨â, Óêðà¨íà)

E-mail address: Oxana801@yandex.ru, prishlyak@yahoo.com

Íåõàé M - çàìêíåíèé îði¹íòîâàíèé äâîâèìiðíèé ìíîãîâèä (ïîâåðõíÿ), f - ãëàäêà ôóíêöiÿ
íà M . Äëÿ ìíîãîâèäiâ ç êðà¹ì àíàëîãîì ôóíêöié Ìîðñà ¹ m-ôóíêöi¨. Öå òàêi ôóíêöi¨, â
ÿêèõ âñi êðèòè÷íi òî÷êè ¹ íåâèðîäæåíèìè i íå ëåæàòü íà êðàþ, à òàêîæ òàêi, ùî îáìåæåííÿ
ôóíêöi¨ íà êðàé ¹ ôóíêöi¹þ Ìîðñà. Ïiä àòîìîì áóäåìî ðîçóìiòè ðåãóëÿðíèé îêië êîìïîíåíòè
êðèòè÷íîãî ðiâíÿ ôóíêöi¨, ðîçøàðîâàíèé íà ëiíi¨ ðiâíÿ. Òóò êðèòè÷íèì ðiâíåì ¹ ðiâåíü
ôóíêöi¨, ùî ìiñòèòü ¨¨ êðèòè÷íó òî÷êó àáî êðèòè÷íó òî÷êó îáìåæåííÿ ôóíêöi¨ íà êðàé.
Ñêëàäíiñòü àòîìó � öå ÷èñëî êðèòè÷íèõ òî÷îê ó íüîìó. Ïðîñòèé àòîì ìà¹ ñêëàäíiñòü 1.

Òåîðåìà 1. (Ïðî ëîêàëüíó êëàñèôiêàöiþ) Êîæåí àòîì ñêëàäíîñòi 2 m-ôóíêöi¨ íà ïîâåðõíi

ç êðà¹ì ¹ îäíèì ç äåâ'ÿòíàäöÿòè àòîìiâ, àáî îäíèì ç òðèäöÿòè äâîõ f -àòîìiâ (B1-B32).

Êîæíèé àòîì ñêëàäíîñòi 2 ðîçïàäà¹òüñÿ ïðè ìàëîìó ðóñi â îäíîïàðàìåòðè÷íié ñiì'¨

m-ôóíêöié íà äâà ïðîñòèõ àòîìè äâîìà ñïîñîáàìè.

Òåîðåìà 2. Âñi ìîæëèâi äåôîðìàöi¨ àòîìiâ ñêëàäíîñòi 2 äî ïðîñòèõ àòîìiâ çàäàíî â

òàáëèöi:

B1 B2 B3 B4 B5 B6 B7 B8 B9 B10 B11 B12 B13 B14 B15 B16 B17

A1 A7 A3 A6 A8 A5 A3 A9 A5 A8 A1 A2 A3 A4 A5 A4 A5

A6 A2 A7 A4 A5 A9 A8 A4 A9 A5 A1 A2 A3 A4 A3 A5 A7

A6 A4 A7 A2 A3 A7 A8 A4 A9 A5 A1 A2 A3 A2 A5 A3 A9

A3 A7 A1 A6 A6 A4 A3 A9 A5 A8 A1 A2 A1 A4 A4 A5 A3

B18 B19 B20 B21 B22 B23 B24 B25 B26 B27 B28 B29 B30 B31 B32

A6 A3 A8 A5 A1 A4 A3 A1 A3 A9 A6 A8 A5 A9 A8

A5 A9 A4 A5 A2 A4 A2 A3 A3 A7 A8 A9 A5 A9 A8

A4 A9 A4 A5 A2 A4 A4 A3 A5 A9 A6 A7 A9 A9 A8

A8 A3 A8 A5 A1 A4 A3 A4 A5 A7 A8 A6 A8 A9 A8

Ñïèñîê ëiòåðàòóðè

[1] Ïðèøëÿê Î.Î., Ïðèøëÿê Ê.Î., Ìiùåíêî Ê.I., Ëóêîâà Í.Â. Êëàñèôiêàöiÿ ïðîñòèõ m-
ôóíêöié íà îði¹íòîâàíèõ ïîâåðõíÿõ: Æóðíàë îá÷èñë. òà ïðèêë. ìàòåì. � 2011. � �1 (104).
� ñ.1-12.

[2] Iâàíþê Î.Ì., Ïðèøëÿê Î.Î. Àòîìè ñòåïåíi 2 íà ïîâåðõíÿõ ç êðà¹ì: Proceedings of the
international geometry center. � 2013. � �3.

8



Êâàíòóâàííÿ äðóãîãî ìåòîäó Ëÿïóíîâà (íåàâòîíîìíié âèïàäîê)

Þ. Â. Iîíiíà(Þ.Â.Øàðêî)

(Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â)

E-mail address: sun-set@ukr.net

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü dx(t)/dt = f(t, x(t)). Íóëüîâèé ðîçâ"ÿçîê

x(t) = 0 íàçèâà¹òüñÿ ñòiéêèì çà Ëÿóíîâèì, ÿêùî äëÿ äîâiëüíîãî ε > 0 iñíó¹ δ(ε) > 0, òàêå ùî
ÿêùî ‖ x0 ‖< δ(ε), òî ðîçâ"ÿçîê ñèñòåìè ç ïî÷àòêîâîþ óìîâîþ x(0) = x0 iñíó¹ ïðè âñiõ t ≥ 0 i

çàäîâiëüíÿ¹ íåðiâíiñòü ‖ x(t) ‖< ε.
ßêùî, êðiì òîãî x(t) → 0, êîëè t → ∞, òî ðîçâ"ÿçîê x(0) = 0 íàçèâà¹òüñÿ àñèìïòîòè÷íî

ñòiéêèì çà Ëÿïóíîâèì.

Îçíà÷åííÿ 1. Äëÿ êîæíîãî ε òàêîãî, ùî ε0 > ε > 0, íàçâåìî ε-òðóáêîþ â îáëàñòi U
âiäêðèòó ìíîæèíó Tε = [x, t :‖ x ‖< ε]. Ìíîãîâèä ∂Tε = [x, t :‖ x ‖= ε] áóäåìî íàçèâàòè

ìåæåþ ε-òðóáêè. Ïîçíà÷èìî ÷åðåç L = [x, t :‖ x ‖= 0, t ≥ −δ0] ìíîæèíó â îáëàñòi U , ÿêó
áóäåìî íàçèâàòè ïðîìåíåì.

Îçíà÷åííÿ 2. Íåõàé Mn- ãëàäêèé n-âèìiðíèé ìíîãîâèä i Nn−1
1 , Nn−2

2 , ..., N1
n−2, N

0
n−1- ãëàäêi

ïiäìíîãîâèäè â Mn. Ïðèïóñòèìî, ùî ϕ : Mn → U - âêëàäåííÿ, ÿêå ¹ ãëàäêèì íà Mn \
∪i(Nn−i

i ) i îáìåæåííÿ ϕ íà ïiäìíîãîâèäè ∪i(Nn−i
i ) - òåæ ãëàäêå âiäîáðàæåííÿ. Êóñêîâî

ãëàäêîþ ãiïåðïîâåðõíåþ â îáëàñòi U íàçèâà¹òüñÿ Hn = φ(Mn). Ïiäìíîæèíà Σ = ϕ(\ ∪i
(Nn−i

i ) ⊂ Hn íàçèâà¹òüñÿ ñèíãóëÿðíîþ ïiäìíîæèíîþ êóñêîâî ãëàäêî¨ ãiïåðïîâåðõíi Hn.

Îçíà÷åííÿ 3. Íåõàé Hn - çâ"ÿçíà íåêîìïàêòíà êóñêîâî ãëàäêîþ ãiïåðïîâåðõíÿ â îáëàñòi

U . Ñêàæåìî,ùî Hn îáìåæó¹ ïðîìiíü L, ÿêùî Hn ¹ ìåæåþ íåêîìïàêòíîãî n+ 1-âèìiðíîãî
ìíîãîâèäó Kn+1, äî ÿêîãî íàëåæèòü ïðîìiíü L, i Kn+1 ëåæèòü â äåÿêié ε-òðóáöi.

Íåõàé Hn
p - êóñêîâî ãëàäêi ãiïåðïîâåðõíi p = 1, 2, ..., ÿêi íàëåæàòü U i îáìåæóþòü ïðîìiíü

L. Ñêàæåìî, ùî Hn
p ¹ çáiæíîþ ïîñëiäîâíiñòþ ãiïåðïîâåðõîíü, ÿêùî Hn

p íå ïåðåòèíàþòüñÿ

i äëÿ íåêîìïàêíèõ (n + 1)-âèìiðíèõ ìíîãîâèäiâ Kn+1
p ç ìåæàìè Hn

p âèêîíóþòüñÿ óìîâè:⋂
Kn+1
p = L òà Kn+1

p ⊃ Kn+1
q äëÿ p < q.

Çàäàìî íà äîïîâíåííi äî ñèíãóëÿðíî¨ ìíîæèíè Σp êóñêîâî-ãëàäêî¨ ãiïåðïîâåðõíi H
n
p , ÿêà

îáìåæó¹ ïðîìiíü L, îäèíè÷íå íîðìàëüíå âåêòîðíå ïîëå
−−−−−→
Np(t, x), íàïðàâëåíå ó âíóòðiøíiñòü

ìíîãîâèäó Kn+1
p . Ðîçãëÿíåìî íà Hn

p íåïåðåðâíó ôóíêöiþ χp : Hn
p → [0, 1],ÿêà ¹ ãëàäêîþ íà

Hn
p \ Σ i òàêîþ χ−1

p (0) = Σp. Ïîáóäó¹ìî íà Hn
p ãëàäêå âåêòîðíå ïîëå

−→
N
χp
p (t, x) = χp(

−−−−−→
Np(t, x)).

Òåîðåìà 1. Íåõàé â â îáëàñòi U çàäàíà ñèñòåìà ðiâíÿíü dx(t)/dt = f(t, x(t)). Ïðèïóñòèìî,
ùî â U iñíó¹ çáiæíà ïîñëiäîâíiñü êóñêîâî ãëàäêèõ ïîâåðõîíü Hn

p . ßêùî â ìàéæå âñiõ òî÷êàõ

x ∈ Hn
p (p = 1, 2, ...) çíà÷åííÿ ôóíêöi¨

S(t, x) =<
−→
N
χp
p (t, x),

−→
f (t, x) >

íåâiä"¹ìíi, òî íóëüîâèé ðîçâ"ÿçîê öi¹¨ ñèñòåìè ¹ ñòiéêèì çà Ëÿïóíîâèì. (Ìè ïîçíà÷èëè
−→
f (t, x) = (1, f1(t, x), f2(t, x), ..., fn(t, x)).

Òåîðåìà 2. Íåõàé â â îáëàñòi U çàäàíà ñèñòåìà ðiâíÿíü dx(t)/dt = f(t, x(t)). Ïðèïóñòèìî,
ùî â U iñíó¹ çáiæíà ïîñëiäîâíiñü êóñêîâî ãëàäêèõ ïîâåðõîíü Hn

p . ßêùî â ìàéæå âñiõ òî÷êàõ

x ∈ Hn
p (p = 1, 2, ...) çíà÷åííÿ ôóíêöi¨

S(t, x) =<
−→
N
χp
p (t, x),

−→
f (t, x) >

íåâiä"¹ìíi, i ïðîìiíü L ¹ ¹äèíîþ iíâàðiàíòíîþ ìíîæèíîþ äëÿ ñèñòåìè dx(t)/dt = f(t, x(t)),
òî íóëüîâèé ðîçâ"ÿçîê öi¹¨ ñèñòåìè ¹ àñèìïòîòè÷íî ñòiéêèì çà Ëÿïóíîâèì.
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Ïðî òî÷íå ÷èñëî òîïîëîãi÷íî-íååêâiâàëåíòíèõ ôóíêöié ç îäíi¹þ âèðîäæåíîþ

êðèòè÷íîþ òî÷êîþ òèïó ñiäëà íà äâîâèìiðíié ñôåði

Î. À. Êàäóáîâñüêèé

(ÄÄÏÓ, Ñëîâ'ÿíñüê, Óêðà¨íà)

E-mail address: kadubovs@ukr.net

Íåõàé Ck,m(S2) � êëàñ ãëàäêèõ ôóíêöié ç òðüîìà êðèòè÷íèìè çíà÷åííÿìè íà äâîâèìiðíié
ñôåði S2, ó ÿêèõ îêðiì k ëîêàëüíèõ ìàêñèìóìiâ i m ëîêàëüíèõ ìiíiìóìiâ ëèøå îäíà
(âèðîäæåíà) êðèòè÷íà òî÷êà x0 òèïó ñiäëà [1]. Òîäi, ÿê âiäîìî, ∀f ∈ Ck,m(S2) iíäåêñ Ïóàíêàðå
òî÷êè x0 äîðiâíþ¹ indf (x0) = 1− n, äå n = k +m− 1 [1], [2].

Ôóíêöi¨ f i g ç êëàñó Ck,m(S2) íàçèâàþòü òîïîëîãi÷íî åêâiâàëåíòíèìè, ÿêùî iñíóþòü
ãîìåîìîðôiçìè h : S2 → S2 i l : R1 → R1 (l çáåðiãà¹ îði¹íòàöiþ), òàêi ùî g = l · f · h−1. ßêùî
h çáåðiãà¹ îði¹íòàöiþ, ôóíêöi¨ f i g áóäåìî íàçèâàòè O−òîïîëîãi÷íî åêâiâàëåíòíèìè.

Äëÿ ïî÷àòêîâèõ k = 1, 2, 3, 4 i ∀m ∈ N à òàêîæ äëÿ âèïàäêó, êîëè k+m−1 ¹ ïðîñòèì ÷èñëîì,
âiäïîâiäíi ôîðìóëè ïiäðàõóíêó âåëè÷èíè P ∗k,m O−òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç

êëàñó Ck,m(S2) áóëî âñòàíîâëåíî â [3]. Â çàãàëüíîìó âèïàäêó � ïèòàííÿ çàëèøàëîñü âiäêðèòèì.
Ìà¹ ìiñöå òâåðäæåííÿ

Òåîðåìà 1. Äëÿ íàòóðàëüíèõ m i k ≥ 2 ÷èñëî O−òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç

êëàñó Ck,m(S2) ìîæíà îá÷èñëèòè çà äîïîìîãîþ ñïiââiäíîøåíü

P ∗k,m =
1

n

(
1

n
Ck
n · Ck−1

n +
∑

j|(n,k), j 6=1

φ(j) · n− k + j

n
· C

k
j
n
j
· C

k
j
−1

n
j

+

+
∑

j|(n,k−1), j 6=1

φ(j) · k − 1 + j

n
· C

k−1
j

+1
n
j

· C
k−1
j

n
j

)
, (1)

äå: n = k +m − 1; φ � ôóíêöiÿ Åéëåðà; (s, t) � íàéáiëüøèé ñïiëüíèé äiëüíèê ÷èñåë s i t; à
ïiäñóìîâóâàííÿ ó äðóãîìó i òðåòüîìó äîäàíêàõ âåäåòüñÿ çà âñiìà äiëüíèêàìè (çà âèíÿòêîì

1-öi) ÷èñåë (n, k) i (n, k − 1) âiäïîâiäíî.

Êðiì òîãî, ç óðàõóâàííÿì ðåçóëüòàòiâ ðîáîòè [4] (Example 37), ìà¹ ìiñöå òâåðäæåííÿ

Òåîðåìà 2. ×èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó Ck,n+1−k(S
2) ìîæíà

îá÷èñëèòè çà äîïîìîãîþ ñïiââiäíîøåííÿ

P ∗∗k,n =
1

2

(
P ∗k,n + C

b k−1
2 c

bn−1
2 c
· Cd

k−1
2 e

dn−1
2 e

)
, (2)

äå bqc = max{n ∈ Z|n ≤ q}, dqe = min{n ∈ Z|n ≥ q}.

Ñïèñîê ëiòåðàòóðè

[1] Prishlyak A.O. Topological equivalence of smooth functions with isolated critical points on a

cloused surface // Topology and its Aplications. � 2002. � Vol. 119, �3. � P. 257�267.

[2] Êàäóáîâñüêèé Î. Òîïîëîãi÷íà åêâiâàëåíòíiñòü ôóíêöié íà îði¹íòîâàíèõ ïîâåðõíÿõ //
Óêðà¨íñüêèé ìàòåìàòè÷íèé æóðíàë. � 2006. � Ò. 58, � 3. � Ñ. 343�351.

[3] Êàäóáîâñüêèé Î.À. Ïðî ÷èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç îäíi¹þ âèðîäæåíîþ

êðèòè÷íîþ òî÷êîþ òèïó ñiäëà íà äâîâèìiðíié ñôåði // Ïðîáëåìè òîïîëîãi¨ òà ñóìiæíi
ïèòàííÿ / Çá. ïðàöü Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè. � 2010. � Ò 3, � 3. � Ñ. 163�179.

[4] Barry P. On Integer-Sequence-Based Constructions of Generalized Pascal Triangles // J. Integer
Sequences. � 2006. � V. 9, � 2. � Article 06.2.4, 34 pp. (electronic)
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Ïðî C- i C∗-âêëàäåíi ïiäìíîæèíè ïëîùèíè Çîð åíôðåÿ

Î. Î. Êàðëîâà

(×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò, ×åðíiâöi, Óêðà¨íà)

E-mail address: maslenizza.ua@gmail.com

Íåõàé X � òîïîëîãi÷íèé ïðîñòið. Ìíîæèíà E ⊆ X íàçèâà¹òüñÿ

• C-âêëàäåíîþ â X, ÿêùî äîâiëüíó íåïåðåðâíó äiéñíîçíà÷íó ôóíêöiþ f íà E ìîæíà
ïðîäîâæèòè äî íåïåðåðâíî¨ ôóíêöi¨ íà X.

• C∗-âêëàäåíîþ â X, ÿêùî äîâiëüíó íåïåðåðâíó îáìåæåíó äiéñíîçíà÷íó ôóíêöiþ f íà E
ìîæíà ïðîäîâæèòè äî íåïåðåðâíî¨ ôóíêöi¨ íà X.

Íàñòóïíà âiäêðèòà ïðîáëåìà ñôîðìóëüîâàíà â [1].

Ïðîáëåìà 1. ×è iñíó¹ ïðîñòið ç ïåðøîþ àêñiîìîþ çëi÷åííîñòi, ùî ìiñòèòü çàìêíåíó C∗-
âêëàäåíó ìíîæèíó, ÿêà íå ¹ C-âêëàäåíîþ?

Ïëîùèíîþ Çîð åíôðåÿ S2 ìè íàçèâà¹ìî äîáóòîê ïðÿìèõ Çîð åíôðåÿ S (íàãàäà¹ìî, ùî
ïðÿìà Çîð åíôðåÿ S � öå ÷èñëîâà ïðÿìà ç òîïîëîãi¹þ, áàçó îêîëiâ òî÷êè x ∈ R â ÿêié
óòâîðþþòü ïðîìiæêè âèãëÿäó [x, x + ε), ε > 0). Âiäîìî, ùî ïëîùèíà Çîð åíôðåÿ S2
çàäîâîëüíÿ¹ ïåðøó àêñiîìó çëi÷åííîñòi i íå ¹ íîðìàëüíèì ïðîñòîðîì.

Â öüîìó ïîâiäîìëåííi ìè îõàðàêòåðèçîâó¹ìî C- i C∗-âêëàäåíi ìíîæèíè â S2, ÿêi ¹
ïiäïðîñòîðàìè òàê çâàíî¨ àíòèäiàãîíàëi ïëîùèíè Çîð åíôðåÿ, òîáòî, ìíîæèíè D = {(x,−x) :
x ∈ R}.

Òåîðåìà 1. Äëÿ ìíîæèíè E ⊆ D íàñòóïíi óìîâè ðiâíîñèëüíi:

1. E � C-âêëàäåíà;

2. E � C∗-âêëàäåíà;

3. E � çëi÷åííà ìíîæèíà òèïó Gδ â R2;

4. E � çëi÷åííà ôóíêöiîíàëüíî çàìêíåíà ìíîæèíà â S2.

Ñïèñîê ëiòåðàòóðè

[1] Open problems in topology II /ed. by Elliott Pearl/ Elsevier, 2007, 776 p.
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Çàñòîñóâàííÿ iíîâàöiéíèõ òåõíîëîãié íàâ÷àííÿ äëÿ àêòèâiçàöi¨ ïiçíàâàëüíî¨

äiÿëüíîñòi ñòóäåíòiâ.

Ò. Â. Êà÷àí

(ÎÒÊ ÎÍÀÕÒ, Îäåñà, Óêðà¨íà)

E-mail address: pavlik72@ukr.net

Ó Íàöiîíàëüíié äîêòðèíi ðîçâèòêó îñâiòè, çàòâåðäæåíié ó êâiòíi 2002 ðîêó, îá ðóíòîâàíî

çàâäàííÿ îíîâëåííÿ çìiñòó îñâiòè òà íàâ÷àëüíî-âèõîâíîãî ïðîöåñó. ßê âiäîìî, íàâ÷àëüíî-

âèõîâíèé ïðîöåñ ïîâèíåí áóäóâàòèñÿ âiäïîâiäíî äî ïîòðåá îñîáèñòîñòi òà iíäèâiäóàëüíèõ

ìîæëèâîñòåé ñòóäåíòiâ, çðîñòàííÿ ¨õ ñàìîñòiéíîñòi é òâîð÷î¨ àêòèâíîñòi. Õðåñòîìàòiéíèì

ñòàâ âèñëiâ Ê.Ä. Óøèíñüêîãî ïðî òå, ùî â÷èòåëü ÿê ôàõiâåöü æèâå äîòè, ïîêè â÷èòüñÿ.

Ñïðèÿòè ïåäàãîãó â öüîìó � ïðîâiäíà ôóí-êöiÿ ìåòîäè÷íî¨ ðîáîòè. Ìåòîäè÷íà ðîáîòà � öå

ñèñòåìàòè÷íà, öiëåñïðÿìîâàíà, êîëåêòèâíà é iíäèâiäóàëüíà äiÿëüíiñòü ïåäàãîãiâ ç ïiäâèùåííÿ

íàóêîâîãî òà çàãàëüíîêóëüòóðíîãî ðiâíÿ, âäîñêîíàëåííÿ ïñèõîëîãî-ïåäàãîãi÷íî¨ ïiäãîòîâêè

i ïðîôåñiéíî¨ ìàéñòåðíîñòi. Äîáðå âiäîìî, ùî åôåêòèâíiñòü ìåòîäè÷íî¨ ðîáîòè çíà÷íîþ

ìiðîþ âèçíà÷à¹òüñÿ ðiâíåì òâîð÷îãî ïîòåíöiàëó âèêëàäà÷à, òåõíîëîãi÷íîþ êîìïåòåíòíiñòþ

òà ñôîðìîâàíiñòþ éîãî iííîâàöiéíî¨ êóëüòóðè. Íîâi ìåòîäè íàâ÷àííÿ, íåñòàíäàðòíi ôîðìè

çàíÿòòÿ äîïîìàãàþòü ðîçáóäèòè iíòåðåñ ñòóäåíòà äî äîñëiäæóâàíî¨ ïðîáëåìè, ñïðèÿþòü

áiëüø ãëèáîêîìó âèâ÷åííþ òåìè. Iíòåðàêòèâíi òåõíîëîãi¨ íàâ÷àííÿ - öå òàêà îðãàíiçàöiÿ

ïðîöåñó íàâ÷àííÿ, ó ÿêîìó ñòóäåíòó íåìîæëèâî íå ïðèéìàòè ó÷àñòü � â êîëåêòèâíîìó,

âçà¹ìîäîïîâíþþ÷îìó, çàñíîâàíîìó íà âçà¹ìîäi¨ âñiõ éîãî ó÷àñíèêiâ ïðîöåñó íàâ÷àëüíîãî

ïiçíàííÿ. Ó ñó÷àñíîìó ñâiòi ìàáóòü íåìà¹ ãàëóçi, äå á íå âèêîðèñòîâóâàâñÿ êîìï'þòåð

i îñâiòíÿ ãàëóçü íå ¹ âèêëþ÷åííÿì. Iíòåðåñ äî âèâ÷åííÿ ïðåäìåòó áàãàòî â ÷îìó

çàëåæèòü âiä òîãî, ÿê ïðîõîäÿòü çàíÿòòÿ. Çàñòîñóâàííÿ êîìï'þòåðíî¨ òåõíiêè íà ïàðàõ

äîçâîëÿ¹ çðîáèòè óðîê íåòðàäèöiéíèì, ÿñêðàâèì, íàñè÷åíèì, íàïîâíþþ÷è éîãî çìiñò

çíàííÿìè ç iíøèõ íàî÷íèõ îáëàñòåé, ùî ïåðåòâîðþþòü ìàòåìàòèêó ç îá'¹êòó âèâ÷åííÿ

â çàñiá îòðèìàííÿ íîâèõ çíàíü. Íàéäîñòóïíiøèìè i ñàìèìè ïîøèðåíèìè òåõíîëîãiÿìè

¹ çàñòîñóâàííÿ òàáëè÷íîãî ïðîöåñîðà MS Excel, ïðîãðàìè äëÿ ñòâîðåííÿ ïðåçåíòàöié Mi-

crosoft Power Point, ïðîãðàìè ¾Îòêðûòàÿ ìàòåìàòèêà¿ , êîíòðîëüíî-äiàãíîñòè÷íî¨ ñèñòåìè

Test-W. Êîæåí åëåìåíò iç çàçíà÷åíîãî ïåðåëiêó ïðîãðàìíèõ çàñîáiâ ¹ äîñòàòíüî äîñêîíàëèì

ó ñâî¹ìó ðîäi. Âèêîðèñòàííÿ iíòåðàêòèâíèõ, iíôîðìàöiéíî-êîìóíiêàöiéíèõ òåõíîëîãié íà

íàâ÷àëüíèõ çàíÿòòÿõ ç ìàòåìàòèêè ñïðèÿþòü àêòèâiçàöi¨ íàâ÷àëüíî-ïiçíàâàëüíî¨ äiÿëüíîñòi

ñòóäåíòiâ, øâèäêîìó òà åôåêòèâíîìó çàñâî¹ííþ íèìè íàâ÷àëüíîãî ìàòåðiàëó, ôîðìóâàííþ

êëþ÷îâèõ êîìïåòåíöié ñòóäåíòà. Ïðè öüîìó íàâ÷àëüíî-âèõîâíèé ïðîöåñ îðãàíiçîâó¹òüñÿ

òàê, ùî ñòóäåíòè øóêàþòü çâ'ÿçîê ìiæ íîâèìè òà âæå îòðèìàíèìè çíàííÿìè; ïðèéìàþòü

àëüòåðíàòèâíi ðiøåííÿ, ìàþòü çìîãó çðîáèòè "âiäêðèòòÿ�, ôîðìóþòü ñâî¨ âëàñíi iäå¨ òà äóìêè

çà äîïîìîãîþ ðiçíîìàíiòíèõ çàñîáiâ; íàâ÷àþòüñÿ ñïiâðîáiòíèöòâó.
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Ïiäïðîñòîðè äîáóòêiâ ëiíiéíî âïîðÿäêîâàíèõ ïðîñòîðiâ i êîíàìiîêîâi ïðîñòîðè

Â. Â. Ìèõàéëþê

(×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò, ×åðíiâöi, Óêðà¨íà)

E-mail address: vmykhaylyuk@ukr.net

ÍåõàéX, Y � òîïîëîãi÷íi ïðîñòîðè. Êàæóòü, ùî íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X×Y → R
ìà¹ âëàñòèâiñòü Íàìiîêè, ÿêùî iñíó¹ ùiëüíà â X Gδ-ìíîæèíà A ⊆ X òàêà, ùî f íåïåðåðâíà
çà ñóêóïíiñòþ çìiííèõ â êîæíié òî÷öi ìíîæèíè A× Y .

Êîìïàêòíèé ïðîñòið Y íàçèâà¹òüñÿ êîíàìiîêîâèì, ÿêùî äëÿ äîâiëüíîãî áåðiâñüêîãî
ïðîñòîðó X êîæíå íàðiçíî íåïåðåðâíå âiäîáðàæåííÿ f : X × Y → R ìà¹ âëàñòèâiñòü Íàìiîêè.

Äîñèòü çàãàëüíi ðåçóëüòàòè ó íàïðÿìêó âèâ÷åííÿ âëàñòèâîñòåé êîíàìiîêîâèõ ïðîñòîðiâ
áóëè îäåðæàíi â [1, 2], äå âñòàíîâëåíî, ùî êëàñ êîìïàêòíèõ êîíàìiîêîâèõ ïðîñòîðiâ çàìêíåíèé
âiäíîñíî äîáóòêó i ìiñòèòü êîìïàêòè Âàëäiâià. Â [4] áóëî óçàãàëüíåíî öi ðåçóëüòàòè i ïîêàçàíî,
ùî äîâiëüíèé ëiíiéíî âïîðÿäêîâàíèé êîìïàêò ¹ êîíàìiîêîâèì ïðîñòîðîì.

Ðàçîì ç òèì, ïðèêëàä M. Òàëàãðàíà [3] êîìïàêòíîãî ïðîñòîðó, ÿêèé íå ¹ êîíàìiîêîâèì,
âêàçó¹ íà òå, ùî çàìêíåíèé ïiäïðîñòið êîíàìiîêîâîãî êîìïàêòó ìîæå íå áóòè êîíàìiîêîâèì.
Òîìó ïðèðîäíî âèíèêà¹ ïèòàííÿ: ÷è îáîâ'ÿçêîâî êîìïàêòíèé ïiäïðîñòið Y äîáóòêó Y1×· · ·×Yn
ñêií÷åííî¨ êiëüêîñòi ëiíiéíî âïîðÿäêîâàíèõ êîìïàêòiâ Yk ¹ êîíàìiîêîâèì?

Òåîðåìà 1. Íåõàé Y1, . . . , Yn � ëiíiéíî âïîðÿäêîâàíi ïðîñòîðè, Y ⊆ Y1 × · · · × Yn �

òàêèé êîìïàêòíèé ïðîñòið, ùî äëÿ äîâiëüíîãî (ìîæëèâî âèðîäæåíîãî) ïàðàëåëåïiïåäà W =
[a1, b1]× · · · × [an, bn] ⊆ Y1 × · · · × Yn ìíîæèíà Y ∩W çâ'ÿçíà. Òîäi Y êîíàìiîêîâèé.

Ñïèñîê ëiòåðàòóðè

[1] Bouziad A. Notes sur la propriete de Namioka // Trans. Amer. Math. Soc. � 344, N2. � 1994.
� P.873-883.

[2] Bouziad A. The class of co-Namioka spaces is stable under product // Proc. Amer. Math. Soc.
� 124, N3. � 1996. � P.983-986.

[3] Talagrand M. 'Espaces de Baire et espaces de Namioka // Ann. of. Math. � 1985. � 270, �2. �
P.159-164.

[4] Ìèõàéëþê Â.Â. Ëiíiéíî âïîðÿäêîâàíi êîìïàêòè i êîíàìiîêîâi ïðîñòîðè // Óêð. ìàò. æóðí.
� 2007. � Ò. 59, �7. � Ñ. 1001-1004.
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Øëÿõè ïiäâèùåííÿ ÿêîñòi ìàòåìàòè÷íî¨ ïiäãîòîâêè ñïåöiàëiñòiâ òà ¨õ ðåàëiçàöi¨ â

ó÷áîâîìó ïðîöåñi

Í. Â. Íóæíà

(ÎÍÀÕÒ, Îäåñà, Óêðà¨íà)

E-mail address: Lada5.00@rambler.ru

Â òåïåðiøíüîìó ÷àñi âèïóñêíèêè òåõíi÷íèõ âóçiâ ïîòðåáóþòü ñåðéîçíó ìàòåìàòè÷íó

ïiäãîòîâêó. Ìàòåìàòè÷íi ìåòîäè äîïîìàãàþòü äîñëiäæóâàòè øèðîêå êîëî ïðîáëåì,

çàñòîñóâàòè òåîðåòè÷íi äîñÿãíåííÿ íà ïðàêòèöi. Íåîáõiäíî ïîñòàâèòè ìàòåìàòè÷íó îñâiòó â

âóçi òàêèì ÷èíîì, ùîá âèïóñêíèêè ìàëè ÷iòêå óÿâëåííÿ, ùî òàêå ìàòåìàòè÷íà ìîäåëü, â ÷îìó

ïîëÿãà¹ ìàòåìàòè÷íèé ïiäõiä äî âèâ÷åííÿ ÿâèùà ðåàëüíîãî ñâiòó, ÿê éîãî ìîæíà çàñòîñóâàòè

i ùî âií ìîæå äàòè. Íà íàø ïîãëÿä, ÿêiñòü ìàòåìàòè÷íî¨ ïiäãîòîâêè ñïåöiàëiñòà çàëåæèòü âiä

íàñòóïíèõ ìîìåíòiâ:

1. çìiñò âèâ÷à¹ìèõ äèñöèïëií;

2. çàáåçïå÷åííÿ ñòóäåíòiâ íàâ÷àëüíîþ i ìåòîäè÷íîþ ëiòåðàòóðîþ ïî âèâ÷à¹ìié äèñöèïëiíi;

3. íàó÷íîãî ðiâíÿ òà ïåäàãîãi÷íî¨ ìàéñòåðíîñòi âèêëàäàöüêèõ êàäðiâ;

4. ïîñòàíîâêà ìåòîäè÷íî¨ òà âèõîâíî¨ ðîáîòè;

5. êîíòàêòó âèêëàäà÷iâ çi ñòóäåíòàìè i ðiâíÿ iíäèâiäóàëüíî¨ ðîáîòè çi ñòóäåíòàìè.

Íàâ÷àííÿ ìàòåìàòèêè â âóçi ïåðåñëiäó¹ òàêi öiëi: ðîçâèòîê ëîãi÷íîãî ìèñëåííÿ òà

ìàòåìàòè÷íî¨ iíäóêöi¨, âèõîâàííÿ ìàòåìàòè÷íî¨ êóëüòóðè, çàñâîþâàííÿ ìàòåìàòè÷íèõ çíàíü

i óìiííÿ çàñòîñîâóâàòè ¨õ â êîíêðåòíèõ äîäàòêàõ. Ïðè ñêëàäàííi ïðîãðàìè ïî ìàòåìàòè÷íèì

äèñöèïëiíàì áåçóìîâíî ïîâèíåí áóòè êðèòåðié êîðèñíîñòi êîíêðåòíèõ ìàòåìàòè÷íèõ ðîçäiëiâ

äëÿ ìàéáóòíüî¨ ñïåöiàëüíîñòi, àëå îáìåæóâàòèñü òiëüêè ¨ì áóëî á âåëèêîþ ïîìèëêîþ. Ïîòðiáíî

âðàõîâóâàòè âíóòðiøíþ ëîãiêó i âíóòðiøíi çâ'ÿçêè, íåîáõiäíi äëÿ ðîçóìiííÿ ìàòåìàòè÷íèõ

çâ'ÿçêiâ. ßêèì ðîçäiëàì ìàòåìàòèêè i â ÿêîìó îáñÿçi ïîòðiáíî â÷èòè ñòóäåíòiâ äàíî¨

ñïåöiàëüíîñòi, ïîâèííi âèçíà÷àòè ìàòåìàòèêè ñóìiñíî ç ñïåöiàëiñòàìè êîíêðåòíî¨ îáëàñòi. Äëÿ

ïîëiïøåííÿ ÿêîñòi çàñâî¹ííÿ ñòóäåíòàìè êîæíî¨ äèñöèïëiíè âåëèêà ðîëü íàëåæèòü ïiäáîðó

ìàòåðiàëà, âèâ÷à¹ìîãî â äàíié äèñöèïëiíi. Âàæëèâî ñêëàñòè ïðîãðàììó âèâ÷à¹ìî¨ äèñöèïëiíè

òàêèì ÷èíîì, ùîá âèêëàäàííÿ ïðîâîäèëîñü ïî çðîñòàþ÷èé âàæêîñòi ç âðàõóâàííÿì çíàííÿ

ñòóäåíòàìè ÿê ïîïåðåäíiõ ðîçäiëiâ äàíî¨ äèñöèïëiíè, òàê i iíøèõ äèñöèïëií.
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Äèôåðåíöiàëüíi 1-ôîðìè íà çàìêíåíèõ ïîâåðõíÿõ

I. Þ. Îêñüîíåíêî, Ñ. Â. Áiëóí

(ÊÍÓ)

E-mail address: demchenkoira@meta.ua

Ó ïðàöÿõ ([1], [2]) áóëî âñòàíîâëåíî êðèòåðié òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi çàìêíåíèõ 1-
ôîðì íà çàìêíåíié îði¹íòîâàíié ïîâåðõíi. Äëÿ òàêèõ ôîðì ïîáóäîâàíî ïîâíèé òîïîëîãi÷íèé
iíâàðiàíò i äîâåäåíî êðèòåðié òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi. Â äàííié ðîáîòi öi ðåçóëüòàòè ìè
âèêîðèñòîâó¹ìî äëÿ îá÷èñëåííÿ ÷èñëà òîïîëîãi÷íî åêâiâàëåíòíèõ çàìêíåíèõ 1-ôîðì.

À ñàìå, ìè ðîçãëÿäà¹ìî ïðîöåñ ñêëåþâàííÿ öèëiíäðà òà 2n-êóòíèêà çi çáåðåæåííÿì
îði¹íòàöi¨. Ç óìîâ êðèòåðiÿ åêâiâàëåíòíîñòi âèïëèâà¹, ùî óòâîðåíi äiàãðàìè ïîâèííi ìàòè
1 öèêë, òîìó ìè ðîçãëÿäà¹ìî ëèøå 2n-êóòíèêè, äå n-íåïàðíå. Â iíøîìó ðàçi äiàãðàìà ìàòèìå
ïàðíó êiëüêiñòü öèêëiâ.

Òàê, íàïðèêëàä, ðîçãëÿíåìî âèïàäîê êîëè n=5. Ïîñëiäîâíî çàíóìåðó¹ìî êîæíó äðóãó
ãðàíü äåñÿòèêóòíèêà. Äî êîæíî¨ ç öèõ ãðàíåé ïðèêëå¨ìî îäèí êiíåöü ñòði÷êè, à iíøèì
êiíöåì áóäåìî ïðèêëåþâàòè äî âåðõíüî¨ îñíîâè öèëiíäðà. Çàôiêñó¹ìî ñòði÷êó ïiä íîìåðîì
1, à iíøi áóäåìî ïðèêëåþâàòè äî öèëiíäðà ðiçíèìè ñïîñîáàìè íå ïåðåêðó÷óþ÷è ñòði÷êó,
òàêèì ÷èíîì çáåðiãàþ÷è îði¹íòàöiþ. Äëÿ çðó÷íîñòi ïîçíà÷èìî íóìåðàöiþ ãðàíåé 10-êóòíèêà
÷åðåç ïîñëiäîâíiñòü (an) = 1, 2, 3, 4, 5, à âàðiàíòè ïðèêëåþâàííÿ ñòði÷îê äî öèëiíäðà ÷åðåç
ïîñëiäîâíiñòü (bn), ïåðøèé ÷ëåí ÿêî¨ çàâæäè ôiêñîâàíèé i äîðiâíþ¹ 1, à iíøi 4 ìîæóòü
ðîçìiùóâàòèñü ó äîâiëüíîìó ïîðÿäêó. Âñiõ ìîæëèâèõ âàðiàíòiâ òàêèõ ïîñëiäîâíîñòåé, à
çíà÷èòü i âàðiàíòiâ äiàãðàì, áóäå 4!=24.

Öèêëîì áóäåìî íàçèâàòè êîìïîíåíòó êðàÿ óòâîðåíî¨ ïîâåðõíi, êðiì íèæíüî¨ îñíîâè
öèëiíäðà. Äiàãðàì ç 1 öèêëîì âñüîãî áóäå 8, âiäïîâiäíî ìà¹ìî i 8 ïîñëiäîâíîñòåé bn, à ñàìå:
1,5,3,2,4; 1,5,2,4,3; 1,5,4,3,2; 1,4,2,5,3; 1,3,5,2,4; 1,4,3,5,2; 1,3,5,4,2 òà 1,3,2,5,4.

Äàëi ðîçãëÿíåìî ìîæëèâi ïðåòâîðåííÿ äiàãðàì ç 1 öèêëîì, ïîðîäæåíi òèì, ùî ìè
âèáèðà¹ìî ïî-iíøîìó ïåðøó ñòði÷êó. Ïðè öüîìó âiäáóâà¹òüñÿ öèêëi÷íà ïåðåñòàíîâêà öèôð ó
êîæíié ç âiäiáðàíèõ ïîñëiäîâíîñòåé. Â óòâîðåíié ïiäñòàíîâöi öèêëi÷íî ïåðåñòàâëÿþòüñÿ öèôðè
òàê, ùîá âîíà ïî÷èíàëàñü ç 1. Â ðåçóëüòàòi îòðèìà¹ìî, ùî ï'ÿòü äiàãðàì, ÿêèì âiäïîâiäàþòü
ïîñëiäîâíîñòi 1,5,3,2,4; 1,4,3,5,2; 1,3,2,5,4; 1,5,2,4,3; òà 1,3,5,4,2, åêâiâàëåíòíi ìiæ ñîáîþ, à iíøi
òðè åêâiâàëåíòíi ñàìi ñîái. Ïiäðàõóâàâøè, ìà¹ìî 4 êëàñè åêâiâàëåíòíîñòi.

Ñïèñîê ëiòåðàòóðè

[1] Î. Î. Ïðèøëÿê, Í. Â. Áóäíèöüêà Åêâiâàëåíòíiñòü çàìêíåíèõ 1-ôîðì íà çàìêíåíèõ

îði¹íòîâàíèõ ïîâåðõíÿõ.,- Âiñíèê Êè¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó. Ñåðiÿ:ôiç.-
ìàò.íàóêè, (2008), � 3, Ñ. 36-38.

[2] Ñ. Â. Áiëóí, Î. Î. Ïðèøëÿê. Çàìêíåíi 1-ôîðìè Ìîðñà íà çàìêíåíèõ ïîâåðõíÿõ.
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Õàðàêòåðèñòè÷íå ðiâíÿííÿ â òåîði¨ iíôiíiòåçèìàëüíèõ äåôîðìàöié ïîâåðõîíü

îáåðòàííÿ

I. Â. Ïîòàïåíêî

(ÎÍÓ iì. I.I.Ìå÷íèêîâà, Îäåñà, Óêðà¨íà)

E-mail address: igopotapenko@yandex.ru

Îòðèìàíî õàðàêòåðèñòè÷íå ðiâíÿííÿ â òåîði¨ iíôiíiòåçèìàëüíèõ äåôîðìàöiéç ôiêñîâàíîþ
âàðiàöi¹þ ñèìâîëiâ Êðiñòîôôåëÿ äðóãîãî ðîäó ïîâåðõîíü îáåðòàííÿ áåç îìáiëi÷íèõ òî÷îê,
ðîçâÿçîê ÿêîãî õàðàêòåðèçó¹ äåôîðìóþ÷å ïîëå òàêèõ äåôîðìàöié Âàðiàöi¨ êîåôiöi¹íòiâ äðóãî¨
êâàäðàòè÷íî¨ ôîðìè δbij ïîâåðõíi âiäíåñåíî¨ äî ëiíié êðèâèíè ïðè äåôîðìàöiÿõ ç ôiêñîâàíîþ
âàðiàöi¹þ ñèìâîëiâ Êðiñòîôôåëÿ äðóãîãî ðîäó ìàþòü âèãëÿä ([1])

δb11 = b11p−
δKg11

2
√
E

+
b11δg11
g11

,

δb22 = −b22p+
δKg22

2
√
E

+
b22δg22
g22

,

δb12 =
√
gq,

p =
δH√
E
,

(1)

äå δH - âàðiàöiÿ ñåðåäíüî¨ êðèâèíè,δK - âàðiàöiÿ ãàóññîâî¨ êðèâèíè, E - åéëåðîâà ðiçíèöÿ, δgij
- âàðiàöiÿ êîåôiöi¹íòiâ ïåðøî¨ êâàäðàòè÷íî¨ ôîðìè, q - âàðiàöiÿ ãåîäåçè÷íîãî ñêðóòó âçäîâæ
ãîëîâíèõ íàïðÿìiâ ïðè öüîìó ([2]) ðiâíÿííÿ Ãàóññà áóäóòü âèêîíàíi òîòîæíüî,à ðiâíÿííÿ
Ïåòåðñîíà - Ìàéíàðäi - Êîäàööi áóäóòü âèêîíàíi çà óìîâè ùî âàðiàöiÿ δH - ñåðåäíüî¨ êðèâèíè
çàäîâîëüíÿ¹ õàðàêòåðèñòè÷íîìó ðiâíÿííþ

∂2δb11

∂x22
− ∂2δb22

∂x12
+
∂δb22
∂x1

Γ1
11 − δb22Γ1

11Γ
2
12 + δb11Γ

1
11Γ

1
22 +

∂δb22
∂x1

Γ2
21 + δb22

∂Γ2
12

∂x1
−

− δb11
∂Γ1

22

∂x1
− ∂δb11

∂x1
Γ1
22 = Γ1

11(−b11δΓ1
22 + b22δΓ

2
12 +

∂

∂x2
(b11δΓ

1
12 − b22δΓ2

11)+

+
∂

∂x1
(−b22δΓ2

12 + b11δΓ
1
22)

(2)

Ñïèñîê ëiòåðàòóðè

[1] I. Â. Ïîòàïåíêî Õàðàêòåðèñòèêà äåôîðìóþ÷îãî ïîëÿ ïðè iíôiíiòåçèìàëüíèõ äåôîðìàöiÿõ

ç ôiêñîâàíîþ âàðiàöi¹þ ñèìâîëiâ Êðiñòîôôåëÿ äðóãîãî ðîäó., - Òåçè äîïîâiäåé ìiæíàðîäíî¨
êîíôåðåíöi¨ â Îäåñi - (2013), � 2013. � Ñ.24

[2] I. Â. Ïîòàïåíêî Íîâi ðiâíÿííÿ iíôiíiòåçèìàëüíèõ äåôîðìàöié ïîâåðõîíü â Å3. ,- //
Óêðà¨íñüêèé ìàòåìàòè÷íèé æóðíàë.: Íàóêà, (2010).� Ò.62, �2. � Ñ. 199 � 202
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Ïðî ðîçâ'ÿçíiñòü ìàòðè÷íîãî ðiâíÿííÿ AXB = C íàä îáëàñòþ ãîëîâíèõ iäåàëiâ

Â. Ì. Ïðîêiï

(IÏÏÌÌ ÍÀÍ Óêðà¨íè, Ëüâiâà, Óêðà¨íà)

E-mail address: v.prokip@gmail.com

Íåõàé R � îáëàñòü ãîëîâíèõ iäåàëiâ ç îäèíèöåþ e 6= 0. Ïîçíà÷èìî: Mm,n(R) � ìíîæèíà
(m× n)-ìàòðèöü íàä R; In � îäèíè÷íà ìàòðèöÿ âèìiðíîñòi n; 0m,k � íóëüîâà (m× k)-ìàòðèöÿ.

Ðîçãëÿíåìî ìàòðè÷íå ðiâíÿííÿ
AXB = C, (1)

äå A ∈ Mm,n(R), B ∈ Mk,l(R), C ∈ Mm,l(R), C 6= 0m,1, i X íåâiäîìèé åëåìåíò iç
Mn,k(R). Ìåòîäàì ðîçâ'ÿçíîñòi ëiíiéíîãî ðiâíÿííÿ (1) ïðèñâÿ÷åíà çíà÷íà êiëüêiñòü ðîáiò.
Öå îáóìîâëåíî íå òiëüêè àêàäåìi÷íèì iíòåðåñîì äî öi¹¨ çàäà÷i, àëå i áàãàòüìà çàäà÷àìè
ïðèêëàäíîãî õàðàêòåðó, äëÿ ðîçâ'ÿçóâàííÿ ÿêèõ âèêîðèñòîâóþòüñÿ òàêîãî âèäó ðiâíÿííÿ.

ßêùî R = F � ïîëå, òî ðiâíÿííÿ (1) íàä F ðîçâ'ÿçíå (äèâ. [1]) òîäi i òiëüêè òîäi, êîëè

rankA = rank [A ,C] i rankB = rank

[
B
C

]
.

Öi óìîâè íå ìîæíà çàñòîñóâàòè äëÿ ðîçâ'ÿçíîñòi ðiâíÿííÿ (1) íàä îáëàñòþ ãîëîâíèõ iäåàëiâ.
Íàãàäà¹ìî, ùî äëÿ ìàòðèöi A ∈ Mm,n(R) ðàíãó rankA = r íàä îáëàñòþ ãîëîâíèõ iäåàëiâ

R iñíóþòü ìàòðèöi U ∈ GL(m,R) òà V ∈ GL(n,R) òàêi, ùî

SA = UAV = diag (a1, a2, . . . , ar, 0, . . . , 0),

äå a1, a2, . . . , ar � íåíóëüâi åëåìåíòè iç R, i ai | ai+1 (äiëèòü) äëÿ âñiõ i = 1, . . . r− 1. Eëåìåíòè
a1, a2, . . . , ar íàçèâàþòüñÿ iíâàðiàíòíèìè ìíîæíèêàìè ìàòðèöi A, à äiàãîíàëüíà ìàòðèöÿ SA

íàçèâà¹òüñÿ ôîðìîþ Ñìiòà ìàòðèöi A.
Íèæ÷å âêàçàíi óìîâè ðîçâ'ÿçíîñòi ðiâíÿííÿ (1) íàä îáëàñòþ ãîëîâíèõ iäåàëiâ R.

Òåîðåìà 1. Íåõàé A ∈ Mm,n(R), B ∈ Mk,l(R), C ∈ Mm,l(R) � íåíóëüîâi ìàòðèöi. Íåõàé,

äàëi,

SA = U1AV1 = diag (a1, a2, . . . , ap, 0, . . . , 0)

i

SB = U2BV2 = diag (b1, b2, . . . , bq, 0, . . . , 0)

ôîðìè Ñìiòà ìàòðèöü A òà B âiäïîâiäíî, äå U1 ∈ GL(m,R), V1 ∈ GL(n,R), U2 ∈ GL(k,R)
i V2 ∈ GL(l,R). Ðiâíÿííÿ AXB = C ðîçâ'ÿçíå íàä îáëàñòþ ãîëîâíèõ iäåàëiâ R òîäi i òiëüêè

òîäi, êîëè ìàòðèöÿ U1CV2 äîïóñêà¹ çîáðàæåííÿ ó âèãëÿäi U1CV2 =

[
D 0p,l−q

0m−p,q 0m−p,l−q

]
, äå

D =


a1b1h11 a1b2h12 . . . a1bqh1q

a2b1h21 a2b2h22 . . . a2bqh2q
. . . . . . . . . . . .

apb1hp1 apb2hp2 . . . apbqhpq

 ∈Mp,q(R) i hi,j ∈ R.

Ñïèñîê ëiòåðàòóðè
1. R. C. Rao, S. K. Mitra Generalized inverse of matrices and its applications. � John Wiley

& Sons, Inc., New York, London, Sydney, (1971 ), 240p.
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Îäåñüêèé ïåðiîä íàóêîâî¨ òâîð÷îñòi ïðîô. Ì.Ã. ×åáîòàðüîâà (Äî 120-ði÷÷ÿ ç äíÿ

íàðîäæåííÿ).

Î. Ì. Ðÿáóõî

(ÄÂÍÇ "ÄÄÏÓÑëîâ'ÿíñüê, Óêðà¨íà)

E-mail address: rom.olena@gmail.com

Íàóêîâó äiÿëüíiñòü âèäàòíîãî ìàòåìàòèêà i ïåäàãîãà, âèõîâàíöÿ Êè¨âñüêîãî Óíiâåðñèòåòó
ñâ. Âîëîäèìèðà Ì.Ã.×åáîòàðüîâà ìîæíà óìîâíî ðîçäiëèòè íà òðè ïåðiîäè: êè¨âñüêèé (1918-
1921ðð.), îäåñüêèé (1921-1927ðð.) i êàçàíñüêèé (1927-1947ðð.). Ó ïîâiäîìëåííi ïðîïîíó¹òüñÿ
àíàëiç öèêëó ïðàöü Ì.Ã. ×åáîòàðüîâà, ÿêi âiäíîñÿòüñÿ äî îäåñüêîãî ïåðiîäó (1921 - 1927).

Ïî ïðè¨çäi â Îäåñó ×åáîòàðüîâ äåÿêèé ÷àñ ïðàöþâàâ âèêëàäà÷åì â ðiçíèõ íàâ÷àëüíèõ
çàêëàäàõ, à ç 1924 ðîêó çàéíÿâ ïîñàäó ñåêðåòàðÿ íàóêîâî-äîñëiäíî¨ êàôåäðè ïðè Îäåñüêî-
ìó iíñòèòóòi íàðîäíî¨ îñâiòè. Íà îäåñüêèé ïåðiîä ïðèïàäà¹ òàêîæ çàêîðäîííå âiäðÿäæåííÿ
Ì.Ã.×åáîòàðüîâà � âè¨çä äî Íiìå÷÷èíè, âiäâiäàííÿ êiëüêîõ íiìåöüêèõ óíiâåðñèòåòiâ i ó÷àñòü â
ðîáîòi ç'¨çäó ìàòåìàòèêiâ â Äàíöiãó.

Âàãîìèì àëãåáðà¨÷íèì äîñëiäæåííÿì Ì.Ã.×åáîòàðüîâà êè¨âñüêîãî òà ïî÷àòêó îäåñüêîãî ïå-
ðiîäó ¹ ðîáîòà [4], ïðèñâÿ÷åíà ðîçâ'ÿçàííþ ïðîáëåìè Ôðîáåíióñà. Ñàìå ¨¨ â 1926ð. ×åáîòàðüîâ
ïîäàâ äî Óêðà¨íñüêî¨ àêàäåìi¨ íàóê â ÿêîñòi äîêòîðñüêî¨ äèñåðòàöi¨, ÿêó çàõèñòèâ ó 1927ð. Îïî-
íåíòàìè íà çàõèñòi áóëè Ä.Î.Ãðàâå, Ì.Ô.Êðàâ÷óê i Ã.Â. Ïôåéôôåð. Ïiñëÿ çàõèñòó äèñåðòàöi¨
×åáîòàðüîâ áóâ çàïðîøåíèé äî Êàçàíñüêîãî óíiâåðñèòåòó, äå ïîòiì ïðàöþâàâ äî êiíöÿ ñâîãî
æèòòÿ.

Â öiëîìó ïiä ÷àñ ïåðåáóâàííÿ â Îäåñi Ì.Ã.×åáîòàðüîâ îòðèìàâ íàñòóïíi ìàòåìàòè÷íi ðå-
çóëüòàòè:

1) äîâiâ, ùî ïðîñòi ÷èñëà , ÿêi íàëåæàòü äî îêðåìèõ êëàñiâ ïiäñòàíîâîê, iñíóþòü. Òèì
ñàìèì áóëî ðîçâ'ÿçàíî âiäîìó ïðîáëåìó Ôðîáåíióñà;

2) âèâ÷èâ âëàñòèâîñòi i áóäîâó ãðóïè êëàñiâ â àëãåáðà¨÷íèõ ïîëÿõ;
3) ïðîäîâæèâ ñâî¨ äîñëiäæåííÿ ç òåîði¨ ïîâåðõîíü ïåðåõîäó i îòðèìàâ iñòîòíî íîâi ðåçóëü-

òàòè â äàíîìó íàïðÿìêó;
4) îôîðìèâ ÿê öiëiñíi ñòàòòi ñâî¨ ðàíiøå ðîçðiçíåíi ðåçóëüòàòè ïðî êîðåíi öiëèõ òðàíñöåí-

äåíòíèõ ôóíêöié;
5) ïðîâiâ äîñëiäæåííÿ â íàïðÿìêó îáåðíåíî¨ ïðîáëåìè òåîði¨ �àëóà.
Äîñëiäæåííÿ ç òåîði¨ �àëóà, âèêîíàíi â Îäåñi, ëÿãëè â îñíîâó ïðàöü, ùî ïðèíåñëè ìiæ-

íàðîäíó íàóêîâó ñëàâó Ìèêîëi Ãðèãîðîâè÷ó. Â 1932 ðîöi íà Ìiæíàðîäíîìó ìàòåìàòè÷íîìó
êîíãðåñi â Öþðèõó ×åáîòàðüîâ çðîáèâ ïëåíàðíó äîïîâiäü ïðèñâÿ÷åíó 100-ði÷÷þ ç äíÿ ñìåðòi
Åâàðiñòà �àëóà.

Ñïèñîê ëiòåðàòóðè

[1] ×åáîòàðåâ Í.Ã. Êðèòåðèé âåùåñòâåííîñòè êîðíåé òðàíñöåíäåíòíûõ óðàâíåíèé. Ó÷. Çàï.
Â. Øê. Îäåññû, 2 (1922), Ñ. 15-30.

[2] ×åáîòàðåâ Í.Ã. Çàäà÷à, îáðàòíàÿ çàäà÷å Tschirnhausen'a., Âåñòíèê ×èñòîãî è Ïðèêë. Çíà-
íèÿ (Îäåññà) I, âûï. 2 (1922), Ñ. 1-8.

[3] ×åáîòàðåâ Í.Ã. Äîêàçàòåëüñòâî òåîðåìû Kronecker'a-Weber'a îòíîñèòåëüíî àáåëåâûõ

îáëàñòåé. Ìàò. ñá., 31 (1923), Ñ. 302-308.

[4] ×åáîòàðåâ Í.Ã. Îïðåäåëåíèå ïëîòíîñòè ñîâîêóïíîñòè ïðîñòûõ ÷èñåë, ïðèíàäëåæàùèõ ê

çàäàíîìó êëàññó ïîäñòàíîâîê. Èçâ. Ðîññ. ÀÍ, 1923, ñ. 205-250.

[5] ×åáîòàðåâ Í.Ã. Î ïîâåðõíîñòÿõ ïåðåíîñà. , � Ìàò. ñá., 31 (1924), Ñ. 434 -� 445.
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Ïðî íåñêií÷åííî ìàëi êîíôîðìíi äåôîðìàöi¨ ïîâåðõîíü ç äåÿêèì îáìåæåííÿì íà

òèï äåôîðìàöi¨

Þ. Ñ. Ôåä÷åíêî

(ÎÍÀÕÒ, Îäåñà, Óêðà¨íà)

E-mail address: Fedchenko Julia@ukr.net

Äîñëiäæó¹ìî íåñêií÷åííî ìàëi êîíôîðìíi äåôîðìàöi¨ ïîâåðõíi S â åâêëiäîâîìó ïðîñòîði
E3 ([1]), ([2]).

Òåîðåìà 1. Äëÿ òîãî, ùîá ïîâåðõíÿ S êëàñó C3 äîïóñêàëà íåñêií÷åííî ìàëó êîíôîðìíó

äåôîðìàöiþ, íåîáõiäíî i äîñòàòíüî, ùîá òåíçîðíi ïîëÿ
0
T
αβ

, Tα òà ôóíêöiÿ ϕ, ùî

ïðåäñòàâëÿþòü ïîõiäíó âåêòîðà çìiùåííÿ U i = ciα

(
0
T
αβ

− ϕcαβ
)
rβ + ciαT

αn, çàäîâîëüíÿëè

ñèñòåìó íàñòóïíèõ ðiâíÿíü:

bαβ
0
T
αβ

+∇αTα = 0;

∇α
0
T
αβ

−Tαbβα = ϕαc
αβ;

0
T
αβ

(ciαgjβ + cjαgiβ) = 0;
ϕi = ∂iϕ.

(1)

Ñèñòåìà 1 äîñëiäæó¹òüñÿ çà óìîâè T i = 0.

Òåîðåìà 2. ßêùî ïîâåðõíÿ K 6= 0 äîïóñêà¹ íåòðèâiàëüíi íåñêií÷åííî ìàëi êîíôîðìíi

äåôîðìàöi¨ ïðè T i = 0, òî òàêà ïîâåðõíÿ ¹ ìiíiìàëüíîþ.

Äëÿ ìiíiìàëüíèõ ïîâåðõîíü çäiéñíåíî äîñëiäæåííÿ îñíîâíèõ ðiâíÿíü.

Ñïèñîê ëiòåðàòóðè

[1] Þ. Ñ. Ôåä÷åíêî. Ïðî íåñêií÷åííî ìàëi êîíôîðìíi äåôîðìàöi¨ ìiíiìàëüíèõ ïîâåðõîíü çi
çáåðåæåííÿì ñåðåäíüî¨ êðèâèíè // Ïðàöi ìiæíàðîäíîãî ãåîìåòðè÷íîãî öåíòðó. � Î., (2012).
- Ò. 5, � 3-4, Ñ. 24-31.

[2] Þ. Ñ. Ôåä÷åíêî. Ïðî iñíóâàííÿ íåñêií÷åííî ìàëèõ êîíôîðìíèõ äåôîðìàöié ïîâåðõîíü //
Ìàòåìàòè÷íèé âiñíèê Íàóêîâîãî òîâàðèñòâà iì. Òàðàñà Øåâ÷åíêà. � Ë., (2013). � Ò. 10. �
Ñ. 115�121.
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Î êðèòåðèè êîíòàêòíîé àâòîäóàëüíîñòè

À. Â. Àðèñòàðõîâà

(Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ãåîäåçèè è êàðòîãðàôèè (ÌÈÈÃÀèÊ), Ìîñêâà,
Ðîññèÿ)

E-mail address: aristarhowa@gmail.com

Êîíòàêòíî-àâòîäóàëüíûå ìíîãîîáðàçèÿ [1], ñíàáæåííûå ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé
ñòðóêòóðîé, ÿâëÿþòñÿ åñòåñòâåííûì îáîáùåíèåì 4-ìåðíûõ àâòîäóàëüíûõ ìíîãîîáðàçèé [2] íà
5-ìåðíûé ñëó÷àé. Â äàííîé ðàáîòå îãðàíè÷èìñÿ ðàññìîòðåíèåì êîíòàêòíîé àâòîäóàëüíîñòè
êâàçè-ñàñàêèåâûõ ìíîãîîáðàçèé (êàê íàèáîëåå èçó÷åííîãî è èíòåðåñíîãî ïîäêëàññà ïî÷òè
êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé). Â ñàìîì äåëå, óñòàíîâëåí êðèòåðèé êîíòàêòíîé
àâòîäóàëüíîñòè 5-ìåðíûõ êâàçè-ñàñàêèåâûõ ìíîãîîáðàçèé:

Òåîðåìà 1. 5-ìåðíîå êâàçè-ñàñàêèåâî ìíîãîîáðàçèå M êîíòàêòíî-àâòîäóàëüíî òîãäà è

òîëüêî òîãäà, êîãäà íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû

Aac
bd = 2Ba

bB
c
d +Ba

dB
c
b +

(
Ba

hB
h
b −Ba

bB
h
h

)
δcd +

(
Bc

hB
h
b −

1

2
Bf

hB
h
f δ

c
b

)
δad+

+

(
Ba

hB
h
d −

1

2
Bf

hB
h
f δ

a
d

)
δcb −

1

3

(
Bf

hB
h
f +

κ

4

)
δ̃acbd ,

ãäå δ̃acbd = δab δ
c
d + δadδ

c
b - ñèììåòðè÷íàÿ êðîíåêåðîâñêàÿ äåëüòà 2-ãî ïîðÿäêà.

Çàìåòèì, ÷òî íàáîð ôóíêöèé {Ba
b } ÿâëÿåòñÿ íàáîðîì êîìïîíåíò êîìïëåêñíîãî òåíçîðíîãî

ïîëÿB òèïà (1,1) íàM , íàçûâàåìîãî ñòðóêòóðíûì òåíçîðîì ïåðâîãî ðîäà, à ñèñòåìà ôóíêöèé
{Aac

bd} îïðåäåëÿåò òåíçîðíîå ïîëå A òèïà (2,2), íàçûâàåìîå ñòðóêòóðíûì òåíçîðîì âòîðîãî

ðîäà èëè òåíçîðîì ãîëîìîðôíîé ñåêöèîííîé êðèâèçíû êâàçè-ñàñàêèåâà ìíîãîîáðàçèÿ. Ïðè
ýòîì, a, b, c, d, h, f = 1, 2. Â ñëó÷àå êîíòàêòíîé àíòèàâòîäóàëüíîñòè êðèòåðèé ïîëó÷èòü íå
óäàëîñü, áûë óñòàíîâëåí ïðèçíàê êîíòàêòíîé àíòèàâòîäóàëüíîñòè 5-ìåðíûõ êâàçè-ñàñàêèåâûõ
ìíîãîîáðàçèé:

Òåîðåìà 2. Åñëè 5-ìåðíîå êâàçè-ñàñàêèåâî ìíîãîîáðàçèå M êîíòàêòíî-àíòèàâòîäóàëüíî,

òî åãî ñêàëÿðíàÿ êðèâèçíà κ íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû âû÷èñëÿåòñÿ

ïî ôîðìóëå: κ = 2Bb
aB

a
b − 6Ba

aB
b
b .

Ñïèñîê ëèòåðàòóðû

[1] A. Â. Àðèñòàðõîâà, Â. Ô. Êèðè÷åíêî Êîíòàêòíî-àâòîäóàëüíàÿ ãåîìåòðèÿ 5-ìåðíûõ

êâàçè-ñàñàêèåâûõ ìíîãîîáðàçèé.,- Ìàòåì. çàìåòêè. 90: 5, (2011), Ñ. 643-658.

[2] À. Áåññå Ìíîãîîáðàçèÿ Ýéíøòåéíà.,-Ì.: Ìèð, (1990), Ò. 1-2, 704 ñ.

20



Q-àëãåáðû îñíîâíûõ òèïîâ îáîáùåííûõ ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèé

Î. Å. Àðñåíüåâà

(ÌÏÃÓ, Ìîñêâà, Ðîññèÿ)

E-mail address: highgeom@yandex.ru

Ïîíÿòèÿ îáîáùåííîãî ïî÷òè ýðìèòîâà (êîðî÷å, GAH-) ìíîãîîáðàçèÿ è ïðèñîåäèíåííîé ê
íåìó Q-àëãåáðû ñôîðìèðîâàëèñü â 80-å ãîäû ìèíóâøåãî ñòîëåòèÿ è èçó÷àëèñü â ðÿäå ðàáîò
(ñì., íàïðèìåð,[1]). Òåîðèÿ GAH-ñòðóêòóð ïðåäñòàâëÿåò èíòåðåñ ïîòîìó, ÷òî ïîçâîëÿåò ñ
åäèíûõ ïîçèöèé âçãëÿíóòü íà òàêèå, íà ïåðâûé âçãëÿä ðàçëè÷íûå, îáúåêòû, êàê, íàïðèìåð,
ýðìèòîâà è êîíòàêòíàÿ ãåîìåòðèè. Áîëüøèé èíòåðåñ ïðåäñòàâëÿþò GAH-ìíîãîîáðàçèÿ ðàíãà
1 äåôåêòà 0, òèïè÷íûì ïðåäñòàâèòåëåì êîòîðûõ ÿâëÿþòñÿ f -ìíîãîîáðàçèÿ ßíî.

Îïðåäåëåíèå 1. Q-àëãåáðà V íàçûâàåòñÿ:

• àáåëåâîé, èëè êîììóòàòèâíîé Q-àëãåáðîé, åñëè X ∗ Y = 0 (X,Y ∈ V );

• K-àëãåáðîé, èëè àíòèêîììóòàòèâíîé Q-àëãåáðîé, åñëè X ∗ Y = −Y ∗X (X,Y ∈ V ),

• A-àëãåáðîé, èëè ïñåâäîêîììóòàòèâíîé Q-àëãåáðîé, åñëè

〈X ∗ Y, Z〉+ 〈Y ∗ Z,X〉+ 〈Z ∗X,Y 〉 = 0, (X,Y, Z ∈ V ).

Ïî÷òè ýðìèòîâà ñòðóêòóðà (g, J); J2 = −id; g(X,Y ) = g(JX, JY ) íàçûâàåòñÿ:

• ýðìèòîâîé, èëè èíòåãðèðóåìîé, åñëè ∇X(f)Y −∇fX(f)(fY ) = 0;

• G1-còðóêòóðîé, åñëè ∇X(f)X −∇fX(f)(fX) = 0;

• G2-ñòðóêòóðîé, åñëè SXY Z(〈Y,∇X(f)Z〉 − 〈Y,∇fX(f)fZ〉) = 0.

Òåîðåìà 1. Êëàññ GAH-ìíîãîîáðàçèé ðàíãà 1 äåôåêòà 0 ñ àáåëåâîé ïðèñîåäèíåííîé Q-

àëãåáðîé ñîâïàäàåò ñ êëàññîì ýðìèòîâûõ ìíîãîîáðàçèé.

Òåîðåìà 2. Êëàññ GAH-ìíîãîîáðàçèé ðàíãà 1 äåôåêòà 0 ñ ïðèñîåäèíåííîé K-àëãåáðîé

ñîâïàäàåò ñ êëàññîì G1-ìíîãîîáðàçèé.

Òåîðåìà 3. Êëàññ GAH-ìíîãîîáðàçèé ðàíãà 1 äåôåêòà 0 ñ ïðèñîåäèíåííîé A-àëãåáðîé
ñîâïàäàåò ñ êëàññîì ýðìèòîâûõ ìíîãîîáðàçèé.

Ñïèñîê ëèòåðàòóðû

[1] Â. Ô. Êèðè÷åíêî Ìåòîäû îáîáùåííîé ýðìèòîâîé ãåîìåòðèè â òåîðèè ïî÷òè

êîíòàêòíûõ ìíîãîîáðàçèé.,-Èòîãè íàóêè è òåõíèêè ÂÈÍÈÒÈ ÑÑÑÐ. Ïðîáëåìû
ãåîìåòðèè. Ò. 18. 1986. Ñ. 25-71
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Ãðàäèåíòíîñòü âåêòîðà CiαT
α ïðè À-äåôîðìàöèè ïîâåðõíîñòè

Ë. Ë. Áåçêîðîâàéíàÿ

(ÎÍÓ èì. È. È. Ìå÷íèêîâà, Îäåññà, Óêðàèíà)

E-mail address: mazur
	
elena@mail.ru

Ïóñòü
~ui = CiαT

αβ ~rβ + CiαT
α~n

- ÷àñòíûå ïðîèçâîäíûå âåêòîðà ñìåùåíèÿ ~u ïðè À-äåôîðìàöèè ïîâåðõíîñòè â E3, Ciα -
äèñêðèìèíàíòíûé òåíçîð.

Òåîðåìà 1. Åñëè CiαT
α � ãðàäèåíòíûé âåêòîð, òî òåíçîðû À�äåôîðìàöèè ïðîèçâîëüíîé

ïîâåðõíîñòè êëàññà C3 èìåþò ïðåäñòàâëåíèå:

Tαβ = ωραβ,

T i = Cαiψα,

ãäå ραβ = 1
2(C

αγbβγ +Cβγbαγ ), b
α
γ = gαβbβγ , bβγ � êîýôôèöèåíòû âòîðîé îñíîâíîé êâàäðàòè÷íîé

ôîðìû ïîâåðõíîñòè, à ω(x1, x2) è ψ(x1, x2) ôóíêöèè êëàññà C2, êîòîðûå óäîâëåòâîðÿþò
ñèñòåìå óðàâíåíèé:

ωβρ
αβ + ωCαβHβ = Cγβbαβψγ , 2H = bαα.

Òåîðåìà 2. Â ñëó÷àå ìèíèìàëüíîé ïîâåðõíîñòè âåêòîð CiαT
α ÿâëÿåòñÿ ãðàäèåíòíûì

òîãäà è òîëüêî òîãäà, êîãäà àðåàëüíàÿ áåñêîíå÷íî ìàëàÿ äåôîðìàöèÿ ýòîé ïîâåðõíîñòè
ÿâëÿåòñÿ íîðìàëüíîé.

Çàìåòèì, ÷òî â îòëè÷èå îò àðåàëüíîé áåñêîíå÷íî ìàëîé äåôîðìàöèè, ïîíÿòèå íîðìàëüíîãî
áåñêîíå÷íî ìàëîãî èçãèáàíèÿ íå èìååò ñìûñëà.

Òåîðåìà 3. Ïðè àðåàëüíîé áåñêîíå÷íî ìàëîé äåôîðìàöèè ñ ãðàäèåíòíûì âåêòîðîì CiαT
α

ñåòü LGT- ëèíèé [1] ïðîèçâîëüíîé ïîâåðõíîñòè êëàññà C3 ÿâëÿåòñÿ ñåòüþ ñòàöèîíàðíîé äëèíû.
Ñåòü àñèìïòîòè÷åñêèõ ëèíèé ìèíèìàëüíîé ïîâåðõíîñòè òàêæå ÿâëÿåòñÿ ñåòüþ ñòàöèîíàðíîé
äëèíû.

Ñïèñîê ëèòåðàòóðû

[1] Ë. Ë. Áåçêîðîâàéíàÿ, Ò. Þ. Âàøïàíîâà LGT-ñåòü è äåôîðìàöèè ïîâåðõíîñòè.

Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìåõàíèêè. Òîì VI. Ìàòåìàòèêà. Âûïóñê 2. Ê 100-
ëåòèþ ñî äíÿ ðîæäåíèÿ Í. Â. Åôèìîâà, Èçäàòåëüñòâî Ìîñêîâñêîãî óíèâåðñèòåòà, 2011, Ñ.
157-163.

22



À�äåôîðìàöèè ñ âåêòîðîì ñìåùåíèÿ ïåðïåíäèêóëÿðíûì ïëîñêîñòè

Ë. Ë. Áåçêîðîâàéíàÿ, Â. À. Ìîñêàëèê

(ÎÍÓ èì. È. È. Ìå÷íèêîâà, Îäåññà, Óêðàèíà)

E-mail addresses: Moskalik
	
Valentina@mail.ru

Îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ À�äåôîðìàöèÿ ñ âåêòîðîì ñìåùåíèÿ ~u = (0, 0, ζ(x, y))
ïîâåðõíîñòè êëàññà C3, îäíîçíà÷íî ïðîåêòèðóþùåéñÿ íà ïëîñêîñòü Oxy, çàäàííîé óðàâíåíèåì
z = z(x, y) â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå. Â ðåçóëüòàòå èññëåäîâàíèÿ óðàâíåíèé ([1]):

d~rd~u = εijdx
idxj ,

εijg
ij = 0,

ïîëó÷åíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 1. Äëÿ òîãî ÷òîáû áåñêîíå÷íî ìàëàÿ äåôîðìàöèÿ ñ âåêòîðîì ñìåùåíèÿ ~u ⊥

Oxy áûëà àðåàëüíîé, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âåðòèêàëüíàÿ êîìïîíåíòà âåêòîðà ~u
ÿâëÿëàñü ðåøåíèåì ñèñòåìû óðàâíåíèé:

ζx =
ε11
zx
, ζy =

−ε11
zy

. (1)

Ñèñòåìà óðàâíåíèé (1) èìååò ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà ε11 óäîâëåòâîðÿåò
ñëåäóþùåìó äèôôåðåíöèàëüíîìó óðàâíåíèþ ñ ÷àñòíûìè ïðîèçâîäíûìè:

z2xzy
∂ε11
∂x

+ z2yzx
∂ε11
∂y

= z2xzxyε11 + z2yzxyε11.

Òåîðåìà 2. À�äåôîðìàöèþ ñ âåêòîðîì ñìåùåíèÿ ~u ⊥ Oxy äîïóñêàþò òîëüêî ñëåäóþùèå
ïîâåðõíîñòè:

1) ïîâåðõíîñòè ïåðåíîñà, òîãäà âàðèàöèè ïåðâîé êâàäðàòè÷íîé ôîðìû íàõîäÿòñÿ â âèäå:

ε11 = C, 2ε12 =
C(z2y − z2x)

zxzy
, ε22 = −C,

2) ïîâåðõíîñòè (ïðè zxy 6= 0), óðàâíåíèÿ êîòîðûõ çàäàíû ãàðìîíè÷åñêîé ôóíêöèåé, ïðè
ýòîì âàðèàöèè ïåðâîé êâàäðàòè÷íîé ôîðìû èìåþò ïðåäñòàâëåíèå:

ε11 = Czxzy, 2ε12 = C(z2y − z2x), ε22 = −Czxzy,

ãäå C� ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Â ðàáîòå íàéäåíû êîîðäèíàòû âåêòîðà ~u èç ñèñòåìû óðàâíåíèé (1) â ÿâíîì âèäå.
Äëÿ äàííîé çàäà÷è èìååò ìåñòî òåîðåìà îá À�æåñòêîñòè:
Òåîðåìà 3. Åñëè ε11 = 0 â íåêîòîðîé òî÷êå ïîâåðõíîñòè z = z(x, y), òî ýòà ïîâåðõíîñòü

ÿâëÿåòñÿ À�æåñòêîé îòíîñèòåëüíî À�äåôîðìàöèè ñ âåêòîðîì ñìåùåíèÿ ~u ⊥ Oxy.
Îòìåòèì, ÷òî ïðè á. ì. èçãèáàíèÿõ ïîâåðõíîñòè äàííàÿ çàäà÷à íå èìååò ñìûñëà.

Ñïèñîê ëèòåðàòóðû

[1] Ë. Ë. Áåçêîðîâàéíàÿ, Â. À. Ìîñêàëèê Òåîðåìà îá àðåàëüíîé áåñêîíå÷íî ìàëîé äåôîðìàöèè

ñêîëüæåíèÿ. Òåçèñû äîêëàäîâ ìåæäóíàðîäíîé êîíôåðåíöèè "Ãåîìåòðèÿ â Îäåññå � 2013",
2013, ñòð. 59.
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Î ïî÷òè ãåîäåçè÷åñêèõ îòîáðàæåíèÿõ ïåðâîãî òèïà ðèìàíîâûõ ïðîñòðàíñòâ ïðè
óñëîâèè ñîõðàíåíèÿ ñèñòåìû n-îðòîãîíàëüíûõ ãèïåðïîâåðõíîñòåé

Â. Å. Áåðåçîâñêèé, É. Ìèêåø, À.Î. Ïðèøëÿê

(Óìàíñêèé íàöèîíàëüíûé óíèâåðñèòåò ñàäîâîäñòâà, Óêðàèíà)

E-mail address: Berez.Volod@rambler.ru

(Palacky University, Olomouc, Czech Republic)

E-mail address: Josef.Mikes@upol.cz

(Êèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ò.Ã. Øåâ÷åíêî)

E-mail address: Prishlyak@yahoo.com

Ðàññìîòðèì ÷àñòíûé ñëó÷àé ïî÷òè ãåîäåçè÷åñêèõ îòîáðàæåíèé ïåðâîãî òèïà π1 (ïñåâäî-)

ðèìàíîâûõ ïðîñòðàíñòâ Vn → V̄n, õàðàêòåðèçóþùèéñÿ ñëåäóþùèìè óðàâíåíèÿìè:

P hij,k = ϕkP
h
ij , (1)

Pα(ijP
h
k)α = a(ijδ

h
k), (2)

ãäå P hij � òåíçîð äåôîðìàöèè ñâÿçíîñòåé, ϕk � íåêîòîðûé âåêòîð, aij � íåêîòîðûé

ñèììåòðè÷åñêèé òåíçîð, çàïÿòîé îáîçíà÷àåòñÿ êîâàðèàíòíàÿ ïðîèçâîäíàÿ â ïðîñòðàíñòâå Vn.
Óêàçàííûå îòîáðàæåíèÿ îáëàäàþò ñâîéñòâîì âçàèìíîñòè, òî åñòü, îáðàòíûå èì

îòîáðàæåíèÿ òàêæå ÿâëÿþòñÿ îòîáðàæåíèÿìè π1, êîòîðûå, îäíàêî, ìîãóò íå ïîðîæäàòüñÿ

óðàâíåíèÿìè (1) è (2). Èìååò ìåñòî

Òåîðåìà 1. Åñëè ðèìàíîâî ïðîñòðàíñòâî Vn îòíåñåíî ê n-îðòîãîíàëüíîé ñèñòåìå

êîîðäèíàò è äèàãîíàëüíûå êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà óäîâëåòâîðÿþò ñëåäóþùåé

ñèñòåìå òèïà Êîøè â ÷àñòíûõ ïðîèçâîäíûõ

∂h ln gii =
Cie
−2xi − 3Che

−2xh

Che−2x
h − Cie−2xi

, (h 6= i),

∂i ln gii = −4 + gii ·
∑
α 6=i

1

gαα
· Cie

−2xi − 3Cαe
−2xα

Cαe−2x
α − Cie−2xi

,

ãäå Ci � íåêîòîðûå íåíóëåâûå ïîñòîÿííûå, òî Vn äîïóñêàåò ïî÷òè ãåîäåçè÷åñêîå

îòîáðàæåíèå òèïà π1, îïðåäåëÿåìîå óðàâíåíèÿìè (1) è (2), ïðè êîòîðîì ñîõðàíÿåòñÿ

ñèñòåìà n-îðòîãîíàëüíûõ ãèïåðïîâåðõíîñòåé, íà ðèìàíîâî ïðîñòðàíñòâî V̄n ñ ìåòðè÷åñêèì

òåíçîðîì ḡij ïðè÷åì

ḡhh =
Che

−2xh

n∏
i=1

e−xi
· ghh, ḡij = 0 (i 6= j).

×àñòíûì ðåøåíèåì ñèñòåìû, óêàçàííîé â òåîðåìå, áóäåò

ḡii =
∏
α 6=i

(Cαe
−2xα − Cie−2x

i
) e−x

α
e−x

i
, gij = 0 (i 6= j). (3)

Òàêèì îáðàçîì, ðèìàíîâî ïðîñòðàíñòâî Vn, ìåòðèêà êîòîðîãî èìååò âèä (3), äîïóñêàåò

ïî÷òè ãåîäåçè÷åñêîå îòîáðàæåíèå òèïà π1, ïðè êîòîðîì ñîõðàíÿåòñÿ ñèñòåìà n-îðòîãîíàëüíûõ
ãèïåðïîâåðõíîñòåé, íà ðèìàíîâî ïðîñòðàíñòâî V̄n, ìåòðè÷åñêèé òåíçîð ḡij êîòîðîãî èìååò

ïðåäñòàâëåíèå

ḡii = Cie
−2xi

∏
α 6=i

(Cαe
−2xα − Cie−2x

i
) e−x

α
e−x

i
, ḡij = 0 (i 6= j).
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Î ìàêðîñêîïè÷åñêîé ðàçìåðíîñòè âïîëíå íåñïèíîâûõ ìíîãîîáðàçèé.

Ä. Â. Áîëîòîâ, À. Í. Äðàíèøíèêîâ

(ÔÒÈÍÒ ÍÀÍÓ èì. Á.È. Âåðêèíà, Õàðüêîâ, Óêðàèíà)

E-mail address: bolotov@ilt.kharkov.ua

Ðàíåå íàìè â [1] áûë äàí ÷àñòè÷íûé îòâåò íà âîïðîñ,ïîñòàâëåííûé Ì.Ãðîìîâûì î
ìàêðîñêîïè÷åñêîé ðàçìåðíîñòè ìíîãîîáðàçèé ïîëîæèòåëüíîé ñêàëÿðíîé êðèâèçíû. À èìåííî,
ïðè íåêîòîðûõ äîïîëíèòåëíûõ óñëîâèÿõ íà ôóíäàìåíòàëüíóþ ãðóïïó çàìêíóòîãî ñïèíîâîãî
ìíîãîîáðàçèÿ Mn ïîëîæèòåëüíîé ñêàëÿðíîé êðèâèçíû áûëî äîêàçàíî, ÷òî ìàêðîñêîïè÷åñêàÿ
ðàçìåðíîñòü åãî óíèâåðñàëüíîãî íàêðûòèÿ dimmc M̃

n ≤ n − 2. Â äàííîé ðàáîòå ìû äåëàåì
ïîïûòêó îáîáùèòü ýòîò ðåçóëüòàò íà âïîëíå íåñïèíîâûå ìíîãîîáðàçèÿ, ò.å. ìíîãîîáðàçèÿ, ÷üå
óíèâåðñàëüíîå íàêðûòèå íå ÿâëÿåòñÿ ñïèíîâûì. Íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü Mn � çàìêíóòîå âïîëíå íåñïèíîâîå ìíîãîîáðàçèå, äîïóñêàþùåå ìåòðèêó

ïîëîæèòåëüîé ñêàëÿðíîé êðèâèçíû . Òîãäà:

• åñëè π1(M
n) âèðòóàëüíî àáåëåâà, òî dimmc M̃

n ≤ n− 2.

• åñëè π1(M
n) ñîäåðæèò êîêîíå÷íóþ ïîäãðóïïó ñ äâîéñòâåííîñòüþ è óäîâëåòâîðÿåò

ñëåäóþùåìó óñëîâèþ: ãîìîìîðôèçì kon(Bπ) → KOn(Bπ), èíäóöèðîâàííûé

ïðåîáðàçîâàíèåì ñâÿçíîãî è ïåðèîäè÷åñêîãî ñïåêòðîâ ko → KO ÿâëÿåòñÿ

ìîíîìîðôèçìîì, òî dimmc M̃
n ≤ n− 1.

Ñïèñîê ëèòåðàòóðû

[1] D. V. Bolotov, A. N. Dranishnikov On Gromov's scalar curvature conjecture.,- Proc. Amer.
Math. Soc. 138, (2010), P. 1517-1524
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Ñâîéñòâà äóàëüíûõ ìîäóëåé íàä àëãåáðîé Ñòèíðîäà

À. Í. Âàñèëü÷åíêî

(ÑàìÃÓ, Ñàìàðà, Ðîññèÿ)

E-mail address: vass-alexandr@yandex.ru

Â ðàáîòàõ ([2], [3], [4]) èçó÷àëàñü ñòðóêòóðà ìîäóëåé íàä àëãåáðàìè Ñòèíðîäà è äóàëüíûõ
ê íèì. Â ðàáîòå ([1]) àâòîð èçó÷àåò ìîäóëè A(n), îáðàçîâàííûå àíóëÿòîðàìè êëàññîâ
êîãîìîëîãèé ñòåïåíè íå âûøå n â àëãåáðå Ñòèíðîäà. Â äóàëüíîé àëãåáðå Ñòèíðîäà ââîäÿòñÿ
òàêæå àíóëÿòîðû A(n)+ êîãîìîëîãè÷åñêèõ îïåðàöèé èçáûòêà áîëüøåãî ÷åì n.

Â äàííîé ðàáîòå ýòè ðåçóëüòàòû èñïîëüçóþòñÿ äëÿ íàõîæäåíèÿ ÿâíîãî âèäà ìîäóëåé A(n−
1)/A(n) è èì äóàëüíûõ ìîäóëåé A(n)∗, A(n)+/A(n− 1)+, (A(n− 1)/A(n))∗, A(n− 1)∗/A(n)∗, à
òàêæå èññëåäóåòñÿ èõ ñòðóêòóðà. Ðåçóëüòàòû ñôîðìóëèðîâàíû â ñëåäóþùèõ óòâåðæäåíèÿõ.

Ïðåäëîæåíèå 1. Àíóëÿòîð A(n)+ ìîäóëÿ A(n) ÿâëÿåòñÿ A∗-êîìîäóëåì è âûïîëíÿåòñÿ

óñëîâèå

A(n)+ ∼= (A/A(n))∗

A(n)+ ãåíåðèðóåòñÿ âñåìè ìîíîìàìè ìóëüòèïëèêàòèâíîñòè íå áîëüøå ÷åì n è ÿâëÿåòñÿ

èíäóöèðîâàííûì A∗-êîìîäóëåì, äëÿ êîòîðîãî âûïîëíÿåòñÿ óñëîâèå

A(n)∗ ∼= A∗/A(n)+

Ïðåäëîæåíèå 2. (A(n − 1)/A(n))∗ ÿâëÿåòñÿ ëåâûì èíäóöèðîâàííûì A∗-êîìîäóëåì è

êàê âåêòîðíîå ïðîñòðàíñòâî íàä Z/p èìååò áàçèñ, îáðàçîâàííûé âñåìè ìîíîìàìè

ìóëüòèïëèêàòèâíîñòè n â A∗. Âûïîëíÿþòñÿ ñëåäóþùèå èçîìîðôèçìû:

(A(n− 1)/A(n))∗ ∼= A(n)+/A(n− 1)+ ∼= A(n− 1)∗/A(n)∗

Ñïèñîê ëèòåðàòóðû

[1] H. Cartan, Algebres d'Eilenberg-MacLane at Homotopie.,- Seminare Cartan ENS 7e (1954-1955).

[2] N. Steenrod, D. B. A. Epstein, Cohomological Operations.,- // Princeton Univ.Press(1962).

[3] J. Milnor, The Steenrod algebra and its dual.,- Ann. of Math. 67 (1958), P. 150-171.

[4] J. Milnor, J. Moore, On the structure of Hopf algebras.,- Ann. of Math. 81 (1965), P. 211-264.
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Êðèòåðèé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè íàêðûòèé îêðóæíîñòè.

È. Þ. Âëàñåíêî

(Èíñòèòóò Ìàòåìàòèêè, Êèåâ, Óêðàèíà)

E-mail address: vlasenko@imath.kiev.ua

Äëÿ íåòðèâèàëüíûõ, ò.å. íå ÿâëÿþùèõñÿ ãîìåîìîðôèçìàìè, íàêðûòèé îêðóæíîñòè
ïîñòðîåí íàáîð òîïîëîãè÷åñêèõ èíâàðèàíòîâ, îïðåäåëåíû ïîíÿòèÿ äîïóñòèìîãî èíâàðèàíòà
è ýêâèâàëåíòíîñòè èíâàðèàíòîâ.

Äîêàçàíà òåîðåìà ðåàëèçàöèè, î òîì, ÷òî äëÿ êàæäîãî äîïóñòèìîãî èíâàðèàíòà ñóùåñòâóåò
íàêðûòèå îêðóæíîñòè ñ óêàçàííûì èíâàðèàíòîì è äîêàçàíà òåîðåìà î òîïîëîãè÷åñêîé
êëàññèôèêàöèè: äâà íàêðûòèÿ îêðóæíîñòè òîïîëîãè÷åñêè ñîïðÿæåíû òîãäà è òîëüêî òîãäà,
êîãäà èõ ñîîòâåòñòâóþùèå èíâàðèàíòû ýêâèâàëåíòíû.

Ñïèñîê ëèòåðàòóðû

[1] È. Þ. Âëàñåíêî Äèíàìèêà âíóòðåííèõ îòîáðàæåíèé.,- Íåëiíiéíi Êîëèâàííÿ. 2011. T.14
� 2. �C. 181�186.
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Ïîëóñâîáîäíîå R1-äåéñòâèå è îòîáðàæåíèÿ Áîòòà

Ä. À. Ãîëüöîâ

(Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â)

E-mail address: golts@ukr.net

Â ðàáîòå ([1]) äëÿ êîìïàêòíûõ çàìêíóòûõ ìíîãîîáðàçèé áûëè èññëåäîâàíû R1-
îòîáðàæåíèÿ Áîòòà. Òàêæå, äëÿ ãëàäêèõ ìíîãîîáðàçèé M2n ñ ïîëóñâîáîäíûì äåéñòâèåì
îêðóæíîñòè, êîòîðîå èìååò êîíå÷íîå êîëè÷åñòâî íåïîäâèæíûõ òî÷åê, áûëè èçó÷åíû R1-
èíâàðèàíòíûå îòîáðàæåíèÿ Áîòòà è ÷àñòè÷íî èññëåäîâàíà ïðîáëåìà ïîèñêà òî÷íîãî çíà÷åíèÿ
ìèíèìàëüíîãî ÷èñëà ñèíãóëÿðíûõ îêðóæíîñòåé äëÿ òàêèõ îòîáðàæåíèé.

Îòîáðàæåíèå f : Mn −→ R1 íàçûâàåòñÿ R1-îòîáðàæåíèåì Áîòòà, åñëè âñå åãî êðèòè÷åñêèå
òî÷êè îáðàçóþò íåâûðîæäåííûå êðèòè÷åñêèå îêðóæíîñòè. Èçâåñòíî, ÷òî ñóùåñòâîâàíèå R1-
îòîáðàæåíèÿ Áîòòà åêâèâàëåíòíî òîìó, ÷òî ãëàäêîå ìíîãîîáðàçèå Mn äîïóñêàåò ðàçëîæåíèå
íà êðóãëûå ðó÷êè.

Äîêàçàíî, ÷òî íà çàìêíóòîì ãëàäêîì ìíîãîîáðàçèè M2n, ó êîòîðîãî âñå íåïîäâèæíûå
òî÷êè ÿâëÿþòñÿ èçîëèðîâàíûìè, ñóùåñòâóåò R1-èíâàðèàíòíîå R1

∗-îòîáðàæåíèå Áîòòà èçM
2n â

R1, à òàêæå, ÷òî ÷èñëî ýòèõ íåïîäâèæíûõ èçîëèðîâàíûõ òî÷åê âñåãäà ÷åòíîå è ðàâíî ýéëåðîâîé
õàðàêòåðèñòèêå ýòîãî ìíîãîîáðçàèÿ.

R1-÷èñëîì Ìîðñà MR1

i (M2n, St(Λ)) èíäåêñà i íàçûâàåòñÿ ìèíèìàëüíîå ÷èñëî of
ñèíãóëÿðíûõ îêðóæíîñòåé èíäåêñà i íàä âñåìè R1-èíâàðèàíòíûìè R1

∗-ôóíêöèÿìè Áîòòà f
íà M2n ñî ñîñòîÿíèåì Stf (Λ).

Òîãäà äëÿ M2n (2n > 8) ñî ñîñòîÿíèåì St(Λ) = (0, . . . , 0, 2n, . . . , 2n)

MR1

i (M2n, St(Λ) = Di(V 2n−1, ∂0V
2n−1) + Ŝi(2)(V

2n−1, ∂0V
2n−1)+

+Ŝi+1
(2) (V 2n−1, ∂0V

2n−1) + dimN(Z[π])(H
i
(2)(V

2n−1, ∂0V
2n−1))

äëÿ 3 ≤ i ≤ 2n− 4.

Ñïèñîê ëèòåðàòóðû

[1] D. Gol'tsov, V. Sharko Semi-free R1 action and Bott map, - Çáiðíèê ïðàöü Iíñòèòóòó
Ìàòåìàòèêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè, Ò.6 �6, (2013), P. 224-235.

28



Ìåòîä òðåõìåðíîãî ãåîìåòðè÷åñêîãî ìîäåëèðîâàíèÿ ýíåðãåòè÷åñêèõ

íåãàðìîíè÷åñêèõ ïðîöåññîâ è åãî ïðèìåíåíèå â ðàäèîòåõíèêå.

Ì. Í. Ãîðáà÷åâ

(Íàöèîíàëüíûé òåõíè÷åñêèé óíèâåðñèòåò Óêðàèíû, Êèåâ, Óêðàèíà)

E-mail address: 1lider.tk@gmail.com

Â ñîâðåìåííîé ðàäèîòåõíèêå ñ öåëüþ ïîâûøåíèÿ ÊÏÄ øèðîêî ïðèìåíÿþòñÿ êëþ÷åâûå

ìåòîäû óñèëåíèÿ êîëåáàíèé â øèðîêîì äèàïàçîíå ÷àñòîò, íàïðèìåð, â ðàäèîâåùàòåëüíûõ

ïåðåäàò÷èêàõ, óñèëèòåëÿõ êëàññà Ä è äðóãèõ ðàäèîòåõíè÷åñêèõ óñòðîéñòâàõ. Îñîáåííîñòü

êëþ÷åâûõ ðåæèìîâ çàêëþ÷àåòñÿ â òîì, ÷òî ýíåðãåòè÷åñêèå ïåðèîäè÷åñêèå ïðîöåññû â

ðàäèîòåõíè÷åñêèõ óñòðîéñòâàõ ÿâëÿþòñÿ ñóùåñòâåííî íåãàðìîíè÷åñêèìè. Ýòî çíà÷èò, ÷òî

íàïðÿæåíèÿ, òîêè è ñîñòàâëÿþùèå ïîëíîé ìîùíîñòè â ñèëîâûõ öåïÿõ ýòèõ óñòðîéñòâ ñîäåðæàò

áåñêîíå÷íûé ñïåêòð ãàðìîíèê, ÷òî çíà÷èòåëüíî çàòðóäíÿåò àíàëèç è ðàñ÷åò êëþ÷åâûõ

ýíåðãåòè÷åñêèõ ðåæèìîâ.

Ïðèìåíÿåìûå òðàäèöèîííî èçâåñòíûå îäíîìåðíûå ìàòåìàòè÷åñêèå ìîäåëè â âèäå àêòèâíîé

P , ðåàêòèâíîé Q è èñêàæàþùåé ñîñòàâëÿþùèõ ïîëíîé ìîùíîñòè S äëÿ èññëåäîâàíèÿ

óêàçàííûõ ýíåðãåòè÷åñêèõ êëþ÷åâûõ ðåæèìîâ ÿâëÿþòñÿ íåýôôåêòèâíûìè, òàê êàê íå

ïîçâîëÿþò èññëåäîâàòü ýòè ïðîöåññû êàê åäèíîå öåëîå.

Â ñâÿçè ñ ýòèì áûë ðàçðàáîòàí íîâûé ìåòîä � ìåòîä òðåõìåðíîãî ãåîìåòðè÷åñêîãî

ìîäåëèðîâàíèÿ óêàçàííûõ ýíåðãåòè÷åñêèõ ïðîöåññîâ. Ýòîò ìåòîä îñíîâàí íà íàõîæäåíèè

òðåõìåðíîé ãåîìåòðè÷åñêîé ìîäåëè ýòèõ ïðîöåññîâ êàê ôèçè÷åñêè åäèíîãî öåëîãî â âèäå

ïðîñòðàíñòâåííîé êðèâîé (ðåæèìíîé òðàåêòîðèè), êîòîðàÿ ðàñïîëîæåíà íà ñôåðè÷åñêîé

îáîëî÷êå åäèíè÷íîãî ðàäèóñà. Ïðè ýòîì ðåæèìíàÿ òðàåêòîðèÿ ðàññ÷èòûâàåòñÿ è ñòðîèòñÿ

íà îñíîâå àíàëèòè÷åñêèõ âûðàæåíèé äëÿ íîðìèðîâàííûõ êîîðäèíàò x, y, z, óêàçàííûõ

ñîñòàâëÿþùèõ P , Q, T êàê ïðîåêöèé âåêòîðà ïîëíîé ìîùíîñòè S â òðåõìåðíîì åâêëèäîâîì

ïðîñòðàíñòâå E(3):

x =
(P (q))

(S(q))
, y =

(Q(q))

(S(q))
, z =

(T (q))

(S(q))
,

ãäå q ÿâëÿåòñÿ ïåðåìåííûì ôèçè÷åñêèì ïàðàìåòðîì ðàäèîòåõíè÷åñêîãî îáúåêòà (óñòðîéñòâà

èëè öåïè, íàïðèìåð, äîáðîòíîñòüþ). Â ýòîì ñëó÷àå ïðîèçâîëüíàÿ òî÷êà (x, y, z) íà ðåæèìíîé
òðàåêòîðèè îòîáðàæàåò âïîëíå îïðåäåëåííîå ýíåðãåòè÷åñêîå ñîñòîÿíèå óêàçàííîãî îáúåêòà.

Â äîêëàäå ðàññìîòðåíû ïðèìåðû ðàñ÷åòà è ïîñòðîåíèÿ òðåõìåðíûõ ãåîìåòðè÷åñêèõ

ìîäåëåé äëÿ ðàäèîòåõíè÷åñêîé öåïè òèïà RL ñ ïåðåìåííîé äîáðîòíîñòüþ q ïðè âîçäåéñòâèè

íåãàðìîíè÷åñêèõ ïåðèîäè÷åñêèõ èñïûòàòåëüíûõ ñèãíàëîâ, ïðèìåíÿåìûõ â ðàäèîòåõíèêå

(íàïðèìåð, ñèãíàëîâ, èìåþùèõ ôîðìó ïðÿìîóãîëüíûõ èìïóëüñîâ, ñèãíàëîâ òðåóãîëüíîé è

òðàïåöåèäàëüíîé ôîðìû).

Ïîêàçàíî, ÷òî â îáùåì ñëó÷àå ðåæèìíàÿ òðàåêòîðèÿ ÿâëÿåòñÿ íåïëîñêîé ñôåðè÷åñêîé

êðèâîé. Ðàçðàáîòàííûé ìåòîä ÿâëÿåòñÿ óíèâåðñàëüíûì, áîëåå èíôîðìàòèâíûì è íàãëÿäíûì.

Ýòî ïîçâîëÿåò åãî ýôôåêòèâíî èñïîëüçîâàòü íà ýòàïå ðàñ÷åòà è ïðîåêòèðîâàíèÿ êëþ÷åâûõ

ýíåðãåòè÷åñêèõ ðåæèìîâ ñîîòâåòñòâóþùèõ ðàäèîòåõíè÷åñêèõ óñòðîéñòâ.
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Êëàññèôèêàöèÿ ìíîãîìåðíûõ ýëàñòè÷íûõ òêàíåé ñ òåíçîðîì êðó÷åíèÿ ðàíãà 1

Ê.Ð. Äæóêàøåâ

( Òâåðñêîé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òâåðü, Ðîññèÿ)

E-mail address: zhukashev@gmail.com

Ìíîãîìåðíàÿ òðè-òêàíü íàçûâàåòñÿ ýëàñòè÷íîé èëè òêàíüþ E, åñëè â ëþáîé åå
êîîðäèíàòíîé ëóïå âûïîëíÿåòñÿ òîæäåñòâî ýëàñòè÷íîñòè x(yx) = (xy)x. Â [1] áûëî äîêàçàíî,
÷òî ýëàñòè÷íûå òðè-òêàíè îáðàçóþò ñîáñòâåííûé ïîäêëàññ ñðåäíèõ òêàíåé Áîëà è íàéäåíû
óðàâíåíèÿ äâóõ øåñòèìåðíûõ òðè-òêàíåé E: E1 è E2. Òåíçîðíûå ñîîòíîøåíèÿ ýëàñòè÷íûõ
òêàíåé ìû ðàññìàòðèâàëè â ðàáîòå [2].

Òêàíè E1 è E2 èìåþò ñïåöèôè÷åñêîå ñòðîåíèå òåíçîðà êðó÷åíèÿ: îïðåäåëÿåìàÿ èì
ïðîèçâîäíàÿ àëãåáðà îäíîìåðíà. Ìû îáîáùàåì êëàññ ýëàñòè÷íûõ òêàíåé ðàíãà 1 íà
ìíîãîìåðíûé ñëó÷àé. Îêàçàëîñü, ÷òî è â ìíîãîìåðíîì ñëó÷àå åñòåñòâåííûì îáðàçîì
âûäåëÿþòñÿ äâà êëàññà. Â äàííîé ðàáîòå ìû íàõîäèì ñòðóêòóðíûå óðàâíåíèÿ ýòèõ òêàíåé,
èíòåãðèðóåì èõ è íàõîäèì óðàâíåíèÿ òêàíåé ðàíãà 1 â ëîêàëüíûõ êîîðäèíàòàõ.

Óðàâíåíèÿ òêàíè Er
1 â ëîêàëüíûõ êîîðäèíàòàõ ïðèìóò âèä:

z1 = x1 + ex
2
(y1 − λabx

ayb),

za = xa + ya,

à óðàâíåíèÿ òêàíè Er
2 â ëîêàëüíûõ êîîðäèíàòàõ:

z1 = x1 + y1 +
1

3
b1(a|b|c)x

axcyb − 1

3
b1(ab)cy

aybxc + c1bcx
cyb,

za = xa + ya.

Ñïèñîê ëèòåðàòóðû
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Ýðìèòîâû è ïðèáëèæ¼ííî êåëåðîâû f-ñòðóêòóðû íà ãðóïïàõ Ëè

Ï. À. Äóáîâèê

(ÁÃÓ, Ìèíñê, Áåëàðóñü)

E-mail address: geometryk@gmail.com

Ìåòðè÷åñêèå f -ñòðóêòóðû â ñìûñëå Ê. ßíî (f3 + f = 0) íà ðèìàíîâûõ ìíîãîîáðàçèÿõ
âõîäÿò â ÷èñëî îñíîâíûõ äèôôåðåíöèàëüíî-ãåîìåòðè÷åñêèõ ñòðóêòóð è ÿâëþòñÿ
ôóíäàìåíòàëüíûì îáúåêòîì â îáîáù¼ííîé ýðìèòîâîé ãåîìåòðèè ([1]). Îòìåòèì òàêæå,
÷òî ìåòðè÷åñêèå f -ñòðóêòóðû � ÷àñòíûé ñëó÷àé îáîáù¼ííîé ïî÷òè ýðìèòîâîé ñòðóêòóðû,
èëè GAH-ñòðóêòóðû ðàíãà r íà (ïñåâäî)ðèìàíîâîì ìíîãîîáðàçèè (M, g) ([1]). Â ðàáîòå
ðàññìîòðåíû ìåòðè÷åñêèå f -ñòðóêòóðû ñëåäóþùèõ êëàññîâ: ýðìèòîâû (T (X,Y ) = 0),
ïðèáëèæ¼íî êåëåðîâû f -ñòðóêòóðû (∇fX(f)fX = 0), ãäå ∇ � ñâÿçíîñòü Ëåâè-×èâèòà
ðèìàíîâîé ìåòðèêè g, T � êîìïîçèöèîííûé òåíçîð ([1],[2]). Ïóñòü G � ñâÿçíàÿ ãðóïïà
Ëè, g � ñîîòâåòñòâóþùàÿ àëãåáðà Ëè, g(1)=[g, g], g(2)=[g(1), g(1)] � ïåðâûé è âòîðîé èäåàë
ïðîèçâîäíîãî ðÿäà, Z(g) � öåíòð àëãåáðû g, g � ëåâîèíâàðèàíòíàÿ ðèìàíîâà ìåòðèêà íà G.
Ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:

Òåîðåìà 1. Ïóñòü ëåâîèíâàðèàíòíàÿ ìåòðè÷åñêàÿ f -ñòðóêòóðà f íà ãðóïïå Ëè G
óäîâëåòâîðÿåò ëþáîìó èç óñëîâèé:

(i) g(1) ⊂ Kerf ;
(ii) Imf ⊂ g(1), g(2)⊂ Kerf ;
(iii) Imf ⊂ Z(g) ⊂ g(1);

Òîãäà f ÿâëÿåòñÿ ýðìèòîâîé f -ñòðóêòóðîé. Ïðè âûïîëíåíèè óñëîâèÿ (iii) f ÿâëÿåòñÿ òàêæå

ïðèáëèæåííî êåëåðîâîé f -ñòðóêòóðîé.

Òåîðåìà 2. Ïóñòü ëåâîèíâàðèàíòíàÿ ìåòðè÷åñêàÿ f -ñòðóêòóðà f íà ãðóïïå Ëè G
óäîâëåòâîðÿåò óñëîâèþ: g(1) ⊂ Kerf . Òîãäà f ÿâëÿåòñÿ ïðèáëèæ¼ííî êåëåðîâîé f -
ñòðóêòóðîé â òîì è òîëüêî òîì ñëó÷àå, åñëè [fX,f2X] = 0, ∀X ∈ g.

Óêàçàííûå f -ñòðóêòóðû èìåþòñÿ, íàïðèìåð, íà 6-ìåðíîé îáîáù¼ííîé ãðóïïå Ãåéçåíáåðãà
([3]) è íà 5-ìåðíîé ãðóïïå Ãåéçåíáåðãà H(2, 1) ([4]).
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Î ãðóïïîâûõ ñâîéñòâàõ n-ìåðíûõ ïñåâäîðèìàíîâûõ ïðîñòðàíñòâ ñïåöèàëüíîãî

òèïà, äîïóñêàþùèõ ïðîåêòèâíûå äâèæåíèÿ

Ç. Õ. Çàêèðîâà

(ÊÃÝÓ, Êàçàíü, Ðîññèÿ)

E-mail address: zolya_zakirova@mail.ru

Â ðàáîòå ìû ïðîäîëæàåì èññëåäîâàíèå n-ìåðíûõ ïñåâäîðèìàíîâûõ ïðîñòðàíñòâ
V n(gij) ñ ñèãíàòóðîé [+ + − − −.... − −], êîòîðûå äîïóñêàþò ïðîåêòèâíûå äâèæåíèÿ,
òî åñòü ãðóïïû íåïðåðûâíûõ ïðåîáðàçîâàíèé, ñîõðàíÿþùèõ ãåîäåçè÷åñêèå. Îñíîâíîé
ìåòîä íàõîæäåíèÿ òàêèõ ïðîñòðàíñòâ áûë ðàçâèò À.Â. Àìèíîâîé. Â ðàáîòå [1] À.Â.
Àìèíîâà êëàññèôèöèðîâàëà âñå ëîðåíöåâû ìíîãîîáðàçèÿ ðàçìåðíîñòè ≥ 3, äîïóñêàþùèå
íåãîìîòåòè÷åñêèå èíôèíèòåçèìàëüíûå ïðîåêòèâíûå è àôôèííûå ïðåîáðàçîâàíèÿ. Äàííàÿ
ïðîáëåìà íå ðåøåíà äëÿ ïñåâäîðèìàíîâûõ ïðîñòðàíñòâ ñ ïðîèçâîëüíîé ñèãíàòóðîé.

Íàïîìíèì, ÷òî äëÿ òîãî, ÷òîáû íàéòè ïñåâäîðèìàíîâî ïðîñòðàíñòâî, äîïóñêàþùåå
íåãîìîòåòè÷åñêîå èíôèíèòåçèìàëüíîå ïðîåêòèâíîå ïðåîáðàçîâàíèå, íàäî ïðîèíòåãðèðîâàòü
óðàâíåíèå Ýéçåíõàðòà (ñì. [2])

hij,k = 2gijϕ,k + gikϕ,j + gjkϕ,i. (1)

Ïñåâäîðèìàíîâû ìíîãîîáðàçèÿ, äëÿ êîòîðûõ ñóùåñòâóþò íåòðèâèàëüíûå ðåøåíèÿ hij 6=
cgij óðàâíåíèé Ýéçåíõàðòà, íàçûâàþòñÿ h� ïðîñòðàíñòâàìè.

Èñïîëüçóÿ òåõíèêó èíòåãðèðîâàíèÿ â êîñîíîðìàëüíîì ðåïåðå (ñì. [1]), â ðàáîòå [3] áûëè
íàéäåíû ìåòðèêè h� ïðîñòðàíñòâ òèïîâ [22111...1], [32111...1], [33111...1], [4111...1], [5111...1].

Â äàííîé ðàáîòå äîêàçàíû ñëåäóþùèå òåîðåìû.

Òåîðåìà 1. Àôôèííàÿ ãðóïïà â h� ïðîñòðàíñòâàõ òèïîâ [22111...1], [32111...1], [33111...1],
[4111...1] [5111...1] íåïîñòîÿííîé êðèâèçíû ñîñòîèò èç ãîìîòåòèé.

Òåîðåìà 2. Åñëè h� ïðîñòðàíñòâà òèïîâ [22111...1], [32111...1], [33111...1], [4111...1] [5111...1]
äîïóñêàþò íåãîìîòåòè÷åñêóþ ïðîåêòèâíóþ àëãåáðó Ëè Pr, òî ýòà àëãåáðà ñîäåðæèò

ïîäàëãåáðó Hr−1 èíôèíèòåçèìàëüíûõ ãîìîòåòèé ðàçìåðíîñòè r − 1.
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[3] Çàêèðîâà Ç.Õ. Î íåêîòîðûõ ïñåâäîðèìàíîâûõ ïðîñòðàíñòâàõ, äîïóñêàþùèõ ïðîåêòèâíûå

äâèæåíèÿ, Òåçèñû äîêëàäîâ ìåæäóíàðîäíîé êîíôåðåíöèè ¾Ãåîìåòðèÿ â Îäåññå-2013¿ 27
ìàÿ � 1 èþíÿ 2013 ã, ñ. 45.
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Îïðåäåëåíèå îáëàñòè óñòîé÷èâîñòè ðàçäåëüíîãî êîëüöåâîãî äâóõôàçíîãî òå÷åíèÿ

Â. Õ. Êèðèëëîâ, Í. Ï. Õóäåíêî

(ÎÍÀÏÒ, Îäåññà, Óêðàèíà)

E-mail address: khudenkon@mail.ru

Îäíèì èç ýôôåêòèâíûõ ñïîñîáîâ âçàèìîäåéñòâèÿ ôàç â êîíòàêòíûõ óñòðîéñòâà
òåïëîìàññîáìåííûõ àïïàðàòîâ ÿâëÿåòñÿ îñóùåñòâëåíèå êîíòàêòèðîâàíèÿ ôàç ïðè ïë¼íî÷íîì
òå÷åíèè æèäêîñòè. Òàêèå ïë¼íî÷íûå àïïàðàòû ïîëó÷èëè øèðîêîå ïðèìåíåíèå âî ìíîãèõ
îòðàñëÿõ ïèùåâîé ïðîìûøëåííîñòè.

Ïðè âåðòèêàëüíîì ïë¼íî÷íîì òå÷åíèè æèäêîñòè â êîíòàêòå ñ ãàçîâûì ïîòîêîì èìååò
ìåñòî äâà âèäà íåóñòîé÷èâîñòè ñâîáîäíîé ïîâåðõíîñòè: êàïèëëÿðíî-ãðàâèòàöèîííûé,
îáóñëîâëåííûé ñèëàìè ïîâåðõíîñòíîãî íàòÿæåíèÿ æèäêîñòè, è íåóñòîé÷èâîñòü Êåëüâèíà-
Ãåëüìãîëüöà, çà ñ÷¼ò ñèë äàâëåíèé ñî ñòîðîíû ïîòîêà ãàçà. Îáà âèäà íåóñòîé÷èâîñòè ïðèâîäÿò
ê îáðàçîâàíèþ êðóïíûõ âîëí íà ïîâåðõíîñòè ðàçäåëà, äàëüíåéøåìó èõ ðàçðóøåíèþ è âûíîñó
êàïåëüíîé âëàãè èç àïïàðàòà. Äàííûé ýôôåêò ïåðåêà÷êè æèäêîñòè èíòåíñèôèöèðóåòñÿ ïðè
óâåëè÷åíèè ñêîðîñòè ãàçà. Òàêîé êàïëåóíîñ ÿâëÿåòñÿ íåãàòèâíîé õàðàêòåðèñòèêîé ïë¼íî÷íûõ
àïïàðàòîâ, ðàáîòàþùèõ â èíòåíñèâíîì ðåæèìå.

Öåëüþ äàííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ îïðåäåëåíèå îáëàñòè óñòîé÷èâîñòè ñâîáîäíîé
ïîâåðõíîñòè ïë¼íêè ïë¼íêè æèäêîñòè ïðè ðàçäåëüíîì äâóõôàçíîì êîëüöåâîì òå÷åíèè.
Ïðåíåáðåãàÿ êàñàòåëüíûìè íàïðÿæåíèÿìè íà ïîâåðõíîñòè ðàçäåëà ôàç æèäêîñòü-ãàç,
ó÷èòûâàÿ, ÷òî ïîâåðõíîñòíàÿ íåóñòîé÷èâîñòü îáóñëîâëåíà íîðìàëüíûìè íàïðÿæåíèÿìè,
ìîæíî ñ÷èòàòü, ÷òî â îáåèõ ôàçàõ èìåþò ìåñòî ïîòåíöèàëüíûå òå÷åíèÿ.

Èññëåäîâàíèå êîëüöåâîãî äâóõôàçíîãî òå÷åíèÿ ïðîâîäèòñÿ â öèëèíäðè÷åñêèõ êîîðäèíàòàõ.
Äëÿ îïðåäåëåíèÿ ïîòåíöèàëîâ ñêîðîñòåé ðåøàåòñÿ êðàåâàÿ çàäà÷à, ñîäåðæàùàÿ óðàâíåíèÿ
íåðàçðûâíîñòè, èíòåãðàëû Êîøè-Ëàãðàíæà äëÿ êàæäîé èç ôàç; êðàåâûå óñëîâèÿ
ôîðìóëèðóþòñÿ íà ñòåíêàõ êàíàëà è â ÿäðå ãàçîâîãî ïîòîêà, à òàêæå íà ïîâåðõíîñòè ðàçäåëà.

Íà ñâîáîäíîé ïîâåðõíîñòè æèäêîñòè çàäà¼òñÿ âîëíîâîå âîçìóùåíèå

h(t, x) = h0 + αeik(x−ct),

ãäå c = c1 + c2i.
Ïîäñòàâèâ äàííîå âîçìóùåíèå â èñõîäíóþ êðàåâóþ çàäà÷ó, ïîëó÷èì ñîîòâåòñòâóþùåå

äèñïåðñíîå ñîîòíîøåíèå, â êîòîðîì ðàçäåëÿòñÿ äåéñòâèòåëüíàÿ è ìíèìàÿ ÷àñòè. Ó÷èòûâàÿ,
÷òî ïðè c2 > 0 èìååò ìåñòî íåóñòîé÷èâîñòü ïîâåðõíîñòè ðàçäåëà, ïðåäåëüíóþ ñêîðîñòü ãàçà,
âûøå êîòîðîé ðàçâèâàåòñÿ íåóñòîé÷èâîñòü êîëüöåâîãî òå÷åíèÿ, îïðåäåëÿåì èç óñëîâèÿ c2 = 0:

V∗ =

[
σk

ρ2

I1(kh0)

I0(kh0)

(
1− 1

k2h20

)] 1
2

− U0.

Ñïèñîê ëèòåðàòóðû
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ξ-èíâàðèàíòíûå ôîðìû Ëè íà ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèÿõ

Â. Ô. Êèðè÷åíêî

(ÌÏÃÓ, Ìîñêâà, Ðîññèÿ)

E-mail address: highgeom@yandex.ru

Å. Â. ×åðåâêî

(ÎÍÝÓ, Îäåññà, Óêðàèíà)

E-mail address: cherevko@usa.com

Ïóñòü S = {g, J} � ïî÷òè ýðìèòîâà ñòðóêòóðà íà ðèìàíîâîì ìíîãîîáðàçèè M ðàçìåðíîñòè

2n. Çäåñü X(M) � C∞(M)-ìîäóëü ãëàäêèõ âåêòîðíûõ ïîëåé íà M , X∗(M) � äóàëüíûé

ìîäóëü äèôôåðåíöèàëüíûõ 1-ôîðì íà M , d � îïåðàòîð âíåøíåãî äèôôåðåíöèðîâàíèÿ, δ
� îïåðàòîð êîäèôôåðåíöèðîâàíèÿ, g = 〈 ·, · 〉 � ðèìàíîâà ìåòðèêà íà M , ∇ � îïåðàòîð

êîâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ â ðèìàíîâîé ñâÿçíîñòè. J2 = −id, 〈JX, JY 〉 = 〈X,Y 〉
(ýíäîìîðôèçì J íàçûâàåòñÿ ïî÷òè êîìïëåêñíîé ñòðóêòóðîé). Ïîñòðîèì íà ìíîãîîáðàçèè

M äèôôåðåíöèàëüíóþ 1-ôîðìó

ω =
1

n− 1
δΩ ◦ J,

íàçûâàåìóþ ôîðìîé Ëè. Çäåñü Ω = 〈X, JY 〉 � ôóíäàìåíòàëüíàÿ ôîðìà ñòðóêòóðû.

Âåêòîðíîå ïîëå ξ, äóàëüíîå ôîðìå Ëè, íàçûâàåòñÿ âåêòîðîì Ëè. Âåêòîðíîå ïîëå ξ ∈ X(M)
íàçûâàåòñÿ òîðñîîáðàçóþùèì, åñëè ∇ξ = ρid+ a⊗ ξ äëÿ íåêîòîðûõ ρ ∈ C∞(M) è a ∈ X∗(M).
Òàêîå ïîëå íàçûâàåòñÿ êîíöèðêóëÿðíûì, åñëè da = 0, íàçûâàåòñÿ ñïåöêîíöèðêóëÿðíûì, åñëè

a = 0, è íàçûâàåòñÿ ðåêóððåíòíûì, åñëè ρ = 0.

Òåîðåìà. Ïóñòü ξ � òîðñîîáðàçóþùèé âåêòîð Ëè ïî÷òè ýðìèòîâà ìíîãîîáðàçèÿ M , ω �

ñîîòâåòñòâóþùàÿ ôîðìà Ëè ýòîãî ìíîãîîáðàçèÿ. Òîãäà ôîðìà ω áóäåò èíâàðèàíòíîé

îòíîñèòåëüíî äåéñòâèÿ ëîêàëüíîé îäíîïàðàìåòðè÷åñêîé ãðóïïû äèôôåîìîðôèçìîâ,

ïîðîæäåííîé âåêòîðíûì ïîëåì ξ, òîãäà è òîëüêî òîãäà, êîãäà

∇ξ(ω)X = −||ω||2a(X)− ρω(X).

Ñëåäñòâèå 1. Åñëè M � îáîáùåííîå ìíîãîîáðàçèå Õîïôà, ω � ξ-èíâàðèàíòíàÿ ôîðìà Ëè, òî

||ω||2a(X) + ρω(X) = 0.

Ñëåäñòâèå 2. Äîïóñòèì, ÷òî ξ � ñïåöêîíöèðêóëÿðíîå âåêòîðíîå ïîëå. Òîãäà

∇ξ(ω)X = −ρω(X).

Ñëåäñòâèå 3. Åñëè ξ � ðåêóððåíòíîå âåêòîðíîå ïîëå. Òîãäà

∇ξ(ω)X = −||ω||2a(X).

34



Î äèâåðãåíöèè òåíçîðà êîíöèðêóëÿðíîé êðèâèçíû ëåâîèíâàðèàíòíûõ

(ïñåâäî)ðèìàíîâûõ ìåòðèê ãðóïï Ëè ìàëûõ ðàçìåðíîñòåé

Ï. Í. Êëåïèêîâ, Î. Ï. Õðîìîâà

(ÀëòÃÓ, Áàðíàóë, Ðîññèÿ)

E-mail address: askingnetbarnaul@gmail.com, khromova.olesya@gmail.com

Èçó÷åíèå êîíôîðìíî-èíâàðèàíòíûõ ñâîéñòâ ðèìàíîâûõ ìíîãîîáðàçèé ÿâëÿåòñÿ îäíîé
èç íàèáîëåå àêòóàëüíûõ çàäà÷ ñîâðåìåííîé äèôôåðåíöèàëüíîé ãåîìåòðèè. Â êëàññå
êîíôîðìíûõ ïðåîáðàçîâàíèé ìîæíî âûäåëèòü íåòðèâèàëüíûå êîíôîðìíûå ïðåîáðàçîâàíèÿ,
êîòîðûå ïåðåâîäÿò ãåîäåçè÷åñêèå îêðóæíîñòè (êðèâûå, ó êîòîðûõ ïåðâàÿ êðèâèçíà
ïîñòîÿííà, à îñòàëüíûå êðèâèçíû ðàâíû íóëþ) â ãåîäåçè÷åñêèå îêðóæíîñòè è íàçûâàþòñÿ
êîíöèðêóëÿðíûìè.

Íà÷àëî èçó÷åíèþ êîíöèðêóëÿðíûõ ïðåîáðàçîâàíèé ïîëîæåíî Ê.ßíî â [1]. Òàêæå
Ê.ßíî ââåë â ðàññìîòðåíèå òåíçîð êîíöèðêóëÿðíîé êðèâèçíû, ÿâëÿþùèéñÿ èíâàðèàíòîì
êîíöèðêóëÿðíûõ ïðåîáðàçîâàíèé. Ïðîäîëæåíèå èññëåäîâàíèé êîíöèðêóëÿðíûõ
ïðåîáðàçîâàíèé, ñâîéñòâ òåíçîðà êîíöèðêóëÿðíîé êðèâèçíû è åãî äèâåðãåíöèè íàøëî
îòðàæåíèå â ðàáîòàõ ìíîãèõ ìàòåìàòèêîâ (ñì., íàïðèìåð, [2, 3, 4]).

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ñâîéñòâ òåíçîðà êîíöèðêóëÿðîé êðèâèçíû è åãî
äèôôåðåíöèàëüíûõ îïåðàòîðîâ íà 3-ìåðíûõ è 4-ìåðíûõ ãðóïïàõ Ëè ñ ëåâîèíâàðèàíòíûìè
(ïñåâäî)ðèìàíîâûìè ìåòðèêàìè. Ïîëó÷åíà ïîëíàÿ êëàññèôèêàöèÿ ãðóïï Ëè ìàëûõ
ðàçìåðíîñòåé ñ ëåâîèíâàðèàíòíûìè (ïñåâäî)ðèìàíîâûìè ìåòðèêàìè è áåçäèâåðãåíòíûì
òåíçîðîì êîíöèðêóëÿðîé êðèâèçíû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà ÐÔ äëÿ ïîääåðæêè
ìîëîäûõ ðîññèéñêèõ ó÷åíûõ è âåäóùèõ íàó÷íûõ øêîë (ãðàíò ÍØ�2263.2014.1), Grant of
the Russian Federation for the State Support of Researches (Agreement No 14.B25.31.0029),
à òàêæå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäåðàöèè â ðàìêàõ áàçîâîé
÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå íàó÷íîé äåÿòåëüíîñòè ÔÃÁÎÓ ÂÏÎ ¾Àëòàéñêèé
ãîñóäàðñòâåííûé óíèâåðñèòåò¿ (êîä ïðîåêòà: 1148).

Ñïèñîê ëèòåðàòóðû
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Êîíôîðìíûå äèôôåðåíöèàëüíûå èíâàðèàíòû

Í. Ã. Êîíîâåíêî

(ÎÍÀÏÒ, Îäåññà, Óêðàèíà)

E-mail address: konovenko@ukr.net

Â äàííîé ðàáîòå ìû ïðåäëàãàåì ñõåìó äëÿ ðàñïîçíàâàíèÿ ôîðì îáëàñòåé íà ïëîñêîñòè,
îñíàùåííûõ íåêîòîðîé ãåîìåòðè÷åñêîé ñòðóêòóðîé. Ýòà ñõåìà âî ìíîãîì àíàëîãè÷íî
òîé, êîòîðàÿ áûëà èñïîëüçîâàíà â ðàáîòå ([2]) äëÿ îïèñàíèÿ ïðîñòðàíñòâà ôîðì. Ìû
ðàññìàòðèâàåì ñëó÷àé, êîãäà âíóòðè îäíîñâÿçíîé îáëàñòè, îãðàíè÷åííîé ãëàäêîé êðèâîé,
çàäàíà äèôôåðåíöèàëüíàÿ 1-ôîðìà.

Ìû ñâîäèì çàäà÷ó ðàñïîçíàâàíèÿ ôîðì îáëàñòåé ê ëîêàëüíîé êëàññèôèêàöèè
äèôôåðåíöèàëüíûõ 1-ôîðì íà ïëîñêîñòè îòíîñèòåëüíî ãðóïïû SL2(C) êîíôîðìíûõ
äðîáíî ëèíåéíûõ ïðåîáðàçîâàíèé. Ìû îïèñûâàåì ïîëå ðàöèîíàëüíûõ êîíôîðìíûõ
äèôôåðåíöèàëüíûõ èíâàðèàíòîâ. Èìåííî òàêèå èíâàðèàíòû, ñîãëàñíî ([1]), ðàçäåëÿþò
ðåãóëÿðíûå îðáèòû.

Íàìè ïîêàçàíî, ÷òî ýòî ïîëå ïîðîæäàåòñÿ äâóìÿ èíâàðèàíòíûìè äèôôåðåíöèðîâàíèìè

δ = t−1

(
u
d

dx
+ v

d

dy

)
, δ̃ = t−1

(
− v

d

dx
+ u

d

dy

)
,

à òàêæå äâóìÿ äèôôåðåíöèàëüíûìè èíâàðèàíòàìè 1-ãî ïîðÿäêà

J1 =
−vx + uy
u2 + v2

, J2 =
ux + vy
u2 + v2

è äâóìÿ èíâàðèàíòàìè 2-ãî ïîðÿäêà R è Φ, ãäå (x, y, u, v) - êàíîíè÷åñêèå êîîðäèíàòû â â T ∗R2,
à t = u2 + v2. Ýòî ïðèâîäèò ê êëàññèôèêàöèè ðåãóëÿðíûõ äèôôåðåíöèàëüíûõ ôîðì.

Îáîçíà÷èì ÷åðåç F - êîíôîðìíûé äèôôåðåíöèàëüíûé èíâàðèàíò, à ÷åðåç γ -
äèôôåðåíöèàëüíóþ 1-ôîðìó. Ïóñòü F (γ) - çíà÷åíèå ýòîãî èíâàðèàíòà íà ôîðìå γ.
Ñêàæåì, ÷òî ðîñòîê äèôôåðåíöèàëüíîé 1-ôîðìû γ ðåãóëÿðåí, åñëè çíà÷åíèÿ J1(γ), J2(γ)
ôóíêöèîíàëüíî íåçàâèñèìû.

Â ýòîì ñëó÷àå çíà÷åíèÿ äèôôåðåíöèàëüíûõ èíâàðèàíòîâ âòîðîãî ïîðÿäêà ÿâëÿþòñÿ
ôóíêöèÿìè îò J1(γ) è J2(γ), ñêàæåì

δ(J1)(γ) = A1

(
J1(γ), J2(γ)

)
,

δ(J2)γ = A2

(
J1(γ), J2(γ)

)
,

δ̃(J1)γ = B1

(
J1(γ), J2(γ)

)
,

δ̃(J2)γ = B2

(
J1(γ), J2(γ)

)
,

R(γ) = r(J1
(
γ), J2(γ)

)
,

Φ(γ) = f(J1
(
γ), J2(γ)

)
.

Òåîðåìà 1. Ðîñòêè ðåãóëÿðíûõ 1-ôîðì êîíôîðìíî ýêâèâàëåíòíû â òîì è òîëüêî òîì

ñëó÷àå, êîãäà ñîîòâåòñòâóþùèå ôóíêöèè A1, A2, B1, B2, r è f - ñîâïàäàþò.

Ñïèñîê ëèòåðàòóðû
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Ãîëîìîðôíûå òîðñîîáðàçóþùèå âåêòîðíûå ïîëÿ íà ïî÷òè ýðìèòîâûõ

ìíîãîîáðàçèÿõ

Â. Ì. Êóçàêîíü

(ÎÍÀÏÒ, Îäåññà, Óêðàèíà)

E-mail address: kuzakon_v@ukr.net

Ïóñòü M � n-ìåðíîå ãëàäêîå ìíîãîîáðàçèå, X(M) � C∞(M)-ìîäóëü ãëàäêèõ âåêòîðíûõ
ïîëåé íà M , d � îïåðàòîð âíåøíåãî äèôôåðåíöèðîâàíèÿ, LX � îïåðàòîð äèôôåðåíöèðîâàíèÿ
Ëè â íàïðàâëåíèè âåêòîðíîãî ïîëÿ X. Âñå ìíîãîîáðàçèÿ, òåíçîðíûå ïîëÿ è ò.ï. îáúåêòû
ïðåäïîëàãàþòñÿ ãëàäêèìè êëàññà C∞.

Îïðåäåëåíèå 1. [2] Âåêòîðíîå ïîëå ξ ∈ X(M) íàçûâàåòñÿ òîðñîîáðàçóþùèì, åñëè

∇ξ = ρid+ a⊗ ξ

è íàçûâàåòñÿ ïñåâäî-òîðñîîáðàçóþùèì, åñëè ∇ξ = ρJ + a ⊗ ξ äëÿ íåêîòîðûõ ρ ∈ C∞(M)
è a ∈ X∗(M). Äèôôåðåíöèàëüíóþ 1-ôîðìó a è ôóíêöèþ ρ íàçîâåì õàðàêòåðèñòè÷åñêèìè.
Òîðñîîáðàçóþùåå âåêòîðíîå ïîëå íàçûâàåòñÿ êîíöèðêóëÿðíûì, åñëè da = 0, è íàçûâàåòñÿ
ñïåöêîíöèðêóëÿðíûì, åñëè a = 0.

Ïóñòü S = {g, J} � ïî÷òè ýðìèòîâà (êîðî÷å, AH-) ñòðóêòóðà íà M , J2 = −id, 〈JX, JY 〉 =
〈X,Y 〉(ýíäîìîðôèçì J íàçûâàåòñÿ ïî÷òè êîìïëåêñíîé ñòðóêòóðîé)

Îïðåäåëåíèå 2. Òîðñîîáðàçóþùåå âåêòîðíîå ïîëå ξ íà ïî÷òè ýðìèòîâîì ìíîãîîáðàçèè
(M,J, g) íàçîâåì àáñîëþòíûì, åñëè âåêòîðíîå ïîëå Jξ ïñåâäî-òîðñîîáðàçóþùåå.

Îïðåäåëåíèå 3. Âåêòîðíîå ïîëå ξ íà ïî÷òè ýðìèòîâîì ìíîãîîáðàçèè M íàçûâàåòñÿ
ãîëîìîðôíûì, åñëè ýíäîìîðôèçì J ξ-èíâàðèàíòåí, è íàçûâàåòñÿ áèãîëîìîðôíûì, åñëè,
êðîìå òîãî, îí (Jξ)-èíâàðèàíòåí.

Äîêàçàíû ñëåäóþùèå òåîðåìû:

Òåîðåìà 1. Áèãîëîìîðôíîå àáñîëþòíî òîðñîîáðàçóþùåå âåêòîðíîå ïîëå íà êâàçèêåëåðîâîì
ìíîãîîáðàçèè ñïåöêîíöèðêóëÿðíî.

Òåîðåìà 2. Áèãîëîìîðôíîå àáñîëþòíî òîðñîîáðàçóþùåå âåêòîðíîå ïîëå íà ýðìèòîâîì
ìíîãîîáðàçèè ñïåöêîíöèðêóëÿðíî.

Ñïèñîê ëèòåðàòóðû

[1] Â. Ô. Êèðè÷åíêî , Â. Ì. Êóçàêîíü Î ãåîìåòðèè ãîëîìîðôíûõ òîðñîáðàçóþùèõ âåêòîðíûõ
ïîëåé íà ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèÿõ ,- Óêð. ìàòåì. æ., 2013, ò.65, No 7, ñ.1005-1008.

[2] À. Â. Àìèíîâà Ïðîåêòèâíûå ïðåîáðàçîâàíèÿ ïñåâäîðèìàíîâûõ ìíîãîîáðàçèé,- Ìîñêâà,
ßíóñ-Ê, 2003, 619 c.
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Èíâàðèàíòû ãëàäêîé ñóáìåðñèè f : En → R

Â. Ì. Êóçàêîíü, À. Ì. Øåëåõîâ

(ÎÍÀÏÒ, Îäåññà, Óêðàèíà; ÒâÃÓ, Òâåðü, Ðîññèÿ)

E-mail addresses: kuzakon_v@ukr.net; amshelekhov@yandex.ru

Äèôôåðåíöèàëüíûå èíâàðèàíòû ñëîåíèé èçó÷àëèñü îäíèì èç àâòîðîâ íàñòîÿùåé ñòàòüè
â ðàáîòàõ [1]�[8], ìåòîäàìè, îïèñàííûìè â ðàáîòàõ [9], [10]. Â [11] ìû ïîêàçàëè, êàê
èññëåäîâàòü ãåîìåòðèþ ãëàäêèõ ñëîåíèé êëàññè÷åñêèì ìåòîäîì âíåøíèõ ôîðì è ïîäâèæíîãî
ðåïåðà Ýëè Êàðòàíà: íàøëè êàíîíè÷åñêèé âèä ñòðóêòóðíûõ óðàâíåíèé ãëàäêîé ñóáìåðñèè
è âûÿñíèëè ãåîìåòðè÷åñêèé ñìûñë ïðîâåäåííîé êàíîíèçàöèè. Êðîìå òîãî, â [11] äåòàëüíî
ðàññìàòðåíî ðàññëîåíèå äâóìåðíûõ ïîâåðõíîñòåé â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå,
íàéäåíû åãî äèôôåðåíöèàëüíûå èíâàðèàíòû îòíîñèòåëüíî ãðóïïû äâèæåíèé D3, âûÿñíåí
èõ ãåîìåòðè÷åñêèé ñìûñë.

Â íàñòîÿùåé ðàáîòå ìåòîäîì Êàðòàíà ìû íàõîäèì èíâàðèàíòû ãëàäêîé ñóáìåðñèè f :
En → R îòíîñèòåëüíî ïñåâäîãðóïïû Dn × Q, ãäå Dn � ãðóïïà åâêëèäîâûõ äâèæåíèé, Q �
ïñåâäîãðóïïà ëîêàëüíûõ äèôôåîìîðôèçìîâ íà ïðÿìîé.

Äëÿ ýòîãî ìû, â îòëè÷èå îò êëàññè÷åñêîãî ïîäõîäà, èñïîëüçóåì â En ïîäâèæíîé
îðòîãîíàëüíûé ðåïåð, â êîòîðîì âñå âåêòîðû, êðîìå âåêòîðà en , ÿâëÿþòñÿ åäèíè÷íûìè. Ýòîò
âåêòîð íàïðàâëåí ïî íîðìàëè ê ñëîþ ñëîåíèÿ Φ, îïðåäåëÿåìîãî ñóáìåðñèåé. Òàêîé ïîäõîä
äàåò âîçìîæíîñòü ðàññìàòðèâàòü èíâàðèàíòû ïñåâäîãðóïïû Q êàê èíâàðèàíòû êàëèáðîâêè
en → λen.
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Îñîáåííîñòè F -ïëàíàðíûõ îòîáðàæåíèé êâàçèñèìïëåêòè÷åñêèõ ïðîñòðàíñòâ

È.Í.Êóðáàòîâà, Ì. Â. Äîáèê

(ÎÍÓ, Îäåññà, Óêðàèíà)

E-mail address: irina.kurbatova27@gmail.com

Ìû èçó÷àåì F-ïëàíàðíûå îòîáðàæåíèÿ, êîòîðûå áûëè ââåäåíû Ñèíþêîâûì Í.Ñ. è
Ìèêåøåì É. â ([2]).

Ãîâîðÿò, ÷òî ðèìàíîâî ïðîñòðàíñòâî Sn íàäåëåíî ñèìïëåêòè÷åñêîé ñòðóêòóðîé([3]), åñëè
íà í¼ì çàäàíî ïîëå òåíçîðà òèïà (0, 2) Fij , óäîâëåòâîðÿþùåãî óñëîâèÿì:

Fij,k + Fjk,i + Fki,j = 0, Fij + Fji = 0, Fij = Fα
j gαi, |F h

i | 6= 0,

ãäå "," - çíàê êîâàðèàíòíîé ïðîèçâîäíîé ïî ñâÿçíîñòè ïðîñòðàíñòâà Sn.
Ìû ðàññìàòðèâàåì ñòðóêòóðó áîëåå îáùåãî òèïà, îòêàçàâøèñü îò òðåáîâàíèÿ

íåâûðîæäåííîñòè àôôèíîðà, è íàçûâàåì åå êâàçè-ñèìïëåêòè÷åñêîé, à ðèìàíîâî
ïðîñòðàíñòâî, äîïóñêàþùåå òàêóþ ñòðóêòóðó, - êâàçè-ñèìïëåêòè÷åñêèì.

Äàëåå ðàññìàòðèâàþòñÿ F -ïëàíàðíûå îòîáðàæåíèÿ ðèìàíîâûõ ïðîñòðàíñòâ â
ïðåäïîëîæåíèè, ÷òî àôôèíîð F îïðåäåëÿåò êâàçè-ñèìïëåêòè÷åñêóþ ñòðóêòóðó íà Vn è
V n .

Ìû ñòðîèì òàê íàçûâàåìîå èíâàðèàíòíîå ïðåîáðàçîâàíèå([4]) , êîòîðîå ïîçâîëÿåò èç
ïàðû êâàçè-ñèìïëåêòè÷åñêèõ ïðîñòðàíñòâ, íàõîäÿùèõñÿ â íåòðèâèàëüíîì F -ïëàíàðíîì
îòîáðàæåíèè, ïîñòðîèòü íîâóþ ïàðó êâàçè-ñèìïëåêòè÷åñêèõ ìíîãîîáðàçèé, òàêæå
íàõîäÿùèõñÿ â íåòðèâèàëüíîì F -ïëàíàðíîì îòîáðàæåíèè.

Îòìåòèì, ÷òî ãîëîìîðôíî ïðîåêòèâíîå îòîáðàæåíèå êåëåðîâûõ ïðîñòðàíñòâ ñ ñîõðàíåíèåì
ïî÷òè êîìëåêñíîé ñòðóêòóðû ([1]) ïðåäñòàâëÿåò ñîáîé ÷àñòíûé ñëó÷àé èçó÷àåìûõ íàìè
îòîáðàæåíèé. Èçâåñòíî, ÷òî ìåæäó ëþáûìè êåëåðîâûìè ïðîñòðàíñòâàìè ïîñòîÿííîé
ãîëîìîðôíîé êðèâèçíû ìîæíî óñòàíîâèòü íåòðèâèàëüíîå ãîëîìîðôíî-ïðîåêòèâíîå
îòîáðàæåíèå([1]). Ïîýòîìó áåðÿ â êà÷åñòâå èñõîäíîé ïàðû êâàçè-ñèìïëåêòè÷åñêèõ
ìíîãîîáðàçèé êåëåðîâû ïðîñòðàíñòâà ïîñòîÿííîé ãîëîìîðôíîé êðèâèçíû, íàõîäÿùèåñÿ
â ãîëîìîðôíî-ïðîåêòèâíîì îòîáðàæåíèè, è ïðèìåíÿÿ ê ýòîé ïàðå íàøå èíâàðèàíòíîå
ïðåîáðàçîâàíèå, ïîëó÷àåì íîâóþ ïàðó óæå äàæå íå Ýéíøòåéíîâûõ, íå êåëåðîâûõ, íî
êâàçè-ñèìïëåêòè÷åñêèõ ïðîñòðàíñòâ, ñîñòîÿùèõ â íåòðèâèàëüíîì F -ïëàíàðíîì îòîáðàæåíèè.
Íàéäåíà èõ âíóòðåííÿÿ òåíçîðíàÿ õàðàêòåðèñòèêà.
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Êâàçè-ãåîäåçè÷åñêèå îòîáðàæåíèÿ ñïåöèàëüíûõ ðèìàíîâûõ ïðîñòðàíñòâ
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Êâàçè-ãåîäåçè÷åñêèå îòîáðàæåíèÿ áûëè ââåäåíû àêàäåìèêîì À.Ç. Ïåòðîâûì â ([1]) ïðè
èññëåäîâàíèè ïðîáëåìû ìîäåëèðîâàíèÿ (â ñìûñëå ïîâåäåíèÿ ïðîáíûõ ÷àñòèö) ôèçè÷åñêèõ
ïîëåé. Â ðåçóëüòàòå À.Ç. Ïåòðîâ ïðèøåë ê çàäà÷å êâàçè-ãåîäåçè÷åñêèõ îòîáðàæåíèé
ðèìàíîâûõ ïðîñòðàíñòâ V4 ñèãíàòóðû Ìèíêîâñêîãî. Â ([2]) ýòè îòîáðàæåíèÿ áûëè îáîáùåíû
íà ñëó÷àé ïðîèçâîëüíîé ðàçìåðíîñòè è ñèãíàòóðû.

Ïóñòü ðèìàíîâû ïðîñòðàíñòâà
(
Vn, gij

)
è

(
V n, gij

)
íàõîäÿòñÿ â êâàçè-ãåîäåçè÷åñêîì

îòîáðàæåíèè (ÊÃÎ). Òîãäà èõ îñíîâíûå óðàâíåíèÿ â îáùåé ïî îòîáðàæåíèþ ñèñòåìå êîîðäèíàò(
xi
)
èìåþò âèä:

Γ
h
ij(x) = Γhij(x) + ψ(i(x)δhj)(x) + ϕ(i(x)F hj)(x)

F(ij) = F (ij) = 0,

F(ij) = Fαj gαi, F (ij) = Fαj gαi,

ãäå Γ
h
ij ,Γ

h
ij - êîìïîíåíòû îáúåêòîâ ñâÿçíîñòè ïðîñòðàíñòâ V n è Vn ñ ìåòðè÷åñêèìè òåíçîðàìè

gij è gij , ñîîòâåòñòâåííî; ψi, ϕi - êîâåêòîðû; F
h
i - àôôèíîð; êðóãëûìè ñêîáêàìè îáîçíà÷åíî

ñèììåòðèðîâàíèå. Ïðè ϕi = 0 êâàçè-ãåîäåçè÷åñêîå îòîáðàæåíèå âûðîæäàåòñÿ â ãåîäåçè÷åñêîå
([4]), ïðè ψi = 0 ìû íàçûâàåì åãî êàíîíè÷åñêèì ([3]).

Ìû èçó÷àëè ñëó÷àè ñîõðàíåíèÿ ïåðâîé è âòîðîé êîâàðèàíòíîé ïðîèçâîäíîé àôôèíîðà F hi
îòíîñèòåëüíî ðàññìàòðèâàåìûõ îòîáðàæåíèé ïðè óñëîâèè, ÷òî àôôèíîð çàäàåò íà V n è Vn
e-ñòðóêòóðó ([4]), ò.å. F hαF

α
i = eδhi , ãäå e = ±1, 0. Ïðè ýòîì ñîõðàíåíèå ïåðâûõ êîâàðèàíòíûõ

ïðîèçâîäíûõ ïðè ÊÃÎ óñòàíàâëèâàåò çàâèñèìîñòü ìåæäó âåêòîðàìè ψi è ϕi. Äîêàçàíî, ÷òî
ñîõðàíåíèå îòíîñèòåëüíî ÊÃÎ è âòîðûõ êîâàðèàíòíûõ ïðîèçâîäíûõ àôôèíîðà âîçìîæíî
òîëüêî äëÿ àáñîëþòíî ïàðàëëåëüíîé àôôèíîðíîé ñòðóêòóðû.

Êàíîíè÷åñêèå ÊÃÎ ïðè óñëîâèè ñîõðàíåíèÿ îòíîñèòåëüíî íèõ ïåðâûõ è âòîðûõ
êîâàðèàíòíûõ ïðîèçâîäíûõ àôôèíîðà â ñëó÷àå e = 0 âîçìîæíû òîëüêî äëÿ ïðîñòðàíñòâ,
â êîòîðûõ èìåþò ìåñòî ñîîòíîøåíèÿ

F hα,jF
α
i = 0, F hi,αF

α
j = 0,

ïðè÷åì âåêòîð ϕi ñâÿçàí ñ àôôèíîðîì ñîîòíîøåíèÿìè ϕαF
α
i,j = 0. Çäåñü ”, ” - çíàê

êîâàðèàíòíîé ïðîèçâîäíîé ïî ñâÿçíîñòè Γhij .
Ïðè e = −1 óñëîâèÿ ñîõðàíåíèÿ ïåðâûõ è âòîðûõ êîâàðèàíòíûõ ïðîèçâîäíûõ ïðèâîäÿò ê

òðèâèàëüíîñòè êàíîíè÷åñêèõ ÊÃÎ, ò.å. ϕi = 0.

Ñïèñîê ëèòåðàòóðû

[1] À. Ç. Ïåòðîâ. Ìîäåëèðîâàíèå ôèçè÷åñêèõ ïîëåé // Ãðàâèòàöèÿ è òåîðèÿ îòíîñèòåëüíîñòè,
(1968), âûï.4-5. Èçä. Êàçàíñê. óí-òà. Ñ. 7-21.

[2] È. Í. Êóðáàòîâà. Êâàçè-ãåîäåçè÷åñêèå îòîáðàæåíèÿ ðèìàíîâûõ ïðîñòðàíñòâ // Äèññ. íà
ñîèñê. ó÷åí. ñòåï. ê. ô.-ì. í. Îäåñ. ÎÃÓ, 1979 99 ñ.

[3] È. Í. Êóðáàòîâà. Êàíîíè÷åñêèå êâàçè-ãåîäåçè÷åñêèå îòîáðàæåíèÿ ïàðàáîëè÷åñêè
êåëåðîâûõ ïðîñòðàíñòâ // Proc. Intern. Geom. Center.Vol.7,No.1,2014.

[4] Í. Ñ. Ñèíþêîâ. Ãåîäåçè÷åñêèå îòîáðàæåíèÿ ðèìàíîâûõ ïðîñòðàíñòâ // Ì.: Íàóêà, Ìîñêâà,
1979. 256 ñ.

40



Ïî÷òè ýêâèäèñòàíòíûå ïàðàáîëè÷åñêè êåëåðîâû ïðîñòðàíñòâà
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E-mail address: irina.kurbatova27@gmail.com

Ïðè èçó÷åíèè ñïåöèàëüíîãî âèäà êâàçè-ãåîäåçè÷åñêèõ îòîáðàæåíèé ïàðàáîëè÷åñêè
êåëåðîâûõ ïðîñòðàíñòâ ( ìû íàçâàëè èõ êàíîíè÷åñêèìè ([2])) ïîêàçàíî, ÷òî ïî÷òè
ýêâèäèñòàíòíûå îñíîâíîãî òèïà ïàðàáîëè÷åñêè êåëåðîâû ïðîñòðàíñòâà òàêèå îòîáðàæåíèÿ
âñåãäà äîïóñêàþò.

Íàïîìíèì,÷òî ÷åòíîìåðíîå ðèìàíîâî ïðîñòðàíñòâî Kn ñ ìåòðè÷åñêèì òåíîçðîì g(ij)(x)
íàçûâàåòñÿ ïàðàáîëè÷åñêè êåëåðîâûì ( â òåðìèíîëîãèè Â.Â. Âèøíåâñêîãî ( [1]) - À-

ïðîñòðàíñòâîì), åñëè íà íåì îïðåäåëåíà àôôèíîðíàÿ ñòðóêòóðà F hi (x) ìàêñèìàëüíîãî ðàíãà
m(n = 2m), óäîâëåòâîðÿþùàÿ óñëîâèÿì:

Fαi F
h
α = 0, F(ij) = 0, Fij = Fαj gαi,

F hi,j = 0

ãäå <,> - çíàê êîâàðèàíòíîé ïðîèçâîäíîé ïî ñâÿçíîñòè ïðîñòðàíñòâà Kn.
Ýêâèäèñòàíòíîå ðèìàíîâî ïðîñòðàíñòâî ( [3]) îïðåäåëÿåòñÿ íàëè÷èåì â íåì âåêòîðíîãî

ïîëÿ ϕi 6= 0, óäîâëåòâîðÿþùåãî óðàâíåíèÿì ϕi,j = ρgij . Çäåñü ïî íåîáõîäèìîñòè ρ = const.
Îñíîâíîìó òèïó ñîîòâåòñòâóåò ρ 6= 0.

Ìû íàçâàëè ïàðàáîëè÷åñêè êåëåðîâî ïðîñòðàíñòâî ïî÷òè ýêâèäèñòàíòíûì, åñëè â íåì
ñóùåñòâóåò âåêòîðíîå ïîëå ϕi 6= 0, óäîâëåòâîðÿþùåå óðàâíåíèÿì ϕi,j = ρFij . Çäåñü òàêæå ïî
íåîáõîäèìîñòè ρ = const.

Íåòðóäíî âèäåòü, ÷òî åñëè â ýêâèäèñòàíòíîì îñíîâíîãî òèïà Kn ϕi 6= 0, òî îíî áóäåò è
ïî÷òè ýêâèäèñòàíòíûì îñíîâíîãî òèïà, òàê êàê òîãäà ϕi,j = ρFij . Îáðàòíîå, âîîáùå ãîâîðÿ,
íåâåðíî. Òî åñòü êëàññ ïî÷òè ýêâèäèñòàíòíûõ ïàðàáîëè÷åñêè êåëåðîâûõ ïðîñòðàíñòâ ãîðàçäî
øèðå êëàññà ýêâèäèñòàíòíûõ.

Àíàëîãè÷íî òîìó, êàê ýòî ñäåëàíî â [4], ìû ïîëó÷èëè ìåòðèêè ïî÷òè ýêâèäèñòàíòíûõ
ïàðàáîëè÷åñêè êåëåðîâûõ ïðîñòðàíñòâ â ñïåöèàëüíîé ñèñòåìå êîîðäèíàò.
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Îáîáùåííûå øåääîêè

À. Ä. Ìèëêà, Â. À. Ãîðüêàâûé, Ä. Â. Êàëèíèí
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Â äîêëàäå áóäåò ïðåäñòàâëåí îáíàðóæåííûé À.Ä. Ìèëêîé ðÿä îáîáùåííûõ øåääîêîâ. Êàæ-
äûé îáîáùåííûé øåääîê S(n, β) ïðåäñòàâëÿåò ñîáîé íåâûïóêëûé ìíîãîãðàííèê áåç ñàìîïåðå-
ñå÷åíèé, ñîñòàâëåííûé èç äâóõ îñíîâàíèé, êîíãðóýíòíûõ ïðàâèëüíîìó n-óãîëüíèêó ñî ñòîðî-
íàìè äëèíû 1, è áîêîâîãî "ïîÿñà", îáðàçîâàííîãî 2n òðåóãîëüíûìè ãðàíÿìè, êîíãðóýíòíûìè
ðàâíîñòîðîííåìó òðåóãîëüíèêó ñî ñòîðîíàìè äëèíû 1, è 2n "ëåïåñòêàìè", êîíãðóýíòíûìè ðîì-
áó ñî ñòîðîíàìè äëèíû 1, ïåðåëîìàííîìó âäîëü ðåáðà äëèíû L = L(β) ñ îáðàçîâàíèåì äâóãðàí-
íîãî óãëà β. Óêàçàííûé ðÿä îáîáùåííûõ øåääîêîâ âêëþ÷àåò îðòîøåääîê À. Äóàäè S(n, π2 )
[1] è îáîáùàþùåå åãî ñåìåéñòâî øåääîêîâ {S(3, β)}β∈I , èçó÷åíîå À.Ä. Ìèëêîé â [2]. Ïðè
êàæäîì n > 3 òàêæå âîçíèêàåò íåïðåðûâíîå ñåìåéñòâî îáîáùåííûõ ùåääîêîâ {S(n, β)}β∈I ,
âî ìíîãîì íàñëåäóþùèõ êîìáèíàòîðíûå, ñèììåòðèéíûå è ìåòðè÷åñêèå ñâîéñòâà óïîìÿíóòûõ
êëàññè÷åñêèõ øåääîêîâ.

Óñòàíîâëåíî, ÷òî ïðè êàæäîì n ≥ 3 â ñåìåéñòâå {S(n, β)}β∈I ñóùåñòâóåò åäèíñòâåííûé
îáîáùåííûé øåääîê S(n, β0), äîïóñêàþùèé íåòðèâèàëüíîå áåñêîíå÷íî ìàëîå èçãèáàíèå,
ïðè êîòîðîì âåêòîðû ñêîðîñòåé ïðåäïîëàãàþòñÿ íàñëåäóþùèìè ñâîéñòâà ñèììåòðèè
ìíîãîãðàííèêà, à â âåðøèíàõ îñíîâàíèé íàïðàâëåíû ïåðïåíäèêóëÿðíî îñíîâàíèÿì.

Êðîìå òîãî, äëÿ íåïðåðûâíîé äåôîðìàöèè íåæåñòêîãî îáîáùåííîãî øåääîêà S(n, β0) â
ñåìåéñòâå {S(n, β)}β∈I ïîñòðîåíî àïïðîêñèìèðóþùåå å¼ ñïåöèàëüíîå íåïðåðûâíîå ëèíåéíîå
èçãèáàíèå ìíîãîãðàííèêà S(n, β0), ïðè êîòîðîì ïåðåëàìûâàíèþ ïîäâåðãàþòñÿ òîëüêî ëåïåñòêè
S(n, β0) ñ ðàñïîëîæåíèåì ïîäâèæíûõ ðåáåð èçëîìà â îêðåñòíîñòè ãðàíè÷íûõ ðåáåð ëåïåñòêîâ.

Â äîêëàäå [3] íà Ìåæäóíàðîäíîì ìàòåìàòè÷åñêîì êîíãðåññå, êàê è ðàíåå â äîêëàäàõ [4],
[5], îòìå÷àëîñü ÷òî îðòîøåääîê Äóàäè ïðåäñòàâëÿåò ñîáîé ïðèìåð ìîäåëüíîãî ôëåêñîðà �
íåèçãèáàåìîãî ïî Êîøè ìíîãîãðàííèêà, ôèçè÷åñêàÿ ìîäåëü êîòîðîãî ÿâëÿåòñÿ íåóñòîé÷èâîé
è äîïóñêàåò çíà÷èòåëüíûå îáðàòèìûå íåïðåðûâíûå äåôîðìàöèè áåç âèäèìîãî èñêàæåíèÿ
ìàòåðèàëà ïîäîáíî ìîäåëÿì èçãèáàåìûõ ìíîãîãðàííèêîâ � òåîðåòè÷åñêèõ ôëåêñîðîâ Êîííåëè,
Øòåôàíà è äð. Àíàëîãè÷íûé ýôôåêò ìîäåëüíîé ôëåêñîðíîñòè ïðèñóù è îáîáùåííûì øåääî-
êàì S(n, β0). Ïîäîáíî äðóãèì èçâåñòíûì ïðèìåðàì ìîäåëüíûõ ôëåêñîðîâ � çâåçä÷àòûì ïèðà-
ìèäàì Àëåêñàíäðîâà-Âëàäèìèðîâîé, óêàçàííûé ýôôåêò ìîæåò îáúÿñíÿåòñÿ êàê íåæåñòêîñòüþ
ìíîãîãðàííèêà, òàê è íàëè÷èåì óïîìÿíóòûõ âûøå ñïåöèàëüíûõ ëèíåéíûõ èçãèáàíèé.
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Ïóñòü M - ãëàäêîå ðèìàíîâî ìíîãîîáðàçèå ðàçìåðíîñòè n, g - ðèìàíîâà ìåòðèêà, TpM -
êàñàòåëüíîå ïðîñòðàíñâî â òî÷êå p ∈M, ∇ - ñâÿçíîñòü Ëåâè-×èâèòà, îïðåäåëåííàÿ ðèìàíîâîé
ìåòðèêîé g. Âñþäó â ðàáîòå ãëàäêîñòü îçíà÷àåò ãëàäêîñòü êëàññà C∞.

Ïóñòü F -ñëîåíèå ðàçìåðíîñòè k, ãäå 0 < k < n [2]. Îáîçíà÷èì ÷åðåç Lp ñëîé ñëîåíèÿ
F, ïðîõîäÿùèé ÷åðåç òî÷êó p ∈ M, ÷åðåç TqF - êàñàòåëüíîå ïðîñòðàíñòâî ñëîÿ Lp â
òî÷êå q ∈ Lp, ÷åðåç H(q) - îðòîãîíàëüíîå äîïîëíåíèå ïîäïðîñòðàíñòâà TqF. Â ðåçóëüòàòå
âîçíèêàþò ïîäðàññëîåíèÿ TF = {TqF}, TH = {H(q)} êàñàòåëüíîãî ðàññëîåíèÿ TM è èìååì
îðòîãîíàëüíîå ðàçëîæåíèå TM = TF⊕H. Òàêèì îáðàçîì êàæäîå âåêòîðíîå ïîëåX ðàçëîæèìî
â âèäå: X = Xv +Xh, ãäå Xv ∈ TF, Xh ∈ TH. Åñëè Xh = 0 (ñîîòâåòñòâåííî Xv = 0), òî ïîëå
X íàçûâàåòñÿ âåðòèêàëüíûì (ñîîòâåòñòâåííî ãîðèçîíòàëüíûì) âåêòîðíûì ïîëåì.

Â ýòîé ðàáîòå ðàññìîòðèì ñëîåíèå, ïîðîæäåííîå ñóáìåðñèåé è èçó÷èì ñâÿçü ìåæäó
ñåêöèîííûìè êðèâèçíàìè ìíîãîîáðàçèé M è ñëîåâ.Èçó÷åíèþ ãåîìåòðèè è òîïîëîãèè ñëîåíèé,
ïîðîæäåííûõ ñóáìåðñèÿìè, ïîñâÿùåíû ìíîãî÷èñëåííûå èññëåäîâàíèÿ [1-4], â ÷àñòíîñòè â
ðàáîòå [3] ïîëó÷åíû ôóíäàìåíòàëüíûå óðàâíåíèÿ ñóáìåðñèè.

Íàïîìíèì, ÷òî äèôôåðåíöèðóåìîå îòîáðàæåíèå f : M → B ìàêñèìàëüíîãî ðàíãà, ãäåM,B
- ãëàäêèå ìíîãîîáðàçèÿ ðàçìåòíîñòè n,m ñîîòâåòñòâåííî, n > m, íàçûâàåòñÿ ñóáìåðñèåé. Ïî
òåîðåìå î ðàíãå äèôôåðåíöèðóåìîãî îòîáðàæåíèÿ äëÿ êàæäîé òî÷êè p ∈ B ïîëüíûé ïðîîáðàç
f−1(p) ÿâëÿåòñÿ ïîäìíîãîîáðàçèåì ðàçìåðíîñòè k = n−m.

Ïóñòü f : M → Rm-äèôôåðåíöèðóåìîå îòîáðàæåíèå ìàêñèìàëüíîãî ðàíãà. Ñëó÷àé, êîãäà
m = 1 èçó÷åíà â ðàáîòå [4]ïðè óñëîâèè, ÷òî äëÿ êàæäîãî âåðòèêàëüíîãî âåêòîðíîãî ïîëÿ X
âûïîëíåíî óñëîâèå X(|gradf |2) = 0, ò.å. êîãäà äëèíà ãðàäèåíòíîãî âåêòîðíîãî ïîëÿ ïîñòîÿííà
íà êàæäîì ñëîå ïîñòîÿííà. Îòîáðàæåíèå F : M → Rm çàäàåòñÿ ñ ïîìîùüþ m ôóíêöèé:

fi : M → R1, i = 1, 2, ...,m. (1)

Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò ñâÿçü ìåæäó ñåêöèîííûìè êðèâèçíàìè ìíîîáðàçèÿ M è
ïîäìíîãîîáðàçèé Lp = f−1(p), p ∈ Rm.

Òåîðåìà. Ïóñòü M - ìíîãîîáðàçèå íåîòðèöàòåëüíîé (ïîëîæèòåëüíîé) ñåêöèîííîé
êðèâèçíû, f : M → Rm - äèôôåðåíöèðóåìîå îòîáðàæåíèå ìàêñèìàëüíîãî ðàíãà, è
X(|gradfi|2) = 0 äëÿ êàæäîãî âåðòèêàëüíîãî âåêòîðíîãî ïîëÿ X äëÿ âñåõ i = 1, 2, ...m. Òîãäà
êàæäûé ñëîé ñëîåíèÿ F (Lp = f−1(p), p ∈ Rm) ÿâëÿåòñÿ ïîäìíîãîîáðàçèåì íåîòðèöàòåëüíîé
(ïîëîæèòåëüíîé) ñåêöèîííîé êðèâèçíû.
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Î ïàðàëëåëüíûõ ïåðåíåñåíèÿõ íà ðàñïðåäåëåíèè ïëîñêîñòåé

Î. Ì. Îìåëüÿí

(Áàëòèéñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. È. Êàíòà,

Êàëèíèíãðàä, Ðîññèÿ)

E-mail address: olga_omelyan2002@mail.ru

Îòíåñåì n-ìåðíîå ïðîåêòèâíîå ïðîñòðàíñòâî Pn ê ïîäâèæíîìó ðåïåðó R = {A,AI},
èíôèíèòåçèìàëüíûå ïåðåìåùåíèÿ êîòîðîãî îïðåäåëÿþòñÿ ôîðìóëàìè

dA = θA+ ωIAI , dAI = θAI + ωJI AJ + ωIA,

à áàçèñíûå ôîðìû ωI , ωI , ω
J
I ïðîåêòèâíîé ãðóïïû GP (n) óäîâëåòâîðÿþò ñòðóêòóðíûì

óðàâíåíèÿì Êàðòàíà

DωI = ωJ ∧ ωIJ , DωI = ωJI ∧ ωJ , DωIJ = ωKJ ∧ ωIK + δIJωK ∧ ωK + ωJ ∧ ωI .

Ïðîäîëæèì ðàññìîòðåíèå ðàñïðåäåëåíèÿ m-ìåðíûõ ïëîñêîñòåé Pm. Èíäåêñû â

ðàáîòå ïðèíèìàþò ñëåäóþùèå çíà÷åíèÿ : i, · · · = 1,m; a, · · · = m+ 1, n. Â

àññîöèèðîâàííîì ñ ðàñïðåäåëåíèåì ðàññëîåíèè G(NSn) âûäåëÿþòñÿ ÷åòûðå ãëàâíûõ

ôàêòîð-ðàññëîåíèÿ. Â ýòîì ðàññëîåíèè çàäàíà ñâÿçíîñòü îáúåêòîì ñâÿçíîñòè Γ =
{Γijk,Γija,Γij ,Γia,Γabi,Γabc,Γiaj ,Γiab,Γai,Γab}.

Ïðîèçâåäíî êîìïîçèöèîííîå îñíàùåíèå ðàñïðåäåëåíèÿ NSn. Âûðàæåíèÿ äëÿ

äèôôåðåíöèàëîâ òî÷åê îñíàùàþùèõ ïëîñêîñòåé Ba, Bi èìåþò âèä:

dBa = (. . . )baBb + (tiajω
i + tiabω

b)Bi + ((tai − λjtjai)ω
i + (tab − λitiab)ωb)A,

dBi = (. . . )jiBj + (. . . )aiBa + (tijω
j + tiaω

a),

ãäå îáúåêò t íàçûâàåòñÿ òåíçîðîì íåñïåöèàëüíûõ ñìåùåíèé. Ðàíåå áûëî ïîêàçàíî,

÷òî ðàñïðåäåëåíèå ïëîñêîñòåé NSn è åãî êîìïîçèöèîííîå îñíàùåíèå èíäóöèðóþò â

àññîöèèðîâàííîì ðàññëîåíèè G(NSn) ãðóïïîâóþ ñâÿçíîñòü
0
Γ, à òàêæå ïó÷îê ñâÿçíîñòè 1-ãî ñ

îáúåêòîìè
1
Γ .

Îáðàùàÿ â íóëü êîâàðèàíòíûå ïðîèçâîäíûå ∇Jλ îñíàùàþùåãî òåíçîðà λ â

àññîöèèðîâàííîé ñâÿçíîñòè Γ ïîëó÷èì

1
Γij= λij + λkΓ

k
ij ,

1
Γia= λia + λjΓ

j
ia,

1
Γ
i
aj = λiaj − λkaΓikj + λibΓ

b
aj ,

1
Γ
i
ab = λiab − λjaΓijb + λicΓ

c
ab, ...

Âûðàæåíèÿ äëÿ äèôôåðåíöèàëîâ òî÷åê Ba, Bi, çàïèñàííûå ñ ïîìîùüþ êîâàðèàíòíûõ

äèôôåðåíöèàëîâ
1
∇ λ îñíàùàþùåãî òåíçîðà λ â ïó÷êå ñâÿçíîñòåé

1
Γ, èìåþò âèä:

dBa = (. . . )baBb + (
1
∇ λia + tiaJω

J)Bi + (
1
∇ λa − λi

1
∇ λia + (taI − λjtjaI)ω

I)A,

dBi = (. . . )jiBj + (. . . )aiBa + (
1
∇ λi + tiJω

J)A.

Ñëåäîâàòåëüíî, ñïðàâåäëèâà
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Òåîðåìà 1. Ïëîñêîñòü Êàðòàíà Cn−m−1 ïåðåíîñèòñÿ ïàðàëëåëüíî òîãäà è òîëüêî òîãäà,

êîãäà îíà ñìåùàåòñÿ â íîðìàëè 1-ãî ðîäà Íîðäåíà Pn−m, ïðè÷åì ïåðåíåñåíèå (
1
∇ λia|ρ =

0) îñóùåñòâëÿåòñÿ â ïó÷êå ãðóïïîâûõ ïîäñâÿçíîñòåé {Γ0,
1
Γ i

aJ}, åñëè êîìïîçèöèîííîå

îñíàùåíèå b-ñïåöèàëüíîå. Íîðìàëü 2-ãî ðîäà Íîðäåíà Nm−1 ïåðåíîñèòñÿ ïàðàëëåëüíî â ïó÷êå

ãðóïïîâûõ ïîäñâÿçíîñòåé {
0
Γ i

jK ,
1
ΓiJ} òîãäà è òîëüêî òîãäà, êîãäà îíà ñìåùàåòñÿ: a) â

ãèïåðïëîñêîñòè Áîðòîëîòòè Pn−1, åñëè êîìïîçèöèîííîå îñíàùåíèå a-ñïåöèàëüíîå (
1
∇ λi|ρ =

0); á) ïðîèçâîëüíî â ñëó÷àå a-íåñïåöèàëüíîãî êîìïîçèöèîííîãî îñíàùåíèÿ.
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Î ñóùåñòâîâàíèè ñðåäíèõ òðè-òêàíåé Áîëà ñ êàíîíè÷åñêîé ïî÷òè ðåäóêòèâíîé

ñòðóêòóðîé

Å. À. Îíîïðèåíêî

(ÌÏÃÓ, Ìîñêâà, Ðîññèÿ)

E-mail address: katrinonoprienko@mail.ru

Ðàññìàòðèâàþòñÿ ñðåäíèå òðè-òêàíè Áîëà ñ êîâàðèàíòíî ïîñòîÿííûì òåíçîðîì êðèâèçíû,
êîòîðûå îáîçíà÷àþòñÿ íàìè BO

m. Òàê êàê òåíçîð êðèâèçíû òêàíè Áîëà ÿâëÿåòñÿ ñóùåñòâåííîé
÷àñòüþ òåíçîðà êðèâèçíû ñâÿçíîñòè ×åðíà ([1]), òî òåíçîð êðèâèçíû ýòîé ñâÿçíîñòè
òàêæå ÿâëÿåòñÿ êîâàðèàíòíî ïîñòîÿííûì. Áóäåì ãîâîðèòü, ÷òî ìíîãîîáðàçèå àôôèííîé
ñâÿçíîñòè íåñåò ïî÷òè ðåäóêòèâíóþ ñòðóêòóðó, åñëè òåíçîð êðèâèçíû ýòîé ñâÿçíîñòè
ÿâëÿåòñÿ êîâàðèàíòíî ïîñòîÿííûì. Òàêèì îáðàçîì, ìíîãîîáðàçèå òêàíè BO

m ÿâëÿåòñÿ ïî÷òè
ðåäóêòèâíûì ïðîñòðàíñòâîì, äëÿ êîòîðîãî ñâÿçíîñòü ×åðíà ÿâëÿåòñÿ êàíîíè÷åñêîé ïî÷òè
ðåäóêòèâíîé ñâÿçíîñòüþ. Èçâåñòíî ([1]), ÷òî íà áàçå òðåòüåãî ñëîåíèÿ ñðåäíåé òêàíè Áîëà
èìååòñÿ ñèììåòðè÷åñêàÿ ñòðóêòóðà, îïðåäåëÿåìàÿ ñåðäöåâèíîé ýòîé òêàíè. Òàêèì îáðàçîì, ñ
òêàíüþ BO

m ñâÿçàíû äâå ñòðóêòóðû � ñèììåòðè÷åñêàÿ íà áàçå òðåòüåãî ñëîåíèÿ òêàíè è ïî÷òè
ðåäóêòèâíàÿ íà ìíîãîîáðàçèè òêàíè.

Ïóñòü, êàê îáû÷íî ([1], ñòð.9), ñëîåíèÿ òðè-òêàíè BO
m íà ìíîãîîáðàçèè ðàçìåðíîñòè 2r

çàäàíû óðàâíåíèÿìè
ω
1

i = 0, ω
2

i = 0, ω
1

i + ω
2

i = 0,

à ñòðóêòóðíûå óðàâíåíèÿ èìåþò âèä ([1], ñòð.16):

dω
1

i = ω
1

j ∧ ωi
j + aijk ω

1

j ∧ ω
1

k,

dω
2

i = ω
2

j ∧ ωi
j − aijk ω

2

j ∧ ω
2

k,

dωi
j = ωk

j ∧ ωi
k + bijkl ω

1

k ∧ ω
2

l,

çäåñü è äàëåå i, j, k = 1, 2, 3 . . . r. Âåðíà

Òåîðåìà 1. Òåíçîðû êðó÷åíèÿ è êðèâèçíû òêàíè BO
m ñâÿçàíû ñëåäóþùèìè

äèôôåðåíöèàëüíûìè è êîíå÷íûìè ñîîòíîøåíèÿìè:

∇aijk = −bi[jk]`
(
`−`

)
,∇bijkl = 0; (1)

bij(kl) = 0, bi[jk`] = 2am[jka
i
|m|`], apjkb

i
p`m = aipkb

p
j`m − aipjb

p
k`m,

bijkpa
p
`m = 0, bijkpb

p
lmq = 0, biprsb

p
jkl = bipklb

p
jrs.

Ýòà ñèñòåìà çàìêíóòà îòíîñèòåëüíî îïåðàöèè âíåøíåãî äèôôåðåíöèðîâàíèÿ.
Ñëåäîâàòåëüíî, òêàíè BO

m ñóùåñòâóþò ñ ïðîèçâîëîì N ïîñòîÿííûõ, ãäå N � ÷èñëî
íåçàâèñèìûõ ïôàôôîâûõ óðàâíåíèé (1) � îïðåäåëÿåòñÿ èç ïðèâåäåííîé ñèñòåìû êîíå÷íûõ
ñîîòíîøåíèé. Òàêèì îáðàçîì, êëàññèôèêàöèÿ òêàíåé BO

m ñâîäèòñÿ ê àíàëèçó ýòèõ
ñîîòíîøåíèé, òî åñòü ê êëàññèôèêàöèè ñîîòâåòñòâóþùèõ àëãåáð Áîëà.

Ñïèñîê ëèòåðàòóðû
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Î ñïåêòðå îïåðàòîðà êðèâèçíû êîíôîðìíî ïëîñêèõ ëåâîèíâàðèàíòíûõ

ðèìàíîâûõ ìåòðèê 4-ìåðíûõ ãðóïï Ëè
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Èññëåäîâàíèå êîíôîðìíî ïëîñêèõ ðèìàíîâûõ ìíîãîîáðàçèé, ò.å. ìíîãîîáðàçèé ñ
òðèâèàëüíûì òåíçîðîì Âåéëÿ ÿâëÿåòñÿ îäíîé èç àêòóàëüíûõ çàäà÷ ðèìàíîâîé ãåîìåòðèè
[1]. Ñïåêòðû (íàáîðû ñîáñòâåííûõ çíà÷åíèé) äèôôåðåíöèàëüíûõ îïåðàòîðîâ íà ðèìàíîâûõ
ìíîãîîáðàçèÿõ òàêæå èíòåíñèâíî èçó÷àþòñÿ â ïîñëåäíåå âðåìÿ [2]. Îñîáûé èíòåðåñ ñðåäè íèõ
ïðåäñòàâëÿåò ñïåêòð îïåðàòîðà êðèâèçíû.

Â íàñòîÿùåé ðàáîòå èññëåäîâàí ñïåêòð îïåðàòîðà êðèâèçíû êîíôîðìíî ïëîñêèõ
ëåâîèíâàðèàíòíûõ ðèìàíîâûõ ìåòðèê 4-ìåðíûõ ãðóïï Ëè.

Èñïîëüçóÿ èíâàðèàíòíîñòü ðèìàíîâîé ìåòðèêè, âîïðîñ îá èçó÷åíèè ñïåêòðà îïåðàòîðà
êðèâèçíû íà ãðóïïå Ëè ñâîäèòñÿ ê ñîîòâåòñòâóþùåìó âîïðîñó íà àëãåáðå Ëè ãðóïïû
Ëè. Äàëåå, ïðèìåíÿÿ ðåçóëüòàòû ðàáîò [3, 4, 5], â ñîîòâåòñòâóþùèõ áàçèñàõ îïðåäåëåíû
êîìïîíåíòû ñïåêòðà îïåðàòîðà êðèâèçíû 4-ìåðíûõ àëãåáð Ëè ãðóïï Ëè, íàäåëåííûõ
êîíôîðìíî ïëîñêîé ëåâîèíâàðèàíòíûé ðèìàíîâîé ìåòðèêîé. Â ÷àñòíîñòè, óñòàíîâëåíî
íà êàêèõ 4-ìåðíûõ êîíôîðìíî ïëîñêèõ àëãåáðàõ Ëè ìåòðèêè ÿâëÿþòñÿ (àíòè)òîðïîâûìè,
ò.å. äëÿ êàêèõ 4-ìåðíûõ êîíôîðìíî ïëîñêèõ àëãåáðàõ Ëè îïåðàòîðû Õîäæà è êðèâèçíû
(àíòè)êîììóòàòèâíû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà ÐÔ äëÿ ïîääåðæêè
ìîëîäûõ ðîññèéñêèõ ó÷åíûõ è âåäóùèõ íàó÷íûõ øêîë (ãðàíò ÍØ�2263.2014.1), Grant of
the Russian Federation for the State Support of Researches (Agreement No 14.B25.31.0029),
à òàêæå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäåðàöèè â ðàìêàõ áàçîâîé
÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå íàó÷íîé äåÿòåëüíîñòè ÔÃÁÎÓ ÂÏÎ ¾Àëòàéñêèé
ãîñóäàðñòâåííûé óíèâåðñèòåò¿ (êîä ïðîåêòà: 1148).
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Â. È. Ïàíüæåíñêèé, Î. Ï. Ñóðèíà

(Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ïåíçà, Ðîññèÿ)

E-mail address: kaf_geom@mail.ru.

Êàê èçâåñòíî, ñ ñîçäàíèåì îáùåé òåîðèè îòíîñèòåëüíîñòè âïåðâûå áûëî ãåîìåòðèçîâàíî
ãðàâèòàöèîííîå ïîëå. Ãåîìåòðèÿ ïðîñòðàíñòâà-âðåìåíè â ÎÒÎ îïðåäåëÿåòñÿ ðàñïðåäåëåíèåì
è äâèæåíèåì ìàòåðèè è ÿâëÿåòñÿ ãåîìåòðèåé ÷åòûðåõìåðíîãî (ïñåâäî)ðèìàíîâà ìíîãîîáðàçèÿ
ëîðåíöåâîé ñèãíàòóðû.

Çàòåì áûëà ïîñòàâëåíà çàäà÷à ãåîìåòðèçàöèè åäèíîé òåîðèè ãðàâèòàöèè è
ýëåêòðîìàãíåòèçìà. Èìåííî â ðàìêàõ ðåøåíèÿ ýòîé çàäà÷è âîçíèêëè íîâûå íåðèìàíîâû
ãåîìåòðèè. Ïåðâóþ òàêóþ ãåîìåòðèþ ïðåäëîæèë â 1918 ãîäó Ã. Âåéëÿ. Âåéëü îáðàòèë
âíèìàíèå íà èíâàðèàíòíîñòü óðàâíåíèé Ìàêñâåëëà äëÿ áåç ìàññîâûõ ÷àñòèö îòíîñèòåëüíî
êîíôîðìíûõ (ìàñøòàáíûõ) ïðåîáðàçîâàíèé è ïðåäëîæèë áîëåå îáùóþ òåîðèþ, â êîòîðîì
êðîìå ïðåîáðàçîâàíèé êîîðäèíàò, åùå äîïóñêàåòñÿ èçìåíåíèå ìàñøòàáà, à ïðè ïàðàëëåëüíîì
ïåðåíåñåíèè âåêòîðîâ èçìåíÿþòñÿ äëèíû âåêòîðîâ. Òàêèì îáðàçîì ïðîñòðàíñòâî Âåéëÿ �
ýòî ãëàäêîå n-ìåðíîå ìíîãîîáðàçèå M ñ çàäàííûì íà íåì (ïñåâäî)ðèìàíîâîé ìåòðèêîé g(gij)

è ñâÿçíîñòüþ ∇(Γ
k
ij) áåç êðó÷åíèÿ òàêîé, ÷òî

∇kgij = 2Akgij , (1)

ãäå êîâåêòîð Ak ñ òî÷íîñòüþ äî ðàçìåðíîãî ìíîæèòåëÿ îòîæäåñòâëÿåòñÿ ñ âåêòîðíûì
ïîòåíöèàëîì ýëåêòðîìàãíèòíîãî ïîëÿ ([1]).

Äèôôåîìîðôèçì ϕ ìíîãîîáðàçèÿ M íàçûâàåòñÿ àâòîìîðôèçìîì ïðîñòðàíñòâà Âåéëÿ(
M, g,∇

)
, åñëè ϕ îñòàâëÿåò èíâàðèàíòíûì g è ∇. Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà. Ìàêñèìàëüíàÿ ðàçìåðíîñòü ãðóïïû Ëè àâòîìîðôèçìîâ n-ìåðíîãî ìíîãîîáðàçèÿ
Âåéëÿ ðàâíà n(n−1)

2 + 1.

Ñïèñîê ëèòåðàòóðû

[1] À.Ï. Íîðäåí, Ïðîñòðàíñòâà àôôèííîé ñâÿçíîñòè, Íàóêà, Ì., 1976.
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À-äåôîðìàöèè ïðÿìîãî êðóãîâîãî öèëèíäðà

ñî ñòàöèîíàðíûìè ãåîäåçè÷åñêèìè ëèíèÿìè

Ò. Þ. Ïîäîóñîâà

(ÎÃÀÑÀ, Îäåññà, Óêðàèíà)

E-mail address: tatyana_top@mail.ru

Í. Â. Âàøïàíîâà

(ÎÍÀÏÒ, Îäåññà, Óêðàèíà)

Ïðÿìîé êðóãîâîé (ï.ê.) öèëèíäð èìååò áîëüøîå ïðèìåíåíèå â òåõíèêå. Íåôòÿíàÿ
öèñòåðíà, áîêîâûå ïîâåðõíîñòè ðàçëè÷íûõ òðóá, îñü â ìåõàíèçìå è ìàøèíå, îáîä
ìàõîâèêà, ïîâåðõíîñòü ïîäøèïíèêà îñè, êîíñåðâíàÿ áàíêà - âñå ýòè ïðåäìåòû èìåþò
ôîðìó ï.ê. öèëèíäðà. Âèíòîâûå ëèíèè, îáðàçóþùèå, îêðóæíîñòè, ëåæàùèå â ïëîñêîñòè,
ïåðïåíäèêóëÿðíîé îñè öèëèíäðà, ÿâëÿþòñÿ ãåîäåçè÷åñêèìè ëèíèÿìè íà ï.ê. öèëèíäðå òàêæå
êàê ïðÿìûå íà ïëîñêîñòè è áîëüøèå êðóãè íà ñôåðå. Ãåîäåçè÷åñêèå ëèíèè íà ïîâåðõíîñòè ï.ê.
öèëèíäðà î÷åíü ÷àñòî áûâàþò êðàò÷àéøèìè ëèíèÿìè ìåæäó äâóìÿ òî÷êàìè.

Â ðàáîòå ([1]) çàäà÷à î ñóùåñòâîâàíèè À-äåôîðìàöèé ðåãóëÿðíûõ ïîâåðõíîñòåé S êëàñó
C3 â E3-ïðîñòðàíñòâå ñî ñòàöèîíàðíûìè ãåîäåçè÷åñêèìè ëèíèÿìè ïðèâîäèòñÿ ê ðåøåíèþ
ñëåäóþùåé ñèñòåìû óðàâíåíèé{

Tαi,α − biαTα = 0, bαβT
αβ + Tα,α = 0, cαβT

αβ = 0,

Tαβ,k (ciαgjβ + cjαgiβ) =
1
2 (2ψkgij + ψigjk + ψjgik)

îòíîñèòåëüíî ψ-íåêîòîðîãî ãðàäèåíòíîãî âåêòîðà è òåíçîðíûõ ïîëåé Tαβ, Tα(α, β = 1, 2), ÷åðåç
êîòîðûå âûðàæàþòñÿ ÷àñòíûå ïðîèçâîäíûå âåêòîðà ñìåùåíèÿ:

yi = ciαT
αβrβ + ciαT

αn.

Â ÷àñòíîñòè áûëî äîêàçàíî, ÷òî íåòðèâèàëüíûå À-äåôîðìàöèè ïåðâîãî ïîðÿäêà ñî
ñòàöèîíàðíûìè ãåîäåçè÷åñêèìè ëèíèÿìè äîïóñêàþò òîëüêî ðåãóëÿðíûå ïîâåðõíîñòè S ∈ C3

íóëåâîé ãàóññîâîé êðèâèçíû (K = 0) è òîëüêî îíè.
Â êà÷åñòâå ïðèìåðà ðàññìîòðèì äåôîðìàöèè óêàçàíîãî âèäà ï.ê. öèëèíäðà, çàäàííîãî

óðàâíåíèåì
r = (R cos v,R sin v, u),

ãäå R-ðàäèóñ îñíîâàíèÿ öèëèíäðà. Äîêàçàíà ñëåäóþùàÿ
Òåîðåìà:Ðåãóëÿðíûé ïðÿìîé êðóãîâîé öèëèíäð äîïóñêàåò íåòðèâèàëüíûå À-äåôîðìàöèè

ñî ñòàöèîíàðíûìè ãåîäåçè÷åñêèìè ëèíèÿìè. Òåíçîðíûå ïîëÿ ïðè ýòîì âûðàæàþòñÿ ÷åðåç
íàïåðåä çàäàííóþ ôóíêöèþ ϕ = ϕ(v) ∈ C3:

T 1 = u(ϕ+ ϕ′), T 2 = −ϕ′, T 11 = −Rϕ, T 22 = − 1

R
ϕ, T 12 = A = const,

à ψ-íåêîòîðûé ïîñòîÿííûé âåêòîð.

Ñïèñîê ëèòåðàòóðû

[1] Ò. Þ. Âàøïàíîâà Ïðî íåñêií÷åííî ìàëi ãåîäåçè÷íi äåôîðìàöi¨ ïîâåðõîíü.,-// Ìàòåðiàëè
ÕII Ìiæíàðîäíî¨ êîíôåðåíöi¨ iì. àêàäåìiêà Ì. Êðàâ÷óêà.�Êè¨â(15-17 òðàâíÿ), 2008, ñ.535.
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Ïðî iñíóâàííÿ À-äåôîðìàöié ïåðøîãî ïîðÿäêó ïîâåðõîíü äîäàòíüî¨ ãàóñîâî¨

êðèâèíè ç êðà¹ì

Ò. Þ. Ïîäîóñîâà

(Îäåñüêà äåðæàâíà àêàäåìiÿ áóäiâíèöòâà òà àðõiòåêòóðè, Îäåñà, Óêðà¨íà)

E-mail address: tatyana_top@mail.ru

Ë. Ë. Áåçêîðîâàéíà

(Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I.I.Ìå÷íèêîâà, Îäåñà, Óêðà¨íà)

Í. Â. Âàøïàíîâà

(Îäåñüêà íàöiîíàëüíà àêàäåìiÿ õàð÷îâèõ òåõíîëîãié, Îäåñà, Óêðà¨íà)

Íåõàé îäíîçâ'ÿçíà ïîâåðõíÿ S ðàçîì çi ñâî¹þ ãðàíèöåþ ∂S ¹ ñòðîãî âíóòðiøíüîþ ÷àñòèíîþ
äåÿêî¨ ïîâåðõíi S0 äîäàòíüî¨ ãàóñîâî¨ êðèâèíè êëàñó C`+4

λ (0 < λ < 1, ` ≥ 0) çàäàíî¨ â E3

ïðîñòîði [1]. Áóäåìî ðàõóâàòè, ùî çà äîïîìîãîþ ñïðÿæåíî¨ içîòåðìi÷íî¨ ïàðàìåòðèçàöi¨ S ç
ãðàíèöåþ ∂S ãîìåîìîðôíî âiäîáðàæåíà íà îáëàñòü G ïëîùèíè ç ãðàíèöåþ ∂G.

Ðîçãëÿíåìî íåñêií÷åííî ìàëó (í.ì.) àðåàëüíó äåôîðìàöiþ (À-äåôîðìàöiþ) ïåðøîãî
ïîðÿäêó S çà óìîâè, ùî âçäîâæ ¨¨ ãðàíèöi áóäå ñòàöiîíàðíèé ïîâíèé ãåîäåçè÷íèé ñêðóò K̃
([2]), òîáòî

δK̃ = 0 ( ∂G), (1)

äå δK̃ - ïåðøà âàðiàöiÿ ïîâíîãî ñêðóòó K̃ ïîâåðõíi S.
Âðàõîâóþ÷è çàïèñ îñíîâíèõ ðiâíÿíü À-äåôîðìàöié S â êîìïëåêñíîìó âèãëÿäi ([3]),

ïîñòàâëåíà çàäà÷à çâîäèòüñÿ äî ðîçâ'ÿçóâàííÿ íàñòóïíî¨ êðàéîâî¨ çàäà÷i âiäíîñíî ôóíêöi¨ ω:{
∂ω
∂z −Aω −Bω = F, (G)

Re(λω) = γ, (∂G)
(2)

äå ôóíêöi¨ F i γ çàëåæàòü âiä íàïåðåä çàäàíèõ äâîõ ôóíêöié, A i B-âiäîìi ôóíêöi¨ òî÷êè
ïîâåðõíi S i ìàþòü òàêèé æå âèãëÿä, ÿê i â ([1]). Äîâåäåíi íàñòóïíi

Òåîðåìà 1. Îäíîçâ'ÿçíà ïîâåðõíÿ S êëàñó C`+4
λ (0 < λ < 1, ` ≥ 0) äîäàòíüî¨ ãàóñîâî¨ êðèâèíè i

áåç òî÷îê çàîêðóãëåííÿ ç ãðàíèöåþ ∂S ∈ C`+4
λ äîïóñêà¹ íåòðèâiàëüíó À-äåôîðìàöiþ ïåðøîãî

ïîðÿäêó â êëàñi C`+3
λ (G) ïîâåðõîíü çi ñòàöiîíàðíèì ïîâíèì ãåîäåçè÷íèì ñêðóòîì âçäîâæ

ãðàíèöi ∂S. Êîìïîíåíòè âåêòîðà çìiùåííÿ ïðè öüîìó çàëåæàòü âiä äâîõ íàïåðåä çàäàíèõ

ôóíêöié êëàñó C`+3
λ (G) i âiä îäíi¹¨ äîâiëüíî¨ ñòàëî¨.

Òåîðåìà 2. Ïðè í.ì. àðåàëüíié äåôîðìàöi¨ ïîâåðõíi S ∈ C`+4
λ (0 < λ < 1, ` ≥ 0) äîäàòíüî¨

ãàóñîâî¨ êðèâèíè áåç òî÷îê çàîêðóãëåííÿ çi ñòàöiîíàðíèì ïîâíèì ñêðóòîì íà ∂S ãîëîâíi

íàïðÿìè ãåîäåçè÷íîãî ñêðóòó âçäîâæ ãðàíèöi ∂S ïîâåðõíi çáåðiãàþòüñÿ.

Ñïèñîê ëiòåðàòóðè

[1] È. Í. Âåêóà Îáîáùåííûå àíàëèòè÷åñêèå ôóíêöèè.,-//Ì.: Íàóêà, 1988.� 509 ñ.

[2] Ò. Þ. Âàøïàíîâà À-äåôîðìàöi¨ ïîâåðõîíü ç ñòàöiîíàðíèì ïîâíèì ñêðóòîì.,-// Ìàòåðiàëè
âñåóêðà¨íñüêî¨ íàêîâî¨ êîíôåðåíöi¨ ìîëîäèõ â÷åíèõ i ñòóäåíòiâ ç äèôåðåíöiàëüíèõ ðiâíÿíü
òà ¨õ çàñòîñóâàíü.�Äîíåöüê, 2008, ñ.31-32.

[3] Ë. Ë. Áåçêîðîâàéíàÿ Î áåñêîíå÷íî ìàëûõ àðåàëüíûõ äåôîðìàöèÿõ îâàëüíûõ

ïîâåðõíîñòåé.,-// Èçâåñòèÿ âóçîâ, Ìàòåìàòèêà, 1983 ã., �5(252), ñòð. 69-71.
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Ïðèáëèæåíèå âòîðîãî ïîðÿäêà äëÿ ðèìàíîâà ïðîñòðàíñòâà íåíóëåâîé ïîñòîÿííîé

êðèâèçíû

Ïîêàñü Ñ. Ì., Êðóòîãîëîâà À. Â.

(Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè È.È. Ìå÷íèêîâà, Îäåññà, Óêðàèíà)

E-mail address: pokas@onu.edu.ua, 01link01@rambler.ru

Ðàññìîòðèì ðèìàíîâî ïðîñòðàíñòâî Vn(x; g). Â îêðåñòíîñòè åãî ïðîèçâîëüíîé òî÷êè M0

ñòðîèòñÿ ïðîñòðàíñòâî âòîðîãî ïðèáëèæåíèÿ Ṽ 2
n (y; g̃):

g̃ij(y) = gij
◦

+
1

3
Riαβj
◦

yαyβ, (1)

ãäå gij
◦

= gij(M0), Riαβj
◦

= Riαβj(M0).

Èçâåñòíî, ÷òî â Ṽ 2
n ñóùåñòâóåò àíàëèòè÷åñêèé âåêòîð Êèëëèíãà ξ̃h(y) âèäà:

ξ̃h(y) =
∞∑
p=0

ah
p
, (2)

ãäå

ah
p

= ah·l1...lpy
l1 · . . . · ylp , ah

◦
= ah· (3)

òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ óñëîâèÿ

ah
2p

=
(−1)(p+1)

2p− 1
aαt(p)hα (4)

ah
2p+1

= 0 (5)

a(ij) = 0 (6)

aα· (iRj)(l1l2)α
◦

+aα· (l1 Rl2)(ij)α
◦

= 0 (7)

aα
2k−1 (itj)α + aα

2k
µαij = 0 (8)

Çäåñü thk =
1

3
Rh·l1l2k
◦

yl1yl2 , µhij =
1

3
Rh·(ij)l
◦

yl, t
(p)h
k = thαt

(p−1)α
k (p = 2, 3, . . .)

Êîãäà èñõîäíîå Vn - ïðîñòðàíñòâî íåíóëåâîé ïîñòîÿííîé êðèâèçíû, óðàâíåíèÿ (7)

âûïîëíÿþòñÿ òîæäåñòâåííî äëÿ ëþáûõ aij , óäîâëåòâîðÿþùèõ (6), à èç (8) ñëåäóåò, ÷òî a
h
· = 0.

Ïîýòîìó èç (2) ïîëó÷àåì, ÷òî ξ̃h(y) = ah·ly
l, ò.å. ïðèõîäèì ê ãðóïïå ëèíåéíûõ îäíîðîäíûõ

äâèæåíèé

y′h = yh +

∞∑
p=1

tpa(p)hl
p!

yl

(
a(p)hl = ah·αa

(p−1)α
l , p = 2, 3, . . .

)
Ò.î. äîêàçàíû

Òåîðåìà 1. Ïðîñòðàíñòâî âòîðîãî ïðèáëèæåíèÿ Ṽ 2
n äëÿ ïðîñòðàíñòâà íåíóëåâîé

ïîñòîÿííîé êðèâèçíû Vn äîïóñêàåò ãðóïïó ëèíåéíûõ îäíîðîäíûõ äâèæåíèé Gr ïîðÿäêà

r = n(n−1)
2 .

Òåîðåìà 2. Ïðîñòðàíñòâî âòîðîãî ïðèáëèæåíèÿ äëÿ ïðîñòðàíñòâà íåíóëåâîé ïîñòîÿííîé

êðèâèçíû ÿâëÿåòñÿ ñóáïðîåêòèâíûì ïðîñòðàíñòâîì Â. Ô. Êàãàíà.

51



Ìåòðè÷åñêè ïðàâèëüíûå ñðåäèííî/òðèàäíî-óñå÷åííûå ñèìïëåêñû

Þ. Ñ. Ðåçíèêîâà

(Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, Êèåâ, Óêðàèíà)

E-mail address: yurss@mail.ru

Ðàññìîòðèì âåêòîðíîå ìåòðè÷åñêîå ïðîñòðàíñòâî {V n(<), ρ}, n ≥ 2, ãäå ρ�ôèêñèðîâàííàÿ
ìåòðèêà.

Ìíîæåñòâî Sρ = {~x ∈ V n(<) : ρ(~x) = c}, c = const > 0, ïðåäñòàâëÿåò ñîáîé ρ−ñôåðó
ðàäèóñà c â {V n(<), ρ}.

Îáîçíà÷èì ÷åðåç P
(n)
m n−ìåðíûé ìíîãîãðàííèê ñ m âåðøèíàìè, m ≥ n+ 1.

Îïðåäåëåíèå 1. n−ìåðíûé ìíîãîãðàííèê P
(n)
m â âåêòîðíîì ìåòðè÷åñêîì ïðîñòðàíñòâå

{V n(<), ρ}, óäîâëåòâîðÿþùèé óñëîâèÿì:

• âåðøèíû ìíîãîãðàííèêà P
(n)
m ëåæàò íà îïèñàííîé ρ−ñôåðå,

• ρ−äëèíû 1−ãðàíåé (ðåáåð) ìíîãîãðàííèêà P
(n)
m ðàâíû,

íàçûâàåòñÿ ìåòðè÷åñêè ïðàâèëüíûì (ρ−ïðàâèëüíûì).

Óòâåðæäåíèå 1. n−ìåðíûé ñðåäèííî/òðèàäíî-óñå÷åííûé ñèìïëåêñ â âåêòîðíîì
ìåòðè÷åñêîì ïðîñòðàíñòâå {V n(<), ρ}, n ≥ 2, ãäå ρ �� ôèêñèðîâàííàÿ ìåòðèêà, âïèñàííûé
â ïðîèçâîëüíûé ìåòðè÷åñêè ïðàâèëüíûé n−ìåðíûé ñèìïëåêñ, ÿâëÿåòñÿ ìåòðè÷åñêè
ïðàâèëüíûì.

Â ïðîöåññå èññëåäîâàíèÿ ìåòðè÷åñêè ïðàâèëüíûõ ñðåäèííî/òðèàäíî-óñå÷åííûõ
ñèìïëåêñîâ êîîðäèíàòû óêàçàííûõ ìíîãîãðàííèêîâ áûëè îïðåäåëåíû â ÿâíîì
âèäå äëÿ ñëó÷àÿ n−ìåðíûõ åâêëèäîâîãî ïðîñòðàíñòâà è σ−ïðîñòðàíñòâà, ãäå
σ = max{0;w1; ....;wn} −min{0;w1; ....;wn} [1].

Ïðè ýòîì èñïîëüçîâàíî ìàòðè÷íîå ïðåîáðàçîâàíèå âåêòîðíîãî ìåòðè÷åñêîãî n−ìåðíîãî
σ−ïðîñòðàíñòâà â n−ìåðíîå åâêëèäîâî.

Ëåììà 1. ∀n ≥ 2 ïðîèçâîëüíàÿ òî÷êà P (w0
1; ....;w

0
n) âåêòîðíîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà

{V n(<), σ} ìîæåò áûòü ïåðåâåäåíà â òî÷êó P̃ (x01; ....;x
0
n) âåêòîðíîãî ìåòðè÷åñêîãî

ïðîñòðàíñòâà {V n(<), ρ}, ãäå ρ �� åâêëèäîâà ìåòðèêà, ïðè ïîìîùè ìàòðè÷íîãî
ïðåîáðàçîâàíèÿ âèäà A× P T = P̃ T .

Ïðè÷åì ýëåìåíòû ìàòðèöû A èìåþò âèä:
aii =

√
(n−i+1)(n+1)
(n−i+2)·n , i = 1, n,

ai(i+1) = −
√

n+1
(n−i+1)(n−i+2)·n , i = 1, n− 1,

aij = 0, j < i, i = 2, n,
aij = ai(i+1), i+ 1 < j ≤ n, i = 1, n− 1.

Ñïèñîê ëèòåðàòóðû

[1] À. Ï. Âåëèêèé, À. Ô. Òóðáèí Ïðåîáðàçîâàíèÿ À.È.Ëîáàíîâà. � Êèáåðíåòèêà è ñèñòåìíûé
àíàëèç, (2004), � 5, Ñ. 160-168.
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Êëàññèôèêàöèÿ ïðè÷èí âîçíèêíîâåíèÿ áåñêîíå÷íûõ ëîðåíöåâûõ ðàññòîÿíèé

À. Í. Ðîìàíîâ

(ÎìÃÓ, Îìñê, Ðîññèÿ)

E-mail address: aroms@yandex.ru

Ðàáîòà ïîñâÿùåíà ðàññìîòðåíèþ ïðîñòðàíñòâ, íàäåëåííûõ ëîðåíöåâîé ìåòðèêîé.
Èññëåäîâàíèå íàïðàâëåíî íà èçó÷åíèå ïðè÷èí âîçíèêíîâåíèÿ áåñêîíå÷íûõ ëîðåíöåâûõ
ðàññòîÿíèé â ïîäîáíûõ ïðîñòðàíñòâàõ. Â ïðèëîæåíèÿõ ëîðåíöåâîé ãåîìåòðèè ïðèñóòñòâóåò
èäåÿ îòîæäåñòâëåíèÿ ëîðåíöåâà ðàññòîÿíèÿ ñ ñîáñòâåííûì âðåìåíåì, êîòîðîå ïðîæèâàåò
îáúåêò, äâèæóùèéñÿ ïî íåêîòîðîé ïðîñòðàíñòâåííî-âðåìåííîé òðàåêòîðèè.

Ïåðâûé òèï ïðîñòðàíñòâ õàðàêòåðèçóåòñÿ íàëè÷èåì çàìêíóòûõ âðåìåíèïîäîáíûõ êðèâûõ.
Ëîðåíöåâî ðàññòîÿíèå ìåæäó ëþáûìè äâóìÿ òî÷êàìè, ëåæàùèìè íà òàêîé êðèâîé, ðàâíî
áåñêîíå÷íîñòè: d(a, b) = sup L(γab) =∞. Òàêèå ïðîñòðàíñòâà íå ÿâëÿþòñÿ õðîíîëîãè÷åñêèìè.

Âòîðîé òèï: ïðîñòðàíñòâà ñîäåðæàò îäíî èëè íåñêîëüêî �íåïðåðûâíûõ� ìíîæåñòâ
çàìêíóòûõ èçîòðîïíûõ êðèâûõ. Íåïðåðûâíîñòü ïîíèìàåòñÿ çäåñü â ñìûñëå C0− òîïîëîãèè
íà êðèâûõ (ñì. [1]). Ïðè÷èíîé âîçíèêíîâåíèÿ áåñêîíå÷íûõ ëîðåíöåâûõ ðàññòîÿíèé ñëóæèò
ïîâåäåíèå ìåòðèêè â îáëàñòè, ñîñòîÿùåé èç çàìêíóòûõ èçîòðîïíûõ êðèâûõ.

Òðåòèé òèï: ïðîñòðàíñòâà ñîäåðæàò çàìêíóòûå èçîòðîïíûå êðèâûå, èçîëèðîâàííûå
îò ñåáå ïîäîáíûõ. Ïðè÷èíîé âîçíèêíîâåíèÿ áåñêîíå÷íûõ ëîðåíöåâûõ ðàññòîÿíèé ìåæäó
íåêîòîðûìè òî÷êàìè ñëóæèò �ýêñòðåìàëüíîå� ïîâåäåíèå ìåòðèêè â íåïîñðåäñòâåííîé áëèçîñòè
îò çàìêíóòîé èçîòðîïíîé êðèâîé.

×åðâåðòûé òèï: ïðîñòðàíñòâà íå ñîäåðæàò çàìêíóòûõ ïðè÷èííûõ êðèâûõ, îäíàêî ìîãóò
ñîäåðæàòü çàõâà÷åííûå (â ïðîøëîì èëè áóäóùåì) ïðè÷èííûå êðèâûå, òî åñòü äîïóñòèìî
ÿâëåíèå çàõâàòà. Òàêèå ïðîñòðàíñòâà ÿâëÿþòñÿ ïðè÷èííûìè, íî íå ÿâëÿþòñÿ íè óñòîé÷èâî
ïðè÷èííûìè, íè ñèëüíî ïðè÷èííûìè, òî åñòü ìàëûå èçìåíåíèÿ ìåòðèêè ìîãóò ïðèâîäèòü ê
çàìêíóòûì ïðè÷èííûì êðèâûì. Êàê ðàç èç-çà òàêèõ �íåóñòîé÷èâî ïðè÷èííûõ� îáëàñòåé è
âîçíèêàþò áåñêîíå÷íûå ëîðåíöåâû ðàññòîÿíèÿ.

Ïÿòûé òèï ïðîñòðàíñòâ õàðàêòåðèçóåòñÿ ñîâìåñòíûìè óñëîâèÿìè, ñêëàäûâàþùèìèñÿ â
òîïîëîãè÷åñêîé è ïðè÷èííîé ñòðóêòóðå ïîñòðàíñòâà: ïðè íàëè÷èè â ïðîñòðàíñòâå-âðåìåíè
íåêîòîðûõ �âûðåçàííûõ� (çàìêíóòûõ) îáëàñòåé, ïîâåäåíèå ìåòðèêè ìîæåò áûòü òàêîé, ÷òîáû
â äîñòàòî÷íîé �áëèçîñòè� ê òàêîé îáëàñòè êîýôôèöèåíòû ìåòðèêè ïðèíèìàëè áû áåñêîíå÷íî
áîëüøèå çíà÷åíèÿ, ÷òî â ñâîþ î÷åðåäü ïðèâîäèëî áû ê áåñêîíå÷íîñòè ëîðåíöåâà ðàññòîÿíèÿ
ìåæäó íåêîòîðûìè òî÷êàìè äàííîãî ïðîñòðàíñòâà-âðåìåíè.

Ñïèñîê ëèòåðàòóðû

[1] Äæ. Áèì , Ï. Ýðëèõ. Ãëîáàëüíàÿ ëîðåíöåâà ãåîìåòðèÿ,- M.: Ìèð, (1985).

[2] À.. Ðîìàíîâ Îòîáðàæåíèÿ ïðîñòðàíñòâà-âðåìåíè è óñëîâèÿ ïðè÷èííîñòè,- // Òåçèñû
äîêëàäîâ êîíôåðåíöèè ïî Àíàëèçó è Ãåîìåòðèè. ÈÌ ÑÎ ÐÀÍ. Íîâîñèáèðñê. (2004), Ñ.
219.
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Îðãàíèçàöèÿ ñàìîñòîÿòåëüíîé ðàáîòû â òåõíèêóìå.

Â. Â. Ðîì÷óê

(ÒÃÍÏ ÎÍÀÏÒ, Îäåññà, Óêðàèíà)

E-mail address: vakrom@mail.ru

Îñíîâíàÿ çàäà÷à ñðåäíåãî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ çàêëþ÷àåòñÿ â ôîðìèðîâàíèè

òâîð÷åñêîé ëè÷íîñòè ñïåöèàëèñòà, ñïîñîáíîãî ê ñàìîðàçâèòèþ, ñàìîîáðàçîâàíèþ,

èííîâàöèîííîé äåÿòåëüíîñòè. Ïîýòîìó ñåãîäíÿ ñòîèò çàäà÷à íå ïðîñòî íàó÷èòü ñòóäåíòîâ òåì

èëè èíûì íàóêàì, à íàó÷èòü èõ ó÷èòüñÿ è ïîïîëíÿòü ñâîè çíàíèÿ íà ïðîòÿæåíèè âñåé æèçíè.

Â åå ðåøåíèè âàæíàÿ ÷àñòü îòâîäèòñÿ ñàìîñòîÿòåëüíîé ðàáîòå ñòóäåíòà (ÑÐÑ)

Ñàìîñòîÿòåëüíàÿ ðàáîòà ñòóäåíòîâ � ýòî íå ÷òî èíîå, êàê ìîäåëèðîâàíèå èõ áóäóùåé

ïðîôåññèîíàëüíîé äåÿòåëüíîñòè, â êîòîðîé íå áóäåò ïðåïîäàâàòåëåé, íî áóäóò ðóêîâîäèòåëè,

êàê ïðàâèëî, îöåíèâàþùèå ñàìîñòîÿòåëüíîñòü êàê îäíî èç ñàìûõ âîñòðåáîâàííûõ

ïðîôåññèîíàëüíûõ êà÷åñòâ. Ýòî íåêàÿ óíèâåðñàëüíàÿ êîìïåòåíöèÿ, êîòîðàÿ ïðèìåíèìà ê

ëþáîé ïðîôåññèîíàëüíîé äåÿòåëüíîñòè.

Óñèëåíèå ðîëè ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ îçíà÷àåò ïðèíöèïèàëüíûé ïåðåñìîòð

îðãàíèçàöèè ó÷åáíî-âîñïèòàòåëüíîãî ïðîöåññà â òåõíèêóìå.

Âåäü íå ñåêðåò, ÷òî ìíîãèå ñòóäåíòû ñòàëêèâàþòñÿ ñ ðÿäîì òðóäíîñòåé, ñâÿçàííûõ

ñ îòñóòñòâèåì ïðèâû÷êè ê ñèñòåìàòè÷åñêîìó óìñòâåííîìó òðóäó, íåîðãàíèçîâàííîñòüþ,

øàáëîííûì, îòñóòñòâèåì êðèòè÷åñêîãî ìûøëåíèÿ è ò.ä. Ïðè èçó÷åíèè ìàòåìàòè÷åñêèõ

äèñöèïëèí âûäåëÿþò äâà âèäà ñàìîñòîÿòåëüíîé ðàáîòû: àóäèòîðíàÿ ñàìîñòîÿòåëüíàÿ

ðàáîòà, êîòîðàÿ âûïîëíÿåòñÿ íà ó÷åáíûõ çàíÿòèÿõ ïî çàäàíèþ ïðåïîäàâàòåëÿ è ïîä åãî

íåïîñðåäñòâåííûì ðóêîâîäñòâîì è âíåàóäèòîðíàÿ ñàìîñòîÿòåëüíàÿ ðàáîòà, âûïîëíÿåìàÿ

ñòóäåíòîì ïî çàäàíèþ ïðåïîäàâàòåëÿ, íî áåç åãî íåïîñðåäñòâåííîãî ó÷àñòèÿ.

Ñîäåðæàíèå ÑÐÑ ïî ìàòåìàòèêå îïðåäåëÿåòñÿ â ñîîòâåòñòâèè ñ ðàáî÷åé ïðîãðàììîé

äèñöèïëèíû. Ïðè ýòîì âàæíî ÷åòêîå ïëàíèðîâàíèå è îðãàíèçàöèÿ.

Äëÿ ýòîãî ñëåäóåò îïðåäåëèòü, ñ êàêîé öåëüþ âûïîëíÿåòñÿ ñàìîñòîÿòåëüíàÿ ðàáîòà:

çàêðåïëåíèå, óãëóáëåíèå è ñèñòåìàòèçàöèÿ çíàíèé è ïðàêòè÷åñêèõ óìåíèé, ïîëó÷åííûõ

âî âðåìÿ àóäèòîðíûõ çàíÿòèé; ñàìîñòîÿòåëüíîå îâëàäåíèå ó÷åáíûì ìàòåðèàëîì; ðàçâèòèå

èññëåäîâàòåëüñêèõ óìåíèé.

Ìàòåðèàëû äëÿ ÑÐÑ äîëæíû áûòü òùàòåëüíî ïîäîáðàíû ïðåïîäàâàòåëåì, ñîäåðæàòü

èíñòðóêöèè ïî âûïîëíåíèþ, ìåòîäè÷åñêèå óêàçàíèÿ ñ ðåøåíèÿìè ïîäîáíûõ çàäàíèé.

Ðàçðàáîòàíû ÷åòêèå êðèòåðèè îöåíèâàíèÿ.

Ïðè âûïîëíåíèè çàäàíèé ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòàì ïðåäñòîèò: ñáîð è

èçó÷åíèå èíôîðìàöèè; àíàëèç, ñèñòåìàòèçàöèÿ è òðàíñôîðìàöèÿ èíôîðìàöèè; îòîáðàæåíèå

èíôîðìàöèè â íåîáõîäèìîé ôîðìå; êîíñóëüòàöèÿ ó ïðåïîäàâàòåëÿ; êîððåêöèÿ ïîèñêà

èíôîðìàöèè è ïëàíà äåéñòâèé (ïðè íåîáõîäèìîñòè); îôîðìëåíèå ðàáîòû; ïîèñê ñïîñîáà

ïîäà÷è âûïîëíåííîãî çàäàíèÿ; ïðåäñòàâëåíèå ðàáîòû íà îöåíêó ïðåïîäàâàòåëÿ.

Ïî èòîãàì ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòû äîëæíû: ðàçâèòü òàêèå óíèâåðñàëüíûå

óìåíèÿ, êàê óìåíèå ó÷èòüñÿ ñàìîñòîÿòåëüíî, ïðèíèìàòü ðåøåíèÿ, ïðîåêòèðîâàòü ñâîþ

äåÿòåëüíîñòü è îñóùåñòâëÿòü çàäóìàííîå, ïðîâîäèòü èññëåäîâàíèå, ôîðìóëèðîâàòü

ïîëó÷àåìûå ðåçóëüòàòû, ïîçíàòü ðàäîñòü ñàìîñòîÿòåëüíûõ ïîáåä, îòêðûòèé, òâîð÷åñêîãî

ïîèñêà.

Íà ïðîòÿæåíèè âñåé ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ äîëæåí ñîïðîâîæäàòü ïåäàãîã,

âûñòóïàþùèé â ðîëè êîíñóëüòàíòà, êîîðäèíàòîðà äåéñòâèé ñòóäåíòîâ. Êîíòðîëü

ñàìîñòîÿòåëüíîé ðàáîòû îñóùåñòâëÿåò ïðåïîäàâàòåëü â àóäèòîðèè â îòâåäåííûå äëÿ ýòîé

öåëè ÷àñû. Ôîðìû ïðîâåäåíèÿ êîíòðîëÿ îïðåäåëÿþòñÿ ïðåïîäàâàòåëåì. Ê íèì îòíîñÿòñÿ:

ñîáåñåäîâàíèå, óñòíûé îïðîñ, êîíòðîëüíàÿ ðàáîòà, ïðîâåðêà èíäèâèäóàëüíûõ çàäàíèé, äåëîâàÿ

èãðà, êîìïüþòåðíîå òåñòèðîâàíèå, çà÷åò ïî òåìå (ðàçäåëó).
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Áåñêîíå÷íî ìàëûå èçãèáàíèÿ 2-ãî ïîðÿäêà ïîâåðõíîñòåé âðàùåíèÿ ñ

óïëîùåíèÿìè â ïîëþñàõ

È. Õ. Ñàáèòîâ1

(ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ)

E-mail address: isabitov@mail.ru

Ìû ïðîäîëæàåì èçó÷åíèå áåñêîíå÷íî ìàëûõ (á.ì.) èçãèáàíèé ïîâåðõíîñòåé âðàùåíèÿ ñ
óïëîùåíèÿìè â ïîëþñàõ. Ðåçóëüòàòû î á.ì. èçãèáàíèÿõ 1-ãî ïîðÿäêà îïóáëèêîâàíû â [1].
Â ïëàíèðóåìîì äîêëàäå áóäåò ðàññêàçàíî î ïðèçíàêàõ ñóùåñòâîâàíèÿ/íåñóùåñòâîâàíèÿ äëÿ
òàêèõ ïîâåðõíîñòåé á.ì. èçãèáàíèé 2-ãî ïîðÿäêà êàê â îêðåñòíîñòè ïîëþñà, òàê è "â öåëîì".
Ïðèâåäåì íåñêîëüêî òåîðåì.

Ïóñòü z = ϕ(ρ), 0 ≤ ρ < a � ìåðèäèàí ïîâåðõíîñòè âðàùåíèÿ ñ óñëîâèÿìè ϕ′(0) = 0,
ϕ′(ρ) > 0, 0 < ρ < a. Ïóñòü â ñòàíäàðòíûõ îáîçíà÷åíèÿõ αm(ρ) îïðåäåëÿåò ãàðìîíèêó ñ
íîìåðîì m ≥ 2 äëÿ âåðòèêàëüíîé êîìïîíåíòû ïîëÿ á.ì. èçãèáàíèÿ 1-ãî ïîðÿäêà. Âåðíà

Òåîðåìà 1. Äëÿ âîçìîæíîñòè ïðîäîëæåíèÿ m-é ãàðìîíèêè äàííîãî C1- ãëàäêîãî ïîëÿ á.ì.

èçãèáàíèÿ 1-ãî ïîðÿäêà ñ èçâåñòíîé êîìïîíåíòîé αm(ρ) â C1-ãëàäêîå á.ì. èçãèáàíèå 2-ãî

ïîðÿäêà íåîáõîäèìî, ÷òîáû ïðè ρ→ 0 áûëî âûïîëíåíî óñëîâèå

[
(ρα′m−m2αm)

2

m2(m2 − 1)
−α2

m]ρ
m2−3(ρα′m−m2αm) exp(m2(1−m2)

ρ0∫
ρ

αm(t)

t(tα′m−m2αm)
dt)→ 0. (1)

Ìû ïîêàçûâàåì íà ïðèìåðàõ, ÷òî ýòî íåîáõîäèìîå óñëîâèå âûïîëíÿåòñÿ íå âñåãäà,
è òåì ñàìûì ïîëó÷àåì ïðèìåðû íåæåñòêèõ ïîâåðõíîñòåé ñ ëîêàëüíîé æåñòêîñòüþ 2-ãî
ïîðÿäêà. Ôîðìóëèðîâêà íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé ëîêàëüíîé ïðîäîëæàåìîñòè m-é
ãàðìîíèêè â á.ì. èçãèáàíèå 2-ãî ïîðÿäêà âåñüìà ñëîæíàÿ (åå ìîæíî áóäåò íàéòè â [2]).

Â ñëó÷àå àíàëèòè÷åñêèõ ïîâåðõíîñòåé âðàùåíèÿ ìû ââîäèì òàê íàçûâàåìîå óñëîâèå M ,
ñîñòîÿùåå â òðåáîâàíèè, ÷òîáû èíòåãðàë

ρ0∫
ρ

dt

ϕ′(t)α2
2m(t)

íå ñîäåðæàë ñëàãàåìîå ñ ln ρ. Ïðè ýòîì óñëîâèè äàåòñÿ êðèòåðèé ëîêàëüíîé íåæåñòêîñòè 2-ãî
ïîðÿäêà è äîêàçûâàåòñÿ

Òåîðåìà 2. Äëÿ òîãî, ÷òîáû ãàðìîíèêà ñ íîìåðîì m, çàäàþùàÿ àíàëèòè÷åñêîå á.ì.

èçãèáàíèå 1-ãî ïîðÿäêà íà âñåé ïîâåðõíîñòè ñ îäíîçíà÷íî ïðîåêòèðóþùèìñÿ íà îñü âðàùåíèÿ

àíàëèòè÷åñêèì ìåðèäèàíîì ρ = ρ(z) è óäîâëåòâîðÿþùàÿ â îêðåñòíîñòè êàæäîãî ïîëþñà

óñëîâèþ M , áûëà ïðîäîëæàåìà íà âñåé ïîâåðõíîñòè â àíàëèòè÷åñêîå á.ì. èçãèáàíèå 2-

ãî ïîðÿäêà íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îíà áûëà ïðîäîëæàåìà â àíàëèòè÷åñêîå á.ì.

èçãèáàíèå 2-ãî ïîðÿäêà â îêðåñòíîñòè êàæäîãî ïîëþñà.

Ñïèñîê ëèòåðàòóðû

[1] È. Õ. Ñàáèòîâ Æåñòêîñòü è íåèçãèáàåìîñòü "â ìàëîì" è "â öåëîì" ïîâåðõíîñòåé

âðàùåíèÿ ñ óïëîùåíèÿìè â ïîëþñàõ.,- Ìàò. ñáîðíèê, (2013), ò.204, � 10, Ñ. 129-160.

[2] È. Õ. Ñàáèòîâ Áåñêîíå÷íî ìàëûå èçãèáàíèÿ 2-ãî ïîðÿäêà ïîâåðõíîñòåé âðàùåíèÿ ñ

óïëîùåíèÿìè â ïîëþñàõ.,- Ìàò. ñáîðíèê (ïîñëàíî â æóðíàë).

1Ðàáîòà àâòîðà ïîääåðæàíà ãðàíòîì ÐÔÔÈ � 12-01-90415-ÓÊÐà
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Ãåîìåòðèÿ êàñàòåëüíîãî ðàññëîåíèÿ, ñâÿçàííàÿ ñ èíâàðèàíòíûìè ïðèáëèæåíèÿìè

â ðèìàíîâûõ ïðîñòðàíñòâàõ

Å. Í. Ñèíþêîâà

(ÏÍÏÓ, Îäåññà, Óêðàèíà)

E-mail address: marbel@ukr.net

Èíâàðèàíòíàÿ òåîðèÿ ïðèáëèæåíèé â ðèìàíîâîé ãåîìåòðèè îñíîâûâàåòñÿ íà èçâåñòíîì
òåíçîðíîì ðÿäå Òåéëîðà äëÿ òåíçîðíûõ ïîëåé [1]. Îäíàêî ñëîæíîñòü ñòðóêòóðû
êîýôôèöèåíòîâ óêàçàííîãî ðÿäà â ïðîñòðàíñòâàõ, îòíåñåííûõ ê ïðîèçâîëüíîé ñèñòåìå
êîîðäèíàò. ïðèâîäèò ê íåäîñòàòî÷íîé ýôôåêòèâíîñòè òàêîãî ïîäõîäà. Ãîðàçäî áîëåå
ïðîäóêòèâíûì îêàçûâàåòñÿ èñïîëüçîâàíèå ðèìàíîâîé ñèñòåìû êîîðäèíàò ñ öåíòðîì â
ïðîèçâîëüíîé òî÷êå ðàññìàòðèâàåìîãî ðèìàíîâà ïðîñòðàíñòâà. Ïîÿâëÿåòñÿ âîçìîæíîñòü
ïîëó÷åíèÿ èíâàðèàíòíîãî ðÿäà òèïà Òåéëîðà, çàâèñÿùåãî íå òîëüêî îò êîîðäèíàò òåêóùåé
òî÷êè, íî è îò êàñàòåëüíîãî ýëåìåíòà â íåé, êàê äëÿ ëþáîãî òåíçîðà, òàê è äëÿ îáúåêòà
àôôèííîé ñâÿçíîñòè ðèìàíîâà ïðîñòðàíñòâà V n. [2] Ýòî èçáàâëÿåò îò íåîáõîäèìîñòè
ðåàëèçàöèè â V n ôàêòè÷åñêîãî ïåðåõîäà ê ðèìàíîâîé ñèñòåìå êîîðäèíàò, ÷òî, â îáùåì ñëó÷àå,
ïðàêòè÷åñêè íåîñóùåñòâèìî.

Äëÿ êîìïîíåíò gij ìåòðè÷åñêîãî òåíçîðà ðèìàíîâà ïðîñòðàíñòâà V n è äëÿ êîìïîíåíò Γhij
åãî îáúåêòà àôôèííîé ñâÿçíîñòè ïîëó÷àåì

gij(x; y) = gij(x) +
1

3
Riαβj(x)yαyβ + {3}; Γhij(x; y) = Γhij(x)− 1

3
Rh

(ij)α(x)yα + {2}.

Îáà ãåîìåòðè÷åñêèõ îáúåêòà ïðè ýòîì îêàçûâàþòñÿ çàâèñèìûìè íå òîëüêî îò òåêóùåé òî÷êè
x1; ...;xn, íî è îò çàäàííîãî â ýòîé òî÷êå êàñàòåëüíîãî ýëåìåíòà yh. Åñëè îòêàçàòüñÿ
ñîîòâåòñòâåííî îò ñëàãàåìûõ òðåòüåãî è âòîðîãî ïîðÿäêîâ ìàëîñòè îòíîñèòåëüíî êîìïîíåíò
êàñàòåëüíîãî ýëåìåíòà yh ïîëó÷àåì òåíçîð

g̃ij(x; y) = gij(x) +
1

3
Riαβj(x)yαyβ

è îáúåêò ñâÿçíîñòè

Γ̃hij(x; y) = Γhij(x)− 1

3
Rh

(ij)α(x)yα,

îïðåäåëÿþùèå íà V n ãåîìåòðèþ, ïîäîáíóþ ôèíñëåðîâîé, è åñòåñòâåííûì îáðàçîì ñâÿçàííóþ
ñ èíâàðèàíòíîé òåîðèåé ïðèáëèæåíèé â V n. Ïðèìåíÿÿ ê g̃ij(x; y) è Γ̃hij(x; y) îïåðàöèè ïîëíîãî
ëèôòà è ñèíåêòè÷åñêîãî ïðîäîëæåíèÿ, íà êàñàòåëüíîì ðàññëîåíèè T (V n) ìîæíî ïîñòðîèòü
íåñêîëüêî ðàçíûõ ìåòðèê è ñâÿçíîñòåé, ãåîìåòðèè êîòîðûõ åñòåñòâåííûì îáðàçîì ñâÿçàíû ñ
èíâàðèàíòíîé òåîðèåé ïðèáëèæåíèé ðèìàíîâà ïðîñòðàíñòâà V n.

Èçó÷åíû ãåîìåòðè÷åñêèå îáúåêòû ïðîñòðàíñòâà, îïðåäåëåííîãî ìåòðèêîé

ds2 = g̃αβ(x; y)dxαDyβ,

ãäå Dyβ = dyβ + Γβαγyαdxγ .

Ñïèñîê ëèòåðàòóðû

[1] Âåáëåí Î. Èíâàðèàíòû äèôôåðåíöèàëüíûõ êâàäðàòè÷íûõ ôîðì .,- Ì.: È.Ë., (1948), 140 ñ.

[2] Ñèíþêîâ Í.Ñ., Ñèíþêîâà Å.Í., Ìîâ÷àí Þ.À. Íåêîòîðûå àêòóàëüíûå àñïåêòû ðàçâèòèÿ

òåîðèè ãåîäåçè÷åñêèõ îòîáðàæåíèé ðèìàíîâûõ ïðîñòðàíñòâ è åå îáîáùåíèé., - Èçâ. âóçîâ,
Ìàòåìàòèêà, � 3(382), (1994), Ñ. 76-80.
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Îðòîãîíàëüíûå ïðåîáðàçîâàíèÿ áàðèöåíòðè÷åñêîé ñèñòåìû êîîðäèíàò

Ï. Ã. Ñòåãàíöåâà

(ÇÍÓ, Çàïîðîæüå, Óêðàèíà)

E-mail address: steg_pol@mail.ru

Îñíîâû áàðèöåíòðè÷åñêîãî ìåòîäà áûëè çàëîæåíû íåìåöêèì ãåîìåòðîì À.Ô.Ìåáèóñîì,
ñ íèìè ìîæíî îçíàêîìèòüñÿ â ðàáîòå [1]. Èìååòñÿ ìíîãî âîçìîæíîñòåé ýôôåêòèâíîãî
ïðèìåíåíèÿ ýòîãî ìåòîäà â ìàòåìàòè÷åñêèõ èññëåäîâàíèÿõ [2].

Íîðìèðîâàííûìè áàðèöåíòðè÷åñêèìè êîîðäèíàòàìè òî÷êè P ïëîñêîñòè îòíîñèòåëüíî
äàííîãî íà ïëîñêîñòè òðåóãîëüíèêà ABC íàçûâàþòñÿ ÷èñëà λ1, λ2, λ3 òàêèå, ÷òî OP =
λ1OA+ λ2OB + λ1OC, ïðè÷åì λ1 + λ2 + λ1 = 1, O - ïðîèçâîëüíàÿ òî÷êà âíå ïëîñêîñòè.

Åñëè íà ïëîñêîñòè çàäàòü äâà òðåóãîëüíèêà - "ñòàðûé" ABC è "íîâûé" A′B′C ′, òî
ôîðìóëû ïðåîáðàçîâàíèÿ áàðèöåíòðè÷åñêèõ êîîðäèíàò ïðîèçâîëüíîé òî÷êè M(x1, x2, x3)
èìåþò ñëåäóþùèé ìàòðè÷íûé âèä X ′ = TX, ãäå â ìàòðèöå T ïåðåõîäà ñòîëáöàìè
ÿâëÿþòñÿ êîîðäèíàòû âåðøèí íîâîãî áàçèñíîãî òðåóãîëüíèêà îòíîñèòåëüíî ñòàðîãî áàçèñíîãî
òðåóãîëüíèêà.

Â àíàëèòè÷åñêîé ãåîìåòðèè êðèâûõ âòîðîãî ïîðÿäêà áîëüøîå çíà÷åíèå èìåþò
îðòîãîíàëüíûå ïðåîáðàçîâàíèÿ îðòîíîðìèðîâàííîãî áàçèñà, êîòîðûé ïî îòíîøåíèþ ê
ïðîèçâîëüíîìó àôôèííîìó áàçèñó ìîæíî íàçâàòü êàíîíè÷åñêèì. Â ñëó÷àå áàðèöåíòðè÷åñêèõ
êîîðäèíàò òîæå åñòåñòâåííî ðàññìàòðèâàòü àíàëîã îðòîíîðìèðîâàííîãî áàçèñà è íàçûâàòü
åãî êàíîíè÷åñêèì áàðèöåíòðè÷åñêèì òðåóãîëüíèêîì. Â êà÷åñòâå òàêîãî ïðèìåì ïðàâèëüíûé
òðåóãîëüíèê ñî ñòîðîíîé 1.

Ïîëó÷åííûå ðåçóëüòàòû ñôîðìóëèðóåì â âèäå ñëåäóþùèõ ïðåäëîæåíèé.
Îïðåäåëåíèå. Ïðåîáðàçîâàíèå êàíîíè÷åñêîé áàðèöåíòðè÷åñêîé ñèñòåìû êîîðäèíàò

íàçûâàåòñÿ îðòîãîíàëüíûì, åñëè îíî çàäàåòñÿ îðòîãîíàëüíîé ìàòðèöåé.

Ïðåäëîæåíèå 1. Ìàòðèöà ïîâîðîòà êàíîíè÷åñêîé áàðèöåíòðè÷åñêîé ñèñòåìû êîîðäèíàò

âîêðóã öåíòðà áàçèñíîãî òðåóãîëüíèêà ÿâëÿåòñÿ öèêëè÷åñêîé ìàòðèöåé.

Ïðèâåäåì âèä ìàòðèöû ïîâîðîòà

T =
1

3

 1 + 2 cosϕ 1− cosϕ−
√
3 sinϕ 1− cosϕ+

√
3 sinϕ

1− cosϕ+
√
3 sinϕ 1 + 2 cosϕ 1− cosϕ−

√
3 sinϕ

1− cosϕ−
√
3 sinϕ 1− cosϕ+

√
3 sinϕ 1 + 2 cosϕ

 .

Ïðåäëîæåíèå 2. Ïîâîðîò êàíîíè÷åñêîé áàðèöåíòðè÷åñêîé ñèñòåìû êîîðäèíàò âîêðóã

öåíòðà áàçèñíîãî òðåóãîëüíèêà ÿâëÿåòñÿ îðòîãîíàëüíûì ïðåîáðàçîâàíèåì.

Îðòîãîíàëüíûå ïðåîáðàçîâàíèÿ áàðèöåíòðè÷åñêîé ñèñòåìû êîîðäèíàò áóäóò ïðèìåíåíû
äëÿ îïèñàíèÿ àëãîðèòìà ïðèâåäåíèÿ îáùåãî áàðèöåíòðè÷åñêîãî óðàâíåíèÿ êðèâîé âòîðîãî
ïîðÿäêà ê êàíîíè÷åñêîìó âèäó.

Ñïèñîê ëèòåðàòóðû

[1] Ì. Á. Áàëê, Â. Ã. Áîëòÿíñêèé Ãåîìåòðèÿ ìàññ.- Ì.: Íàóêà, 1987. - 160 ñ.

[2] ß. Ï. Ïîíàðèí Ýëåìåíòàðíàÿ ãåîìåòðèÿ: Â 3 ò. - Ò.3: Òðåóãîëüíèêè è òåòðàýäðû. - Ì.:
ÌÖÍÌÎ, 2009. - 192 ñ.
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Î ãåîìåòðèè ëåâûõ òðè-òêàíåé Áîëà

Òîëñòèõèíà Ã.À., Øåëåõîâ À.Ì.

(ÒâÃÓ, Òâåðü, Ðîññèÿ)

E-mail address: amshelekhov@yandex.ru

Èçâåñòíî [1], [2], ÷òî ëþáàÿ ëåâàÿ òðè-òêàíü Áîëà B` èíäóöèðóåò íà áàçå ïåðâîãî ñëîåíèÿ
ëîêàëüíóþ ãëàäêóþ r-ìåðíóþ êâàçèãðóïïó, íàçûâàåìóþ ñåðäöåâèíîé òêàíè B`. Ìû ãîâîðèì,
÷òî ëåâàÿ òðè-òêàíü Áîëà B` îáëàäàåò IC-ñâîéñòâîì, åñëè åå êîîðäèíàòíàÿ êâàçèãðóïïà è
ñåðäöåâèíà èçîòîïíû. Â [3] ïîêàçàíî, ÷òî óêàçàííàÿ èçîòîïèÿ óñòàíàâëèâàåòñÿ ñ ïîìîùüþ
íåêîòîðîãî ãëàäêîãî r-ìåðíîãî ïîäìíîãîîáðàçèÿ V , òðàíñâåðñàëüíîãî ñëîÿì òêàíè, è íàéäåíà
õàðàêòåðèñòèêà êîîðäèíàòíîé ëóïû òêàíè B`, îáëàäàþùåé IC-ñâîéñòâîì.

Íàìè äîêàçàíû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1. Ïîâåðõíîñòü V ÿâëÿåòñÿ èçîêëèííî-ãåîäåçè÷åñêîé è îäíîâðåìåííî äèàãîíàëüíîé

ïîâåðõíîñòüþ òêàíè B`. Îáðàòíî: åñëè íà ëåâîé òêàíè Áîëà B` ñóùåñòâóåò òàêàÿ

ïîâåðõíîñòü, òî ñåðäöåâèíà ýòîé òêàíè èçîòîïíà åå êîîðäèíàòíîé êâàçèãðóïïå.

Òåîðåìà 2. Ëåâàÿ òêàíü Áîëà B` îáëàäàåò IC-ñâîéñòâîì â òîì è òîëüêî â òîì ñëó÷àå,

åñëè íà ýòîé òêàíè ñóùåñòâóåò ãëàäêîå r-ìåðíîå ïîäìíîãîîáðàçèå V , òðàíñâåðñàëüíîå ñëîÿì
òðè-òêàíè, íà êîòîðîì ëîêàëüíî ñèììåòðè÷åñêàÿ ñâÿçíîñòü Γ̃ ñîâïàäàåò ñ êàíîíè÷åñêîé

ñâÿçíîñòüþ ×åðíà.

Â [4] íàìè äîêàçàíà

Òåîðåìà 3. Ïóñòü B` � ëåâàÿ òðè-òêàíü Áîëà, çàäàííàÿ íà 2r-ìåðíîì ãëàäêîì

ìíîãîîáðàçèè, CB` � ëåâàÿ òðè-òêàíü Áîëà, îïðåäåëÿåìàÿ ñåðäöåâèíîé òêàíè B`, CCB`

� ëåâàÿ òðè-òêàíü Áîëà, îïðåäåëÿåìàÿ ñåðäöåâèíîé òêàíè CB`. Òîãäà òðè-òêàíè CB` è

CCB` ýêâèâàëåíòíû. Èíûìè ñëîâàìè, îïåðàòîð C : B` → CB` ÿâëÿåòñÿ èäåìïîòåíòíûì.

Â [5] ìû ïîêàçûâàåì, êàê ïî çàäàííûì ñòðóêòóðíûì óðàâíåíèÿì òðè-òêàíè B` íàéòè
ñòðóêòóðíûå óðàâíåíèÿ òðè-òêàíè CB`.

Ñïèñîê ëèòåðàòóðû

[1] Àêèâèñ Ì. À., Øåëåõîâ A. M. Ìíîãîìåðíûå òðè-òêàíè è èõ ïðèëîæåíèÿ//ìîíîãðàôèÿ/ Òâåðü, ÒâÃÓ,
2010, 308 ñ.

[2] Òîëñòèõèíà Ã. À. Î ëîêàëüíî ñèììåòðè÷åñêîé ñòðóêòóðå, ñâÿçàííîé ñ îáîáùåííîé ëåâîé òðè-òêàíüþ

Áîëà Bl(p, q, q)// Ãåîìåòðiÿ, òîïîëîãiÿ òà iõ çàñòîñóâàííÿ/ Çá. ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðàiíè, 2009,
ò. 6, � 2, c. 247�255.

[3] Òîëñòèõèíà Ã. À. Îá óñëîâèÿõ èçîòîïèè êîîðäèíàòíîé êâàçèãðóïïû è ñåðäöåâèíû ëåâîé òêàíè Áîëà//
Èçâåñòèÿ ÏÃÏÓ èì. Â.Ã. Áåëèíñêîãî/ Ñåðèÿ: ôèç.-ìàòåì. è òåõí. íàóêè, ðàçäåë: ìàòåìàòèêà, � 4 (26),
2011, ñ. 255�262.

[4] Òîëñòèõèíà Ã.À., Øåëåõîâ À.Ì. Î òðè-òêàíè, îïðåäåëÿåìîé ñåðäöåâèíîé ëåâîé òðè-òêàíè Áîëà. (Â
ïå÷àòè)

[5] Òîëñòèõèíà Ã.À., Øåëåõîâ À.Ì. Î ñòðóêòóðíûõ óðàâíåíèÿõ òðè-òêàíè, îïðåäåëÿåìîé ñåðäöåâèíîé ëåâîé

òðè-òêàíè Áîëà. (Â ïå÷àòè)
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Òðóäíîå è îïàñíîå âîñõîæäåíèå â 256-ìåðíîå ïðîñòðàíñòâî è òðèóìôàëüíîå

âîçâðàùåíèå â òð¼õìåðíûé ìèð

À. Ô. Òóðáèí

(ÍÏÓ èìåíè Ì. Äðàãîìàíîâà, Êèåâ, Óêðàèíà)

E-mail address: turbin@imath.ua

Ïîñëå ôîðìóëèðîâêè òåîðåìû Ë. Øëåôëè è "äîêàçàòåëüñòâà", Ì. Áåðæå â ñâîåé
çíàìåíèòîé "Ãåîìåòðèè" [1] ïèøåò:

"Èòàê, ìû êîíñòàòèðóåì, ÷òî ïðàâèëüíûå ìíîãîãðàííèêè áîëåå ìíîãî÷èñëåííû â
ìàëåíüêèõ ðàçìåðíîñòÿõ, ÷åì â áîëüøèõ. Ñóùåñòâóåò òîëüêî òðè îáùèå ñåðèè
ìíîãîãðàííèêîâ, åùå åñòü èñêëþ÷èòåëüíûå ìíîãîãðàííèêè â ðàçìåðíîñòÿõ 3 è 4 è
áåñêîíå÷íîå ÷èñëî ïðàâèëüíûõ ìíîãîãðàííèêîâ â ðàçìåðíîñòè 2. Ýòîò ðåçóëüòàò õîðîøî
èëëþñòðèðóåò îäíó èç ñòâîðîê ñëåäóþùåãî ýâðèñòè÷åñêîãî äèïòèõà (ïðèíàäëåæàùåãî Ð.
Òîìó): áîãàòûå ñòðóêòóðû áîëåå ìíîãî÷èñëåííû â ìàëûõ ðàçìåðíîñòÿõ, à áåäíûå ñòðóêòóðû
áîëåå ìíîãî÷èñëåííû â áîëüøèõ ðàçìåðíîñòÿõ".

Òðóäíî ïðåäñòàâèòü áîëåå ãëóáîêî "áåññìûñëåííîå" óòâåðæäåíèå.
Ñóïåðïðàâèëüíûå ìíîãîãðàííèêè â En, n ≥ 4.
Ñîâåðøåííûå ìíîãîãðàííèêè: ïðàâèëüíûå, ñàìîäâîéñòâåííûå, çàïîëíÿþò ïðîñòðàíñòâî.

Îòêðûâàåò áåñêîíå÷íóþ ñåðèþ ñîâåðøåííûõ ìíîãîãðàííèêîâ ìåãàîêòàýäð Ã. Áðåíäòà
(12, 48, 48, 12).

Çâ¼çäíî ïðàâèëüíûå ìíîãîãðàííèêè: ïðàâèëüíûå, ñàìîäâîéñòâåííûå, çâåçäà ëþáîé
âåðøèíû ÿâëÿåòñÿ è åãî (n− 1)-ãðàíüþ. Îòêðûâàåò ñåðèþ çâ¼çäíî ìíîãîãðàííèêîâ
ìåãàèêîñèàíîýäð Ä. Ãðåãîðè�À. Â. Ïîãîðåëîâà (24, 144, 144, 24).

Èäåàëüíûå ìíîãîãðàííèêè: ïðàâèëüíûå, ñàìîäâîéñòâåííûå, çàïîëíÿþò ïðîñòðàíñòâî
è íà âåðøèíàõ ìíîãîðàííèêà, âïèñàííîãî â ãèïåðñôåðó ðàäèóñà Sn−1 (R), ðàçìåùàþòñÿ
(áåç ïåðåñå÷åíèé) "íüþòîíîâû" ãèïåðñôåðû. Îòêðûâàåò áåñêîíå÷íóþ ñåðèþ èäåàëüíûõ
ìíîãîãðàííèêîâ â En, n ≥ 5 ìåãàîêòàýäð È. Íüþòîíà�Í. Êóçåííîãî (40, 240, 400, 240, 40).

Ïðîãðàììà íà òðåòüå òûñÿ÷åëåòèå:
Ïîñòðîèòü ïðàâèëüíûå ìíîãîãðàííèêè â ðàçìåðíîñòÿõ îò 4 äî 256, òð¼õìåðíûå ãðàíè

êîòîðûõ òåòðàýäðû (4, 6, 4), îêòàýäðû (6, 12, 8), êóáû (8, 12, 6), èêîñàýäðû (12, 30, 20) è
äîäåêàýäðû (20, 30, 12).

Ñïèñîê ëèòåðàòóðû

[1] Áåðæå Ì. Ãåîìåòðèÿ, ò.1. � Ì.: Ìèð, 1984. ò.2. � 546 ñ.
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Ìíîãîìåðíûå ìèðàæè

À. Ô. Òóðáèí

(ÍÏÓ èìåíè Ì. Äðàãîìàíîâà, Êèåâ, Óêðàèíà),

Þ. Ä. Æäàíîâà

(ÃÓÒ, Êèåâ, Óêðàèíà)

E-mail address: yuzhdanova@yandex.ru

Åñëè òð¼õìåðíîìó íàáëþäàòåëþ ïðåäúÿâèòü ïëîñêóþ ïðîåêöèþ êàðêàñà âûïóêëîãî
ìíîãîãðàííèêà â ÷åòûðåõìåðíîì àôôèííî åâêëèäîâîì ïðîñòðàíñòâå E4, ó êîòîðîãî 8
âåðøèí, 24 ðåáðà è 32 äâóìåðíûå ãðàíè (ïðàâèëüíûå òðåóãîëüíèêè), òî "ïîäãîòîâëåííûé"
íà çíàìåíèòûõ "Regular polytopes" Ã. Êîêñòåðà [1], "Íàãëÿäíîé ãåîìåòðèè" Ä Ãèëüáåðòà-
Ñ. Êîí-Ôîññåíà [2], "Ãåîìåòðèè" Ì. Áåðæå [3] íàáëþäàòåëü áåçàïïåëÿöèîííî çàÿâèò, ÷òî ýòî
16-ÿ÷åéêà Ë.Øëåôëè (8, 24, 32, 16), ìíîãîãðàííèê, ó êîòîðîãî âñå òð¼õìåðíûå ãðàíè òåòðàýäðû
(?), ÿêîáû "äâîéñòâåííûé" ãèïåðêóáó (16, 32, 24, 8).

Íåïîäãîòîâëåííûé æå íàáëþäàòåëü-äèëåòàíò óâèäèò ãàëëîýäð � âûïóêëûé ìíîãîãðàííèê
(8, 24, 32, 16) â E4, ó êîòîðîãî 8 âåðøèí, 24 ðåáðà, 32 äâóìåðíûå ãðàíè (ïðàâèëüíûå
òðåóãîëüíèêè) è âñåãî ëèøü 6 òð¼õìåðíûõ ãðàíåé (äâà òåòðàýäðà è ÷åòûðå îêòàýäðà). Ó
ãàëëîýäðà (8, 24, 32, 16) âîïðåêè À. Ïóàíêàðå 8 − 24 + 32 − 6 = 40 − 30 = 10. Ó ãàëëîýäðà
(8, 24, 32, 16) íåò "äâîéñòâåííîãî" åìó ìíîãîãðàííèêà (6, 32, 24, 8).

Åùå áîëåå íåïîäãîòîâëåííûé íàáëþäàòåëü-äèëåòàíò óâèäèò äàæå ãèïåðîêòàýäð
(8, 24, 32, 16) â E4, äâîéñòâåííûé ãèïåðêóáó, ó êîòîðîãî 8 âåðøèí, 24 ðåáðà è 32 äâóìåðíûå
ãðàíè (ïðàâèëüíûå òðåóãîëüíèêè) è 16 òð¼õìåðíûõ ãðàíåé (îêòàýäðîâ).

Ìíîãîìåðíûå ìèðàæè ïðèñóòñòâóþò âñåãäà, åñëè äâóìåðíûå ãðàíè ìíîãîãðàííèêà
òðåóãîëüíèêè.

Ïîäãîòîâëåííûé íàáëþäàòåëü, êîòîðûé, íàêîíåö, èçáàâèëñÿ îò "êàòåãîðè÷åñêîãî äèêòàòà"
òåîðåìû Øëåôëè î ïðàâèëüíûõ ìíîãîãðàííèêàõ è òåîðåìû Ïóàíêàðå î "âñåõ" âûïóêëûõ
ìíîãîãðàííèêàõ â En, n ≥ 4, è ñïîñîáåí âèäåòü ìíîãîìåðíûå ìèðàæè, ïðèíèìàåò ðåøåíèå
îá èíäåíòèôèêàöèè ãðàíåé ñàì!

Ñïèñîê ëèòåðàòóðû

[1] Coxeter, H.S.M. Regular. 3-rd edition. � Dover Publication, New York, 321 p.

[2] Ãèëüáåðò Ä., Êîí-Ôîññåí Ñ. Íàãëÿäíàÿ ãåîìåòðèÿ. � Ì.: Íàóêà, 1981. � 344 ñ.

[3] Áåðæå Ì. Ãåîìåòðèÿ, ò.1. � Ì.: Ìèð, 1984. � 546 ñ.
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Èíôèíèòåçèìàëüíûå ïðîåêòèâíûå ïðåîáðàçîâàíèÿ, ñîõðàíÿþùèå òåíçîð

Ýéíøòåéíà

Å. Å. ×åïóðíàÿ

(ÎÍÝÓ, Îäåññà, Óêðàèíà)

E-mail address: culeshova@ukr.net

Èíôèíèòåçèìàëüíûå ïðîåêòèâíûå (ñîõðàíÿþùèå ãåîäåçè÷åñêèå) õàðàêòåðèçóþòñÿ
óñëîâèåì:

LξΓ
h
ij =

1

2
(ϕiδ

h
j + ϕjδ

h
i ) (1)

Çäåñü ñèìâîë Lξ îçíà÷àåò ïðîèçâîäíóþ Ëè âäîëü ïîëÿ ξ. Âñëåäñòâèå 1 óðàâíåíèÿ
èíôèíèòåçèìàëüíûõ ïðîåêòèâíûõ ïðåîáðàçîâàíèé èìåþò âèä [1],[2] :

ξi,j = ξij ;
ϕ,i = ϕi;
ξi,jk = ξαR

α
kji + 1

2(ϕkgij + ϕjgik)

ϕij = 1
n−1

(
ξαRαi, j + ξα,iRαj + ξα,jRαi + ξαRβijα,β

) (2)

Òåíçîð

Eij
def
= Rij −

1

n
Rgij (3)

íàçûâàþò òåíçîðîì Ýéíøòåéíà [3]. Èç òðåáîâàíèÿ ñîõðàíåíèÿ òåíçîðà 3 âûòåêàåò, ÷òî ïîìèìî
ñèñòåìû 2 äîëæíî âûïîëíÿòüñÿ óðàâíåíèå

LξEij = ξαEij,α + ξα,iE
α
j + ξα,jE

α
i = 0 (4)

Íàìè äîêàçàía ñëåäóþùàÿ òåîðåìà:
Òåîðåìà. Äëÿ òîãî, ÷òîáû èíôèíèòåçèìàëüíûå ïðîåêòèâíûå ïðåîáðàçîâàíèÿ îñòàâëÿëè

èíâàðèàíòíûì òåíçîð Ýéíøòåéíà Eij = Rij − 1
nRgij, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

âûïîëíÿëîñü óñëîâèå:

LξZ
h
ijk = 0.

Òåíçîð

Zhijk
def
= Rhijk −

R

n(n− 1)
(δhkgij − δhj gik), (5)

íàçûâàåòñÿ òåíçîðîì êîíöèðêóëÿðíîé êðèâèçíû.

Ñïèñîê ëèòåðàòóðû

[1] K. Yano The theory of Lie derivatives and its applications,-North-Holland, Amsterdam(1955).

[2] J. Mike�s,A. Van�zurov�a,I. Hinterleitner I.Geodesic mappings and some generalizations.,-Palacky
University Press, Olomouc, 2009, 304p.

[3] Â. A. Êèîñàê Å. Å. ×åïóðíàÿ Èíâàðèàíòíûå ïðåîáðàçîâàíèÿ ñ ñîõðàíåíèåì ãåîäåçè÷åñêèõ ,-
Proc. Intern. Geom. Center 2011 4(2) 36-42.
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Èíôèíèòåçèìàëüíûå êîíôîðìíûå ïðåîáðàçîâàíèÿ ëîêàëüíî

êîíôîðìíî-êåëåðîâûõ ìíîãîîáðàçèé

Å. Â. ×åðåâêî

(ÎÍÝÓ, Îäåññà, Óêðàèíà)

E-mail address: cherevko@usa.com

Ïóñòü {Mn, J, g} � ëîêàëüíî êîíôîðìíî-êåëåðîâî(ËÊÊ) ìíîãîîáðàçèå, êîìïîíåíòû ôîðìû
Ëè, êîòîðîãî îïðåäåëÿþòñÿ ôîðìóëîé [2]:

ωi =
2

n− 2
Jαβ,αJ

β
i . (1)

Èçâåñòíî [3], ÷òî, åñëè âåêòîðíîå ïîëå ξ ïîðîæäàåò èíôåíèòåçèìàëüíûå êîíôîðìíûå
ïðåîáðàçîâàíèÿ, âìåñòå ñ èíâàðèàíòîì ϕ äîëæåí óäîâëåòâîðÿòü ñèñòåìå :

1)ξi,j = ξij ;
2)ϕ,i = ϕi;
3)ξi,j + ξj,i = ϕgij ;
4)ξi,jk = ξαR

α
kji +

1
2(ϕkgij + ϕjgik − ϕigjk);

5)ϕi,j =
2

n−2

(
ξαRij,α + ξα,iR

α
j + ξα,jR

α
i −

gij
2(n−1) (ξ

αR,α + ϕR)
)
.

(2)

Ðàññìîòðåí ñëó÷àé, êîãäà âåêòîðíîå ïîëå ξ(x1, x2, . . . , xn) èíäóöèðóåò ïðåîáðàçîâàíèå,
ñîõðàíÿþùåå êîìïëåêñíóþ ñòðóêòóðó [4]:

LξJ
i
j = J ij,kξ

k − Jαj ξi,α + J iαξ
α
,j = 0. (3)

Òàêîå ïîëå íàçûâàåòñÿ êîíòðàâàðèàíòíûì ïî÷òè àíàëèòè÷åñêèì âåêòîðíûì ïîëåì.
Äîêàçàíû ñëåäóþùèå òåîðåìû:

Òåîðåìà 1. Ïðè èíôèíèòåçèìàëüíûõ êîíôîðìíûõ ïðåîáðàçîâàíèÿõ ËÊÊ-ìíîãîîáðàçèé,

ñîõðàíÿþùèõ êîìïëåêñíóþ ñòðóêòóðó, âåêòîðíîå ïîëå ξ è èíâàðèàíò ϕ äëÿ êîòîðûõ

îïðåäåëÿþòñÿ èç ñèñòåìû (2), êîìïîíåíòû ïðîèçâîäíîé Ëè ôîðìû Ëè ðàâíû ÷àñòíûì

ïðîèçâîäíûì èíâàðèàíòà ϕ, âçÿòûì ñ îáðàòíûì çíàêîì:

Lξωi = −ϕi.

Òåîðåìà 2. Åñëè ËÊÊ-ìíîãîîáðàçèå {Mn, J, g}, n = 2m äîïóñêàåò ãðóïïó Gr
èíôèíèòåçèìàëüíûõ êîíôîðìíûõ ïðåîáðàçîâàíèé, ñîõðàíÿþùèõ êîìïëåêñíóþ ñòðóêòóðó,

òî åå ïîðÿäîê r íå ïðåâûøàåò m+ 1.

Ñïèñîê ëèòåðàòóðû

[1] Â. Ô. Êèðè÷åíêî Äèôôåðåíöèàëüíî-ãåîìåòðè÷åñêèå ñòðóêòóðû íà ìíîãîîáðàçèÿõ ,- Ì.,
ÌÏÃÓ, 2003, 495 ñ.

[2] Â. Ô. Êèðè÷åíêî Ëîêàëüíî êîíôîðìíî-êåëåðîâû ìíîãîîáðàçèÿ ïîñòîÿííîé ãîëîìîðôíîé

ñåêöèîííîé êðèâèçíû ,- Ìàòåì. ñá., 182:3 (1991), 354�363

[3] É. Ìèêåø, Ä. Ìîëäîáàåâ Î ðàñïðåäåëåíèè ïîðÿäêîâ ãðóïï êîíôîðìíûõ ïðåîáðàçîâàíèé

ðèìàíîâûõ ïðîñòðàíñòâ,- Èçâ. âóçîâ. Ìàòåì., 1991, � 12, 24�29

[4] K. Yano Di�erential geometry on complex and almost complex spaces,- Pure and Applied Math.
vol. 49, Pergamon Press Book, New York (1965).
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Î ãðóïïå èçîìåòðèé ñëîåíîãî ìíîãîîáðàçèÿ

À. Ñ. Øàðèïîâ

(ÍÓÓç, Òàøêåíò, Óçáåêèñòàí)

E-mail address: asharipov@inbox.ru

Îáîçíà÷èì ÷åðåç G ãðóïïó âñåõ èçîìåòðèé ðèìàíîâà ìíîãîîáðàçèÿ M ðàçìåðíîñòè
n ñ ðèìàíîâîé ìåòðèêîé g. Èçâåñòíî, ÷òî ãðóïïà G ñ êîìïàêòíî-îòêðûòîé òîïîëîãèé
ÿâëÿåòñÿ ãðóïïîé Ëè [1]. Â ýòîé ñòàòüå îáñóæäàåòñÿ âîïðîñ î ñóùåñòâîâàíèå èçîìåòðè÷åñêèõ
îòîáðàæåíèé ñëîåíîãî ìíîãîîáðàçèÿ (M,F ). Îáîçíà÷èì ÷åðåç GF ãðóïïó âñåõ èçîìåòðèé
ñëîåíîãî ðèìàíîâà ìíîãîîáðàçèÿ (M,F ). Èçó÷åíèå ñòðóêòóðû ãðóïïû GF ñëîåíîãî
ìíîãîîáðàçèÿ (M,F ) ÿâëÿåòñÿ íîâîé è èíòåðåñíîé çàäà÷åé. Âïåðâûå ýòà çàäà÷à ðàññìîòðåíà â
ðàáîòå [2]. Â ýòîé ðàáîòå äîêàçàíî, ÷òî ãðóïïà GF ñ êîìïàêòíî-îòêðûòîé òîïîëîãèåé ÿâëÿåòñÿ
òîïîëîãè÷åñêîé ãðóïïîé.

Ïóñòü M , N -ãëàäêèå ìíîãîîáðàçèÿ ðàçìåðíîñòè n, íà êîòîðûõ çàäàíû k ìåðíûå ñëîåíèÿ
F1, F2 ñîîòâåòñòâåííî. Åñëè äëÿ íåêîòîðîãî äèôôåîìîðôèçìà φ : M → N îáðàç φ (Lα)
êàæäîãî ñëîÿ Lα ñëîåíèÿ F1 ÿâëÿåòñÿ ñëîåì ñëîåíèÿ F2, òî îòîáðàæåíèå φ íàçûâàåòñÿ
äèôôåîìîðôèçìîì ñëîåíûõ ìíîãîîáðàçèé (M,F1) , (N,F2) è ïèøåòñÿ â âèäå φ : (M,F1) →
(N,F2). Åñëè M = N è F1 = F2, òî φ íàçûâàåòñÿ äèôôåîìîðôèçìîì, ñîõðàíÿþùèì ñëîåíèå
F (äèôôåîìîðôèçìîì ñëîåíîãî ìíîãîîáðàçèÿ (M,F )). Äèôôåîìîðôèçìû, ñîõðàíÿþùèå
ñëîåíèå, èçó÷åíû â ðàáîòàõ [1], [3].

Îïðåäåëåíèå 1. Äèôôåîìîðôèçì φ : (M,F ) → (M,F ) íàçûâàåòñÿ èçîìåòðèåé ñëîåíîãî
ìíîãîîáðàçèÿ (M,F ), åñëè ñóæåíèå îòîáðàæåíèÿ φ íà êàæäûé ñëîé ñëîåíèÿ F ÿâëÿåòñÿ
èçîìåòðè÷åñêèì îòîáðàæåíèåì, ò.å. äëÿ êàæäîãî ñëîÿ Lα îòîáðàæåíèå φ : Lα → f (Lα)
ÿâëÿåòñÿ èçîìåòðèåé ìåæäó ìíîãîîáðàçèÿìè Lα, φ (Lα).

Îïðåäåëåíèå 2. Ïóñòü M - ãëàäêîå ìíîãîîáðàçèå ðàçìåðíîñòè n. Ôóíêöèÿ f : M → R1

èç êëàññà C2
(
M,R1

)
äëèíà ãðàäèåíòà êîòîðîé ïîñòîÿííà íà êîìïîíåíòàõ ñâÿçíîñòè ìíîæåñòâ

óðîâíÿ, íàçûâàåòñÿ ìåòðè÷åñêîé ôóíêöèåé.
Òåîðåìà. Ïóñòü f : Rn → R1 - íå ÿâëÿåòñÿ ìåòðè÷åñêîé ôóíêöèåé. Òîãäà, ãðóïïà GF

ÿâëÿåòñÿ ïîäãðóïïîé ãðóïïû G.
Çàìå÷àíèå. Êàê ïîêàçûâàþò ïðèìåðû, äëÿ ìåòðè÷åñêèõ ôóíêöèé òåîðåìà íå âåðíà.
Ïðèìåð 1. Ðàññìîòðèì ôóíêöèþ f (x1, x2) = exp (Bx2), çàäàííàÿ íà ïëîñêîñòè.

Ëèíèè óðîâíÿ ýòîé ôóíêöèè ïîðîæäàþò ñëîåíèå F , ñîñòîÿùåå èç ïàðàëëåëüíûõ ïðÿìûõ.
Îòîáðàæåíèå ϕ (x1, x2) = (x1, λx2), ãäå λ 6= 0- ïîñòîÿííîå, ÿâëÿåòñÿ èçîìåòðèåé ñëîåíèÿ F ,
íî îíî íå ÿâëÿåòñÿ èçîìåòðèåé ïëîñêîñòè.

Ïðèìåð 2. Ôóíêöèÿ f (x1, x2) = x21 − x2, íå ÿâëÿåòñÿ ìåòðè÷åñêîé, ëèíèè óðîâíÿ
ïîðîæäàþò ñëîåíèå F , ñîñòîÿùåå èç ïàðàáîë. Èçîìåòðèåé ýòîãî ñëîåíèÿ ÿâëÿåòñÿ
ïàðàëëåëüíûé ïåðåíîñ âèäà ϕ (x1, x2) = (x1, x2 + λ), êîòîðàÿ åñòü èçîìåòðèÿ ïëîñêîñòè.
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Îñîáåííîñòè ãåîìåòðè÷åñêîé ñîñòàâëÿþùåé îáó÷åíèÿ ñòóäåíòîâ-èíîñòðàíöåâ íà
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Öåëü ìàòåìàòè÷åñêîé ïîäãîòîâêè íà ïðåäâóçîâñêîì ýòàïå � ñôîðìèðîâàòü ó èíîñòðàííûõ

ñòóäåíòîâ íà íåðîäíîì ÿçûêå óðîâåíü ìàòåìàòè÷åñêîé îáðàçîâàííîñòè, íåîáõîäèìûé äëÿ

ïðîäîëæåíèÿ îáó÷åíèÿ ìàòåìàòè÷åñêèì äèñöèïëèíàì â óêðàèíñêèõ âóçàõ.

Íî íåñìîòðÿ íà òî, ÷òî ãëàâíîé ñîñòàâëÿþùåé îáó÷åíèÿ ìàòåìàòèêå íà ïðåäâóçîâñêîì

ýòàïå ÿâëÿåòñÿ èìåííî ìàòåìàòè÷åñêîå ñîäåðæàíèå, à èçó÷åíèå ÿçûêà ïðåäìåòà âûïîëíÿåò

êîììóòàòèâíóþ ôóíêöèþ, áîëüøîå âíèìàíèå íåîáõîäèìî óäåëÿòü ïðàâèëüíîé ðå÷è.

Ýòîìó, êàê íåëüçÿ ëó÷øå, ñïîñîáñòâóþò ãåîìåòðè÷åñêèå çàäà÷è, ôîðìóëèðîâêè òåîðåì,

îïðåäåëåíèÿ. Â ïðîöåññå ðàññóæäåíèé íà ¾ãåîìåòðè÷åñêèå¿ òåìû ïðîèñõîäèò, êàê ïîêàçûâàåò

ìíîãîëåòíèé îïûò ðàáîòû, ôîðìèðîâàíèå êîììóòàòèâíîé êîìïåòåíòíîñòè, òî åñòü ñïîñîáíîñòè

îáó÷àþùåãîñÿ îðãàíèçîâàòü ñâîþ ðå÷åâóþ äåÿòåëüíîñòü ñïîñîáàìè, ñîîòâåòñòâóþùèìè

êîíêðåòíîé ñèòóàöèè îáùåíèÿ, àäåêâàòíûìè ïî öåëè, ñîäåðæàíèþ, à èìåííî, ïðè ðåøåíèè

ãåîìåòðè÷åñêèõ çàäà÷ êàê òðåáóþùèõ ëîãè÷åñêèõ ãåîìåòðè÷åñêèõ äîêàçàòåëüñòâ, òàê è

íîñÿùèõ âû÷èñëèòåëüíûé õàðàêòåð âîçíèêàåò íåîáõîäèìîñòü ñëîâåñíî äîâåñòè ìûñëü íà

èçó÷àåìîì ÿçûêå. Òàêèì îáðàçîì, èçó÷åíèå ïðåäìåòà (ãåîìåòðèè) èäåò ïàðàëëåëüíî ñ

èçó÷åíèåì ÿçûêà íà ãåîìåòðè÷åñêîì ìàòåðèàëå. Íåëüçÿ îáó÷èòü ïðåäìåòó áåç èçó÷åíèÿ ÿçûêà

ïðåäìåòà.

Ïðè ôîðìóëèðîâêå è ðåøåíèè çàäà÷ ïî ãåîìåòðèè î÷åíü ÷àñòî âîçíèêàþò ñëîâîñî÷åòàíèÿ,

ôðàçû, êîòîðûå èñïîëüçóþòñÿ â áûòîâîé ðå÷è: ¾óãîë¿, ¾ïðÿìàÿ ïðîõîäèò ÷åðåç¿, ¾îñíîâàíèå¿

è ò.ä. Òàêèì îáðàçîì, íà óðîêàõ ãåîìåòðèè íåâîçìîæíî òîëüêî çàïèñàòü íà äîñêå

ìàòåìàòè÷åñêèå âûðàæåíèÿ, íå îçâó÷èâ èõ, íå îáúÿñíèâ ñâÿçè ñëîâ â ïðåäëîæåíèè, èõ

çíà÷åíèÿ, ïðè ýòîì íåîáõîäèìî ñëåäèòü çà êðàòêîñòüþ, ëàêîíè÷íîñòüþ ðå÷è ïðåïîäàâàòåëÿ.

Èòàê, íà ýòàïå äîâóçîâñêîé ïîäãîòîâêè èíîñòðàííûõ ñòóäåíòîâ íåîáõîäèìî ïîä÷åðêíóòü

âàæíîñòü è íåîáõîäèìîñòü èçó÷åíèè ãåîìåòðèè. Ïðè èçó÷åíèè ýòîãî ïðåäìåòà ìàòåìàòèêè

êàê íåëüçÿ óñïåøíåå ïðîèñõîäèò îâëàäåíèå ó÷àùèìèñÿ ÿçûêîâûõ êîíñòðóêöèé, íåîáõîäèìûõ

äëÿ äàëüíåéøåãî îáó÷åíèÿ.
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Distributions on smooth manifolds can be constructed by various methods. In particular, clas-
sical a�nor structures such as almost product structures, almost complex structures, f -structures
of K. Yano and some others naturally determine two or more (real or complex) complimentary
distributions. The distributions generated by almost product structures and their generalizations
play a remarkable role in many branches of di�erential geometry and its applications, speci�cally,
in the theory of Monge-Amp�ere equations (see [1], [2]).

Invariant distributions determined by invariant a�nor structures on homogeneous manifolds
are of especial interest. As the �rst step, we study invariant distributions on reductive Rieman-
nian homogeneous spaces generated by invariant almost product structures. We prove the criteria
under which these distributions belong to types AF (anti-foliation), F (foliation), TGF (totally
geodesic foliation). Further, we concentrate on canonical distributions on Riemannian homogeneous
k-symmetric spaces (G/H, g), where G is a compact semisimple Lie group and g is any diagonal
Riemannian metric on G/H compatible with canonical distributions. These distributions are deter-
mined by a rich collection of canonical almost product structures on G/H (see [3], [4]). Applying the
previous results we give a full description of all base canonical distributions by indicating the alge-
braic criteria for including these distributions into the classes AF , F , TGF . In particular, it follows
that any base canonical foliation is totally geodesic. Finally, we examine in detail all canonical dis-
tributions (not only base) on Riemannian homogeneous k-symmetric spaces with diagonal metrics
for k = 4, 5, 6. As a result, a wide collection of new invariant Riemannian foliations (in particular,
the Reinhart foliations) as well as the Naveira classes of Riemannian almost product structures
is presented. It should be noted that canonical distributions on homogeneous k-symmetric spaces
are closely related to special canonical almost complex structures and f -structures [4], which were
recently applied by I. Khemar [5] to studying elliptic integrable systems.

Recently, so-called "metallic" structures (golden, silver and others) were introduced in [6]. Using
the canonical almost product structures we show that all types of "metallic" structures can be
e�ectively realized as the canonical structures on homogeneous k-symmetric spaces.
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The pairs of convex subsets in linear spaces �nd numerous applications in di�erent areas of
mathematics. In particular, they are used in the quasidi�erential calculus [1] and mathematical
economics.

The mentioned construction was considered from the categorical point of view in the realm of
fuzzy metric spaces by the second named author [3]. In this paper, a fuzzy norm on the linear space
of (equivalence classes of) convex sets is de�ned and it is proved that the functor of the pairs of
polyhedral convex sets (i.e., the convex hulls of �nite subsets) determines a monad in a suitable
category.

For every linear topological space X, let cc(X) denote the set of nonempty compact convex
subsets in X. As usual, + stands also for the Minkowski addition: A+B = {a+ b | a ∈ A, b ∈ B},
for every A,B ∈ cc(X).

Consider the following equivalence relation ∼ on the set L = cc(X) × cc(X): (A,B) ∼
(C,D), if A+D = B + C.

The equivalence class containing (A,B) is denoted by [A,B]. The quotient set K(X) = L/ ∼ is
a linear space with respect to the addition

[A,B] + [C,D] = [A+ C,B +D]

and multiplication by scalar de�ned by the formula: λ[A,B] = [λA, λB], if λ > 0, and [−λB,−λA],
if λ < 0 (see [2]).

Suppose now that (X, ‖ · ‖) is a normed space. Denote by dH the Hausdor� metric on cc(X)
with respect to the metric d induced by the norm ‖ · ‖. It is known (see, e.g., [2]) that the following
function is a norm on K(X): ‖[A,B]‖ = dH(A,B).

Let K̃(X) denote the completion of K(X) with respect to the norm ‖ · ‖. Given a bounded
linear operator f : X → Y , let a map K̃(f) : K̃(X) → K̃(Y ) be de�ned on the dense subset K(X)
as follows: K̃(f)([A,B]) = [f(A), f(B)], if [A,B] ∈ K(X). It is easy to check that K̃(f) is a well-
de�ned linear operator. We therefore obtain a functor K̃ acting in the category Ban of Banach
spaces and bounded linear operators.

We show that the functor K̃ determines a monad in the category Ban and characterize the
category of algebras of this monad in terms of the Banach lattice theory.

We also consider a subfunctor of K̃ related to the classes of compact convex sets of constant
width.
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In the work [1] V.Chatyrko and Y.Hattory introduced the notion of an admissible extension of
topological spaces. Let us recall those two de�nitions.

De�nition 1 [1]. Suppose τ1 and τ2 are two topology on X. We say that the topology τ2 on
X is an admissible extension of τ1 if

(i) τ1 ⊆ τ2;
(ii) τ1 is a π-base for τ2, i.e. for each nonempty element O ∈ τ2 there exists an element V ∈ τ1

such that V ⊂ O.
A.V.Ivanov [2] de�ned the space NX of complete linked systems (CLS) of a space X in a

following way:
De�nition 2 [2]. A linked system M of closed subsets of a compact X is called a complete

linked system (CLS) if for any closed set of X, the condition
"Any neighborhood OF of the set F consists of a set Φ ∈M" implies F ∈M .
A set NX of all complete linked systems of a compact X is called the space NX of CLS of X.

This space is equipped with the topology, the open basis of which is formed by sets in the form of
E=O(U1, U2, ..., Un)〈V1, V2, ..., Vs〉= {M ∈ NX : for any i = 1, 2, ..., n there exists Fi ∈M such that
Fi ⊂ Ui, and for any j = 1, 2, ..., s, F ∩ Vj 6= ∅ for any F ∈ M} , where U1, U2, ..., Un, V1, V2, ..., Vs
are nonempty open in X sets.

Theorem. Suppose τ1 and τ2 are two topologies on X. If the topology N(τ2) is an admissible
extension of the topology N(τ1) on NX then the topology τ2 is also an admissible extension of the
topology τ1.
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Paper is devoted to an employing a variety of techniques for characterizing dynamics of the
nonlinear neuro-physiological systems identifying the presence of chaotic elements [1, 2]. As ex-
ample, let us underline that an ability to provide interaction between the di�erent areas of the
brain by using a multichannel electroentselophalogramms helps determine the location of the foci of
abnormal activity in brain of patients with epilepsy. Many diseases of the brain, including epilepsy,
Parkinson's disease, are associated with abnormal synchronization large groups of neurons in the
brain.

Particular attention is paid to a non-linear signals as obvious is a typicality of a chaotic be-
havior of nonlinear systems. To analyze measured time histories of the neuro-physiological system
responses with the use of the recurrence plots method the phase space of these systems was recon-
structed by delay embedding. The mutual information approach, correlation integral analysis,false
nearest neighbour algorithm, Lyapunov exponent's analysis, and surrogate data method are used for
comprehensive characterization [1]-[4]. The correlation dimension method provided a low fractal-
dimensional attractor thus suggesting a possibility of the existence of chaotic behavior. Statistical
signi�cance of the results was con�rmed by testing for a surrogate data. We also present the con-
crete numerical results regarding the ensembles �uctuations of spontaneous Parkinsonian tremor of
a few patients [4].
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A new approach to quantization of the stationary (quasi-stationary) states of the Dirac-Slater
equation for N-particle quantum systems is developed. In di�erence of our previous similar self-
conjunctive versions [1], new method has a few advantages. It is based on ab initio version of the
quantum electrodynamics perturbation theory for the N-quasi-particle systems with using compre-
hensive, gauge invariant Dirac-Slater relativistic orbital basis's generation scheme [2] and e�ective
procedure of the Fano-Byorke type [3] for calculating the perturbation operator matrix elements
for N-quasi-particle states and with accurate accounting the complex correlation e�ects. The re-
currence relationships between the three-body and two-body matrix elements have been obtained
within new scheme. The theorem establishing a link between gauge non-invariant contributions
into the matrix elements and quality of the eigen functions basis of the corresponding Dirac-Slater
operator is proven.

New approach is applied in calculation of the characteristics for dielectronic satellites of spec-
tral lines for multicharged ions. New spectral data have been obtained for characteristics Na-like
satellite lines within a full relativistic perturbation theory [2] calculation. An e�ective procedure
for theoretical modelling the dielectronic satellites spectra of multicharged ions is carried out and
applied to modelling spectra of neon-and sodium-like multicharged ions. This scheme is based on
using obtained relativistic, gauge-invariant calculation data and statistical procedure of accounting
line intensity distribution for transitions between con�gurations with great number of lines [3].
There is performed comparison of the test data obtained within di�erent methods, namely, multi-
con�guration Dirac (Hartree)-Fock calculation, density-functional theory and others and found that
a new approach has the best accuracy and especially e�ective for studying complex con�gurations,
where it is realized an intermediate case [3].
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Nonlinear modeling of chaotic processes can be carried out on the base of fractal geometry
approach and a chaos theory method [1]. Here we present a new numerical approach to analysis
and forecasting nonlinear dynamics of chaotic system on the example of the econophysical system.
Use of the information about the phase space in the simulation of the evolution of the econophysical
process in time can be considered as a major innovation in the modeling of chaotic process. The
main concept can be achieved by constructing a parameterized non-linear function F (x, a), which
transform y(n) to y(n+1)=F [y(n), a], and then use di�erent criteria for determining the parameters
a . To analyze measured time histories of the econophysical system the phase space of these
systems was reconstructed by delay embedding. The mutual information approach, correlation
integral analysis, false nearest neighbour algorithm, Lyapunov exponent's analysis, and surrogate
data method are used for comprehensive characterization [1, 2]. Further, since there is the notion
of local neighborhoods, we can create a model of the process occurring in the neighborhood, at
the neighborhood and by combining together these local models to construct a global non-linear
modelto describe most of the structure of the attractor. In �nding the coe�cients of a there is a
possible encounter a few problems, which at �rst glance seem to be purely technical, but are related
to the nonlinear properties of the system. If the low-dimensional chaotic system, the data that can
be used for �tting, normally cover any available locally dimension, but only a certain subspace.
Therefore, the linear system of equations to be solved by �tting is �ill-conditioned�. However, if
the system noise is present, the equations formally are not ill-conditioned, but part of the decision
relating to the "direction" of noise points to the future, is not having a sense [2].

As an application we employ a varietyof techniques (in version [1]) for characterizing dynamics of
the nonlinear econophysical system identifying the presence of chaotic elements. We considered ideal
gas-like models of trading markets, where each agent is identi�ed as a gas molecule that interacts
with others trading in elastic or money-conservative collisions. Traditionally, these models introduce
di�erent rules of random selection and exchange between pair agents. Unlike these traditional
models, this work introduces a chaotic procedure able of breaking the pairing symmetry of agents
(i, j) , (j, i). We con�rm the known Pellicer-Lostao and Lopez-RuizIts result relatively that the
asymptotic money distributions of a market under chaotic evolution can exhibit a transition from
Gibbs to Pareto distributions, as the pairing symmetry is progressively broken. Besides, we present
the numerical data about the key parameters of the studied system [3].
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This work goes on studying and development of a new e�ective numerical approach to problem of
quantization of states of the relativistic equations and further using the corresponding eigen function
basis in the calculations of the permitted beta transitions by means of the golden Fermi-rule [1]. In
this paper we present a new numerical algorithm to quantization of the stationary (quasi-stationary)
states for the Dirac-Fock equations with density dependent forces and calculating the beta-decay
probabilities. The principally new element is connected with introducing the consistent density
dependent functionals into the Dirac-Fock equations to take into account as the one-particle as the
many-particle correlation e�ects. Besides, as usually, a great importance is turned on calculating the
optimized sets of eigen functions and correspondingly eigen values. To provide and check ful�lling
the gauge invariance in the optimized Dirac-Fock method with density dependent forces, the QED
gauge-invariant approach [3] and the Yord equalities. The important topic is a correct account of
he nuclear and radiation e�ects within quaelectrodynamics. As usually (see, for example, [1]), the
correction due to the �nite size of a nucleus (the charge distribution in a nucleus is modelled within
the homogeneous charged ball and Gauss models) is accounted for in the zeroth approximation of
the perturbation theory in an electric and vacuum-polarization potentials, which are substituted to
the e�ective Dirac-Fock equations (i.e on the non-perturbative basis) [3].

As an example, a new e�ective Dirac-Fock approach with density dependent forces is applied to
calculating the beta-decay parameters for a number of the permitted beta transitions. Calculation
for superpermitted transitions has demonstrated good agreement between theory and experiment
that is practically better than in a case of the standard Dirac-Fock, Hartree-Fock atomic models,
Coulomb approximation and even our last version of the Dirac-Slater approach due to the more
correct ful�lling the gauge invariance condition (i.e. more accurate account for exchange-correlation
e�ects). Calculation of the in�uence for the atomic self-consistent �eld type on the Fermi function
shows that for little and intermediate values of nuclear charge Z a di�erence in the data, provided
by di�erent methods is quite little, however for big Z (for example, 241Pu-241Am) it becomes
quite signi�cant (till a few percents in comparison with non-relativistic data). It is performed a
quantitative analysis and estimate of di�erence (calculated within all cited above methods) between
values of the Fermi function under de�nition of by means of values of the radial electron wave
functions on the boundary of a nucleus and by means of the squares of expansion amplitudes of
radial wave functions for r near zero).
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Our work goes on our studying the problem of quantization of the stationary and quasi-stationary
states for the corresponding relativistic Dirac-Fock-like equations and precise calculating the radia-
tive transitions characteristics in spectra of the heavy atomic systems. Let us remind that usually
the multi-con�guration Hartree-Fock and Dirac-Fock approaches are used in calculations of the en-
ergy eigen values and di�erent spectral parameters for many-body atomic systems. Though these
approaches provide the most reliable version of calculation, nevertheless, as a rule, detailed descrip-
tion of the method for studying role of the gauge-invariant contributions and more tiny radiative
corrections is lacking. Serious problems are connected with correct de�nition of the high-order cor-
relation corrections etc. The further improvement of this method is connected with using the gauge
invariant procedures of generating relativistic orbital basis's and more correct treating the above
cited e�ects [1].

Here we present a new gauge-invariant version of the relativistic many-body perturbation the-
ory approach with the optimized Dirac-Fock zeroth approximation to description of the radiative
transitions characteristics in spectra of the heavy atomic systems. New e�ective procedure for quan-
tization of the stationary and quasi-stationary states for the corresponding Dirac-Fock equations is
presented. Respectively, a new precise approach to calculating the (permitted and forbidden) ra-
diative transition probabilities is developed [2]. New method is based on the energy approach and
gauge-invariant QED perturbation theory formalism with using the optimized one-quasi-particle
representation and precised accounting for the exchange-correlation e�ects [3].

As the test, there are carried out the calculations of energies, probabilities and oscillator
strengths for the radiative (Ì1,Ì2, Å2 etc) transitions in spectra of the HgII, ArII ions, ions of the
isoelectronic sequences NeI, ZnI (Z till 92) and lanthanoides atoms EuI,YbI. A signi�cant part of
the quite exact spectral data is �rstly obtained and can be used in di�erent applications. There
is performed a detailed comparison of received energy and spectral data with available alternative
theoretical and experimental results for the cited systems. At last, the theorem about a link be-
tween the asymptotic properties of the eigen functions and minmax estimates of the corresponding
radiative transition integrals is proven.
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It is proposed a new generalized operator [1] approach to quantization of the quasi-stationary
(scattering) states of relativistic many-body Dirac (Dirac-Kohn-Sham) equations for two classes
of non-stationary and collision tasks. Earlier we have developed an e�ective operator approach to
quantization of the quasi-stationary (scattering) for Dirac-Fock equations in a class of non-stationary
tasks [2]. New algorithm was developed and based on the multi-body perturbation theory with the
Dirac-Fock zeroth approximation and mapped Fourier grid technique [3]. Here we generalized this
approach to take into account the many-body correlations in the quantum systems, described by
the relativistic many-body Dirac (Dirac-Kohn-Sham) equations.

Besides, we elaborated new quantization procedure for the Dirac equation nuclear and electron
quasistationary states. It results in rede�nition of the cross-section for the nucleus-nucleus collision
with EPPP by means of the modi�ed expression through imaginary part of the complex energy.
The latter is standardly de�ned within the relativistic energy approach, which is based on the
S-matrix Gell-Mann and Low adiabatic formalism [4]. The nuclear and electron subsystems are
described by the corresponding Dirac-Kohn-Sham equations and treated as two parts of the uniform
supercompound system, interacting with each other through the special e�ective potential [2]. It
is proven a generalized theorem limiting the asymptotic behavior of the collision cross-section at
in�nite energy.
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Within a development of geometry of a chaos here We present new combined approach to treating
a deterministic chaos in the complex systems, which includes new elements of advanced techniques
such as the multi-fractal formalism, wavelet analysis, optimal propagators method, mutual informa-
tion approach, correlation integral analysis, false nearest neighbor algorithm, Lyapunov exponent's
analysis, memories function formalism, surrogate data method etc [2]. The new advanced chaos-
geometrical approach is designed for analyzing the signal's temporal series in modelling interactions
in a formally complex vibrational systems [3] and search of an existence of chaotic behavior in these
systems. A chaos theory establishes that apparently complex irregular behaviour could be the out-
come of a simple deterministic system with a few dominant nonlinear interdependent variables. The
correlation dimension and optimal propagators methods provide a low fractal-dimensional attractor
thus suggesting a possibility of the existence of chaos. The method of surrogate data, for detecting
nonlinearity, provides signi�cant di�erences in the correlation exponents between the original data
series and the surrogate data sets. The Lyapunov exponents analysis supports conclusion that the
systems studied exhibits low-D chaos.

As a concrete example, we studied the nonlinear dynamics of some laser systems and backward-
wave tube in order to detect a chaos elements. We considered the dynamical chaos regime in
generation of a laser with absorbing cell and chaotic self-oscillations in the backward-wave tube
on the basis of numerical analysis by means a set of advanced methods. New data about the
Lyapunov exponents' for two self-oscillations regimes in the backward-wave tube: i). the weak
chaos (normalized length: L=4.24); ii) developed chaos (L=6.1). The correlations dimensions are
respectively as 2.9 and 6.2. Our analysis con�rms a conclusion about realization of the chaotic
features in dynamics of the studied backward-wave tube system. The same program is realizing for
laser system with absorbing cell.
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On the dual space G∗ to the Lie algebra G of shift operators in the forms

A =
∑j�∞

j∈Z
AjT

j ∈ G, Aj ∈ C∞(Z; g),

where g is a Lie algebra of shift operators with functional coe�cients, Aj =
∑i�∞

i∈Z aj,iEj and
aj,i ∈ C∞(Z2;R) for any j, i ∈ Z, T and E are usual shift operators, acting by the rules

T ja(n,m) = a(n+ j,m)T j , E ia(n,m) = a(n,m+ i)E i, a ∈ C∞(Z2;R),

with the standard commutator ([1])

[A,B] = AB − BA, A,B ∈ G,

and the nondegenerated invariant scalar product

(A, B) = Tr (AB), TrA :=
∑

n∈Z
τ(A0) :=

∑
n∈Z

∑
m∈Z

a0,0,

one construct the Lie-Poisson bracket such as

{γ, µ}R(`) = (`, [∇γ(`),∇µ(`)]R), ` ∈ G∗, (1)

where γ, µ ∈ D(G∗) are smooth by Frechet functionals on G∗, ∇ is a gradient symbol, G = G+⊕G−,
the Lie subalgebra G+ ⊂ G consists of the elements

∑s�∞
s∈Z+

AsT
s ∈ G, P±G = G±, P±G∓ = 0,

R = 1
2(P+ − P−) and [A,B]R = [RA,B] + [A,RB] for any A,B ∈ G. The Lie-Poisson bracket (1)

and the Casimir functionals γk := p
k+pTr `

k+p
p , k ∈ Z+, as Hamiltonians generate hierarchy of

evolution equations
d

dtk
` = [(P+`

k
p ), `], k ∈ Z+, (2)

where ` := T p+
∑j<p

j∈Z ûjT
j ∈ G∗, ûj ∈ C∞(Z; g), p ∈ N. The second Hamiltonian structure for (2),

being compatible with the bracket (1), is given by the Lie-Poisson bracket

{γ, µ}R`
(`) = (`, [∇γ(`),∇µ(`)]R`

), ` ∈ G∗, (3)

where R`(A) = P+(`A)− P−(A`) and [A,B]R`
= [R`A,B] + [A,R`B] for any A,B ∈ G.

The bi-Hamiltonian systems (2) on orbits of the coadjoint action of the Lie algebra G can be
considered as Lax representations for (2+1)-dimensional di�erential-di�erence nonlinear dynamical
systems. It is shown that in the special cases the bi-Hamiltonian structures for these systems can be
obtained as reductions of the compatible Hamiltonian structures (1) and (3) on the mentioned above
orbits. The analog of the theorem (see [2]) about the existence of bi-Hamiltonian interpretation for
reduced Lax type hierarchy, concerning with the Lie algebra of integro-di�erential operators of two
independent variables, is formulated.
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In this work we go on our investigation of a problem of the eigen-values spectrum and eigen-
functions for an e�ective relativistic Hamiltonian of the �nite heavy many-body Fermi-systems
and further application to quantitative treating hyper�ne structure parameters of these systems
and description of the electroweak interactions with calculating the corresponding electro-weak
amplitudes for transition, in which the parity violation e�ect occurs [1].

Here a new advanced approach to quantization of the bound and quasistationary (scattering)
states of the relativistic Dirac equation with a non-singular (singular) potential is proposed. On
its basis further we develop a new advanced approach to calculating the electro-weak amplitudes
of the transitions with parity violation, provided by e-N electroweak interaction. Our advanced
approach is based on the combined relativistic mean �eld model of a nucleus and QED gauge-
invariant many-body perturbation theory with using the optimized one-quasiparticle representation
[2]. The correction due to the �nite size of a nucleus is accounted for in the relativistic Dirac
equation (zeroth approximation of the perturbation theory) in the electric and vacuum-polarization
potentials on the non-perturbation basis. The charge distribution in a nucleus is modelled within
the relativistic mean �eld model. To take into account the main radiative e�ects such as vacuum-
polarization and self-energy part of the Lamb shift, we develop the relativistic Green's function
method for Dirac equation with relativistic mean-�eld nuclear potential and complex energy. The
e�ectiveness of the quantization procedure and correctness of the one-quasiparticle representation
(zeroth relativistic Dirac approximation) are checked on example of accurate calculating parity
violating dipole amplitudes for a number of the �nite heavy Fermi-systems. A theorem, providing
reconstruction of the conservation e�ect, has been proven.

New approach is applied in calculating the hyper�ne structure parameters, parity non-violation
electro-weak amplitudes for a set of the heavy �nite Fermi-systems with accounting of exchange-
correlation, Breit, weak e-e interactions, radiative and nuclear (magnetic moment distribution,
�nite size, neutron �skin�) corrections, nuclear-spin dependent corrections due to anapole moment,
Z-boson ((AnVe) current) exchange, combined hyper�ne and Z boson exchange ((VnAe) current)
interactions [3]. Firstly we predict values of the weak charge for ytterbium and other heavy elements
and compare with the corresponding Standard model data.
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Isolated local minima (maxima) of continuous functions and its' equiscalar lines are considered

in order to derive topological invariant of the given function in the neighborhood of this isolated

local point. In the investigation an answer on the question:"Are the equiscalar lines of a continuous

function always homeomorphic to circles?" is given. The example of a continuous function with the

equiscalar lines, that are not homeomorphic to circles was introduced.

De�nition1A family F of curves is called regular in U if for each arc PQ of the curve C

and for every ε>0 there exists δ>0 such that if ρ(P,P')<ε, where P'∈ C ′∈F, then σ(P'Q',PQ)<δ.
Theorem1 Equiscalar lines of a continuous function in the neighborhood of isolated local minimum

(maximum) are homeomorphic to circles if and only if they form a regular family of curves in the

neighborhood of his point.

Earlier, only curves which bound a star-shaped region were considered.

De�nition2 A plane Jordan's curve γ bounds a star-shaped region if there exists a point O

in the closure of this region such, that each linear segment which connects this point O with any

point of a curve wholly belongs to the closure of the region. A point O from this de�nition is called

a center of star-shapedness.

More general de�nition was introduced:

De�nition3 A point x1 from a set Γ is called a point of local star-shapedness if for it there

exists a subset Γα1 such that x1 is a center of star-shapedness of Γα1 . A set Γα1 is called locally

star-shaped region.

Obviously, if, in general, a closed Jordan's curve bounds a region which is not star-shaped then

it can be partitioned into locally star-shaped subregions.

Theorem2 For a region that is bounded by any closed Jordan's curve there always exists a

partitioning by �nite number of subregions {Γαi}, i ∈ N.
The theorem below generalizes a statement about the continuous function upon the star-shaped

region to the case of locally star-shaped region.

Theorem3 A set of cones that are built upon star-shaped subregions of a locally star-shaped

region topologically equivalent to some continuous function.
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Let PN be a projective space of dimension N (N ≥ 4) and P ∗
N be its dual space. A hyperplane

element of the space PN is a pair L∗
N−1 = (LN−1, A) where LN−1 is a hyperplane in PN and

A ∈ LN−1. Consider a smooth family B of hyperplane elements. De�ne two mappings ξ : B → PN

and η : B → P ∗
N by ξ : (LN−1, A) 7→ LN−1, η : (LN−1, A) 7→ A. By de�nition, Bp, q is a family B

satisfying the following conditions: 1) η(Bp, q) is a smooth p-dimensional surface Sp (p < N − 2);
2) the projection η : Bp, q → Sp is a �ber bundle over Sp with q-dimensional �bers, where 1 6 q 6
N − p− 2; 3) TA(Sp) ⊂ LN−1 for any (LN−1, A) ∈ η−1(A).

Let V (Bp, q) denote the envelope of the smooth family ξ(Bp, q). A characteristic Fr(L
∗
N−1) of

Bp, q at L∗
N−1 is the plane generator of V (Bp, q) at L∗

N−1. We say Bp, q to be regular if for any

L∗
N−1 ∈ Bp, q we have Fr(L

∗
N−1)∩ TA(Sp) = A where A = η(L∗

N−1). In this case r = N − p− q− 1.
Let F(Bp,q) denote the bundle of projective frames adapted to the regular family Bp, q so that any

frame {A0, Ai, Au, Ay, AN} in the �ber over L∗
N−1 = (LN−1, A) satis�es the following conditions:

A0 = A, Ai ∈ TA(Sp), Au ∈ LN−1, Ay ∈ Fr(L
∗
N−1), where i, j = 1, p; u, v = p+ 1, p+ q;

y = p+ q + 1, N − 1. Equations of Bp, q in the adapted frame have the form

ωu = 0, ωy = 0, ωN = 0, ωN
y = 0, ωu

i = Λu
ijθ

j , ωy
i = Λy

ijθ
j ,

ωN
i = ΛN

ij θ
j , ωu

y = Λu
yiθ

i + Λuv
yNθ

N
v , ωi

y = Λi
yjθ

j + Λiu
yNθ

N
u ,

where θi, θNu are the base forms of the family and the functions Λ form the �rst-order fundamental

object of the family Bp, q which includes the tensor ΛN
ij . The components of the latter satisfy the

following equations:

dΛN
ij + ΛN

ijω
N
N − ΛN

kjω
k
i − ΛN

ikω
k
j = ΛN

ijkθ
i − Λu

ijθ
N
u .

For regular family Bp, q we have det‖ΛN
ij ‖ 6= 0, so one can consider inverse tensor V ij

N and the

objects

Λu
N =

1

p
Λu
jkV

jk
N , Λy

N =
1

p
Λy
jkV

jk
N , Λk =

1

p+ 2
ΛN
ijkV

ij
N .

We denote B̄ a regular family Bp,N−p−2. For such a family y = p + q + 1. In the general case

for B̄ one can reduce the bundle F(Bp,q) in �ve steps. As a result, all the forms for except ωi
j , ω

u
v ,

ωy
y , ωN

N will be expressed by the base forms, and the vertices of the adapted frame will be spanned

by the invariant planes of the �ve-term composition:

A⊕Np−1 ⊕Nq−1 ⊕Ay ⊕AN = PN , Np−1 = [Ai], Nq−1 = [Au]. (1)

Theorem. In the general case, the composite clothing consisting of �elds of the planes in (1) is

attached to regular family B̄.
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A new approach to quantization of the states for the Schr�odinger equation with a crossed AC
electric and magnetic �eld potential is developed within the operator perturbation theory [1]. New
numerical approach has been carried out to calculating the energy eigen values and eigen functions of
the energies, Stark resonances widths and probabilities of transitions between Stark and Zeemane
sublevels for atomic system in the crossed AC electric and magnetic �elds. In di�erence of the
similar approach for a case of the crossed DC electric and magnetic �eld, the problem studied has
some especial features. The non-stationary problem is in fact reduced to the stationary problem for
the eigenvalues and eigenvectors of the energy matrix A (with the consideration of several Floka-
zones), where the natural state is actually scattering resonances in the complex energy: E=Er-
iG/2. A diagonalization performed using the system of the Sturm-Liouville approximation for the
Schr�odinger equation. Further, the operator perturbation theory [2] has been used, and the zeroth
order Hamiltonian in the Schr�odinger equation with a crossed �eld potential is de�ned by the
set of the orthogonal eigen values and eigen functions without specifying the explicit form of the
corresponding zeroth order potential. it allows to overcome the formal and numerical di�culties.
We have proven a generalized theorem that G/E remains less than 1/n even in the vicinity of the
"new continuum" boundary (n is the principal quantum number).

As example of application, we present the calculation results for the energy eigen values of the
ground state for hydrogen in the AC electric and magnetic �elds [3]. For comparison there are
also listed the results of the ground state energy eigen values obtained on the basis of the standard
perturbation theory (look, for example, review in [2] ). Analysis shows that the both results are
in the reasonable agreement, at least till the �eld strengths values 0.04 atomic units. Further in a
case more strong �eld it begins to increase the di�erence between our theory data and the standard
perturbation theory results. From the one side, for weak �eld strength values an excellent agreement
between both approaches can be easily explained. From the other hand, the standard PT formalism
falls in a case of consideration the strong electric or magnetic or both simultaneously �elds. Our
theory is absolutely valid in a case of the strong �elds too [3].
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A pair (f, X ) is called Morse-Smale pair if f is a Morse function and X is gradient-like vector
�eld for f.

Morse-Smale pairs (f, X ) (g, Y ) are called double equivalent if there exist a homeomorphism
h : M → M , h′ : R → R for which f ◦ h = h′ ◦ g and in addition homeomorphism h maps the
trajectory of X on the trajectory of Y.

For Morse-Smale pair we construct generalized ordered Heegaard diagram (GOHD). Heegaard
surface F is the boundary of the union of handles index 0 and 1.

Meridians are the intersections of the surface F with unstable manifolds of critical points of
index 1 and the intersections of the surface F with stable manifolds of critical points of index 2.
Let y1, ..., yN are the critical values of functions that are organized by increase (y1 < y2 < ... <
yN ). We set σ (yi) = i. Each critical point of index 0 corresponds to the area Ui, the point index
1corresponds to meridian ui, point of index 2 corresponds to meridian vi and the point of index 3
corresponds to region Vi. Thus, the performance mapping σ the set {U1, U2, ..., Uk, u1, u2, ..., un,
v1, v2, ..., vm, V1, V2, ..., Vl } into the set { 1, 2, ..., N }. Thus, each MC function GOHD sets.
This GOHD we call GOHD that generated this MS function.

Two GOHD are called equivalent if there is a homeomorphism of GHD that keeps ordering.

Theorem 1. Gradient-like pairs (f,X), (g, Y ) are double equivalent if and only if their GOHD are

equivalent.

We describe some properties of the function σ:
1) if ui ⊂ ∂Uj , then σ (ui)> σ (Uj);
2) if vi ⊂ ∂Vj , then σ (vi) <σ (Vj);
3) if ui

⋂
vj 6= ∅, then σ (ui) <σ (vj);

4) if Ui
⋂
vj 6= ∅, then σ (Ui) <σ (vj);

5) if ui
⋂
Vj 6= ∅, then σ (ui) <σ (Vj);

6) if Ui
⋂
Vj 6= ∅, then σ (Ui) <σ (Vj).

A function σ, which satis�es properties 1) - 6) will be called admissible.
The order of each meridian of the �rst type less order of any meridian the second type.

Theorem 2. For each admissible GOHD there is a Morse-Smale pair that generates this GOHD.
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We study D-branes on Calabi-Yau threefolds, which are realized through the blowing up the
singularity of orbifold. This D-branes, according to [1] are represented as sheaves, which can be
stable or unstable, what is connected with the transition in the Teichmuller space. Using the derived
category of McKay quiver representations, which describe D-branes as quivers and open superstrings
between them by Ext groups [2], we can represent Higgs multiplets by the moduli space of an open
superstring, connecting two McKay quivers. Through the equivalence between the derived category
of coherent sheaves and triangulated category of distinguished triangles over the abelian category
of McKay quivers we can associate D-branes with quivers or with sheaves, de�ned on Calabi-Yau.
After the dimensional reduction of the ten-dimensional space-time we can receive matter content of
the four-dimensional space-time [3]. Thus, a higher-dimensional breaking mechanism is associated
with four-dimensional GUT Higgs multiplets and symmetry breaking higgs mechanism.
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New numerical algorithm

A. V. Romanova

(OSENU, Odessa, Ukraine)

E-mail address: quantrom@mail.ru

An advanced technique based on the joint use of principal component method and the wavelet
analysis has been developed to analysis and treating meteorological spatially-temporal signals and
patterns. The combined principal component and wavelet analysis allows combining the possibility
to reveal the spatial features of the former and to reveal the temporal ones by the latter. Our
advanced algorithm includes the wavelet decomposition for analyzing various meteo-signals series
according to the methodic [1]. The non-decimated wavelet transform that has temporal resolution
at coarser scales and allows to isolate time series of the major components of �nancial sets a direct
way is used. An advanced generalized non-conservative �nite-di�erences scheme method has been
used to solve the corresponding atmosphere general dynamics equations. It is based on the earlier
developed generalized non-conservative �nite di�erences scheme for the task of propagating a laser
pulse in a non-linear medium [2].

As application we have studied a number of meteorological signal series, which are character-
ized by directly manifested chaotic properties. For example, a new algorithm has been applied to
analysis of the temporal series of the annual temperatures in Odessa region, the atmospheric gases
(ozone, carbon doioxide, nitrogen oxide etc) concentration spatially-temporal distribution, Our nu-
merical analysis has allowed to reveal the deterministic elements in the distribution of the cited
characteristics. We have con�rmed earlier discovered link between the presence of the so-called
blocking anticyclone processes in the North Atlantic and its absence over Ukraine. We also quanti-
tatively reveal a direct link between the spatiotemporal variability of European total ozone content
at synoptic time and spatial scales with the North-Atlantic Oscillations [3].
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We consider pairs of linear mappings (A,B) of the form

V
A //W
B

oo (1)

in which V and W are �nite dimensional unitary or Euclidean spaces over C or R, respectively. We
say that (1) transforms to

V ′ A′
//W ′

B′
oo

by bijections ϕ1 : V → V ′ and ϕ2 : W → W ′ if A′ϕ1 = ϕ2A and B′ϕ2 = ϕ1B.
We say that (A,B) and (A′,B′) are linearly equivalent if ϕ1 and ϕ2 are linear bijections and

topologically equivalent if ϕ1 and ϕ2 are homeomorphisms.
A pair of linear mappings (A,B) is regular if A and B are bijections, and singular otherwise.

Each pair of linear mappings (A,B) possesses a regularizing decomposition in direct sum of regular
and singular pairs of linear mappings. In [1, 2] pairs of counter linear maps are classi�ed up to
linearly equivalence. In [4] we prove the following theorem.

Theorem 1. (a) The pairs of counter linear mappings (A,B) and (A′,B′) are topologically equiva-

lent if and only if their regular parts are topologically equivalent and their singular parts are linearly

equivalent.

(b) The regular pairs of counter linear mappings (A,B) and (A′,B′) are topologically equivalent

if and only if linear operators BA and B′A′ are topologically conjugate.

Classi�cation of linear operators up to topological conjugacy was given by N. Kuiper and J. Rob-
bin in [3].
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of spectra of the hadronic systems: New numerical algorithm

A. N. Shakhman

(OSENU, Odessa, Ukraine)

E-mail address: quantsha@mail.ru

The work goes on our studying energy and spectral characteristics of the hadronic systems [1].
Here we present a new consistent approach for quantization of the stationary (quasistationary) states
of the relativistic Klein-Gordon-Fock equation with the pi-N standard and pi-N generalized nuclear
interaction potentials in application to hadronic atomic systems. The fundamental characteristics
we calculate are: energy spectra, radiative corrections, hyper�ne structure parameters for hadronic
(pionic) systems [3]. Our new approach is ab initio, relativistic method allowing to carry out
a consistent calculation of the spectra for pionic systems with an account of relativistic, nuclear,
radiative e�ects within the gauge-invariant QED perturbation theory in version [3]. New analytical
and numerical estimates regarding a quantitative link between a consistence of the quantization
procedure, a quality of the nucleus structure modeling and accuracy of calculating energy and
spectral properties of systems have been received.

The wave functions zeroth basis is found from the relativistic Klein-Gordon-Fock equation with
the pi-N standard and pi-N generalized nuclear interaction potential. The general potential includes
the self-consistent ab initio potential, the electric and polarization potentials of a nucleus plus
above indicated nuclear interaction ones. As usually, in order to make modelling a nuclear charge
distribution in a nucleus the Fermi model has been used. Within the method of di�erential equations
[3], the corresponding nuclear potential is found as solution of the di�erential equations system.
The energy shift is connected with a length of the pion-nuclear scattering (scattering amplitude for
zeroth energy). It has been proven a generalized theorem establishing a link between a quality wave
functions zeroth basis and value of the gauge non-invariant contribution to energy. As application
of the approach, the data on energy characteristics (transition energies and probabilities) of the
di�erent transitions group in the pionic systems, including estimating the values of the strong pion-
nuclear interaction energy levels shifts and widths, de�ning the corrections due to the e-screening,
vacuum polarization, relativistic recoil e�ects etc are presented and compared with available other
theoretical and experimental results.
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Let X and Y - topological spaces and f and g - continuous mappings from X to Y .

De�nition 1. Continuous mappings f and g are called topologically equivalent if there are homeo-

morphisms h : X −→ X and k : Y −→ Y such that k · f = g · h.

Obviously, this is an equivalence relation on the set continuous maps from X to Y . Note that

the choice is homeomorphic morphisms h and k is not unique. Thus, if �x topological spaces X and

Y , then the natural but there are two objectives:

1)to describe the set of classes of continuous maps from X to Y relative to this equivalence

relation;

2) specify the necessary and su�cient conditions for the two continuous maps f and g from X
to Y are topologically equivalent.

These problems are complex and the response is not known , even when X = Rn, Y = R1.

De�nition 2. By regular curve-family = on R2 is meant a family which is locally homeomorphic

to a family of parallel lines on R2.

Òåîðåìà 1. Let F : R2 → R1- continuous map. Assume that:

1) F−1(a) = R1;

2) the level lines of F form a regular curve families.

Then the function F is topologically equivalent to a linear function G : R2 → R1.

Consider a polynomial function F de�ned in R2. Line level of F de�ne a partition of the plane

into curves. Each connected component γ of line level determines the number of F (γ). Using this,

we introduce the equivalence relation R2� v and a result we obtain a graph Γ(F ), which is called

Kronrod-Reeb graph of F .
Let Γ(F )-Kronrod-Reeb graph of a polynomial function, de�ned in the R2 and has only isolated

critical points.

De�nition 3. We say that a polynomial function F is a function in general position if its level line

is not more than one critical point.

Òåîðåìà 2. Let F : R2 → R1 and G : R2 → R1 are polynomial function in general position.

Then the function F is topologically equivalent to G if and only if their Kronrod-Reeb graphs are

isomorphic.
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Smooth mani�old Mn of dimension n and the following structure equations

dωi = ωj ∧ ωi
j (i, ... = 1, n) (1)

is considered. Their prolongations have the form

dωi
j = ωk

j ∧ ωi
k + ωk ∧ ωi

jk. (2)

The principal bundle of tangent linear coframes Ln2(Mn) with the structure equations (1, 2)

appears on the manifold Mn. Typical �ber of the bundle is the linear group Ln2 = GL(n).
Let us determine the Kobayashi � Nomizu generalized a�ne connection on the bundle Ln2(Mn)

by Cartan � Laptev � Lumiste's way in terms of the following forms:

ω̃i = ωi − γijωj , ω̃i
j = ωi

j − Γi
jkω

k, (3)

where the functions γij , Γi
jk satisfy the di�erential equations

∆γij = γijkω
k, ∆Γi

jk + ωi
jk = Γi

jklω
l, (4)

where for instance ∆Γi
jk = dΓi

jk +Γl
jkω

i
l −Γi

lkω
l
j−Γi

jlω
l
k. We note that generalized a�ne connection

object {γij , Γi
jk} consists of the connection tensor γij and usual a�ne connection object Γi

jk.

Connection forms (3) satisfy the structure equations

dω̃i = ω̃j ∧ ω̃i
j + S̃i

jkω
j ∧ ωk, dω̃i

j = ω̃k
j ∧ ω̃i

k +Ri
jklω̃

k ∧ ω̃l, (5)

S̃i
jk = Si

jk + γi[jk] − γ
l
[jΓ

i
|l|k], Ri

jkl = Γi
j[kl] − Γm

j[kΓi
|m|l],

where Si
jk = Γi

[jk] is usual torsion tensor. After prolongation of the equations (4) the di�erential

comparisons are found:

∆S̃i
jk
∼= 0, ∆Ri

jkl
∼= 0 (modωi).

Theorem.On a smooth manifold Mn the space of generalized a�ne connection Ln2+|n|,n can

be constructed. The space has the structure equations (1, 5), in which the components of tensors of

generalized torsion S̃i
jk and the curvature of usual a�ne connection Ri

jkl are uncluded. If generalized

connection object vanishes γij = 0, i.e. base-�ber forms ω̃i become the base forms ωi, then the space

Ln2+|n|,n degenerates into the usual a�ne connection space Ln2,n (often denoted by An,n) with the

structure equations (5), in which ω̃i = ωi, S̃i
jk = Si

jk.
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The paper is devoted to development of a new procedure of quantization of quasi-stationary
states of Dirac-Kohn-Sham equation [1] and a new approach to calculating energy and spectral
characteristics of the resonances in spectra odf heavy atomic systems. The new approach to studying
the autoionization resonances spectra is based on the relativistic many-body perturbation theory
with Dirac-Kohn-Sham zeroth approximation combined with the generalized relativistic energy ap-
proach [2] and applied ti quantitative studying spectra of lanthanides elements, and search of the
unusual futures in behaviour of the autoionization resonances in su�ciently weak dc electric �eld.

The wave function zeroth basis is found from the Dirac-Kohn-Sham equation with a potential,
which includes ab initio (the optimized Dirac-Kohn-Sham potential, the electric potential of a
nucleus). The correlation corrections of the relativistic perturbation theory high orders are taken
into account within the Green functions method (with using the Feynman diagram's technique [3]).
All correlation corrections of the second order and dominated classes of the higher orders diagrams
(electrons screening, particle-hole interaction, mass operator iterations) are taken into account. It
has been proven a generalized minmax theorem establishing a link between a relativistic orbital
zeroth-approximation basis quality and value of the gauge non-invariant contribution to resonance
width.

As example, we present some new numerical calculation results for the lanthanides elements
excited states energies and widths and carry out the detailed comparison between the experimental
(compilation) and data of di�erent theoretical studies on the basis of multicon�guration Hartree-
Fock (MCHF) method within the framework of Breit-Pauli (BP) relativistic corrections, the Cowan's
relativistic Hartree-Fock method and the model many-body perturbation theory and relativistic
energy approach. The parameters of the lanthanides elementsautoionization resonances (energies
and widths) are calculated for atoms in a free state and in the weak DC electric �eld. The simple
diagonalization matrix estimates with accounting of the DC electric �eld allowed to �nd a unusual
e�ect of the giant broadening for the autoionization resonances widths for the lanthanides elements
in su�ciently weak DC electric �eld (till 150 V/cm).
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We present an advanced numerical approach to quantization of the stationary (quasi-stationary)
states of the Dirac equation within an generalized one-channel relativistic quantum defect approxi-
mation. A new advanced method includes the optimized relativistic model potential and relativistic
quantum defect approximation combined with the relativistic energy approach and QED many-
body perturbation theory with zeroth order optimized 1-particle representation [1]. It has been
presented the optimal, e�ective algorithm for solving the task on the eigen values and eigen func-
tions for the bound and continuum states of the relativistic Dirac equation with a singular model
potential and quantum defect (the Coulomb-like) potentials. An implementation of the relativistic
model potential (quantum defect approximation) to the frames of the gauge-invariant relativistic
energy formalism (S-matrix adiabatic formalism of Gell-Mann and Low) for studying energy and
spectral parameters of multi-electron systems on the basis of the Dirac equation is in full details
presented �rstly. This methodic allows to get the consistent relativistic quantum defect approxima-
tion gauge-invariant basis's of Dirac equation eigen functions. Numerical calculation of the energy
eigen-values for simple atomic systems has proven an e�ectiveness of the proposed method. Namely,
the calculated spectrum of the energy eigen values for lithium, sodium and rubidium is compared
with the most precise experimental data. There are calculated eigen values of an energy and decay
(transition) probabilities for di�erent transitions from ground state to the low-excited and Rydberg
states of the cit3d systems. The comparison of calculated oscillator strengths with available theo-
retical and experimental data is carried out [2] and demonstrated an excellent agreement that is a
direct con�rmation of the consistency and e�ectiveness of our new approach.

Besides, a new approach allowed to develop a general, fully gauge-invariant version of the multi-
channel quantum defect method. New ab initio optimized scheme, satisfying a principle of mini-
mization for the gauge dependent radiative contributions to imaginary part of energy of the system
for the certain class of the photon propagator calibration, has been developed for the most general
case.
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In last years a great interest attracts the study of the bound states energies of di�erent complex
quantum systems such as diatomic systems etc. The correct treating spectra of these systems obvi-
ously requires a consistent account of the exchange-correlation e�ects in the consistent Hartree-Fock
approximation with additional correlation potential [1]. The standard approach to accounting for
exchange-correlation corrections is the perturbation theory formalism with the Hartree-Fock zeroth
approximation and introducing special correlation potentials. Simultaneously, the perturbation the-
ory formalism allows evaluation of the relative contributions of di�erent expansion energy terms as
the functions of Z. However, the serious problems in this approach are connected with correct de�-
nition of the exchange-correlation contribution etc especially in a case of the diatomic systems with
large number of electrons [2].

The main purpose of our work is to carry out new consistent procedure for quantization of
states of the nonrelativistic Schr�odinger equation with directly introduced exchange-correlation
potential of the DFT type and present basis of a new theory and its application to calculating
spectra of diatomic quantum systems (molecules etc). As usually, the zeroth approximation is
usually generated by the e�ective ab initio model functional, constructed on the basis of the gauge
invariance principle. The zeroth order basis is generated by the solution of the Schr�odinger equation
with spherically symmetric potential that includes the nuclear, self-consistent �eld and exchange-
correlation potentials. The important advancement of our approach is connected with using the
gauge invariant procedures of generating orbitals basis's [3] and more correct treating the exchange-
correlation e�ects.

As example of application of our approach we have carry out the numerical calculation of the
energy eigen values spectra and eigen functions basis for some diatomic systems (dimers of alkali
elements) with a direct accounting of the exchange-correlation corrections. It is important to note
that there is physically reasonable agreement between our numerical and empirical data for all
studied diatomic systems. From the other side, from the beginning our approach is non-perturbative
and oriented on studying more complicated systems in comparison with alkali dimer systems too
[2].
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Let X be an in�nite metric compact, P (X) the space of all probability measures in the compact
X [1]. For each n ∈ N by Pn(X) denote the set of all probability measures of �nite ≤ n support,
i.e. Pn(X) = {µ ∈ P (X) : |suppµ| ≤ n}, where suppµ is the support of an element µ ∈ P (X). As
well as, denote following subsets of the space P (X): Pω(X) =

⋃
Pn(X). For a A ⊂ X, A 6= X by

Sp(A) = {µ ∈ P (X) : suppµ ∩A 6= ∅}.
Theorem. The following facts hold:
1. For any in�nite metric compact X and its proper subset A subspaces Pω(A), Sp(A) and P (A)

are convex in P (X);
2. For any in�nite metric compact X and its proper subset A subspaces Pω(A), Sp(A) and P (A)

are absolute retracts in the category of metric spaces;
3. For any in�nite metric compact X and its proper subset A subspaces Pω(A), Sp(A) and P (A)

are half-spaces in P (X);
4. For any in�nite metric compact X and its proper subset A subspaces Pω(A), Sp(A) and P (A)

are in�nite-dimensional manifolds;
5. For any in�nite metric compact X and its proper subset A subspaces Pω(A), Sp(A) and P (A)

are homeomorphic to the Hilbert cube;
6. For any in�nite metric compact X and its proper subset A subspace Sp(A) is a Hilbert

manifold.
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Ïàìÿòè Ãàëèíû Àðêàäüåâíû Òîëñòèõèíîé

19 ÿíâàðÿ 2014 ãîäà ïîñëå òÿæåëîé áîëåçíè ñêîí÷àëàñü Ãàëèíà Àðêàäüåâíà Òîëñòèõèíà �

çàìå÷àòåëüíûé ìàòåìàòèê, ïðåêðàñíûé íåçàóðÿäíûé ÷åëîâåê, íàäåæíûé òîâàðèù. Ãàëèíà

Àðêàäüåâíà ðîäèëàñü 14 äåêàáðÿ 1956 ãîäà â äåðåâíå Àëôåðîâî Âåñüåãîíñêîãî ðàéîíà

Êàëèíèíñêîé (íûíå Òâåðñêîé) îáëàñòè.

Çàêîí÷èâ â 1980 ãîäó Êàëèíèíñêèé (Òâåðñêîé) ãîñóäàðñòâåííûé ãîñóíèâåðñèòåò ïî

ñïåöèàëüíîñòè ¾Ìàòåìàòèêà¿, îíà îñòàëàñü ðàáîòàòü â íåì ñíà÷àëà â äîëæíîñòè àññèñòåíòà,

çàòåì äîöåíòà è ïðîôåññîðà, çàâåäóþùåãî êàôåäðîé ìàòåìàòèêè ñ ìåòîäèêîé íà÷àëüíîãî

îáðàçîâàíèÿ. Ñ 1997 ïî 2008 ãîä îíà áûëà äåêàíîì ïåäàãîãè÷åñêîãî ôàêóëüòåòà, ñ 2008 ïî

2012 ãîä� ïðîðåêòîðîì ïî íàó÷íîé ðàáîòå Òâåðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.

Ñ 1985 ïî 1988 ãîä Ãàëèíà Àðêàäüåâíà îáó÷àëàñü â àñïèðàíòóðå ïî ñïåöèàëüíîñòè

01.01.04 � ãåîìåòðèÿ è òîïîëîãèÿ (íàó÷íûé ðóêîâîäèòåëü � ïðîôåññîð Àêèâèñ Ì.À.).

Â 1989 ãîäó îíà çàùèòèëà êàíäèäàòñêóþ äèññåðòàöèþ ïî òåìå ¾Òðè-òêàíè è ëîêàëüíûå

èäåìïîòåíòíûå êâàçèãðóïïû¿, à â 2007 � äîêòîðñêóþ äèññåðòàöèþ ïî òåìå ¾Àëãåáðà è

ãåîìåòðèÿ òðè-òêàíåé, îáðàçîâàííûõ ñëîåíèÿìè ðàçíûõ ðàçìåðíîñòåé¿ . Â ýòîé ðàáîòå åé

óäàëîñü, â ÷àñòíîñòè, ðåøèòü ïðîáëåìó, êîòîðàÿ äî ýòîãî âðåìåíè ñ÷èòàëàñü íåðàçðåøèìîé �

îáîáùèòü ïîíÿòèå ôèãóð çàìûêàíèÿ èç êëàññè÷åñêîé òåîðèè òêàíåé, îáðàçîâàííûõ ñëîåíèÿìè

îäèíàêîâîé ðàçìåðíîñòè, äëÿ òêàíåé, îáðàçîâàííûõ ñëîåíèÿìè ðàçíûõ ðàçìåðíîñòåé. Âñåãî

åþ îïóáëèêîâàíî áîëåå ñòà ðàáîò ïî ãåîìåòðèè òêàíåé è ïðîáëåìàì îáðàçîâàíèÿ.

Ãàëèíà Àðêàäüåâíà áûëà ðàçíîñòîðîííèì, ãëóáîêèì è èñêëþ÷èòåëüíî îòâåòñòâåííûì

÷åëîâåêîì. Îíà î÷åíü ëþáèëà ñâîþ ñåìüþ, ñâîþ ðàáîòó, íî ãëàâíîé åå ñòðàñòüþ áûëà

ãåîìåòðèÿ. Äî ïîñëåäíèõ äíåé îíà àêòèâíî ðàáîòàëà, èññëåäîâàëà ñâîéñòâà ñåðäöåâèíû ëåâîé

òêàíè Áîëà. Ïîëó÷åííûå åþ âåñüìà èíòåðåñíûå ðåçóëüòàòû áóäóò ñêîðî îïóáëèêîâàíû. Ãàëèíà

Àðêàäüåâíà áûëà àêòèâíûì ó÷àñòíèêîì êîíôåðåíöèé ¾Ãåîìåòðèÿ â Îäåññå¿, ñ 2010 ãîäà îíà

âõîäèëà â ñîñòàâ îðãêîìèòåòà. Ìû âñåãäà áóäåì ïîìíèòü åå ãëóáîêèå ñóæäåíèÿ, åå ýíåðãèþ,

æèçíåðàäîñòíîñòü, òîíêèé þìîð.

Îðãêîìèòåò êîíôåðåíöèè ¾Ãåîìåòðèÿ â Îäåññå¿
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