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ÎÄÅÑÜÊÀ ÍÀÖIÎÍÀËÜÍÀ ÀÊÀÄÅÌIß ÕÀÐ×ÎÂÈÕ ÒÅÕÍÎËÎÃIÉ

(ó çâ'ÿçêó ç 110 - ði÷÷ÿì)

Ç ÷îãî âñå ïî÷èíàëîñÿ. . . Ðîçâèòîê îäíîãî ç íàéñòàðiøèõ ÂÍÇ Óêðà¨íè - Îäåñüêî¨
íàöiîíàëüíî¨ àêàäåìi¨ õàð÷îâèõ òåõíîëîãié - òiñíî ïîâ'ÿçàíèé ç iñòîði¹þ Îäåñè. Ïiñëÿ
Ïåòåðáóðãà i Ìîñêâè öå áóëî òðåò¹ çà çíà÷óùiñòþ i ðiâíåì ðîçâèòêó ìiñòî â öàðñüêié Ðîñi¨.
×åðåç Îäåñüêèé ïîðò ïðîõîäèëî áiëÿ ïîëîâèíè óñüîãî çåðíîâîãî åêñïîðòó êðà¨íè. Îäåñà
áóëà íàéáiëüøèì öåíòðîì ìëèíàðñòâà â Õåðñîíñüêié ãóáåðíi¨. Âèíèêëà ãîñòðà íåîáõiäíiñòü ó
ôàõiâöÿõ ìóêîìåëüíî¨ ñïðàâè.

20 æîâòíÿ 1902 ðîêó çà ñïåöðîçïîðÿäæåííÿìÌiíiñòðà ôiíàíñiâ ãðàôà Âiòòå Ñ.Þ. âiäáóëîñÿ
îôiöiéíå âiäêðèòòÿ Îäåñüêî¨ øêîëè ìóêîìåëiâ, çàñíîâíèêîì ÿêî¨ áóâ Ã.Å. Âåéíøòåéí. Ó öüîìó
æ ðîöi Éîãî Iìïåðàòîðñüêà Âåëè÷íiñòü i Äåðæàâíà Ðàäà çàòâåðäèëè Ïîëîæåííÿ ïðî øêîëó.
Ïåðøèé âèïóñê âiäáóâñÿ â 1905 ðîöi. Â 1909 ðîöi Öàðñüêèì Óêàçîì øêîëà áóëà ïåðåòâîðåíà
â ó÷èëèùå.

Ó 1922 ðîöi íà áàçi ó÷èëèùà áóëî çàñíîâàíî òåõíiêóì òåõíîëîãi¨ çåðíà i ìóêè. Ó 1928
ðîöi òåõíiêóì ðåôîðìóâàëè íà ïîëiòåõíiêóì. Ïîòiê ñòóäåíòiâ çðiñ, i â 1929 ðîöi ïîëiòåõíiêóì
áóëî ïåðåòâîðåíî íà iíñòèòóò òåõíîëîãi¨ çåðíà i ìóêè iì. É.Â.Ñòàëiíà, ó ñêëàäi ÿêîãî áóëî 5
ôàêóëüòåòiâ.

Ó 1931 ðîöi iíñòèòóò áóëî ðåîðãàíiçîâàíî â ìåõàíiêî-òåõíîëîãi÷íèé íàâ÷àëüíî-âèðîáíè÷èé
êîìáiíàò, à â 1935 ðîöi - â Îäåñüêèé iíñòèòóò òåõíîëîãi¨ çåðíà i ìóêè iì. É. Â. Ñòàëiíà.

Ó 1939 ðîöi iíñòèòóò áóëî ïåðåéìåíîâàíî - Îäåñüêèé iíñòèòóò iíæåíåðiâ ìóêîìåëüíî¨
ïðîìèñëîâîñòi i åëåâàòîðíîãî ãîñïîäàðñòâà iì. É.Â.Ñòàëiíà. Äî 1941 ðîêó çàâåðøèâñÿ ïðîöåñ
ñòàíîâëåííÿ iíñòèòóòó. Âií âèðiñ ó âåëèêèé íàâ÷àëüíèé çàêëàä âñåñîþçíîãî çíà÷åííÿ. Àëå
Âåëèêà Âiò÷èçíÿíà âiéíà ïîðóøèëà ìèðíå æèòòÿ iíñòèòóòó. ×åðâíåâèé âèïóñê (140 iíæåíåðiâ)
ïðîõîäèâ óæå â óìîâàõ ïîâiòðÿíîãî áîìáàðäóâàííÿ Îäåñè.

Ç ñåðïíÿ 1941 ð. iíñòèòóò çíàõîäèâñÿ â åâàêóàöi¨ â ì. Íîâî÷åðêàñüêó, Ñàðàòîâi, Òàøêåíòi,
äå âií çàëèøàâñÿ äî 1944 ð. i âèïóñòèâ 141 ôàõiâöÿ. Äî ïî÷àòêó íàâ÷àëüíîãî 1944/45 ðîêó
iíñòèòóò ïîâåðíóâñÿ ó çâiëüíåíó âiä íiìåöüêî-ôàøèñòñüêèõ çàãàðáíèêiâ Îäåñó é ðîçïî÷àâ
ðîáîòó ó ñêëàäi 63 âèêëàäà÷iâ i 496 ñòóäåíòiâ íà äâîõ ôàêóëüòåòàõ - òåõíîëîãi÷íîìó i
ìåõàíi÷íîìó. Ó 1945 ðîöi áóëî âèïóùåíî 59 iíæåíåðiâ.

Ó 1953 ðîöi ÂÍÇ áóëî ïåðåéìåíîâàíî â Îäåñüêèé òåõíîëîãi÷íèé iíñòèòóò (ÎÒI), à â 1961
ðîöi iíñòèòóòó áóëî ïðèñâî¹íî iì'ÿ Ì.Â.Ëîìîíîñîâà íà ÷åñòü 250-ði÷÷ÿ âiä äíÿ íàðîäæåííÿ
âåëèêîãî â÷åíîãî, ÿêèé ïåðøèì â Ðîñi¨ îïóáëiêóâàâ íàóêîâó ïðàöþ ç ìóêîìåëüíî¨ ñïðàâè. Ó
1969 ðîöi äî ñêëàäó ÎÒI iì. Ì.Â.Ëîìîíîñîâà ç Îäåñüêîãî òåõíîëîãi÷íîãî iíñòèòóòó õàð÷îâî¨
i õîëîäèëüíî¨ ïðîìèñëîâîñòi áóëî ïåðåäàíî ïiäãîòîâêó ôàõiâöiâ çi ñïåöiàëüíîñòåé õàð÷îâîãî
ïðîôiëþ.

Ó 1970 ðîöi Ðàäà Ìiíiñòðiâ Óêðà¨íè ïåðåéìåíóâàëà iíñòèòóò â Îäåñüêèé òåõíîëîãi÷íèé
iíñòèòóò õàð÷îâî¨ ïðîìèñëîâîñòi iì. Ì.Â.Ëîìîíîñîâà. Ñåðåäèíà 80-õ - ïî÷àòîê 90-õ ðîêiâ â
iñòîði¨ àêàäåìi¨ ñòàëè ïåðiîäîì ðåàëiçàöi¨ ïðîãðàìíèõ äîêóìåíòiâ ç ïåðåáóäîâè âèùî¨ îñâiòè
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êðà¨íè. Ó 1993 ðîöi îäíèì ç ïåðøèõ ó íåçàëåæíié Óêðà¨íi iíñòèòóò ïðîéøîâ àêðåäèòàöiþ çà
âèùèì IV ðiâíåì.

Ó 1994 ðîöi iíñòèòóò áóëî ïåðåòâîðåíî â Îäåñüêó äåðæàâíó àêàäåìiþ õàð÷îâèõ òåõíîëîãié.
Ó 2002 ðîöi çà óñïiõè i âèñîêi çàñëóãè ó ñôåði îñâiòè, ïiäãîòîâêè âèñîêîêâàëiôiêîâàíèõ

êàäðiâ i íà ÷åñòü 100-ði÷÷ÿ Óêàçîì Ïðåçèäåíòà Óêðà¨íè àêàäåìi¨ ïðèñâî¹íî âèñîêå çâàííÿ
íàöiîíàëüíî¨.

Îäåñüêà íàöiîíàëüíà àêàäåìiÿ õàð÷îâèõ òåõíîëîãié ñüîãîäíi
Áiëüøå 10 000 ñòóäåíòiâ çäîáóâàþòü âèùó îñâiòó çà 25 ñïåöiàëüíîñòÿìè òà 115

ñïåöiàëiçàöiÿìè òà ïðîãðàìàìè ïiäãîòîâêè çà âñiìà îñâiòíüî-êâàëiôiêàöiéíèìè ðiâíÿìè: âiä
ìîëîäøîãî ñïåöiàëiñòà äî áàêàëàâðà, ñïåöiàëiñòà òà ìàãiñòðà.

Äî ñêëàäó àêàäåìi¨ âõîäÿòü íàâ÷àëüíî-íàóêîâèé öåíòð äîâóçiâñüêî¨ ïiäãîòîâêè, 8 ñó÷àñíèõ
ôàêóëüòåòiâ äåííî¨ òà çàî÷íî¨ ôîðì íàâ÷àííÿ, 37 êàôåäð, iíñòèòóò ïiñëÿäèïëîìíî¨ îñâiòè i
ïiäâèùåííÿ êâàëiôiêàöi¨ ñïåöiàëiñòiâ õàð÷îâî¨ òà çåðíîïåðåðîáíî¨ ïðîìèñëîâîñòi, àñïiðàíòóðà
i äîêòîðàíòóðà, íàóêîâî-äîñëiäíèé iíñòèòóò çåðíà i õàð÷îâèõ ïðîäóêòiâ, âiääië ç ðîáîòè ç
iíîçåìíèìè ñòóäåíòàìè i ãðîìàäÿíàìè, âiääië ìiæíàðîäíèõ çâ'ÿçêiâ, âiääië îðãàíiçàöiéíî-
âèõîâíî¨ ðîáîòè, Îäåñüêèé òåõíi÷íèé êîëåäæ, Îäåñüêèé ìåõàíiêî-òåõíîëîãi÷íèé òåõíiêóì,
íàâ÷àëüíî-íàóêîâèé öåíòð iíôîðìàöiéíèõ òåõíîëîãié, öåíòð ãðîìàäñüêèõ çâ'ÿçêiâ, öåíòð
îðãàíiçàöi¨ ïðàêòè÷íî¨ ïiäãîòîâêè i ñïðèÿííÿ ïðàöåâëàøòóâàííþ, øêîëà ìàëîãî i ñåðåäíüîãî
áiçíåñó, øêîëà iíîçåìíèõ ìîâ, øêîëà êîìï'þòåðíèõ òåõíîëîãié, ðåäàêöiÿ àêàäåìi÷íî¨ ãàçåòè
"Òåõíîëîã", ñòóäåíòñüêèé êëóá, ñïîðòêëóá, ñàíàòîðié-ïðîôiëàêòîðié, òàáið âiäïî÷èíêó òà
ií. Ôóíêöiîíóþòü 2 ñïåöiàëiçîâàíi â÷åíi ðàäè ç çàõèñòó äîêòîðñüêèõ i êàíäèäàòñüêèõ
äèñåðòàöié çà 5 íàóêîâèìè ñïåöiàëüíîñòÿìè, àñïiðàíòóðà òà äîêòîðàíòóðà. Óñïiøíî ïðàöþþòü
7 íàâ÷àëüíî-íàóêîâî-âèðîáíè÷èõ êîìïëåêñiâ. Â àêàäåìi¨ äiþòü Íàãëÿäîâà ðàäà, Â÷åíà ðàäà,
ðîáî÷i i äîðàä÷i îðãàíè. Àñàìáëåÿ äiëîâèõ êië Óêðà¨íè â 2003 ðîöi çà âèäàòíi çàñëóãè â
ïiäãîòîâöi âèñîêîêâàëiôiêîâàíèõ êàäðiâ âiäçíà÷èëà êîëåêòèâ àêàäåìi¨ íàãîðîäîþ "Iíòåëåêò
íàöi¨", à ó 2004 ðîöi Àñàìáëåÿ äiëîâèõ êië �âðîïè - íàãîðîäîþ "�âðîïåéñüêà ÿêiñòü"; ó ÷èñëi 15
óêðà¨íñüêèõ ÂÍÇ ÎÍÀÕÒ áóëà ïðèéíÿòà äî Àñîöiàöi¨ �âðîïåéñüêèõ Óíiâåðñèòåòiâ. Àêàäåìiÿ
ñòàëà ëàóðåàòîì íàöiîíàëüíîãî êîíêóðñó i îòðèìàëà çâàííÿ "Ëiäåð õàð÷îâî¨ òà ïåðåðîáíî¨
ïðîìèñëîâîñòi Óêðà¨íè - 2004", ïåðåìîæöåì Âñåóêðà¨íñüêîãî êîíêóðñó ÿêîñòi ïðîäóêöi¨ "100
êðàùèõ òîâàðiâ Óêðà¨íè" â 2005 ðîöi ó íîìiíàöi¨ "Îñâiòíi ïîñëóãè". Ó 2006 ðîöi àêàäåìiÿ ñòàëà
ïåðåìîæöåì ó ùîði÷íîìó ðåéòèíãó ïîïóëÿðíîñòi ëþäåé i ïîäié Îäåñè "Íàðîäíå âèçíàííÿ" â
íîìiíàöi¨ "Ëiäåð ó ñôåði îñâiòè".

Çà ïiäñóìêàìè 2006 ðîêó àêàäåìiÿ çàéíÿëà 27 ìiñöå ñåðåä 200 êðàùèõ âèùèõ íàâ÷àëüíèõ
çàêëàäiâ Óêðà¨íè â ðåéòèíãó "ÒÎÏ-200 Óêðà¨íà", ïðîâåäåíîìó çà íåçàëåæíîþ ìåòîäèêîþ
ÞÍÅÑÊÎ, à çà ïiäñóìêàìè 2007 ðîêó - ïiäíÿëàñÿ íà 24 ìiñöå.

Àêàäåìiþ ïðèéíÿëè äî ñêëàäó �âðîïåéñüêî¨ ôåäåðàöi¨ õàð÷îâî¨ íàóêè i òåõíîëîãi¨, à òàêîæ

6



äî àñîöiàöi¨ ÂÍÇ êðà¨í Ïðè÷îðíîìîðñüêîãî áàñåéíó òà �âðàçiéñüêî¨ àñîöiàöi¨ óíiâåðñèòåòiâ.
Ó âåðåñíi 2007 ðîêó ÎÍÀÕÒ óâiéøëà äî ñêëàäó Àñîöiàöi¨ �âðîïåéñüêèõ Óíiâåðñèòåòiâ, ùî
ïiäïèñàëè óíiâåðñèòåòñüêó õàðòiþ (Magna Charta).

Äâi÷i íà ðiê â àêàäåìi¨ ïðîâîäÿòüñÿ ÿðìàðêè âàêàíñié çà ó÷àñòþ ïðîâiäíèõ çåðíîïåðåðîáíèõ
i õàð÷îâèõ ïiäïðè¹ìñòâ, çàâäÿêè ÷îìó ìàéæå âñi áàæàþ÷i âèïóñêíèêè àêàäåìi¨ óñïiøíî
ïðàöåâëàøòîâóþòüñÿ.

Çà âèäàòíi íàóêîâi äîñÿãíåííÿ, âàãîìèé âíåñîê ó ðîçâèòîê âèùî¨ îñâiòè i íàóêè, ïiäãîòîâêó
âèñîêîêâàëiôiêîâàíèõ ôàõiâöiâ õàð÷îâî¨ òà ïåðåðîáíî¨ ïðîìèñëîâîñòi òðóäîâèé êîëåêòèâ
Îäåñüêî¨ íàöiîíàëüíî¨ àêàäåìi¨ õàð÷îâèõ òåõíîëîãié áóâ íàãîðîäæåíèé Ïî÷åñíîþ Ãðàìîòîþ
Êàáiíåòó ìiíiñòðiâ Óêðà¨íè - âèùîþ íàãîðîäîþ êðà¨íè, âðó÷åííÿ ÿêî¨ âiäáóëîñÿ ó äåíü
ñâÿòêóâàííÿ 105-ëiòíüîãî þâiëåþ àêàäåìi¨ ó 2007 ðîöi.

ÎÍÀÕÒ ó 2008 ð. ñòàëà ñïiâçàñíîâíèêîì Óêðà¨íñüêî¨ Àñîöiàöi¨ õàð÷îâî¨ íàóêè i
òåõíiêè, ÿêà ¹ ðåãiîíàëüíèì âiääiëåííÿì Âñåñâiòíüîãî Ñîþçó õàð÷îâî¨ íàóêè i òåõíîëîãi¨ (IU-
FOST) òà �âðîïåéñüêî¨ ôåäåðàöi¨ õàð÷îâî¨ íàóêè i òåõíîëîãi¨ (EFFOST). ÎÍÀÕÒ ¹ ÷ëåíîì
ìiæíàðîäíî¨ ìåðåæi "ISEKI-Food-2" i "ISEKI- Mundus-3". ÎÍÀÕÒ óâiéøëà äî ñêëàäó
ìiæíàðîäíîãî ¹âðîïåéñüêîãî êîíñîðöióìó 7 Ðàìêîâié ïðîãðàìi �Ñ FP7 "Áiîàêòèâíi êîìïàóíäè
â òðàäèöiéíèõ ïðîäóêòàõ õàð÷óâàííÿ ×îðíîìîðñüêîãî áàñåéíó", ÿêèé ïðåäñòàâèâ ïðîåêò
"BaSeFood". ÎÍÀÕÒ îòðèìàíî ãðàíò äëÿ âèêîíàííÿ ïðîåêòó Inno-Food SEE.

Çà ïiäñóìêàìè 2008 ðîêó ÎÍÀÕÒ çàâîþâàëà çâàííÿ Ëàóðåàòà Âñåóêðà¨íñüêîãî êîíêóðñó
ÿêîñòi ïðîäóêöi¨ (òîâàðiâ, ðîáiò, ïîñëóã) "100 êðàùèõ òîâàðiâ Óêðà¨íè" ó íîìiíàöi¨ "Îñâiòíi
ïîñëóãè".

Ëèñòîì � 18-1-15/4375 âiä 20.03.09 ð. Ìiíiñòåðñòâî àãðàðíî¨ ïîëiòèêè Óêðà¨íè ïîâiäîìèëî
ïðî âèçíàííÿ ÎÍÀÏÒ "ïðîâiäíèì ïðîôiëüíèì âèùèì íàâ÷àëüíèì çàêëàäîì Óêðà¨íè ç
ïiäãîòîâêè ôàõiâöiâ äëÿ õàð÷îâî¨ òà çåðíîïåðåðîáíî¨ ïðîìèñëîâîñòi, à òàêîæ ïðîâiäíèì
öåíòðîì ç äîñëiäæåííÿ ïðîáëåì çáåðiãàííÿ i ïåðåðîáêè çåðíà, ñòâîðåííÿ íîâèõ ïðîäóêòiâ
ôóíêöiîíàëüíîãî i îçäîðîâ÷îãî õàð÷óâàííÿ".

Çà ðåéòèíãîì "ÒÎÏ-2009" ó 2009 ðîöi ÎÍÀÕÒ ïîñiëà 27 ìiñöå ñåðåä äâîõñîò ÂÍÇ Óêðà¨íè.
ÎÍÀÏÒ - ïîòóæíèé iííîâàöiéíèé ó÷áîâî-íàóêîâèé öåíòð, âèçíàíèé ìiæíàðîäíèìè

îðãàíiçàöiÿìè. Ó 2010 ðîöi àêàäåìiÿ ñòàëà ÷ëåíîì ìiæíàðîäíî¨ ãðîìàäñüêî¨ îðãàíiçàöi¨ -
Ïëàòôîðìà "Äiàëîã �âðàçiÿ", à ó 2011 ðîöi - Ôîíäó ðîçâèòêó îñâiòè â ñôåði ãîòåëüíîãî ñåðâiñó
â Öåíòðàëüíié i Ñõiäíié �âðîïi. Ó òåïåðiøíié ÷àñ àêàäåìiÿ ñïiâïðàöþ¹ ç 24 çàêîðäîííèìè
óíiâåðñèòåòàìè i ¹ äiéñíèì ÷ëåíîì 9 ìiæíàðîäíèõ îðãàíiçàöié, à ñàìå:
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ÎÄÅÑÑÊÀß ÍÀÖÈÎÍÀËÜÍÀß ÀÊÀÄÅÌÈß ÏÈÙÅÂÛÕ ÒÅÕÍÎËÎÃÈÉ

(â ñâÿçè ñ 110-ëåòèåì)

Ñ ÷åãî âñå íà÷èíàëîñü. . . Ðàçâèòèå îäíîãî èç ñàìûõ ñòàðûõ ÂÓÇîâ Óêðàèíû - Îäåññêîé
íàöèîíàëüíîé àêàäåìèè ïèùåâûõ òåõíîëîãèé - òåñíî ñâÿçàíî ñ èñòîðèåé Îäåññû. Ïîñëå
Ïåòåðáóðãà è Ìîñêâû ýòî áûë òðåòèé ïî çíà÷èìîñòè è óðîâíþ ðàçâèòèÿ ãîðîä â öàðñêîé
Ðîññèè. ×åðåç Îäåññêèé ïîðò ïðîõîäèëî îêîëî ïîëîâèíû âñåãî çåðíîâîãî ýêñïîðòà ñòðàíû.
Îäåññà áûëà ñàìûì áîëüøèì öåíòðîì ìóêîìîëüÿ â Õåðñîíñêîé ãóáåðíèè. Âîçíèêëà îñòðàÿ
íåîáõîäèìîñòü â ñïåöèàëèñòàõ ìóêîìîëüíîãî äåëà.

20 îêòÿáðÿ 1902 ãîäà ïî ñïåöèàëüíîìó ðàñïîðÿæåíèþ Ìèíèñòðà ôèíàíñîâ ãðàôà Âèòòå
Ñ.Þ. ñîñòîÿëîñü îôèöèàëüíîå îòêðûòèå Îäåññêîé øêîëû ìóêîìîëîâ, îñíîâàòåëåì êîòîðîé
áûë Ã.Ý. Âåéíøòåéí. Â ýòîì æå ãîäó Åãî Èìïåðàòîðñêîå Âåëè÷åñòâî è Ãîñóäàðñòâåííûé
Ñîâåò óòâåðäèëè Ïîëîæåíèå î øêîëå. Ïåðâûé âûïóñê ñîñòîÿëñÿ â 1905 ãîäó. Â 1909 ãîäó
Öàðñêèì Óêàçîì øêîëà áûëà ïðåîáðàçîâàíà â ó÷èëèùå.

Â 1922 ãîäó íà áàçå ó÷èëèùà áûë îñíîâàí òåõíèêóì òåõíîëîãèè çåðíà è ìóêè.

Â 1928 ãîäó òåõíèêóì áûë ïðåîáðàçîâàí â ïîëèòåõíèêóì. Ïîòîê ñòóäåíòîâ âîçðîñ, è â 1929
ãîäó ïîëèòåõíèêóì áûë ïðåîáðàçîâàí â èíñòèòóò òåõíîëîãèè çåðíà è ìóêè èì. È.Â.Ñòàëèíà,
â ñîñòàâå êîòîðîãî áûëî 5 ôàêóëüòåòîâ.

Â 1931 ãîäó èíñòèòóò áûë ðåîðãàíèçîâàí â ìåõàíèêî-òåõíîëîãè÷åñêèé ó÷åáíî-
ïðîèçâîäñòâåííûé êîìáèíàò, à â 1935 ãîäó - â Îäåññêèé èíñòèòóò òåõíîëîãèè çåðíà è ìóêè
èì. È. Â. Ñòàëèíà.

Â 1939 ãîäó èíñòèòóò áûë ïåðåèìåíîâàí â Îäåññêèé èíñòèòóò èíæåíåðîâ ìóêîìîëüíîé
ïðîìûøëåííîñòè è ýëåâàòîðíîãî õîçÿéñòâà èì. È.Â.Ñòàëèíà.

Ê 1941 ãîäó çàâåðøèëñÿ ïðîöåññ ñòàíîâëåíèÿ èíñòèòóòà. Îí âûðîñ â áîëüøîå ó÷åáíîå
çàâåäåíèå âñåñîþçíîãî çíà÷åíèÿ. Íî Âåëèêàÿ Îòå÷åñòâåííàÿ âîéíà íàðóøèëà ìèðíóþ
æèçíü èíñòèòóòà. Èþíüñêèé âûïóñê (140 èíæåíåðîâ) ïðîõîäèë óæå â óñëîâèÿõ âîçäóøíîé
áîìáàðäèðîâêè Îäåññû.

Ñ àâãóñòà 1941 ã. èíñòèòóò íàõîäèëñÿ â ýâàêóàöèè â ã. Íîâî÷åðêàññêå, Ñàðàòîâå, Òàøêåíòå,
ãäå îí îñòàâàëñÿ äî 1944 ã. è âûïóñòèë 141 ñïåöèàëèñòà. Ê íà÷àëó ó÷åáíîãî 1944/ 45 ãîäà
èíñòèòóò âåðíóëñÿ â îñâîáîæäåííóþ îò íåìåöêî-ôàøèñòñêèõ çàõâàò÷èêîâ Îäåññó è íà÷àë
ðàáîòó â ñîñòàâå 63 ïðåïîäàâàòåëåé è 496 ñòóäåíòîâ íà äâóõ ôàêóëüòåòàõ - òåõíîëîãè÷åñêîì è
ìåõàíè÷åñêîì. Â 1945 ãîäó èíñòèòóò âûïóñòèë 59 èíæåíåðîâ.

Â 1953 ãîäó ÂÓÇ áûë ïåðåèìåíîâàí â Îäåññêèé òåõíîëîãè÷åñêèé èíñòèòóò (ÎÒÈ), à â
1961 ãîäó èíñòèòóòó áûëî ïðèñâîåíî èìÿ Ì.Â.Ëîìîíîñîâà â ÷åñòü 250-ëåòèÿ ñî äíÿ ðîæäåíèÿ
âåëèêîãî ó÷åíîãî, êîòîðûé ïåðâûì â Ðîññèè îïóáëèêîâàë íàó÷íóþ ðàáîòó ïî ìóêîìîëüíîìó
äåëó.

Â 1969 ãîäó â ñîñòàâ ÎÒÈ èì. Ì.Â.Ëîìîíîñîâà èç Îäåññêîãî òåõíîëîãè÷åñêîãî
èíñòèòóòà ïèùåâîé è õîëîäèëüíîé ïðîìûøëåííîñòè áûëà ïåðåäàíà ïîäãîòîâêà ñïåöèàëèñòîâ
ïî ñïåöèàëüíîñòÿì ïèùåâîãî ïðîôèëÿ.
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Â 1970 ãîäó Ñîâåò Ìèíèñòðîâ Óêðàèíû ïåðåèìåíîâàë èíñòèòóò â Îäåññêèé
òåõíîëîãè÷åñêèé èíñòèòóò ïèùåâîé ïðîìûøëåííîñòè èì. Ì.Â.Ëîìîíîñîâà. Ñåðåäèíà
80-õ - íà÷àëî 90-õ ãîäîâ â èñòîðèè àêàäåìèè ñòàëè ïåðèîäîì ðåàëèçàöèè ïðîãðàììíûõ
äîêóìåíòîâ ïî ïåðåñòðîéêè âûñøåãî îáðàçîâàíèÿ ñòðàíû.

Â 1993 ãîäó èíñòèòóò îäíèì èç ïåðâûõ â íåçàâèñèìîé Óêðàèíå ïðîøåë àêêðåäèòàöèþ ïî
âûñøåìó IV óðîâíþ.

Â 1994 ãîäó èíñòèòóò áûë ïðåîáðàçîâàí â Îäåññêóþ ãîñóäàðñòâåííóþ àêàäåìèþ ïèùåâûõ
òåõíîëîãèé.

Â 2002 ãîäó çà óñïåõè è âûñîêèå äîñòèæåíèÿ â ñôåðå îáðàçîâàíèÿ, ïîäãîòîâêè
âûñîêîêâàëèôèöèðîâàííûõ êàäðîâ è â ÷åñòü 100-ëåòèÿ Ïðèêàçîì Ïðåçèäåíòà Óêðàèíû
àêàäåìèè ïðèñâîåíî âûñîêîå çâàíèå íàöèîíàëüíîé.

Îäåññêàÿ íàöèîíàëüíàÿ àêàäåìèÿ ïèùåâûõ òåõíîëîãèé ñåãîäíÿ
Áîëåå 10 000 ñòóäåíòîâ ïðèîáðåòàþò âûñøåå îáðàçîâàíèå ïî 25 ñïåöèàëüíîñòÿìè, 115

ñïåöèàëèçàöèÿì è ïðîãðàììàìè ïîäãîòîâêè ïî âñåì îáðàçîâàòåëüíî-êâàëèôèêàöèîííûìè
óðîâíÿìè: îò ìëàäøåãî ñïåöèàëèñòà ê áàêàëàâðó, ñïåöèàëèñòà è ìàãèñòðà.

Â ñîñòàâ àêàäåìèè âõîäÿò ó÷åáíî-íàó÷íûé öåíòð äîâóçîâñêîé ïîäãîòîâêè, 8 ñîâðåìåííûõ
ôàêóëüòåòîâ äíåâíîé è çàî÷íîé ôîðì îáó÷åíèÿ, 37 êàôåäð, èíñòèòóò ïîñëåäèïëîìíîãî
îáðàçîâàíèÿ è ïîâûøåíèÿ êâàëèôèêàöèè ñïåöèàëèñòîâ ïèùåâîé è çåðíîïåðåðàáàòûâàþùåé
ïðîìûøëåííîñòè, àñïèðàíòóðà è äîêòîðàíòóðà, íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò çåðíà
è ïèùåâûõ ïðîäóêòîâ, îòäåë èç ðàáîòû ñ èíîñòðàííûìè ñòóäåíòàìè è ãðàæäàíàìè,
îòäåë ìåæäóíàðîäíûõ ñâÿçåé, îòäåë îðãàíèçàöèîííî-âîñïèòàòåëüíîé ðàáîòû, Îäåññêèé
òåõíè÷åñêèé êîëëåäæ, Îäåññêèé ìåõàíèêî-òåõíîëîãè÷åñêèé òåõíèêóì, ó÷åáíî-íàó÷íûé öåíòð
èíôîðìàöèîííûõ òåõíîëîãèé, öåíòð îáùåñòâåííûõ ñâÿçåé, öåíòð îðãàíèçàöèè ïðàêòè÷åñêîé
ïîäãîòîâêè è ñîäåéñòâèÿ òðóäîóñòðîéñòâó, øêîëà ìàëîãî è ñðåäíåãî áèçíåñà, øêîëà
èíîñòðàííûõ ÿçûêîâ, øêîëà êîìïüþòåðíûõ òåõíîëîãèé, ðåäàêöèÿ àêàäåìè÷åñêîé ãàçåòû
"Òåõíîëîã", ñòóäåí÷åñêèé êëóá, ñïîðòêëóá, ñàíàòîðèé-ïðîôèëàêòîðèé, ëàãåðü îòäûõà è äð.
Ôóíêöèîíèðóþò 2 ñïåöèàëèçèðîâàííûõ ó÷åíûõ ñîâåòà ïî çàùèòå äîêòîðñêèõ è êàíäèäàòñêèõ
äèññåðòàöèé ïî 5 íàó÷íûõ ñïåöèàëüíîñòÿõ, àñïèðàíòóðà è äîêòîðàíòóðà. Óñïåøíî ðàáîòàþò 7
ó÷åáíî-íàó÷íî-ïðîèçâîäñòâåííûõ êîìïëåêñîâ. Â àêàäåìèè äåéñòâóþò Íàáëþäàòåëüíûé ñîâåò,
Ó÷åíûé ñîâåò, ðàáî÷èå è ñîâåùàòåëüíûå îðãàíû.

Àññàìáëåÿ äåëîâûõ êðóãîâ Óêðàèíû â 2003 ãîäó çà âûäàþùèåñÿ çàñëóãè â ïîäãîòîâêå
âûñîêîêâàëèôèöèðîâàííûõ êàäðîâ îòìåòèëà êîëëåêòèâ àêàäåìèè íàãðàäîé "Èíòåëëåêò
íàöèè", à â 2004 ãîäó Àññàìáëåÿ äåëîâûõ êðóãîâ Åâðîïû - íàãðàäîé "Åâðîïåéñêîå êà÷åñòâî"; â
÷èñëå 15 óêðàèíñêèõ ÂÓÇ ÎÍÀÏÒ áûëà ïðèíÿòà â Àññîöèàöèþ Åâðîïåéñêèõ Óíèâåðñèòåòîâ.
Àêàäåìèÿ ñòàëà ëàóðåàòîì íàöèîíàëüíîãî êîíêóðñà è ïîëó÷èëà çâàíèå "Ëèäåð ïèùåâîé
è ïåðåðàáàòûâàþùåé ïðîìûøëåííîñòè Óêðàèíû - 2004", ïîáåäèòåëåì Âñåóêðàèíñêîãî
êîíêóðñà êà÷åñòâà ïðîäóêöèè "100 ëó÷øèõ òîâàðîâ Óêðàèíû" â 2005 ãîäó â íîìèíàöèè
"Îáðàçîâàòåëüíûå óñëóãè". Â 2006 ãîäó àêàäåìèÿ ñòàëà ïîáåäèòåëåì â åæåãîäíîì ðåéòèíãå
ïîïóëÿðíîñòè ëþäåé è ñîáûòèé Îäåññû "Íàðîäíîå ïðèçíàíèå" â íîìèíàöèè "Ëèäåð â ñôåðå
îáðàçîâàíèÿ".

Ïî èòîãàì 2006 ãîäà àêàäåìèÿ çàíÿëà 27 ìåñòî ñðåäè 200 ëó÷øèõ âûñøèõ ó÷åáíûõ
çàâåäåíèé Óêðàèíû â ðåéòèíãå "ÒÎÏ-200 Óêðàèíà", ïðîâåäåííîìó ïî íåçàâèñèìîé ìåòîäèêå
ÞÍÅÑÊÎ, à ïî èòîãàì 2007 ãîäà - ïîäíÿëàñü íà 24 ìåñòî. Àêàäåìèþ ïðèíÿëè â ñîñòàâ
Åâðîïåéñêîé ôåäåðàöèè ïèùåâîé íàóêè è òåõíîëîãèè, à òàêæå â àññîöèàöèþ ÂÓÇ ñòðàí
Ïðè÷åðíîìîðñêîãî áàññåéíà è Åâðàçèéñêîé àññîöèàöèè óíèâåðñèòåòîâ. Â ñåíòÿáðå 2007
ãîäà ÎÍÀÏÒ âîøëà â ñîñòàâ Àññîöèàöèè Åâðîïåéñêèõ Óíèâåðñèòåòîâ, êîòîðûå ïîäïèñàëè
óíèâåðñèòåòñêóþ õàðòèþ (Magna Charta).

Äâàæäû â ãîä â àêàäåìèè ïðîõîäÿò ÿðìàðêè âàêàíñèé ïðè ó÷àñòèè ëèäèðóþùèõ
çåðíîïåðåðàáàòûâàþùèõ è ïèùåâûõ ïðåäïðèÿòèé, áëàãîäàðÿ ÷åìó ïî÷òè âñå æåëàþùèå
âûïóñêíèêè àêàäåìèè óñïåøíî òðóäîóñòðàèâàþòñÿ.

Çà âûäàþùèåñÿ íàó÷íûå äîñòèæåíèÿ, âåñîìûé âêëàä â ðàçâèòèå âûñøåãî îáðàçîâàíèÿ è
íàóêè, ïîäãîòîâêó âûñîêîêâàëèôèöèðîâàííûõ ñïåöèàëèñòîâ ïèùåâîé è ïåðåðàáàòûâàþùåé
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ïðîìûøëåííîñòè òðóäîâîé êîëëåêòèâ Îäåññêîé íàöèîíàëüíîé àêàäåìèè ïèùåâûõ òåõíîëîãèé
áûë íàãðàæäåí Ïî÷åòíîé Ãðàìîòîé Êàáèíåòà ìèíèñòðîâ Óêðàèíû - âûñøåé íàãðàäîé ñòðàíû,
âðó÷åíèå êîòîðîé ñîñòîÿëîñü â äåíü ïðàçäíîâàíèÿ 105 ëåòíåãî þáèëåÿ àêàäåìèè â 2007
ãîäó. ÎÍÀÏÒ â 2008 ã. ñòàëà ñîó÷ðåäèòåëåì Óêðàèíñêîé Àññîöèàöèè ïèùåâîé íàóêè è
òåõíèêè, êîòîðàÿ ÿâëÿåòñÿ ðåãèîíàëüíûì îòäåëåíèåì Âñåìèðíîãî Ñîþçà ïèùåâîé íàóêè è
òåõíîëîãèè (IUFOST) è Åâðîïåéñêîé ôåäåðàöèè ïèùåâîé íàóêè è òåõíîëîãèè (EFFOST).
ÎÍÀÏÒ ÿâëÿåòñÿ ÷ëåíîì ìåæäóíàðîäíîé ñåòè "Iseki-food-2" è "ISEKI- Mundus-3". ÎÍÀÏÒ
âîøëà â ñîñòàâ ìåæäóíàðîäíîãî åâðîïåéñêîãî êîíñîðöèóìà 7 Ðàìî÷íîé ïðîãðàììå ÅÑ FP7
"Áèîàêòèâíûå êîìïàóíäû â òðàäèöèîííûõ ïðîäóêòàõ ïèòàíèÿ ×åðíîìîðñêîãî áàññåéíà",
êîòîðûé ïðåäñòàâèë ïðîåêò "Basefood". ÎÍÀÏÒ ïîëó÷èëà ãðàíò äëÿ âûïîëíåíèÿ ïðîåêòà
Inno-Food SEE.

Ïî èòîãàì 2008 ãîäà ÎÍÀÏÒ çàâîåâàëà çâàíèå Ëàóðåàòà Âñåóêðàèíñêîãî êîíêóðñà
êà÷åñòâà ïðîäóêöèè (òîâàðîâ, ðàáîò, óñëóã) "100 ëó÷øèõ òîâàðîâ Óêðàèíû" â íîìèíàöèè
"Îáðàçîâàòåëüíûå óñëóãè".

Ïèñüìîì � 18-1-15/4375 îò 20.03.09 ã. Ìèíèñòåðñòâî àãðàðíîé ïîëèòèêè Óêðàèíû
ñîîáùèëî î ïðèçíàíèè ÎÍÀÏÒ "âåäóùèì ïðîôèëüíûì âûñøèì ó÷åáíûì çàâåäåíèåì Óêðàèíû
ïî ïîäãîòîâêå ñïåöèàëèñòîâ äëÿ ïèùåâîé è çåðíîïåðåðàáàòûâàþùåé ïðîìûøëåííîñòè, à
òàêæå ðóêîâîäÿùèì öåíòðîì ïî èññëåäîâàíèþ ïðîáëåì õðàíåíèÿ è ïåðåðàáîòêè çåðíà,
ñîçäàíèþ íîâûõ ïðîäóêòîâ ôóíêöèîíàëüíîãî è îçäîðîâèòåëüíîãî ïèòàíèÿ".

Ïî ðåéòèíãó "ÒÎÏ-2009" â 2009 ãîäó ÎÍÀÏÒ çàíÿëà 27 ìåñòî ñðåäè äâóõñîò
ÂÓÇîâ Óêðàèíû. ÎÍÀÏÒ - ìîùíûé èííîâàöèîííûé ó÷åáíî-íàó÷íûé öåíòð, ïðèçíàííûé
ìåæäóíàðîäíûìè îðãàíèçàöèÿìè. Â 2010 ãîäó àêàäåìèÿ ñòàëà ÷ëåíîì ìåæäóíàðîäíîé
îáùåñòâåííîé îðãàíèçàöèè - Ïëàòôîðìà "Äèàëîã Åâðàçèÿ", à â 2011 ãîäó - Ôîíäà ðàçâèòèÿ
îáðàçîâàíèÿ â ñôåðå ãîñòèíè÷íîãî ñåðâèñà â Öåíòðàëüíîé è Âîñòî÷íîé Åâðîïå. Â íàñòîÿùåå
âðåìÿ Àêàäåìèÿ ñîòðóäíè÷àåò ñ 24 èíîñòðàííûìè óíèâåðñèòåòàìè è ÿâëÿåòñÿ äåéñòâèòåëüíûì
÷ëåíîì 9 ìåæäóíàðîäíûõ îðãàíèçàöèé.
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Âàäèì Ôåäîðîâè÷ Êèðè÷åíêî

(Â ñâÿçè ñ 65-ëåòèåì)

Âàäèì Ôåäîðîâè÷ Êèðè÷åíêî ðîäèëñÿ 11 ìàÿ 1947 ãîäà â ïîñåëêå Ñòðåëêà Ñðåäíåêàíñêîãî

ðàéîíà Õàáàðîâñêîãî êðàÿ (íûíå Ìàãàäàíñêîé îáëàñòè).

Â 1972 ãîäó îí çàêîí÷èë ñ îòëè÷èåì Ìåõàíèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò Ìîñêîâñêîãî

ãîñóäàðñòâåííîãî óíèâåðñèòåòà èìåíè Ì.Â. Ëîìîíîñîâà. Â 1975 ãîäó îí çàêîí÷èë àñïèðàíòóðó

ïðè êàôåäðå äèôôåðåíöèàëüíîé ãåîìåòðèè ÌÃÓ, è â 1976 ãîäó çàùèòèë êàíäèäàòñêóþ

äèññåðòàöèþ íà òåìó "Íîâûå ðåçóëüòàòû òåîðèè K-ïðîñòðàíñòâ", â êîòîðîé ïîëó÷èë ðÿä

ãëóáîêèõ ðåçóëüòàòîâ, êàñàþùèõñÿ ãåîìåòðèè îäíîãî èç ñàìûõ èíòåðåñíûõ êëàññîâ ïî÷òè

ýðìèòîâûõ ìíîãîîáðàçèé.

Ïî îêîí÷àíèè àñïèðàíòóðû îí ïîñòóïèë íà ðàáîòó àññèñòåíòîì êàôåäðû ñïåöêóðñîâ

âûñøåé ìàòåìàòèêè Ìîñêîâñêîãî ýíåðãåòè÷åñêîãî èíñòèòóòà. Â 1980 ãîäó îí ñòàë äîöåíòîì, à

â 1987 ãîäó - ïðîôåññîðîì ýòîé æå êàôåäðû. Ñ 1990 ãîäà è ïî íàñòîÿùåå âðåìÿ Â.Ô.Êèðè÷åíêî

ðàáîòàåò ïðîôåññîðîì êàôåäðû ãåîìåòðèè â Ìîñêîâñêîì ïåäàãîãè÷åñêîì ãîñóäàðñòâåííîì

óíèâåðñèòåòå è ñ 1999 ãîäà âîçãëàâëÿåò ýòó êàôåäðó.

Êðóã íàó÷íûõ èíòåðåñîâ Â.Ô.Êèðè÷åíêî ëåæèò â îáëàñòè ìíîãîìåðíîé äèôôåðåíöèàëüíîé

ãåîìåòðèè è åå ïðèëîæåíèé. Â 1985 ãîäó îí çàùèòèë äîêòîðñêóþ äèññåðòàöèþ íà òåìó

"Äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ îáîáù¼ííûõ ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèé", â êîòîðîé

ïîêàçàë âîçìîæíîñòü ñ åäèíîé òî÷êè çðåíèÿ èçó÷àòü, òàêèå íà ïåðâûé âçãëÿä, ðàçëè÷íûå

äèôôåðåíöèàëüíî-ãåîìåòðè÷åñêèå ñòðóêòóðû, êàê ïî÷òè ýðìèòîâû, ïî÷òè êîíòàêòíûå, ïî÷òè

êâàòåðíèîííûå, f-ñòðóêòóðû ßíî è èõ ãèïåðáîëè÷åñêèå àíàëîãè.

Ñ ïîìîùüþ ðàçðàáîòàííîãî èì àïïàðàòà èññëåäîâàíèÿ îáîáù¼ííûõ ïî÷òè ýðìèòîâûõ

ñòðóêòóð îí ïîëó÷èë ìíîãî÷èñëåííûå ðåçóëüòàòû, îïóáëèêîâàííûå âî ìíîãèõ àâòîðèòåòíûõ

æóðíàëàõ êàê â Ðîññèè, òàê è çà ðóáåæîì, à òàêæå â åãî ìîíîãðàôèè "Äèôôåðåíöèàëüíî-

ãåîìåòðè÷åñêèå ñòðóêòóðû íà ìíîãîîáðàçèÿõ" (Ìîñêâà, 2003 ã.), è áûëè îçâó÷åíû íà ðÿäå

ìåæäóíàðîäíûõ êîíôåðåíöèé è êîíãðåññîâ, â òîì ÷èñëå íà ÷åòâåðòîì Ìàòåìàòè÷åñêîì

êîíãðåññå â Öþðèõå (1994 ã.), ãäå åãî ñîâìåñòíûé ñ Àðñåíüåâîé Î. Å. äîêëàä áûë óäîñòîåí

ãðàíòà âûñøåé êàòåãîðèè, à òàêæå íà âòîðîì Åâðîïåéñêîì ìàòåìàòè÷åñêîì êîíãðåññå â

Áóäàïåøòå (1996 ã.). Ê íàñòîÿùåìó âðåìÿ Â.Ô. Êèðè÷åíêî îïóáëèêîâàíî ñâûøå 120 íàó÷íûõ

ðàáîò. 34 ó÷åíèêà Â.Ô.Êèðè÷åíêî çàùèòèëè ïîä åãî ðóêîâîäñòâîì êàíäèäàòñêèå äèññåðòàöèè,

÷åòâåðî ðàáîòàþò íàä äîêòîðñêèìè äèññåðòàöèÿìè. Â.Ô. Êèðè÷åíêî ÿâëÿåòñÿ ÷ëåíîì

ñïåöèàëèçèðîâàííîãî Ó÷åíîãî ñîâåòà Ä 212.154.18 ïî çàùèòå êàíäèäàòñêèõ è äîêòîðñêèõ

äèññåðòàöèé.

Ìû ïîçäðàâëÿåì Âàäèìà Ôåäîðîâè÷à ñ þáèëååì è æåëàåì åìó êðåïêîãî çäîðîâüÿ,

âäîõíîâåíèÿ è íîâûõ òâîð÷åñêèõ äîñòèæåíèé.

Ë.Å. Åâòóøèê, Â. Ì. Êóçàêîíü, À. Ì. Øåëåõîâ.
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Âèêòîð Ìèõàéëîâè÷ Êóçàêîíü

(Â ñâÿçè ñ 65-ëåòèåì)

E-mail address: kuzakon v@ykr.net

Âèêòîð Ìèõàéëîâè÷ Êóçàêîíü ðîäèëñÿ 31 àâãóñòà 1947 ãîäà â ã. Êàíäàëàêøà
Ìóðìàíñêîé îáëàñòè â ñåìüå âîåííîñëóæàùåãî. Â 1970 îêîí÷èë ìåõàíèêî-ìàòåìàòè÷åñêèé
ôàêóëüòåò Îäåññêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì. È. È. Ìå÷íèêîâà ïî ñïåöèàëüíîñòè
"Ìàòåìàòèêà". Ñ 1970 ïî 1972 ãîäû ïðîõîäèë âîèíñêóþ ñëóæáó â ðÿäàõ ñîâåòñêîé àðìèè,
ðàáîòàë èíæåíåðîì è ñòàðøèì èíæåíåðîì íàó÷íî-èññëåäîâàòåëüñêîãî îòäåëà Îäåññêîãî
âûñøåãî èíæåíåðíî-ìîðñêîãî ó÷èëèùà.

Ñ 1972 ãîäà ïî íàñòîÿùåå âðåìÿ ðàáîòàåò â Îäåññêîì òåõíîëîãè÷åñêîì èíñòèòóòå ïèùåâîé
ïðîìûøëåííîñòè (íûíå Îäåññêàÿ íàöèîíàëüíàÿ àêàäåìèÿ ïèùåâûõ òåõíîëîãèé) íà êàôåäðå
âûñøåé ìàòåìàòèêè.

Ñ 1974 ïî 1976 ãîäû Â. Ì. Êóçàêîíü ó÷èëñÿ â àñïèðàíòóðå ïî ñïåöèàëüíîñòè "Ãåîìåòðèÿ
è òîïîëîãèÿ" ïîä íàó÷íûì ðóêîâîäñòâîì ïðîôåññîðà Ì. Î. Ðàõóëû. Êàíäèäàòñêàÿ
äèññåðòàöèÿ íà òåìó "Äèôôåðåíöèàëüíûå èíâàðèàíòû ðàññëîåíèé ðèìàíîâûõ ìíîãîîáðàçèé
ñî ñâÿçíîñòÿìè è èõ ñèììåòðèè" çàùèùåíà â Ìîñêîâñêîì ãîñóäàðñòâåííîì ïåäàãîãè÷åñêîì
óíèâåðñèòåòå èì. Â. È. Ëåíèíà.

Â. Ì. Êóçàêîíü - ïîñëåäîâàòåëü íàó÷íûõ øêîë ïðîôåññîðîâ Â.Â. Ëû÷àãèíà è Ì.Î. Ðàõóëû.
Îñíîâíîå íàïðàâëåíèå åãî íàó÷íîé äåÿòåëüíîñòè - òåîðèÿ äèôôåðåíöèàëüíûõ èíâàðèàíòîâ.

Èì ðàçðàáîòàíû ìåòîäèêè íàõîæäåíèÿ äèôôåðåíöèàëüíûõ èíâàðèàíòîâ ðàññëîåíèé
ãëàäêèõ ìíîãîîáðàçèé è ïðèâåäåíî ïîëíîå îïèñàíèå àëãåáð äèôôåðåíöèàëüíûõ îïåðàòîðîâ
ðàññëîåíèé îòíîñèòåëüíî ðàçëè÷íûõ êëàññè÷åñêèõ ãðóïï.

Âèêòîð Ìèõàéëîâè÷ âíåñ áîëüøîé âêëàä â îðãàíèçàöèþ ãåîìåòðè÷åñêèõ êîíôåðåíöèé è
øêîë â Îäåññå. Â ïåðèîä ñ 2004 ãîäà îí âîçãëàâëÿåò îðãàíèçàöèîííûé êîìèòåò ìåæäóíàðîäíûõ
êîíôåðåíöèé "Ãåîìåòðèÿ â Îäåññå".

Â. Ì. Êóçàêîíü ÿâëÿåòñÿ ïðåçèäåíòîì áëàãîòâîðèòåëüíîãî ôîíäà íàó÷íûõ èññëåäîâàíèé
"Íàóêà", ÷ëåíîì ñîâåòà Ìåæäóíàðîäíîãî ãåîìåòðè÷åñêîãî öåíòðà. C 2007 ãîäà Âèêòîð
Ìèõàéëîâè÷ ÿâëÿåòñÿ îòâåòñòâåííûì ðåäàêòîðîì íàó÷íîãî æóðíàëà "Òðóäû ìåæäóíàðîäíîãî
ãåîìåòðè÷åñêîãî öåíòðà". Ñ 2010 ãîäà æóðíàë ÿâëÿåòñÿ íàó÷íûì ñïåöèàëèçèðîâàííûì
èçäàíèåì Óêðàèíû â îáëàñòè ìàòåìàòè÷åñêèõ íàóê.

Â íàñòîÿùåå âðåìÿ Âèêòîð Ìèõàéëîâè÷ çàâåäóåò êàôåäðîé âûñøåé ìàòåìàòèêè â Îäåññêîé
íàöèîíàëüíîé àêàäåìèè ïèùåâûõ òåõíîëîãèé.

Ìû ïîçäðàâëÿåì Âèêòîðà Ìèõàéëîâè÷à ñ þáèëååì è æåëàåì åìó êðåïêîãî çäîðîâüÿ,
âäîõíîâåíèÿ è íîâûõ òâîð÷åñêèõ äîñòèæåíèé.

Ë.Å. Åâòóøèê, Â.Ã. Çàäîðîæíûé, Â. Õ. Êèðèëëîâ, Â. Ô. Êèðè÷åíêî, É.Ìèêåø.
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Éîçåô ÌÈÊÅØ

(Â ñâÿçè ñ 60-ëåòèåì)

E-mail address: josef.mikes@upol.cz

Éîçåô Ìèêåø ðîäèëñÿ 6 ôåâðàëÿ 1952 ãîäà â ã. Çëèí ×åøcêîé Ðåñïóáëèêè. Åãî ìàòåìà-
òè÷åñêèå ñïîñîáíîñòè ïðîÿâèëèñü åùå â øêîëå, êîòîðóþ îí ñ îòëè÷èåì îêîí÷èë â 1967 ãîäó.

Â âûïóñêíîì êëàññå øêîëû É.Ìèêåø ó÷àñòâîâàë â îëèìïèàäàõ ïî ìàòåìàòèêå, ôèçèêå è
õèìèè, â êîòîðûõ çàíÿë ïðèçîâûå ìåñòà. Ãîðîä Çëèí ñëàâèëñÿ ñâîåé õèìè÷åñêîé ïðîìûø-
ëåííîñòüþ (çäåñü ðàñïîëàãàëèñü îáóâíûå çàâîäû ¾Áàòà � Öåáî¿), à õèìè÷åñêèé òåõíèêóì
ñ÷èòàëñÿ ñàìûì ïðåñòèæíûì ñðåäíåîáðàçîâàòåëüíûì ãîðîäñêèì ó÷ðåæäåíèåì. Ïîýòîìó
âûáîð ó÷åáíîãî çàâåäåíèÿ äëÿ ïðîäîëæåíèÿ îáðàçîâàíèÿ åñòåñòâåííûì îáðàçîì ïàë èìåííî
íà ýòîò òåõíèêóì, êîòîðûé É.Ìèêåø â 1971 ãîäó óñïåøíî îêîí÷èë, äîïîëíèòåëüíî ñäàâ
ãîñýêçàìåí ïî ìàòåìàòèêå.

Â 1971 ãîäó É.Ìèêåø ïîñòóïèë íà åñòåñòâåííî-íàó÷íûé ôàêóëüòåò Óíèâåðñèòåòà èìåíè
Ô.Ïàëàöêîãî â ã.Îëîìîóö (àäìèíèñòðàòèâíûé è ðåëèãèîçíûé öåíòð Ìîðàâèè è ïîñëå
Ïðàãè ñàìûé çíà÷èòåëüíûé èñòîðè÷åñêèé ãîðîä ×åøñêîé Ðåñïóáëèêè) íà ñïåöèàëüíîñòü
¾Ïðèêëàäíàÿ ìàòåìàòèêà¿.

Ïîñëå ïåðâîãî êóðñà É.Ìèêåø áûë íàïðàâëåí ïî ïðîãðàììå ìåæãîñóäàðñòâåííûõ îáìåíîâ
â Îäåññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.È.È.Ìå÷íèêîâà íà ìåõàíèêî-ìàòåìàòè÷åñêèé
ôàêóëüòåò, êîòîðûé îêîí÷èë ñ îòëè÷èåì â 1976 ãîäó. Áóäó÷è ñòóäåíòîì, É.Ìèêåø óâëåêñÿ
àêòóàëüíûìè âîïðîñàìè ñîâðåìåííîé ãåîìåòðèè è âûïîëíèë äèïëîìíóþ ðàáîòó íà òåìó
Ãåîäåçè÷åñêèå îòîáðàæåíèÿ ïîëóñèììåòðè÷åñêèõ ðèìàíîâûõ ïðîñòðàíñòâ ïîä ðóêîâîäñòâîì
ïðîô. Í.Ñ. Ñèíþêîâà.

Â ýòîì æå ãîäó ïîñòóïèë â àñïèðàíòóðó êàôåäðû ãåîìåòðèè è òîïîëîãèè, êîòîðóþ
â 1979 ãîäó äîñðî÷íî îêîí÷èë ñ çàùèòîé êàíäèäàòñêîé äèññåðòàöèè íà òåìó Ãåîäåçè÷åñêèå

è ãîëîìîðôíî-ïðîåêòèâíûå îòîáðàæåíèÿ ñïåöèàëüíûõ ðèìàíîâûõ ïðîñòðàíñòâ.
Ñâîþ òðóäîâóþ äåÿòåëüíîñòü É.Ìèêåø íà÷àë íà êàôåäðå âû÷èñëèòåëüíîé ìàòåìàòèêè

Îäåññêîãî óíèâåðñèòåòà, íà êîòîðîé â èòîãå ïðîðàáîòàë ñâûøå äåñÿòè ëåò ïî õîçäîãîâîðíîé
òåìàòèêå.

Â 1982 ãîäó É.Ìèêåø áûë èçáðàí íà äîëæíîñòü äîöåíòà êàôåäðû ãåîìåòðèè è òîïîëîãèè
ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà Îäåññêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà è ïðîðà-
áîòàë íà ýòîé äîëæíîñòè äî 1994 ãîäà.

É.Ìèêåø íåîäíîêðàòíî íàãðàæäàëñÿ Ïî÷åòíûìè ãðàìîòàìè Ìèíèñòåðñòâà âûñøåãî
è ñðåäíåãî ñïåöèàëüíîãî îáðàçîâàíèÿ Óêðàèíû çà íàó÷íûå èññëåäîâàíèÿ è ðóêîâîäñòâî
íàó÷íûìè ðàáîòàìè ñòóäåíòîâ è îòìå÷àëñÿ áëàãîäàðíîñòÿìè ðåêòîðà Îäåññêîãî óíèâåðñèòåòà.

Â 1994 ãîäó É.Ìèêåø ïåðååõàë íà ïîñòîÿííîå ìåñòî æèòåëüñòâà â ×åøñêóþ ðåñïóáëèêó
è áûë ïðèíÿò íà äîëæíîñòü äîöåíòà êàôåäðû ìàòåìàòèêè Áðíåíñêîãî ïîëèòåõíè÷åñêîãî
óíèâåðñèòåòà â ã. Çëèí, à çàòåì íà äîëæíîñòü äîöåíòà êàôåäðû àëãåáðû è ãåîìåòðèè
åñòåñòâåííî-íàó÷íîãî ôàêóëüòåòà Óíèâåðñèòåòà èì. Ô.Ïàëàöêîãî â ã. Îëîìîóö (óíèâåðñèòåò
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îñíîâàí â XVI âåêå è ÿâëÿåòñÿ îäíèì èç ñòàðåéøèõ â Öåíòðàëüíîé Åâðîïå). Çà òðóäîâóþ
äåÿòåëüíîñòü íàãðàæäåí äâóìÿ Ñåðåáðÿíûìè ìåäàëÿìè Îëîìîóöêîãî óíèâåðñèòåòà (â 2002
è 2012 ãã.), à òàêæå ìåäàëüþ Ñèëåçèéñêîãî óíèâåðñèòåòà ã. Îïàâà (2001 ã.). Êðîìå òîãî
íàãðàæäåí ìåäàëüþ ×åøñêîãî Êðàñíîãî Êðåñòà çà äîíîðñòâî.

Â 1996 ãîäó É.Ìèêåø çàùèòèë â Êàðëîâîì óíèâåðñèòåòå ã. Ïðàãè äîêòîðñêóþ äèññåðòàöèþ
íà òåìó Ãåîäåçè÷åñêèå, F -ïëàíàðíûå è ãîëîìîðôíî-ïðîåêòèâíûå îòîáðàæåíèÿ ðèìàíîâûõ è

àôôèííîñâÿçíûõ ïðîñòðàíñòâ, à â 1998 ãîäó óêàçîì ïðåçèäåíòà ×åøñêîé Ðåñïóáëèêè Âàöëàâà
Ãàâåëà åìó ïðèñâîåíî ó÷åíîå çâàíèå ïðîôåññîðà. Ñ 1997 ãîäà ïðîôåññîð É.Ìèêåø âîçãëàâëÿåò
Îòäåëåíèå ãåîìåòðèè.

Ïîä ðóêîâîäñòâîì É. Ìèêåøà áûëî çàùèùåíî 9 êàíäèäàòñêèõ äèññåðòàöèé (Âëàäèìèð
Áåðåçîâñêèé, Ìîõñåí Øèõà, Êóáàòáåê Ýñåíîâ, Àëìàç Ñàáûêàíîâ, Ìèøåëü Õàääàä, Âëàäèìèð
Êèîñàê, Ëóêàø Ðàõóíåê, Ìàðèÿ Õîäîðîâà, Ãàíà Õóäà).

Íàó÷íûå èññëåäîâàíèÿ ïðîôåññîðà É.Ìèêåøà ïîñâÿùåíû àêòóàëüíûì âîïðîñàì òåîðèè
ãåîäåçè÷åñêèõ è ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèé è èõ îáîáùåíèé. Ñàìûì ÿðêèì
äîñòèæåíèåì â îáëàñòè íàó÷íûõ èññëåäîâàíèé ÿâëÿåòñÿ îáíàðóæåíèå çàìêíóòîñòè ïðî-
ñòðàíñòâ Ýéíøòåéíà îòíîñèòåëüíî ãåîäåçè÷åñêèõ îòîáðàæåíèé. Èç ïîñëåäíèõ ðåçóëüòàòîâ
ñëåäóåò îòìåòèòü óñòàíîâëåííîå ñâîéñòâî ïðîñòðàíñòâ ïðîåêòèâíîé ñâÿçíîñòè � èõ ïðîåê-
òèâíàÿ ýêâèâàëåíòíîñòü ïðîñòðàíñòâàì àôôèííîé ñâÿçíîñòè ñ ñèììåòðè÷åñêèì òåíçîðîì
Ðè÷÷è.

Åãî íàó÷íûå ðåçóëüòàòû îïóáëèêîâàíû áîëåå ÷åì â 150 ñòàòüÿõ è 5 ìîíîãðàôè÷åñêèõ
ðàáîòàõ, ñîàâòîðàìè êîòîðûõ ÿâëÿþòñÿ áîëåå ÷åì 50 êîëëåã.

Ìû äðóçüÿ è êîëëåãè Éîçåôà Ìèêåøà, æåëàåì åìó çäîðîâüÿ, ñ÷àñòüÿ è ðàäîñòè íîâûõ
îòêðûòèé.

À.Â. Àìèíîâà, Êàçàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Ðîññèÿ)
Â.Å. Áåðåçîâñêèé, Óìàíñêèé ñàäîâîä÷åñêèé óíèâåðñèòåò (Óêðàèíà)
Ì.Ë.Ãàâðèëü÷åíêî, Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò (Óêðàèíà)
Í.È. Ãóñåâà, Ìîñêîâñêèé ïåäàãîãè÷åñêèé óíèâåðñèòåò (Ðîññèÿ)
Ë.Å. Åâòóøèê, Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Ðîññèÿ)
Â.Ì.Êóçàêîíü, Îäåññêàÿ íàöèîíàëüíàÿ àêàäåìèÿ ïèùåâûõ òåõíîëîãèé (Óêðàèíà)
Äæ. Ìîëäîáàåâ, Áèøêåêñêèé óíèâåðñèòåò (Êèðãèçèÿ)
Â.È. Ïàíüæåíñêèé, Ïåíçåíñêèé ïåäàãîãè÷åñêèé óíèâåðñèòåò (Ðîññèÿ)
À.Ã. Ïîïîâ, Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Ðîññèÿ)
Â.Ñ. Ñîá÷óê, ×åðíîâèöêèé íàöèîíàëüíûé óíèâåðñèòåò (Óêðàèíà)
Ñ.Å. Ñòåïàíîâ, Ôèíàíñîâûé óíèâåðñèòåò ïðè Ïðàâèòåëüñòâå ÐÔ (Ðîññèÿ)
À.Ì.Øåëåõîâ, Òâåðñêîé ãîñóäàðñòâåííûé óíèâåðñèòåò (Ðîññèÿ)
Â.Â. Øóðûãèí, Êàçàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Ðîññèÿ)
S. B�acs�o, University of Debrecen (Âåíãðèÿ)
I. Chajda, Palacky University, Olomouc (×åõèÿ)
M.Doupovec, Technical University, Brno (×åõèÿ)
R. Hala�s, Palacky University, Olomouc (×åõèÿ)
J. Jany�ska, Masaryk University, Brno (×åõèÿ)
I. Kol�a�r, Masaryk University, Brno (×åõèÿ)
O. Kowalski, Charles University, Praha (×åõèÿ)
F. Machala, Palacky University, Olomouc (×åõèÿ)

P.T. Nagy, University of Debrecen (Âåíãðèÿ)
J. Rach̊unek, Palacky University, Olomouc (×åõèÿ)
J. Slov�ak, Masaryk University, Brno (×åõèÿ)
K. Strambach, N�urnberg-Erlangen University (Ãåðìàíèÿ)
A. Van�zurov�a, Palacky University, Olomouc (×åõèÿ)
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Àíàòîëèé Äìèòðèåâè÷ Ìèëêà

(Â ñâÿçè ñ 75-ëåòèåì)

E-mail address: milka@ilt.kharkov.ua

×åì äëÿ ìåíÿ ïðèìå÷àòåëüíû ýòè ïðîøåäøèå è âîëíóþùèå ïÿòü ëåò? Â Îäåññå âîçíèê

è óòâåðäèëñÿ "Ìåæäóíàðîäíûé ãåîìåòðè÷åñêèé öåíòð". Ïîä ýãèäîé Öåíòðà äåéñòâóåò

ïðåäñòàâèòåëüíàÿ åæåãîäíàÿ êîíôåðåíöèÿ "Ãåîìåòðèÿ â Îäåññå",îáúåäèíÿþùàÿ âåäóùèõ

ìàòåìàòèêîâ èç ìíîãèõ ñòðàí; ãåîìåòðèÿ çäåñü ïî÷èòàåòñÿ êàê óíèâåðñàëüíîå çíàíèå â

ïàìÿòíûå âðåìåíà îò Ïèôàãîðà è Ïëàòîíà äî Ãàóññà, Âåéåðøòðàññà, Ãèëüáåðòà. Èçäàåòñÿ

æóðíàë "Proc. Int. Geom. Center" â ñòàòóñå ñïåöèàëèçèðîâàííûõ ïðîôåññèîíàëüíûõ

æóðíàëîâ. Öåíòð - ýòî çíàêîâîå ÿâëåíèå äëÿ Óêðàèíû, îíî îáÿçàòåëüíî áóäåò äîëæíûì

îáðàçîì ïîääåðæàíî íà ãîñóäàðñòâåííîì óðîâíå. Âåäü àâòîðèòåò è áîãàòñòâî äåðæàâû, êàê

íàãëÿäíî ñâèäåòåëüñòâóåò èñòîðèÿ, íàóêîé ïðèðàñòàåò. Ó÷àñòèå â ðàáîòå Öåíòðà, îáùåíèå ñ

Êîëëåãàìè, îáùåíèå ñ Ãåîìåòðèåé ìåíÿ îðãàíèçóåò è âäîõíîâëÿåò.

Ñóäüáó ìîþ êàê ïðîôåññèîíàëüíîãî ìàòåìàòèêà óâèäåë è îïðåäåëèë çàìå÷àòåëüíûé

÷åëîâåê, ìîé ïåðâûé Ó÷èòåëü àêàäåìèê Âëàäèìèð Àëåêñàíäðîâè÷ Ìàð÷åíêî. Áëàãîäàðÿ åìó

ÿ ñòàë, ïîñëå òðåõ îñíîâíûõ êóðñîâ ïåäàãîãè÷åñêîãî ôèçìàòà â Ñëàâÿíñêå, ñòóäåíòîì ìåõìàòà

Õàðüêîâñêîãî óíèâåðñèòåòà. Îïðåäåëèë è ðåêîìåíäîâàë âåëèêîìó ãåîìåòðó àêàäåìèêó

Àëåêñåþ Âàñèëüåâè÷ó Ïîãîðåëîâó. Àëåêñåé Âàñèëüåâè÷ ñðàçó æå âîâëåê ìåíÿ, êàê ñâîåãî

ó÷åíèêà, â íàó÷íóþ ðàáîòó ïî òåìàòèêå øêîëû ãåîìåòðèè "â öåëîì" À.Ä. Àëåêñàíäðîâà -

Í.Â. Åôèìîâà - À.Â. Ïîãîðåëîâà. Îí çíàêîìèë ìåíÿ è ñ åãî îòêðûòèÿìè â ìåõàíèêå -

ñ ãåîìåòðè÷åñêîé òåîðèåé óñòîé÷èâîñòè îáîëî÷åê, êîòîðóþ îí òîãäà íà÷àë òåîðåòè÷åñêè è

ýêñïåðèìåíòàëüíî ðàçðàáàòûâàòü. Îñåíüþ íà ïÿòîì êóðñå, êî äíþ ìîåãî ðîæäåíèÿ, Àëåêñåé

Âàñèëüåâè÷ çà÷èñëèë ìåíÿ íà ïîë-ñòàâêè èíæåíåðîì îòäåëà ãåîìåòðèè â òîëüêî ÷òî îòêðûòîì

àêàäåìèêîì Á.È. Âåðêèíûì Ôèçèêî-òåõíè÷åñêîì èíñòèòóòå íèçêèõ òåìïåðàòóð. Ñ òîé ïîðû

ÿ áûë âñåãäà ðÿäîì ñ ìîèì äîðîãèì è ëþáèìûì Ó÷èòåëåì - â ðàáîòå, íà îòäûõå, â äîìàøíåé

îáñòàíîâêå è âìåñòå ñ Ãåîìåòðèåé.

Êîãäà Àëåêñåé Âàñèëüåâè÷ íà÷àë ñîçäàâàòü ñâîé ó÷åáíèê ãåîìåòðèè äëÿ ñðåäíåé

øêîëû, ÿ ñòàë åãî áëèæàéøèì ïîìîùíèêîì, òðåáîâàòåëüíûì âíóòðåííèì ýêñïåðòîì.

Â êà÷åñòâå "åäèíèöû èçìåðåíèÿ", îöåíèâàþùåé ïåäàãîãè÷åñêîå ñîâåðøåíñòâî ïîäîáíîãî

ïðîèçâåäåíèÿ, ìíîþ áûëè èçáðàíû "Íà÷àëà" Åâêëèäà. Ýêñïåðòèçà îêàçàëàñü ýôôåêòèâíîé -

ñ êàæäûì íîâûì èçäàíèåì ó÷åáíèêà ïðåòåíçèè âíåøíèõ ýêñïåðòîâ ÿâëÿëèñü ìèíèìàëüíûìè.

×òî èíòåðåñíî, â ïåäèíñòèòóòå ñîäåðæàíèå "Íà÷àë" äëÿ áóäóùèõ ó÷èòåëåé äàæå íå

êîììåíòèðîâàëîñü. Äëÿ ìåíÿ "Íà÷àëà" îêàçàëèñü íåîæèäàííûì è óâëåêàòåëüíûì îòêðûòèåì

- òàêèì âûñîêèì ìíå ïðåäñòàâèëñÿ åãî íàó÷íûé óðîâåíü è åãî íåïîñðåäñòâåííûé ïðàêòè÷åñêèé

âçãëÿä íà ýëåìåíòàðíóþ ãåîìåòðèþ. È ÿ çàíèìàëñÿ èçó÷åíèåì "Íà÷àë" ñ ñåìèäåñÿòûõ

ãîäîâ. Àíàëèç äðåâíèõ òåêñòîâ ïîêàçûâàåò, ÷òî óæå â äàâíèå âðåìåíà ãåîìåòðèÿ ñòðîèëàñü

íà àêñèîìàòè÷åñêîé îñíîâå, ñðàâíèìîé ñ ñîâðåìåííîé, è çíàìåíèòûå "Íà÷àëà" áûëè

ïîäãîòîâëåíû â øêîëå Ïèôàãîðà. Èõ ïðåäøåñòâåííèêè - øóìåðû, åãèïòÿíå, âàâèëîíÿíå -
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íàêîïèëè áîãàòûé òåîðåòè÷åñêèé ìàòåðèàë. Íåëüçÿ íå âîñõèùàòüñÿ èçÿùíîé ãåîìåòðè÷åñêîé

êâàäðàòóðîé êðóãà, êîòîðîé îíè çàíèìàëèñü çà äâà òûñÿ÷åëåòèÿ äî Íîâîé Ýðû; â Çîëîòîé

âåê Ãðåöèè èõ êâàäðàòóðó òî÷íî âîñïðîèçâ¼ë Àðèñòîôàí èíîñêàçàíèåì â êîìåäèè "Ïòèöû".

Íà äîëæíîì óðîâíå èìè îñâàèâàëàñü è íàó÷íàÿ ãåîìåòðèÿ "â öåëîì". Îòêðûòàÿ èìè

Òåîðåìà åäèíñòâåííîñòè äëÿ âûïóêëûõ ïîëèýäðîâ, ââåäåííàÿ ïèôàãîðåéöàìè â àêñèîìàòèêó

è íàçâàííàÿ ìíîþ Òåîðåìîé Åâêëèäà, ïðåâîñõîäèò è âêëþ÷àåò íûíåøíþþ Òåîðåìó Ëåæàíäðà

è Êîøè.

À.Â. Ïîãîðåëîâ óñòàíîâèë, ÷òî îáîëî÷êà âðàùåíèÿ ïîä âíåøíèì èëè âíóòðåííèì

äàâëåíèåì òåðÿåò óñòîé÷èâîñòü ñ óâåëè÷åíèåì îãðàíè÷èâàåìîãî åþ îáúåìà. Â ñîâìåñòíîé

ðàáîòå ñ Â.À. Ãîðüêàâûì íàìè áûëè íàéäåíû ñïåöèàëüíûå äåôîðìàöèè - ëèíåéíûå

èçãèáàíèÿ - ïðàâèëüíûõ âûïóêëûõ ïîëèýäðîâ, ïîäòâåðæäàþùèå ýòî îòêðûòèå. Ïîëó÷åíû

ñîîòâåòñòâóþùèå ÷èñëåííûå õàðàêòåðèñòèêè: ê ïðèìåðó, îáúåì òåòðàýäðà ìîæåò óâåëè÷èòüñÿ

íà 44 ïðîöåíòà. Âåðîÿòíî, òàêèå äåôîðìàöèè ÿâëÿþòñÿ îäíîé èç ïðè÷èí îáðàçîâàíèÿ â

ïðèðîäå ñëîæíûõ ãîðíûõ ñèñòåì è âóëêàíè÷åñêèõ êàëüäåð, êîãäà ðàñêàëåííàÿ ìàãìà ïîä

áîëüøèì äàâëåíèåì èçëèâàåòñÿ ÷åðåç òðåùèíó, îïîÿñûâàþùóþ âåðøèíó. Â ìåõàíèêå ýòî

íàçûâàåòñÿ æåñòêîé ïîòåðåé óñòîé÷èâîñòè.

Ìíîþ îáíàðóæåíî ñåìåéñòâî ïîëèýäðîâ, îáëàäàþùèõ íåîáû÷íûìè, ïðîòèâîðå÷èâûìè ñ

òî÷åê çðåíèÿ è ãåîìåòðèè, è êëàññè÷åñêîé ìåõàíèêè äåôîðìàöèîííûìè ñâîéñòâàìè. Ñ îäíîé

ñòîðîíû, ìîäåëè ïîëèýäðîâ äîïóñêàþò ñâîáîäíûå íåïðåðûâíûå áîëüøèå îáðàòèìûå èçãèáàíèÿ

áåç âèäèìîãî èñêàæåíèÿ ìàòåðèàëà. Ñ äðóãîé ñòîðîíû, ñàìè ïîëèýäðû ìàòåìàòè÷åñêè

æåñòêèå è íå äîïóñêàþò íåïðåðûâíûõ èçãèáàíèé ïî Êîøè. Ýòè ïîëèýäðû íàçâàíû

ìîäåëüíûìè ôëåêñîðàìè â îòëè÷èè îò òåîðåòè÷åñêèõ ôëåêñîðîâ Ð. Êîííåëëè. Ñ òî÷êè

çðåíèÿ ãåîìåòðè÷åñêîé òåîðèè îáîëî÷åê À.Â. Ïîãîðåëîâà, èçãèáàíèÿ ìîäåëåé àñèìïòîòè÷åñêè

òî÷íî àïïðîêñèìèðóþòñÿ ëèíåéíûìè èçãèáàíèÿìè ïîëèýäðîâ. Ñ òî÷êè çðåíèÿ àíàëèòè÷åñêîé

òåîðèè äèíàìè÷åñêèõ ñèñòåì Â.È. Àðíîëüäà, îíè ïðåäñòàâëÿþò ñîáîé íåæåñòêóþ, ìÿãêóþ

èëè çàòÿíóòóþ, ïîòåðþ óñòîé÷èâîñòè, ÷òî ñîîòâåòñòâóåò ïîòåðå óñòîé÷èâîñòè " â ìàëîì" ïî

Ë. Ýéëåðó. Ýòî íîâîå ÿâëåíèå â ìåõàíèêå äåôîðìàöèé òâåðäûõ òåë ìîæíî èíòåðïðåòèðîâàòü

êàê îðèãèíàëüíóþ ãåîìåòðè÷åñêóþ ìàøèíó êàòàñòðîô, äîïîëíÿþùóþ èçâåñòíûå ôèçè÷åñêèå

ìîäåëè Ý.Ê.Çèìàíà è Ò.Ïîñòîíà. Îòêðûòèå ìîäåëüíûõ ôëåêñîðîâ åñòü äàëüíåéøåå ðàçâèòèå

ãåîìåòðè÷åñêîé òåîðèè óñòîé÷èâîñòè îáîëî÷åê À.Â. Ïîãîðåëîâà. Â ïðèêëàäíîì ïëàíå

ýòîìó ÿâëåíèþ èìååòñÿ ìíîãî àíàëîãèé, â òîì ÷èñëå íå ñòîëü äàâíèõ, ïðè ðàçðóøåíèè

ñòðîèòåëüíûõ êîíñòðóêöèé, àâàðèÿõ ñàìîëåòîâ è ñóäîâ, â ãåîôèçèêå çåìëåòðÿñåíèé. Çàìåòèì,

÷òî ÿâëåíèå çàòÿíóòîé ïîòåðè óñòîé÷èâîñòè, êàê ñåíñàöèÿ, áûëî âïåðâûå îáíàðóæåíî èìåííî â

àíàëèòè÷åñêîé òåîðèè øêîëîé Â.È. Àðíîëüäà. Ïðîñòåéøèå ìîäåëüíûå ôëåêñîðû - ïðàâèëüíûå

çâåçä÷àòûå ïèðàìèäû À.Ä. Àëåêñàíäðîâà è Ñ.Ì. Âëàäèìèðîâîé. Äåôîðìàöèè ýòèõ ïèðàìèä

êâàëèôèöèðóþòñÿ êàê óíèêàëüíûå äèíàìè÷åñêèå ñèñòåìû ñ ýëåìåíòàðíûìè ãåîìåòðè÷åñêèìè

îñîáåííîñòÿìè - ñêëàäêàìè è ñáîðêàìè. Ïðèêëàäíûå èññëåäîâàíèÿ ìîäåëüíûõ ôëåêñîðîâ

âûïîëíÿþòñÿ ìíîþ â õàðüêîâñêîé Êîìïàíèè "Äæè Ýñ Òè", êîòîðîé ñòèìóëèðóþòñÿ íîâûå,

èñõîäÿùèå èç ãåîìåòðèè ïðîìûøëåííûå òåõíîëîãèè. Êîìïàíèåé ïîëó÷åíî ðÿä ïàòåíòîâ,

îòå÷åñòâåííûõ è çàðóáåæíûõ, íà èçîáðåòåíèÿ, ñïîñîáû è óñòðîéñòâà, ñ ìîèì àâòîðñòâîì.

Âñïîìèíàþ ïåðâóþ, ñ ãàðìîíè÷íîé ðåæèññóðîé, êîíôåðåíöèþ "Ãåîìåòðèÿ â Îäåññå-2004". È

ñåðäå÷íî áëàãîäàðþ âäîõíîâåííûõ å¼ îðãàíèçàòîðîâ Áîãäàíà Âèêòîðîâè÷à Åãîðîâà, Âàëåíòèíà

Âàñèëüåâè÷à Ëû÷àãèíà, Âèêòîðà Ìèõàéëîâè÷à Êóçàêîíÿ, Àëåêñåÿ Ãóðüåâè÷à Êóøíåðà.

Ñ÷àñòëèâîå ïðåäçíàìåíîâàíèå Îäåññêîãî Ãåîìåòðè÷åñêîãî Öåíòðà.
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Õðóñëîâ Åâãåíèé ßêîâëåâè÷

(Â ñâÿçè ñ 75-ëåòèåì)

Õðóñëîâ Åâãåíèé ßêîâëåâè÷

Ó÷åíûé-ìàòåìàòèê, àêàäåìèê Íàöèîíàëüíîé àêàäåìèè íàóê Óêðàèíû (2003), äîêòîð

ôèçèêî-ìàòåìàòè÷åñêèõ íàóê (1972).

Ðîäèëñÿ 7 ÿíâàðÿ 1937 ãîäà â ã. Õàðüêîâå. Ïîñëå îêîí÷àíèÿ â 1959 ã.

Õàðüêîâñêîãî ïîëèòåõíè÷åñêîãî èíñòèòóòà ðàáîòàë èíæåíåðîì-ýëåêòðèêîì â îòðàñëåâîì

íàó÷íî-èññëåäîâàòåëüñêîì ó÷ðåæäåíèè. Îäíàêî èíòåðåñ ê ìàòåìàòèêå ïðèâåë åãî â 1961 ã.

â àñïèðàíòóðó Ôèçèêî-òåõíè÷åñêîãî èíñòèòóòà íèçêèõ òåìïåðàòóð. Íàó÷íûì ðóêîâîäèòåëåì

Åâãåíèÿ ßêîâëåâè÷à áûë Â. À. Ìàð÷åíêî. Â 1965 ã. Å. ß. Õðóñëîâ çàùèòèë êàíäèäàòñêóþ,

à â 1972 ã. - äîêòîðñêóþ äèññåðòàöèþ íà òåìó "Êðàåâûå çàäà÷è â îáëàñòÿõ ñ ìåëêîçåðíèñòîé

ãðàíèöåé".

Ñ 1986 ã. îí çàâåäóåò îòäåëîì ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ôèçè÷åñêèõ ïðîöåññîâ, à

ñ 1996 ãîäà ðóêîâîäèò Ìàòåìàòè÷åñêèì îòäåëåíèåì Ôèçèêî-òåõíè÷åñêîãî èíñòèòóòà íèçêèõ

òåìïåðàòóð èì. Á. I. Âåðêèíà. Íàó÷íûå èíòåðåñû Å. ß. Õðóñëîâà îõâàòûâàþò øèðîêèé

êðóã ïðîáëåì ìàòåìàòè÷åñêîé ôèçèêè. Îí ÿâëÿåòñÿ îäíèì èç îñíîâàòåëåé òåîðèè óñðåäíåíèÿ

äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ÷àñòíûìè ïðîèçâîäíûìè. Ðàçðàáàòûâàòü ýòó òåîðèþ

Åâãåíèé ßêîâëåâè÷ íà÷àë åùå â àñïèðàíòóðå. Îí îñóùåñòâèë èñ÷åðïûâàþùåå èññëåäîâàíèå

êðàåâûõ çàäà÷ Äèðèõëå â îáëàñòÿõ ñ ìåëêîçåðíèñòîé ãðàíèöåé äëÿ ñàìîñîïðÿæåííûõ

ýëëèïòè÷åñêèõ îïåðàòîðîâ ïðîèçâîëüíîãî ïîðÿäêà, íàøåë óñðåäíåííûå óðàâíåíèÿ äëÿ

ãëàâíûõ ÷ëåíîâ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðåøåíèé ýòèõ çàäà÷ è ïîëó÷èë îöåíêè ñêîðîñòè

ñõîäèìîñòè ê íèì. Íàéäåííîå Åâãåíèåì ßêîâëåâè÷åì ñòðîãîå ðåøåíèå çàäà÷è î ðåçîíàíñíîì

ïðîõîæäåíèÿ âîëí ÷åðåç ñèñòåìó òîíêèõ êàíàëîâ ïðèìåíÿþò â ðàäèîôèçèêå. Èòîãîì ýòèõ

èññëåäîâàíèé ñòàëà øèðîêî èçâåñòíàÿ ìîíîãðàôèÿ Â. À. Ìàð÷åíêî è Å. ß. Õðóñëîâ "Êðàåâûå

çàäà÷è â îáëàñòÿõ ñ ìåëêîçåðíèñòîé ãðàíèöåé" (1974).

Â äàëüíåéøåì ó÷åíûé ïðîäîëæèë ýòè ðàçðàáîòêè è ñòàë ïðèçíàííûì ñïåöèàëèñòîì â

òåîðèè óñðåäíåíèÿ. Ðàçâèòûå èì íîâûå âàðèàöèîííûå ìåòîäû èññëåäîâàíèÿ óðàâíåíèé

ìàòåìàòè÷åñêîé ôèçèêè â ñèëüíî ïåðôîðèðîâàííûõ ó÷àñòêàõ ïîçâîëèëè ïîñòðîèòü

óñðåäí¼ííûå ìîäåëè ôèçè÷åñêèõ ïðîöåññîâ, ïðîèñõîäÿùèõ â ìèêðîíåîäíîðîäíûõ ñðåäàõ. Â

çàâèñèìîñòè îò ñòðóêòóðû îáëàñòè, êðàåâûõ óñëîâèé íà åå ñëîæíîé ãðàíèöû è êîëåáàíèÿ

êîýôôèöèåíòîâ èñõîäíîãî óðàâíåíèÿ, â ðåçóëüòàòå óñðåäíåíèÿ, âîçíèêàþò ðàçëè÷íûå

íåñòàíäàðòíûå ìîäåëè, â ÷àñòíîñòè ìíîãîêîìïîíåíòíûå ìîäåëè è ìîäåëè ñ ïàìÿòüþ,

àäåêâàòíî îïèñûâàþùèõ ýòè ïðîöåññû. Ìíîãîëåòíèå èññëåäîâàíèÿ óâåí÷àëèñü ïîñòðîåíèåì

òåîðèè óñðåäíåíèÿ êðàåâûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, êîòîðàÿ èçëîæåíà â ìîíîãðàôèÿõ

Â. À. Ìàð÷åíêî è Å. ß. Õðóñëîâà "Óñðåäíåííûå ìîäåëè ìèêðîíåîäíîðîäíûõ ñðåä"

(èçäàòåëüñòâî "Íàóêîâà äóìêà", 2005) è "Homogenization of Partial Di�erential Equations"

(èçäàòåëüñòâî Birkhauser, 2006).
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Ðÿä ðàáîò Åâãåíèÿ ßêîâëåâè÷à ñâÿçàíû ñ èññëåäîâàíèåì àñèìïòîòè÷åñêîãî ïîâåäåíèÿ

ðåøåíèé êðàåâûõ çàäà÷ íà ðèìàíîâûõ ìíîãîîáðàçèÿõ. Çäåñü ñàìûì èíòåðåñíûì

ÿâëÿåòñÿ èçó÷åíèå óñðåäí¼ííîãî îïèñàíèÿ ãàðìîíè÷åñêèõ ïîëåé, äèôôåðåíöèàëüíûõ ôîðì

è óðàâíåíèé äèôôóçèè íà ðèìàíîâûõ ìíîãîîáðàçèÿõ ñëîæíîé ìèêðîñòðóêòóðû. Èññëåäóÿ

àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé îäíîðîäíîé ñèñòåìû óðàâíåíèé Ìàêñâåëëà íà ðèìàíîâûõ

ìíîãîîáðàçèÿõ ñïåöèàëüíîé ñòðóêòóðû íåîãðàíè÷åííî ðàñòóùåãî òîïîëîãè÷åñêîãî ðîäà, Å.ß.

Õðóñëîâ ïîêàçàë, ÷òî â ðåçóëüòàòå óñðåäíåíèÿ òàêîé ñèñòåìû âîçíèêàåò ýôôåêòèâíàÿ

ïëîòíîñòü ýëåêòðè÷åñêîãî çàðÿäà è òîêà.

Äðóãèì âàæíûì íàïðàâëåíèåì äåÿòåëüíîñòè Åâãåíèÿ ßêîâëåâè÷à åñòü òåîðèÿ íåëèíåéíûõ

ýâîëþöèîííûõ âïîëíå èíòåãðèðóåìûõ óðàâíåíèé. Îí äîêàçàë òåîðåìó î ðàñïàäå íà÷àëüíûõ

äàííûõ òèïà ñòóïåíüêè äëÿ óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà â áåñêîíå÷íóþ ñåðèþ óåäèíåííûõ

âîëí àñèìïòîòè÷åñêèõ ñîëèòîíîâ. Òàêèì îáðàçîì âïåðâûå áûëî ïîëó÷åíî òî÷íóþ ôîðìóëó

äëÿ âåäóùåãî ÷ëåíà àñèìïòîòèêè ðåøåíèÿ, âêëþ÷àÿ çíà÷åíèÿ âñåõ êîíñòàíò, âõîäÿùèõ â

íåå. Ýòà çàäà÷à äàâíî èíòåðåñîâàëà êàê ìàòåìàòèêîâ, òàê è ôèçèêîâ. Ïðåäëîæåííûé

ìåòîä ó÷åíûé è åãî ó÷åíèêè ðàñïðîñòðàíèëè íà äðóãèå íåëèíåéíûå óðàâíåíèÿ, â ÷àñòíîñòè,

äâóìåðíîå îòíîñèòåëüíî ïðîñòðàíñòâåííûõ ïåðåìåííûõ óðàâíåíèÿ Êàäîìöåâà-Ïåòâèàøâèëè.

Ýòî äàëî âîçìîæíîñòü ëó÷øå ïîíÿòü ðîëü íåïðåðûâíîãî ñïåêòðà â ãåíåðàöèè àñèìïòîòè÷åñêèõ

ñîëèòîíîâ è êðèâîëèíåéíûõ àñèìïòîòè÷åñêèõ ñîëèòîíîâ.

Íåñêîëüêî ðàáîò Å. ß. Õðóñëîâà ïîñâÿùåíû òåîðèè îáðàòíûõ çàäà÷ ýëåêòðîìàãíèòíîãî

çîíäèðîâàíèÿ. Ïîñòðîåííûå èì îïåðàòîðû ïðåîáðàçîâàíèÿ äëÿ çàäà÷ ñ ïîòåíöèàëîì, êîòîðûé

ëèíåéíî çàâèñèò îò ñïåêòðàëüíîãî ïàðàìåòðà, ïîìîãëè ðåøèòü çàäà÷ó îá îïðåäåëåíèè

ýëåêòðîìàãíèòíûõ ïàðàìåòðîâ ñðåäû ïî ðåçóëüòàòàì èçìåðåíèÿ êîìïîíåíò ïîëÿ íà

ïîâåðõíîñòè ñðåäû. Ðàçðàáîòàííûå ìåòîäû äîêàçàëè ñâîþ ýôôåêòèâíîñòü âî âðåìÿ îáðàáîòêè

äàííûõ ðåàëüíûõ ãåîôèçè÷åñêèõ ýêñïåðèìåíòîâ.

Ìíîãî ëåò Åâãåíèé ßêîâëåâè÷ ÷èòàåò ëåêöèè ïî ðàçëè÷íûì äèñöèïëèíàì â Õàðüêîâñêîì

íàöèîíàëüíîì óíèâåðñèòåòå èì. Â. Í. Êàðàçèíà è ðóêîâîäèò ðàáîòîé àñïèðàíòîâ. ×ëåí

ðåäêîëëåãèè ñëåäóþùèõ íàó÷íûõ æóðíàëîâ "Ôèçèêà íèçêèõ òåìïåðàòóð" è "Æóðíàë

ìàòåìàòè÷åñêîé ôèçèêè, àíàëèçà, ãåîìåòðèè". Âûñîêîå ïðîôåññèîíàëüíîå ìàñòåðñòâî

ó÷åíîãî, åãî ïðèíöèïèàëüíîñòü è äåìîêðàòè÷íîñòü ñíèñêàëè åìó çàñëóæåííîå óâàæåíèå è

àâòîðèòåò.
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Àëåêñàíäð Ìèõàéëîâè÷ Øåëåõîâ

(Â ñâÿçè ñ 70-ëåòèåì)

Àëåêñàíäð Ìèõàéëîâè÷ Øåëåõîâ

Ïðîôåññîð, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ðîäèëñÿ 30 îêòÿáðÿ 1942. Ðàáîòàåò
â Òâåðñêîì óíèâåðñèòåòå ñ 1968 ãîäà. Â íàñòîÿùåå âðåìÿ - ïðîôåññîð êàôåäðû
ôóíêöèîíàëüíîãî àíàëèçà è ãåîìåòðèè. Ñôåðà íàó÷íîé äåÿòåëüíîñòè: äèôôåðåíöèàëüíàÿ
ãåîìåòðèÿ ìíîãîìåðíûõ òðè-òêàíåé è åå ïðèëîæåíèÿ, êëàññè÷åñêàÿ äèôôåðåíöèàëüíàÿ
ãåîìåòðèÿ.

À.Ì. Øåëåõîâ - èçâåñòíûé ìàòåìàòèê, åìó óäàëîñü ðåøèòü ðÿä êðóïíûõ íàó÷íûõ
ïðîáëåì. Åùå â ñâîåé êàíäèäàòñêîé äèññåðòàöèè "Ê òåîðèè êîìïëåêñîâ ïðÿìûõ ìíîãîìåðíûõ
íååâêëèäîâûõ ïðîñòðàíñòâ" (1968 ã.) îí ñòðîèò îáùóþ äèôôåðåíöèàëüíî-ãåîìåòðè÷åñêóþ
òåîðèþ äëÿ âåñüìà ñëîæíîãî îáúåêòà - n-ïàðàìåòðè÷åñêîãî ñåìåéñòâà ïðÿìûõ â ðàñøèðåííîì
íååâêëèäîâîì ïðîñòðàíñòâå ïðîèçâîëüíîé ñèãíàòóðû. Ïîëó÷åííûå èì ðåçóëüòàòû â ýòîì
ðàçäåëå ëèíåé÷àòîé äèôôåðåíöèàëüíîé ãåîìåòðèè äî ñèõ ïîð ÿâëÿþòñÿ íåïðåâçîéä¼ííûìè.

Â 1970 ãîäó À. Øåëåõîâ îðãàíèçóåò â Òâåðñêîì óíèâåðñèòåòå ñïåöèàëèçàöèþ è ñåìèíàð ïî
òåîðèè òêàíåé. Ïîä åãî ðåäàêöèåé ñ 1981 ãîäà íà÷èíàåò âûõîäèòü åæåãîäíûé ñáîðíèê òðóäîâ
"Òêàíè è êâàçèãðóïïû" (ñ 1991 ãîäà - íà àíãëèéñêîì ÿçûêå). Âìåñòå ñ Ì. À. Àêèâèñîì îíè
èçäàþò ðÿä ó÷åáíûõ ïîñîáèé è ìîíîãðàôèþ "Geometry and Algebra of multidimensional Three-
webs" (1992), â êîòîðîé áûëè ñîáðàíû âñå èìåþùèåñÿ ê òîìó âðåìåíè ðåçóëüòàòû ïî òåîðèè
ìíîãîìåðíûõ òðè-òêàíåé è äàíû íåêîòîðûå ôèçè÷åñêèå ïðèëîæåíèÿ ýòîé òåîðèè. Â 2010 ãîäó
âûøëà ìîíîãðàôèÿ "Ìíîãîìåðíûå òðè-òêàíè è èõ ïðèëîæåíèÿ" ýòèõ æå àâòîðîâ íà ðóññêîì
ÿçûêå.

Àêòèâíî çàíèìàÿñü òåîðèåé òêàíåé, À. Øåëåõîâ ñóìåë ðåøèòü îäíó èç òðóäíåéøèõ
ïðîáëåì, äîëãîå âðåìÿ íå ïîääàâàâøóþñÿ ðåøåíèþ. Îí äîêàçàë, ÷òî G-ñòðóêòóðà,
îïðåäåëÿåìàÿ ìíîãîìåðíîé øåñòèóãîëüíîé òðè-òêàíüþ W, ÿâëÿåòñÿ çàìêíóòîé G-ñòðóêòóðîé
÷åòâåðòîãî ïîðÿäêà. Ýòîò ðåçóëüòàò ïîñëóæèë îñíîâîé åãî äîêòîðñêîé äèññåðòàöèè
"Çàìêíóòûå G-ñòðóêòóðû, îïðåäåëÿåìûå ìíîãîìåðíûìè òðè-òêàíÿìè" (çàùèùåíà â 1991
ãîäó).

Â ðàìêàõ ýòîé äåÿòåëüíîñòè ïîä åãî ðóêîâîäñòâîì áûëî ïîäãîòîâëåíî íåñêîëüêî
êàíäèäàòñêèõ äèññåðòàöèé, à òàêæå äîêòîðñêàÿ äèññåðòàöèÿ Ã.À. Òîëñòèõèíîé (2007 ã.) Âñåãî,
íà÷èíàÿ ñ 1968 ãîäà, À. Øåëåõîâûì îïóáëèêîâàíî ïî ýòîé òåìàòèêå áîëåå 100 íàó÷íûõ ñòàòåé,
â òîì ÷èñëå, â öåíòðàëüíûõ àêàäåìè÷åñêèõ èçäàíèÿõ. Â 2005 ã. À. Øåëåõîâó óäàëîñü
ðåøèòü èçâåñòíóþ ïðîáëåìó Áëÿøêå (ïîñòàâëåíà â ñåðåäèíå ïðîøëîãî âåêà): ïåðå÷èñëèòü
âñåâîçìîæíûå òðèàíãóëÿöèè ñôåðû è ïëîñêîñòè òðåìÿ ïó÷êàìè îêðóæíîñòåé. Ýòà çàäà÷à,
ïîñòàâëåííàÿ â 1955 ãîäó, äîëãîå âðåìÿ íå ïîääàâàëàñü ðåøåíèþ ëîêàëüíûìè ìåòîäàìè èç-
çà î÷åíü ñëîæíûõ âû÷èñëåíèé. À. Øåëåõîâó óäàëîñü ñóùåñòâåííî óïðîñòèòü âû÷èñëåíèÿ,
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äîêàçàâ, ÷òî ãðàíèöà îáëàñòè îïðåäåëåíèÿ âñÿêîé òðè-òêàíè, òðèàíãóëèðóþùåé ïëîñêîñòü,
åñòü ëèíèÿ ýòîé òêàíè.

Â 2011 ã. À. Øåëåõîâ ðåøèë èçâåñòíóþ ïðîáëåìó Ãðîíâåëëà â òåîðèè òêàíåé (ïîñòàâëåíà
â 1912 ãîäó). Ñðåäè åãî ïðèêëàäíûõ ðàáîò íàèáîëåå èíòåðåñíà ñòàòüþ "Ìàòåìàòè÷åñêàÿ
ìîäåëü èïîòå÷íîãî êîîïåðàòèâà" (æ. Ýêîíîìèêà è ìàòåìàòè÷åñêèå ìåòîäû, 2007), ãäå ñòðîãî
îáîñíîâàíû óñëîâèÿ, ïðè êîòîðûõ íàêîïèòåëüíûé êîîïåðàòèâ íå ÿâëÿåòñÿ "ïèðàìèäîé". Âñåãî
èì îïóáëèêîâàíî îêîëî 150 íàó÷íûõ ðàáîò, 10 ó÷åáíèêîâ è ìîíîãðàôèé, îêîëî 20-òè ó÷åáíî-
ìåòîäè÷åñêèõ ïîñîáèé, áîëåå 60-òè ïóáëèöèñòè÷åñêèõ ñòàòåé. Îí îäèí èç àâòîðîâ ìîíîãðàôèè
"Íàó÷íàÿ îñíîâà ñòðàòåãèè óñòîé÷èâîãî ðàçâèòèÿ Ðîññèéñêîé Ôåäåðàöèè" (Ìîñêâà, 2002),
êîòîðàÿ ñòàëà ïîáåäèòåëåì êîíêóðñà "Íàöèîíàëüíàÿ ýêîëîãè÷åñêàÿ ïðåìèÿ" çà 2004 ãîä.
Îïóáëèêîâàííûé èì ñáîðíèê ñòàòåé "Ìåæäó ïðîøëûì è áóäóùèì" (2002 ã.) ðåêîìåíäîâàí
â êà÷åñòâå ó÷åáíîãî ïîñîáèÿ äëÿ âóçîâ ïî äàííîé òåìàòèêå. Åãî ñòàòüÿ "Î ðîëè Ðîññèè â
ðåøåíèè ãëîáàëüíûõ ïðîáëåì ÷åëîâå÷åñòâà" âîøëà â êíèãó "Ðîññèÿ íà ïóòè ê óñòîé÷èâîìó
ðàçâèòèþ" (Ìîñêâà, 2003), ïîäãîòîâëåííóþ êðóïíåéøèìè ñïåöèàëèñòàìè â îáëàñòè ýêîëîãèè
è óñòîé÷èâîãî ðàçâèòèÿ.

Â 1997 ã. À. Øåëåõîâ è ïðîôåññîð Í.Á. Òèõîìèðîâ íàïèñàëè ó÷åáíèê ïî ìàòåìàòèêå äëÿ
þðèñòîâ. Åãî òðåòüå èçäàíèå ("Ìàòåìàòèêà è èíôîðìàòèêà äëÿ þðèñòîâ", 2005 ã.) ñòàëî
ïîáåäèòåëåì Âñåðîññèéñêîãî êîíêóðñà ó÷åáíîé ëèòåðàòóðû â íîìèíàöèè "òî÷íûå íàóêè". Â
2010 ãîäó ýòî æå èçäàíèå ñòàëî ïîáåäèòåëåì I Âñåðîññèéñêîãî êîíêóðñà "Ëó÷øåå ó÷åáíîå
èçäàíèå ïî ìàòåìàòèêå" â íîìèíàöèè "Ìàòåìàòèêà äëÿ ãóìàíèòàðèåâ".

À.Ì. Øåëåõîâ âñåãäà ìíîãî âðåìåíè óäåëÿë îáùåñòâåííîé ðàáîòå. Ñ 1995 ïî 1999 ãîä
îí äåïóòàò Òâåðñêîé ãîðîäñêîé Äóìû, ñ 1999 ïî 2003 ãîä - äåïóòàò Ãîñóäàðñòâåííîé Äóìû
Ðîññèéñêîé Ôåäåðàöèè, ÷ëåí Êîìèòåòà ïî îáðàçîâàíèþ è íàóêå, çàìåñòèòåëü ïðåäñåäàòåëÿ
Êîìèññèè ïî ïðîáëåìàì óñòîé÷èâîãî ðàçâèòèÿ.

Êîðïîðàòèâíûå íàãðàäû è ïðåìèè:
Ïî÷åòíûé ïðîôåññîð Òâåðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà, 1997ã.
Íàãðóäíûé çíàê "Çà çàñëóãè â ðàçâèòèè Òâåðñêîé îáëàñòè" (ãóáåðíàòîð Òâåðñêîé îáëàñòè Â.
È. Ïëàòîâ, 1998ã.)
Ïî÷åòíûé ðàáîòíèê âûñøåãî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ (Ìèíèñòð îáðàçîâàíèÿ
Ðîññèéñêîé Ôåäåðàöèè Â.Ì. Ôèëèïïîâ, 2002ã.)
Íàãðóäíûé þáèëåéíûé çíàê "Ãîñóäàðñòâåííàÿ Äóìà. 100 ëåò" (Ïðåäñåäàòåëü Ãîñóäàðñòâåííîé
Äóìû Ôåäåðàëüíîãî Ñîáðàíèÿ Ðîññèéñêîé Ôåäåðàöèè Á.Â. Ãðûçëîâ, 2006ã.)
Ïî÷åòíàÿ Ãðàìîòà Ãîñóäàðñòâåííîé Äóìû Ôåäåðàëüíîãî Ñîáðàíèÿ Ðîññèéñêîé Ôåäåðàöèè
(Ïðåäñåäàòåëü Ãîñóäàðñòâåííîé Äóìû Ôåäåðàëüíîãî Ñîáðàíèÿ Ðîññèéñêîé Ôåäåðàöèè Á.Â.
Ãðûçëîâ, 2007ã.)
Ìåæäóíàðîäíàÿ ïðåìèÿ Àíàññèëàîñà èì. Ðåíàòî Êàëàïñî çà äîñòèæåíèÿ â ìàòåìàòèêå
(Èòàëèÿ, Êàëàáðèÿ, 2010ã.)
Îðäåí Ïîêðîâà Ïðåñâÿòîé Áîãîðîäèöû çà âêëàä â ðàçâèòèå ìàòåìàòèêè è ìåæäóíàðîäíîãî
ãåîìåòðè÷åñêîãî öåíòðà (ôîíä "Íàóêà", Óêðàèíà, 2011ã.)

Ñïèñîê îñíîâíûõ ðàáîò ïðîôåññîð À.Ì. Øåëåõîâà
1. Geometry and Algebra of Multidimensional Òhree-webs. Kluwer Academic Publishers, Dor-
drecht/Boston/London, 1992, 375 ðð. (ñ Àêèâèñîì Ì.À.).
2. Íàó÷íàÿ îñíîâà ñòðàòåãèÿ óñòîé÷èâîãî ðàçâèòèÿ Ðîññèéñêîé Ôåäåðà-öèè. Èçäàíèå
Ãîñóäàðñòâåííîé Äóìû ÐÔ, 2002, 231ñ. (ñ Cåëåçíåâûì Ã.Í., Õðèñòåíêî Â.Á., Çàëèõàíîâûì
Ì.×., Ëüâîâûì Ä.Ñ., Ìàòðîñîâûì Â.Ì., Ãðàíáåðãîì À.Ã., Ëåâàøîâûì Â.Ê., Óðñóëîì À.Ä.).
3. Ñòðàòåãèÿ ðàçâèòèÿ îáðàçîâàíèÿ. Èçä. Ãîñ.Äóìû, 2002 (ñîâìåñòíî ñ À.Â. Øèøëîâûì,
Î.Í. Ñìîëèíûì è äð.).
4. Ìåæäó ïðîøëûì è áóäóùèì. Ñáîðíèê ñòàòåé. Èçä. ÌÃÈÓ, Ì., 2003, 182 ñòð.
5. Ìàòåìàòèêà è èíôîðìàòèêà (äëÿ þðèñòîâ). Èçä-âî ÌÃÈÓ, 2005, 365 ñòð. (ñîâìåñòíî ñ
Å.À.Ðîãàíîâûì è Í.Á.Òèõîìèðîâûì).
6. Çàäà÷è ïî äèôôåðåíöèàëüíîé ãåîìåòðèè. Ó÷åáíîå ïîñîáèå. Ì., Èçä-âî ÌÖÍÌÎ, 2005, 112
ñòð. (ñîâìåñòíî ñ Ã.Ñ. Øàðîâûì è Ì.À. Øåñòàêîâîé).
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7. Ìíîãîìåðíûå òðè-òêàíè è èõ ïðèëîæåíèÿ. Òâåðü, ÒâÃÓ, 2010, 307 ñòð. (ñîâìåñòíî ñ Ì.À.
Àêèâèñîì).
8. Äèôôåpåíöèàëüíî-ãåîìåòpè÷åñêèå îáúåêòû âûñøèõ ïîpÿäêîâ ìíîãîìåpíîé òpè-òêàíè.
Ïpîáëåìû ãåîìåòpèè, Ò.19., Èòîãè íàóêè è òåõíèêè ÂÈÍÈÒÈ ÀÍ ÑÑÑÐ, 1987, 101�154.
9. On subwebs of 3-webs and subalgebras of local Wk -algebras. Acta Math., Hungar., 1988, 52,
N3�4, 265�271 (ñ Ì.À.Àêèâèñîì).
10. Êëàññèôèêàöèÿ ìíîãîìåpíûõ òpè-òêàíåé ïî óñëîâèÿì çàìûêàíèÿ. Ïpîáëåìû ãåîì. Èòîãè
íàóêè è òåõíèêè ÂÈÍÈÒÈ ÀÍ ÑÑÑÐ, 1989, ò.21, 109�154.
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Öåíòðàëüíà ñèìåòðèçàöiÿ îïóêëèõ òië

Ë. �. Áàçèëåâè÷

(Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�, Óêðà¨íà)

E-mail address: izar@litech.lviv.ua

Ïîçíà÷èìî ÷åðåç cb(Rn) (âiäïîâiäíî sym0(Rn)) ìíîæèíó âñiõ (âiäïîâiäíî âñiõ öåíòðàëüíî
ñèìåòðè÷íèõ) îïóêëèõ êîìïàêòíèõ òië â Rn, íàäiëåíó ìåòðèêîþ Ãàóñäîðôà.

Ðîçãëÿäà¹ìî âiäîáðàæåííÿ öåíòðàëüíî¨ ñèìåòðèçàöi¨ θ : A 7→ 1
2(A−A) : cb(R

n)→ sym0(Rn).
Çàóâàæèìî, ùî ïðîîáðàçàìè êóëü ïðè öüîìó âiäîáðàæåííi ¹ òiëà ñòàëî¨ øèðèíè. Äèâ. [1]
ñòîñîâíî òîïîëîãi¨ ãiïåðïðîñòîðó òië ñòàëî¨ øèðèíè.

Òåîðåìà 1. Íåõàé n ≥ 1. Òîäi âiäîáðàæåííÿ θ ¹ ì'ÿêèì (òîáòî ìà¹ âëàñòèâiñòü
ïðîäîâæåííÿ ïàðàìåòðèçîâíèõ ñåëåêöié; äèâ., íàïðèêëàä, [2]).

×åðåç Q ïîçíà÷à¹ìî ãiëüáåðòiâ êóá, Q = [0, 1]ω.

Òåîðåìà 2. Íåõàé n ≥ 2. Òîäi âiäîáðàæåííÿ θ ¹ ðîçøàðóâàííÿì ç øàðîì Q-ìíîãîâèä íàä
êîæíèì êîìïàêòîì, ùî ëåæèòü ó ìíîæèíi íåïîëiåäðàëüíèõ öåíòðàëüíî ñèìåòðè÷íèõ îïóêëèõ
êîìïàêòíèõ òië.

Ó äîâåäåííi òåîðåìè 2 âèêîðèñòîâó¹òüñÿ õàðàêòåðèçàöiéíà òåîðåìà äëÿ ðîçøàðóâàíü ç
øàðîì Q-ìíîãîâèä [3].
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Ïðî ïðîäîâæåííÿ À-äåôîðìàöié ïîâåðõîíü ç ñòàöiîíàðíèìè äîâæèíàìè ëiíié

Ë. Ë. Áåçêîðîâàéíà

(ÎÍÓ iì. I.I.Ìå÷íèêîâà, Îäåñà, Óêðà¨íà)

E-mail address: mazur_elena@mail.ru

Ò. Þ. Ïîäîóñîâà

(Îäåñüêà äåðæàâíà àêàäåìiÿ áóäiâíèöòâà òà àðõiòåêòóðè, Îäåñà, Óêðà¨íà)

Í. Â. Âàøïàíîâà

(Îäåñüêà äåðæàâíà àêàäåìiÿ õîëîäó, Îäåñà, Óêðà¨íà)

Â ðîáîòi [1] äîâåäåíî, ùî íà ðåãóëÿðíié ïîâåðõíi S â E3-ïðîñòîði iñíóþòü äâà äiéñíèõ
îäíîïàðàìåòðè÷íèõ ñiìåéñòâà ëiíié, ùî çáåðiãàþòü äîâæèíó ïðè íåòðèâiàëüíié (ÿêà íå ¹
íåñêií÷åííî ìàëèì (í.ì.) çãèíàííÿì) À-äåôîðìàöi¨ ïåðøîãî ïîðÿäêó.

Âiäîìî [2], ùî íåîáõiäíèìè i äîñòàòíiìè óìîâàìè À-äåôîðìàöié n-îãî ïîðÿäêó ïîâåðõíi
S ∈ C3 â E3-ïðîñòîði ¹ ðiâíîñòi:

aαβεkαβ + ciαcjβ
k−1∑
m=1

εmij ε
k−m
αβ = 0, k = 2, n

äå εkαβ - âàðiàöi¨ k-îãî ïîðÿäêó êîåôiöi¹íòiâ aij ïåðøî¨ êâàäðàòè÷íî¨ ôîðìè íà S,

aαβ = cαicβjaij , c
11 = c22 = 0, c12 = −c21 = 1√

a
, a = a11a22 − a212.

Ó âèïàäêó εkαβ = 0, (k = 1, n) çàçíà÷åíà äåôîðìàöiÿ áóäå í.ì. çãèíàííÿì n-îãî ïîðÿäêó i
êîæíà êðèâà íà S çáåðiãàòèìå (â ãîëîâíîìó) äîâæèíó, îñêiëüêè ïðè êîíêðåòíîìó çíà÷åííi k
òîòîæíî âèêîíóþòüñÿ ðiâíîñòi:

εkαβdx
αdxβ = 0, (k = 1, n) (1)

ÿêi ìîæíà ðîçãëÿäàòè ÿê äèôåðåíöiàëüíi ðiâíÿííÿ ëiíié, ùî çáåðiãàþòü äîâæèíó ïðè í.ì.
äåôîðìàöi¨ n-îãî ïîðÿäêó.

Áóäåìî âèìàãàòè, ùîá êîæíå äèôåðåíöiàëüíå ðiâíÿííÿ (1) ïðè íåòðèâiàëüíié À-äåôîðìàöi¨
ñêií÷åíîãî ïîðÿäêó n ïðåäñòàâëÿëî îäèí i òîé æå ãåîìåòðè÷íèé îáðàç, òîáòî àíàëiòè÷íî öå
îçíà÷à¹ âèêîíàíííÿ íàñòóïíèõ ñïiââiäíîøåíü:

εkαβ = λkε1αβ,

äå λk - êîåôiöi¹íòè ïðîïîðöiéíîñòi.
Äîâåäåíà íàñòóïíà

Òåîðåìà 1. Íåõàé íåòðèâiàëüíà À-äåôîðìàöiÿ ïåðøîãî ïîðÿäêó ïîâåðõíi S ∈ C3 â E3-

ïðîñòîði ïîðîäæó¹ ñiòêó ëiíié ω ñòàöiîíàðíî¨ äîâæèíè. Òîäi öÿ À-äåôîðìàöiÿ íå äîïóñêà¹

ïðîäîâæåííÿ â íåòðèâiàëüíó À-äåôîðìàöiþ ñêií÷åííîãî ïîðÿäêó n (n ≥ 2), ÿêà ïîðîäæó¹ òó

æ ñàìó ñiòêó ω, ùî çáåðiãà¹ ñâîþ äîâæèíó.
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Ç îñíîâíèìè iäåÿìè ãåîäåçè÷íèõ äåôîðìàöié ðiìàíîâîãî ïðîñòîðó Vn, içîìåòðè÷íî
çàíóðåíîãî â ðiìàíiâ ïðîñòið Vm, m > n, ìîæíà ïîçíàéîìèòèñü ó ðîáîòàõ [1] i [2].

Ó öèõ æå ðîáîòàõ íàâåäåíî îñíîâíi ðiâíÿííÿ, äî ÿêèõ çâîäèòüñÿ çàäà÷à. Ó âèïàäêó m =
n + 1 öå ìîæå áóòè ñèñòåìà òèïó Êîøi âiäíîñíî ñåìè íåâiäîìèõ. Äîñëiäæåííÿ òàêî¨ ñèñòåìè
íàøòîâõó¹òüñÿ íà çíà÷íi òåõíi÷íi òðóäíîùi i â çàãàëüíîìó âèïàäêó íå ïðîâåäåíî. Ó âèïàäêó,
êîëè Vn-öiëêîì ãåîäåçè÷íà ãiïåðïîâåðõíÿ, ñèñòåìà çâîäèòüñÿ äî ÷îòèðüîõ íåâiäîìèõ bij , λi, ψi,
ω i ìà¹ âèãëÿä [3]: 

λi,j = bij,
bij,k = −λsRs

kij + ψjgik + ψkgij ,

nψj,k = b(sj)R
s
k − b(sp)R

p s
.jk. + ωgjk,

(n− 1)ψ,l = 2(n+ 1)ψsR
s
l − b(sp)(R

sp
,l − 2Rsp

l,. ),

(1)

äå Rh
ijk- òåíçîð Ðiìàíà, Rij-òåíçîð Ði÷÷i, b(sp) = bsp + bps, ïiäíiìàííÿ iíäåêñiâ çäiéñíþ¹òüñÿ

òåíçîðîì gij , âçà¹ìíèì ç ìåòðè÷íèì òåíçîðîì gij , êîìà îçíà÷à¹ êîâàðiàíòíå äèôåðåíöiþâàííÿ
íà áàçi gij .

Äëÿ âñiõ ðiâíÿíü ñèñòåìè (1) çíàéäåíi óìîâè iíòåãðîâíîñòi. Äëÿ (11) âîíè âèêîíóþòüñÿ
òîòîæíüî, äëÿ (12) ìàþòü âèãëÿä

− b(sj)R
s
k + b(is)R

s i
jk. = −nψj,k + ωgjk, (2)

çâiäêè âèïëèâà¹ (13).
ßêùî (2) çãîðíóòè ç gjk, òî îäåðæèìî

(n− 1)ω = λsR
s

,. + 2bspR
sp, R = gijRij . (3)

Òàêèì ÷èíîì, iíâàðiàíò ω íå ¹ íåçàëåæíèì.
ßêùî Vn -öiëêîì ãåîäåçè÷íà ïîâåðõíÿ 1-ãî êëàñó (Vn+1 ≡ Sn+1), òî ω = 0, ψi,j = 0, à îòæå

ñèñòåìà (1) çàâæäè ìà¹ íåòðèâiàëüíèé ðîçâ'ÿçîê.

Òåîðåìà 1. Öiëêîì ãåîäåçè÷íà ïîâåðõíÿ ïåðøîãî êëàñó çàâæäè äîïóñêà¹ ãåîäåçè÷íó

äåôîðìàöiþ.
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(Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Âàñèëÿ Ñòåôàíèêà,Iâàíî-Ôðàíêiâñüê,
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E-mail address: alopushanskyj@gmail.com

Íåõàé çàäàíà ïàðà áàíàõîâèõ ïðîñòîðiâ (V0, ‖ · ‖0) òà (V1, ‖ · ‖1) íàä C ç íåïåðåðâíèì òà
ùiëüíèì âêëàäåííÿì E10 : V1 # V0. Çàôiêñó¹ìî êóò ω0 ∈ (π/2, π) i ñïiâñòàâèìî éîìó â
ïëîùèíi C çàìêíåíèé ñåêòîð ç âèêîëîòîþ òî÷êîþ {0} i éîãî çàìèêàííÿ, âiäïîâiäíî Λ0 =⋃
{lω : ω ∈ [−ω0, ω0]} i Λ = Λ0

⋃
{0}, äå lω =

{
reiω : r > 0

}
� ïðîìiíü ç êóòîì ω ∈ [0, 2π].

Íåõàé

A =

{
A ∈ L (V1;V0) : sup

λ∈Λ

∥∥(λE10 −A)−1
∥∥

L (V0;V1)
= K(A) <∞

}
� êëàñ îïåðàòîðiâ A : V1 7−→ V0, äëÿ ÿêèõ îáåðíåíèé (λE10−A)−1 ¹ âèçíà÷åíèì òà ðiâíîìiðíî
îáìåæåíèì äëÿ âñiõ ÷èñåë λ ∈ Λ çà íîðìîþ ïðîñòîðó L (V0;V1) âñiõ íåïåðåðâíèõ ëiíiéíèõ
îïåðàòîðiâ iç V0 â V1. Îïåðàòîðè êëàñó A íàçèâàþòü ñåêòîðiàëüíèìè íàä ïðîñòîðîì V0. Êîæåí
ç îïåðàòîðiâ A ∈ A ìîæíà òðàêòóâàòè ÿê íåîáìåæåíèé ëiíiéíèé îïåðàòîð íàä áàíàõîâèì
ïðîñòîðîì V0 iç ùiëüíîþ îáëàñòþ âèçíà÷åííÿ V1 = D(A). Êîæåí ç îïåðàòîðiâ A ∈ A ãåíåðó¹
àíàëiòè÷íó ïiâãðóïó â ïðîñòîði V0 i ìà¹ âiä'¹ìíèé òèï.

Çàôiêñó¹ìî îïåðàòîð J ∈ A. Îïåðàòîð (−J) ¹ ïîçèòèâíèé ([1]) â ñåíñi îçíà÷åííÿ(
[2], 1.14.1

)
. ×åðåç Vϑ := D

[
(−J)ϑ

]
ïîçíà÷èìî îáëàñòü âèçíà÷åííÿ îáåðíåíîãî äî (−J)−ϑ

îïåðàòîðà (−J)ϑ iç íîðìîþ ãðàôiêà ‖x‖Vϑ :=
∥∥(−J)ϑx

∥∥
0
. Òîäi Vϑ ' [V0, V1]ϑ � ïðîìiæíèé

ïðîñòið äëÿ iíòåðïîëÿöiéíî¨ ïàðè {V0;V1}, ïîðîäæåíèé ìåòîäîì êîìïëåêñíî¨ iíòåðïîëÿöi¨
(
[2],

òåîðåìà 1.15.3
)
. Çãiäíî ç ([3], c. 170-171), ïiâãðóïà 0 < t 7−→ etJ âiäîáðàæà¹ ïðîñòið Vϑ â

ïðîñòið V1+ϑ òà ðiâíîìiðíî îáìåæåíà i ñèëüíî íåïåðåðâíà íàä Vϑ.
Íåõàé òåïåð A � äîâiëüíèé îïåðàòîð êëàñó A. Çàóâàæèìî (äèâ. [1]), ùî îñêiëüêè

âèêîíó¹òüñÿ íàñòóïíèé içîìîðôiçì áàíàõîâèõ ïðîñòîðiâ D
[
(−A)ϑ

]
' Vϑ, äå D

[
(−A)ϑ

]
�

îáëàñòü âèçíà÷åííÿ (−A)ϑ, òî â íàâåäåíèõ ìiðêóâàííÿõ ìîæíà çàìiíèòè ôiêñîâàíèé îïåðàòîð
J íà äîâiëüíèé îïåðàòîð A ∈ A.

Íåõàé 0 < η < ϑ ≤ 1, W1,η := C
(
[0, T ];V1+η

)⋂
C1
(
[0, T ];Vη

)
� ïðîñòið íåïåðåðâíèõ âåêòîð-

ôóíêöié v : [0, T ] 3 t 7−→ v(t) ∈ V1+η, ÿêi òàêîæ ¹ ñèëüíî íåïåðåðâíî äèôåðåíöiéîâàíèìè

çi çíà÷åííÿìè ïîõiäíî¨ v′t â ïðîñòîði Vη, ‖z‖W1,η = max

{
‖z‖

C
(

[0,T ];V1+η
), ‖z′‖

C1
(

[0,T ];Vη
)} ,

g0 ∈ C
(
[0, T ]× V1+η × Vη; Vϑ

)
, g ∈W1,η.

Çíàéäåíî äîñòàòíi óìîâè ðîçâ'ÿçíîñòi âW1,η íåëiíiéíîãî iíòåãðîäèôåðåíöiàëüíîãî ðiâíÿííÿ

v(t) =

∫ t

0
e(t−τ)Ag0(τ, v(τ), v′(τ)) dτ + g(t).
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Íàïiâîáåðíåíà çàäà÷à äëÿ ñòiëüòü¹ñiâñüêî¨ ñòðóíè

Î. Ìàðòèíþê

(Ïiâäåííîóêðà¨íñüêèé íàöiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ê. Ä. Óøèíñüêîãî,
Îäåñà, Óêðà¨íà)

E-mail address: martynyuk_olga@mail.ru

Óïåðøå íàïiâîáåðíåíà çàäà÷à (àáî çàäà÷à Ãîõøòàäòà � Ëiáåðìàíà), òîáòî çàäà÷à ïîðîäæåíà
ðiâíÿííÿìØòóðìà � Ëióâiëëÿ ç êðàéîâèìè óìîâàìè Ðîáåíà (çìiøàíèìè óìîâàìè àáî óìîâàìè
Øòóðìà â iíøèõ òåðìiíàõ; äî íèõ âõîäÿòü êîíñòàíòè h ∈ R, H ∈ R) áóëà ðîçãëÿíóòà â 1978 ðîöi
Ã. Ãîõøòàäòîì, Á. Ëiáåðìàíîì (äèâ. [1]). Íèìè áóëî äîâåäåíî, ùî îäèí ñïåêòð, çâóæåííÿ
ïîòåíöiàëó íà îäíó (ëiâó) ïîëîâèíó iíòåðâàëó, êîíñòàíòè h i H îäíîçíà÷íî âèçíà÷àþòü
çâóæåííÿ ïîòåíöiàëó íà äðóãó (ïðàâó) ïîëîâèíó iíòåðâàëó. Óçàãàëüíåííÿ öüîãî ðåçóëüòàòó
ìîæíà çíàéòè â ðîáîòàõ F. Gesztesy i B. Simon (1999 ð.), M. Horvath (2005 ð.), G. Wei òà H.-
K. Xu (2009 ð.). Çàóâàæèìî, ùî â óñiõ âèùå íàçâàíèõ ïðàöÿõ íå áóëî çàïðîïîíîâàíî ìåòîä
âiäíîâëåííÿ ïîòåíöiàëó, i íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó. Ìåòîäè âiäíîâëåííÿ
ïîòåíöiàëó íàïiâîáåðíåíî¨ çàäà÷i i äîñòàòíi óìîâè iñíóâàííÿ ¨¨ ðîçâ'ÿçêó ç óìîâàìè Äiðiõëå
íà êiíöÿõ iíòåðâàëó áóëè çàïðîïîíîâàíi â ðîáîòàõ [2], [3]. Â îñòàííié ðîáîòi çàïðîïîíîâàíî
òàêîæ íåîáõiäíi óìîâè iñíóâàííÿ ðîçâ`ÿçêó. Äèñêðåòíèé àíàëîã íàïiâîáåðíåíî¨ çàäà÷i äëÿ
ñòiëüòü¹ñiâñüêî¨ ñòðóíè ç óìîâàìè Äiðiõëå íà êiíöÿõ ðîçãëÿíóòî â [4].

Íàïiâîáåðíåíà çàäà÷à äëÿ ñòiëüòü¹ñiâñüêî¨ ñòðóíè ç óìîâàìè Äiðiõëå íà ëiâîìó i óìîâîþ
Ðîáåíà (äî îñòàííüî¨ âõîäèòü äiéñíà êîíñòàíòàH 6= 0) íà ïðàâîìó êiíöÿõ ïîëÿãà¹ â íàñòóïíîìó.
Âiäîìi âåëè÷èíè ìàñ, ùî ðîçòàøîâàíi íà ëiâié ïîëîâèíi ñòiëüòü¹ñiâñüêî¨ ñòðóíè, ðàçîì iç
iíòåðâàëàìè ìiæ íèìè, ñïåêòð çàäà÷i Äiðiõëå � Ðîáåíà, ùî ïîðîäæåíèé ðiâíÿííÿìè ìàëèõ
ïîïåðå÷íèõ êîëèâàíü öi¹¨ ñòðóíè, çàãàëüíà äîâæèíà ïðàâî¨ ÷àñòèíè ñòiëüòü¹ñiâñüêî¨ ñòðóíè i
äiéñíå ÷èñëî H. Êiëüêiñòü ìàñ n ñòàíîâèòü ïîëîâèíó çàãàëüíî¨ êiëüêîñòi ìàñ ñòðóíè. Òðåáà
çíàéòè âåëè÷èíè ìàñ íà ïðàâié ÷àñòèíi iíòåðâàëó i äîâæèíè iíòåðâàëiâ ìiæ íèìè.

Iäåÿ ðîçâ`ÿçêó çàäà÷i ïîëÿãà¹ â òîìó, ùî çà äîïîìîãîþ iíòåðïîëÿöi¨, âèõîäÿ÷è iç çàäàíèõ
âåëè÷èí, íåîáõiäíî âiäíîâèòè õàðàêòåðèñòè÷íi ìíîãî÷ëåíè S̃2n(λ), S̃2n−1(λ) çàäà÷ íà ïðàâié
÷àñòèíi ñòðóíè, äå λ âiäiãðà¹ ðîëü ñïåêòðàëüíîãî ïàðàìåòðà. ßêùî ïîáóäîâàíà ðàöiîíàëüíà

ôóíêöiÿ
S̃2n(λ)

S̃2n−1(λ)
áóäå íàëåæàòè êëàñó S-ôóíêöié, òî ìè ìîæåìî ðîçêëàñòè ¨¨ ¹äèíèì ÷èíîì

ó ëàíöþãîâèé äðiá, êîåôiöi¹íòè ÿêîãî áóäóòü øóêàíèìè âåëè÷èíàìè. Äîâåäåíî, ùî çàäà÷à
ìà¹ ¹äèíèé ðîçâ`ÿçîê.

ßêùî â îïèñàíié çàäà÷i ïîêëàñòè H = 0, òî îòðèìà¹ìî çàäà÷ó äëÿ ñòðóíè Ñòiëüòü¹ñà ç
óìîâàìè Äiðiõëå i Íåéìàíà íà ëiâîìó òà ïðàâîìó êiíöÿõ âiäïîâiäíî.
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Òåîðåìà Àíòóàíà äëÿ êðèâèõ ñêií÷åííî¨ äîâæèíè

I. ß. Îëåêñiâ

(Íàöiîíàëüíèé óíiâåðñèòåò "Ëüâiâñüêà ïîëiòåõíiêà", Ëüâiâ,Óêðà¨íà)

E-mail address: oleksivi@polynet.lviv.ua

ßêùî A � ïðîñòà çàìêíåíà êðèâà íà ïëîùèíi E2, òî içîòîïiþ ht : A → E2, t ∈ [0; 1],
ðîçóìi¹ìî ÿê íåïåðåðâíó ñiì'þ âêëàäåíü êðèâî¨ A â ïëîùèíó.

Òåîðåìà. Íåõàé ïðîñòà çàìêíåíà êðèâà A, ÿêà ìà¹ ñêií÷åííó äîâæèíó, îáìåæó¹ â ïëîùèíi

äèñê D i ∆ � äâîâèìiðíèé ñèìïëåêñ ó âíóòðiøíîñòi D. Òîäi iñíó¹ içîòîïiÿ ht : ∂∆
→ A, t ∈ [0; 1], ÿêà ïåðåâîäèòü ãðàíèöþ ∂∆ ñèìïëåêñà ∆ â êðèâó A i ïðè öüîìó äîâæèíè

êðèâèõ ht(∂∆) íå ïåðåâèùóþòü äîâæèíè A.

Öå � îäíà ç ôîðì òåîðåìè Àíòóàíà ([1]). Çàçâè÷àé â öié òåîðåìi íåìà¹ îáìåæåíü íà äîâæèíè
êðèâèõ. Äîâåäåííÿ ñôîðìóëüîâàíî¨ òåîðåìè âèêîíó¹òüñÿ íà îñíîâi íàáëèæåííÿ êðèâî¨ A ç
ñåðåäèíè äèñêó D ïîñëiäîâíiñòþ ïðîñòèõ çàìêíåíèõ ëàìàíèõ {Ln}, L1 = ∂∆, äîâæèíè ÿêèõ
íå áiëüøi çà äîâæèíó A ([2]). Äàëi äëÿ êîæíîãî n = 1, 2, ... , áóäó¹ìî içîòîïiþ hnt : Ln →
Ln+1, t ∈ [0; 1], ÿêà ïåðåâîäèòü Ln â Ln+1 â ìåæàõ äèñêó D i òàê, ùîá óñi êðèâi hnt (Ln), t ∈ [0; 1],
áóëè êîðîòøèìè çà êðèâó A, à äîáóòîê içîòîïié ht = h1t · h2t · ... ïåðåâîäèâ ëàìàíó ∂∆ â êðèâó
A. Êîæíó içîòîïiþ hnt îòðèìó¹ìî íà îñíîâi àëãîðèòìó ïîáóäîâè íàéêîðîòøî¨ ëàìàíî¨, ÿêà â
ïîëiåäðàëüíîìó äèñêîâi ñïîëó÷à¹ äâi çàäàíi òî÷êè íà ãðàíèöi äèñêó. ßê íàñëiäîê ïîáóäîâ,
äîõîäèìî âèñíîâêó, ùî âñi ëàìàíi ht(∂∆), 0 ≤ t < 1, ¹ êîðîòøi çà êðèâó A.
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Iíôiíiòåçèìàëüíi äåôîðìàöi¨ ïîâåðõîíü â E3 ç ôiêñîâàíîþ âàðiàöi¹þ ðiìàíîâî¨

çâ'ÿçíîñòi

I. Â. Ïîòàïåíêî
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Îñíîâíi ðiâíÿííÿ iíôiíiòåçèìàëüíèõ äåôîðìàöié ïîâåðõîíü â Å3, ùî ãàðàíòóþòü iñíóâàííÿ
âåêòîðà çìiùåííÿ ìàþòü âèãëÿä ([1]):

δbikbjl − δbijbkl + δbjlbik − δbklbij = Tlijk,

δbij,k − δbik,j = bmjδΓ
m
ik − bmkδΓ

m
ij ,

(1)

äå òåíçîð Tlijk = gmlδR
m
ijk + δgmlR

m
ijk, äëÿ ïîâåðõîíü íåíóëüîâî¨ ãàóññîâî¨ êðèâèíè ç òî÷íiñòþ

äî Cgij , C − const, gij - ìåòðè÷íèé òåíçîð ïîâåðõíi, âèçíà÷à¹òüñÿ òåíçîðíèìè ïîëåì δΓhij , ÿêå
ïîâèííî çàäîâîëüíÿòè óìîâàì ([2]):

δRααkl = 0 (2)

δgij , δbij , δΓ
h
ij , δR

h
ijk -âàðiàöi¨ ïåðøîãî, äðóãîãî îñíîâíèõ òåíçîðiâ ïîâåðõíi, ðiìàíîâî¨ çâ'ÿçíîñòi

òà òåíçîðà Ðiìàíà âiäïîâiäíî, ïðè÷îìó δRhijk = δΓhik,j − δΓhij,k.

Òåîðåìà 1. Äëÿ iñíóâàííÿ iíôiíiòåçèìàëüíî¨ äåôîðìàöi¨ ïîâåðõíi â 3, ãîìåîìîðôíié áiíàðíié

îáëàñòi (x1, x2) çìiíè ïàðàìåòðiâ, ç çàäàíîþ âàðiàöi¹þ ðiìàíîâî¨ çâ'ÿçíîñòi δΓhij, ùî

çàäîâîëüíÿ¹ óìîâàì (2), äîñòàòíüî, ùîá ñèñòåìà (1) ìàëà ðîçâ'ÿçîê âiäíîñíî íåâiäîìîãî

òåíçîðíîãî ïîëÿ δbij â öié îáëàñòi.
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Òåîðiÿ íåñêií÷åííîâèìiðíèõ ìàòðè÷íèõ àëãåáð i íàïiâãðóï â ïðàöÿõ

ïðîô. À.Ê. Ñóøêåâè÷à.
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(ÑÄÏÓ, Ñëîâ'ÿíñüê, Óêðà¨íà)

E-mail address: rom.olena@gmail.com

Âèäàòíèé óêðà¨íñüêèé ìàòåìàòèê, ïðîôåñîð Õàðêiâñüêîãî óíiâåðñèòåòó Àíòîí Êàçèìèðî-
âè÷ Ñóøêåâè÷ ¹ ôóíäàòîðîì òåîði¨ íàïiâãðóï. Ïðîòå ñïåêòð íàóêîâèõ iíòåðåñiâ ïðîôåñîðà Ñó-
øêåâè÷à áóâ çíà÷íî øèðøèì: òåîðiÿ íàïiâãðóï i íàïiâãðóï ïåðåòâîðåíü, êâàçiãðóïè i n-ãðóïè,
òåîðiÿ íåñêií÷åííîâèìiðíèõ àëãåáð, îá÷èñëþâàëüíà ìàòåìàòèêà, çîêðåìà � iíòåðâàëüíà àðè-
ôìåòèêà, iñòîðiÿ ìàòåìàòèêè, ìåòîäèêà âèêëàäàííÿ ìàòåìàòèêè.

Ó ïîâiäîìëåííi ïðîïîíó¹òüñÿ àíàëiç öèêëó ïðàöü À.Ê. Ñóøêåâè÷à [1-5], ÿêi ïðèñâÿ÷åíi
äîñëiäæåííþ àëãåáð i íàïiâãðóï íåñêií÷åííîâèìiðíèõ ìàòðèöü íàä ôiêñîâàíèì ïîëåì. Àâòîð
ðîçãëÿäà¹ ðiçíi îáìåæåííÿ, ÿêi ñëiä íàêëàñòè íà âèãëÿä íåñêií÷åííèõ ìàòðèöü òàê, ùîá ìîæíà
áóëî âèçíà÷èòè äiþ ìíîæåííÿ íà íèõ. Òàêèõ îáìåæåíü âèáèðà¹òüñÿ êiëüêà, à ñàìå:

� ðîçãëÿäàòè ëèøå (âåðõíi àáî íèæíi) òðèêóòíi ìàòðèöi;
� ðîçãëÿäàòè ìàòðèöi, â ÿêèõ êîæíà êîëîíêà i êîæåí ðÿäîê ìiñòÿòü ëèøå ñêií÷åííå ÷èñëî

íåíóëüîâèõ åëåìåíòiâ;
� ðîçãëÿäàòè ìàòðèöi, íåíóëüîâi åëåìåíòè ÿêèõ ëåæàòü ó äåÿêîìó (âåðòèêàëüíîìó àáî

ãîðèçîíòàëüíîìó ïàñi ñêií÷åííî¨ øèðèíè, àëå íåñêií÷åííîìó;
� ðîçãëÿäàòè ìàòðèöi, íåíóëüîâi åëåìåíòè ÿêèõ ìiñòÿòüñÿ â äåÿêîìó ïðÿìîêóòíèêó, òîùî.
Iíøi òèïè îáìåæåíü ââîäÿòüñÿ äëÿ âèïàäêó, êîëè éäåòüñÿ ïðî ìàòðèöi íàä ïîëåì R àáî

C, i ìîæíà çàñòîñîâóâàòè òåîðiþ îðòîãîíàëüíîñòi â ãiëüáåðòîâèõ ïðîñòîðàõ. Â êîæíîìó ç
ðîçãëÿäóâàíèõ âèïàäêiâ âèíèêàþòü öiêàâi àëãåáðè i íàïiâãðóïè.

Äîñëiäæóþ÷è ïðîáëåìó õàðàêòåðèçàöi¨ äiëüíèêiâ íóëÿ â àëãåáði âåðõíiõ òðèêóòíèõ ìà-
òðèöü, À.Ê. Ñóøêåâè÷ çâåðòà¹ óâàãó íà òå, ùî ëiâi äiëüíèêè íóëÿ îïèñóþòüñÿ äóæå ïðîñòî �
öå ìàòðèöi, â ÿêèõ ¹ íóëi íà ãîëîâíié äiàãîíàëi, àëå äëÿ ïðàâèõ äiëüíèêiâ íóëÿ íåîáõiäíî ,
ùîá íà äiàãîíàëi ìàòðèöi ñòÿëà ñêií÷åííà êiëüêiñòü íóëiâ, ÿêùî æ êiëüêiñòü íóëiâ íà äiàãîíàëi
íåñêií÷åííà, òî òàêà ìàòðèöÿ ìîæå é íå áóòè äiëüíèêîì íóëÿ. Â öié àëãåáði õàðàêòåðèçóþ-
òüñÿ òàêîæ äâîñòîðîííi iäåàëè, îïèñóþòüñÿ ïðîñòi iäåàëè. Ïîêàçàíî, ùî âîíà àïðîêñèìó¹òüñÿ
íiëüïîòåíòíèìè àëãåáðàìè. Ñòðóêòóðà ïðàâèõ àáî ëiâèõ iäåàëiâ äîñëiäæåíà äëÿ àëãåáðè, â
ìàòðèöÿõ ÿêî¨ ëèøå ñêií÷åííå ÷èñëî ðÿäêiâ i êîëîíîê ìîæå ìiñòèòè íåíóëüîâi åëåìåíòè. Ïî-
êàçàíî, ùî öÿ àëãåáðà ¹ íàïiâïðîñòîþ. Öiêàâi ðåçóëüòàòè îòðèìàíî äëÿ íàïiâãóïè òàê çâàíèõ
íàïiâîðòîãîíàëüíèõ ìàòðèöü òîáòî ìàòðèöü, êîëîíêè àáî ðÿäêè) ÿêèõ óòâîðþþòü ñèñòåìó âå-
êòîðiâ, ùî äîïîâíþ¹òüñÿ äî îðòîíîðìîâàíî¨ ñèñòåìè ó âiäïîâiäíîìó ãiëüáåðòîâîìó ïðîñòîði.
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Ïðîñòîðè ðîçìèòèõ ìåòðèê

Î. Ã. Ñàâ÷åíêî

(Õåðñîíñüêèé àãðàðíèé óíiâåðñèòåò, Óêðà¨íà)

E-mail address: Savchenko1960@rambler.ru

Íèæ÷å ìè âèêîðèñòîâó¹ìî ïîíÿòòÿ ðîçìèòî¨ ìåòðèêè ó ôîðìi, çàïðîïîíîâàíié ó ñòàòòi
[1]. Íàãàäà¹ìî, ùî t-íîðìîþ íàçèâàþòü íåïåðåðâíó ôóíêöiþ ∗ : [0, 1] × [0, 1] → [0, 1], ùî
çàäîâîëüíÿ¹ óìîâè: (1) ∗ àñîöiàòèâíà; (2) a ∗ 1 = a äëÿ âñiõ a ∈ [0, 1], (3) a ∗ b ≤ c ∗ d,
ÿêùî a ≤ c i b ≤ d äëÿ êîæíèõ a, b, c, d ∈ [0, 1].

Ïðèêëàäàìè t-íîðì ¹ a ∗ b = ab i and a ∗ b = min(a, b).
Ðîçìèòèì ìåòðè÷íèì ïðîñòîðîì íàçèâàþòü óïîðÿäêîâàíó òðiéêó (X,M, ∗) òàêó, ùî X

� íåïîðîæíÿ ìíîæèíà, ∗ � íåïåðåðâíà t-íîðìà i M � ðîçìèòà ìíîæèíà íà X ×X × (0,+∞),
ùî çàäîâîëüíÿ¹ óìîâè äëÿ âñiõ x, y, z ∈ X, s, t > 0: (i) M(x, y, t) > 0; (ii) M(x, y, t) = 1 òîäi i
ëèøå òîäi, êîëè x = y; (iii) M(x, y, t) = M(y, x, t); (iv) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s); (v)
ôóíêöiÿM(x, y,−) : (0,+∞)→ (0, 1] íåïåðåðâíà. ÔóíêöiþM íàçèâàþòü ðîçìèòîþ ìåòðèêîþ

íà X (ñòîñîâíî ∗).
×åðåç F(X) ïîçíà÷à¹ìî ìíîæèíó âñiõ ðîçìèòèõ ìåòðèê íà ìåòðèçîâíîìó ïðîñòîði X,

ñóìiñíèõ ç òîïîëîãi¹þ ïðîñòîðó X. Íàäàëi ââàæà¹ìî, ùî ∗ = min.
Ìíîæèíó F(X) íàäiëÿ¹ìî êîìïàêòíî-âiäêðèòîþ òîïîëîãi¹þ (ó ôóíêöiîíàëüíîìó ïðîñòîði

C(X ×X × (0,∞), [0, 1]).

Òåîðåìà. Íåõàé X � íåñêií÷åííèé ìåòðèçîâíèé êîìïàêò. Òîäi ïðîñòið F(X)
ãîìåîìîðôíèé ñåïàðàáåëüíîìó ãiëüáåðòîâîìó ïðîñòîðîâi `2.

Äîâåäåííÿ áàçó¹òüñÿ íà õàðàêòåðèçàöiéíié òåîðåìi Òîðóíü÷èêà äëÿ `2 (äèâ. [2]). Ïðè öüîìó
äëÿ äîâåäåííÿ AR-âëàñòèâîñòi âèêîðèñòîâó¹òüñÿ iñíóâàííÿ íà ïðîñòîði F(X) àíàëîãà îïóêëî¨
ñòðóêòóðè, çàïðîïîíîâàíîãî â [3].

Àíàëîãi÷íà òåîðåìà äîâåäåíà òàêîæ äëÿ ðîçìèòèõ óëüòðàìåòðè÷íèõ ïðîñòîðiâ. Îñòàííi
îäåðæóþòüñÿ ç ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ çàìiíîþ óìîâè (iv) íà óìîâó (iv') M(x, y, t) ∗
M(y, z, s) ≤M(x, z,max(t, s)).
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Ïðî íåñêií÷åííî ìàëi êîíôîðìíi äåôîðìàöi¨ ìiíiìàëüíèõ ïîâåðõîíü

Þ.C. Ôåä÷åíêî

(Îäåñüêà íàöiîíàëüíà àêàäåìiÿ õàð÷îâèõ òåõíîëîãié, Îäåñà, Óêðà¨íà)
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Ðîçãëÿíåìî ïîâåðõíþ S êëàñó C3 â åâêëiäîâîìó ïðîñòîði E3 ç âåêòîðíî-ïàðàìåòðè÷íèì
ðiâíÿííÿì r = r(x1, x2) òà ¨¨ äåôîðìàöiþ Sε: rε = r(x1, x2) + εU(x1, x2). Òóò U(x1, x2) - âåêòîð
çìiùåííÿ, ε - ìàëèé ïàðàìåòð.

Âiäîìî [1],[2], ùî íåñêií÷åííî ìàëi êîíôîðìíi äåôîðìàöi¨ õàðàêòåðèçóþòüñÿ ðiâíÿííÿìè
δgij = 2ϕgij , äå ϕ - ôóíêöiÿ êîíôîðìíîñòi, δgij- âàðiàöiÿ êîåôiöi¹íòiâ ïåðøî¨ êâàäðàòè÷íî¨
ôîðìè. Íåõàé ïîõiäíà âåêòîðà çìiùåííÿ ìàòèìå âèãëÿä:

U i = ciα

(
0
T
αβ

− ϕcαβ
)
rβ + ciαT

αn, (1)

0
T
αβ

=
0
T
βα

, cαβ-äèñêðèìiíàíòíèé òåíçîð, cαβ-êîâàðiàíòíi êîìïîíåíòè äèñêðèìiíàíòíîãî
òåíçîðà.

Çíàéäåíî íîâó ôîðìó îñíîâíèõ ðiâíÿíü íåñêií÷åííî ìàëèõ êîíôîðìíèõ äåôîðìàöié, ÿêó
ïðåäñòàâëåíî ÷åðåç òåíçîðíi ïîëÿ ïîõiäíî¨ âåêòîðà çìiùåííÿ, âèäiëåíî òðèâiàëüíèé âèïàäîê,
äîñëiäæåíî ìiíiìàëüíi ïîâåðõíi.

Òåîðåìà 1. Äëÿ òîãî, ùîá íåñêií÷åííî ìàëà äåôîðìàöiÿ ïîâåðõíi S (K 6= 0) êëàñó

C3 áóëà êîíôîðìíîþ, íåîáõiäíî i äîñòàòíüî, ùîá íà ïîâåðõíi iñíóâàëè ôóíêöi¨ t, ϕ, ÿêi

çàäîâîëüíÿþòü ðiâíÿííÿ

∇s(tαdsα)−∇s(ϕαcαβdsβ) + 2Ht = 0.

Òîäi òåíçîðíi ïîëÿ ïîõiäíî¨ âåêòîðà çìiùåííÿ ìàþòü âèãëÿä

0
T
αβ

= tgαβ, T s = tαd
sα − ϕαcαβdsβ, ti = ∂it, ϕi = ∂iϕ.

Òåîðåìà 2. Íåñêií÷åííî ìàëà êîíôîðìíà äåôîðìàöiÿ ïîâåðõíi S (K 6= 0) êëàñó C3 áóäå

òðèâiàëüíîþ òîäi i ëèøå òîäi, êîëè íà ïîâåðõíi iñíó¹ õàðàêòåðèñòè÷íà ôóíêöiÿ Âåéíãàðòåíà

t:
∇s(tαdsα) + 2Ht = 0.

Òîäi òåíçîðíi ïîëÿ ìàþòü ïðåäñòàâëåííÿ

0
T
αβ

= tgαβ, T s = tαd
sα.

Òåîðåìà 3. Ìiíiìàëüíi ïîâåðõíi S (H = 0,K 6= 0) êëàñó C3 äîïóñêàþòü íåòðèâiàëüíi

íåñêií÷åííî ìàëi êîíôîðìíi äåôîðìàöi¨ ïðè íóëüîâié ôóíêöi¨ t.
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Ìåñòî ýâðèñòè÷åñêîé äåÿòåëüíîñòè â ïðîöåññå ôîðìèðîâàíèÿ ãåîìåòðè÷åñêèõ

ïîíÿòèé

Î. Â. Àìáðîçÿê

(×åðêàññêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Áîãäàíà Õìåëüíèöêîãî, ×åðêàññû, Óêðàèíà)

E-mail address: Olga27 1989@ukr.net

Ðàññìîòðåíèþ âîïðîñîâ ôîðìèðîâàíèÿ ìàòåìàòè÷åñêèõ ïîíÿòèé, â òîì ÷èñëå è
ãåîìåòðè÷åñêèõ, ïîñâÿùåíû òðóäû Ç.È. Ñëåïêàíü, Ã.Ï. Áåâç, Í.À. Òàðàñåíêîâîé,
Â.Â. Íèêèòèíà, Ë.À. ×åðíûõ è äðóãèõ àâòîðîâ. Ïðèíèìàÿ âî âíèìàíèå áîëüøîå
êîëè÷åñòâî èññëåäîâàíèé ïî ýòîìó âîïðîñó, ñëåäóåò îòìåòèòü, ÷òî ïðîáëåìà ôîðìèðîâàíèÿ
ãåîìåòðè÷åñêèõ ïîíÿòèé ïîñðåäñòâîì îðãàíèçàöèè ýâðèñòè÷åñêîé äåÿòåëüíîñòè ðàñêðûòà
íåäîñòàòî÷íî.

Öåëåíàïðàâëåííîå ôîðìèðîâàíèå ãåîìåòðè÷åñêèõ ïîíÿòèé â ñðåäíåé øêîëå ïðèõîäèòñÿ
íà ïîäðîñòêîâûé âîçðàñò. Âàæíîé îñîáåííîñòüþ êîòîðîãî, êàê îòìå÷àåò Å.Å. Æóìàåâ
([1]), ÿâëÿþòñÿ ïðåäïîñûëêè äëÿ ôîðìèðîâàíèÿ àêòèâíîãî, ñàìîñòîÿòåëüíîãî, òâîð÷åñêîãî
ìûøëåíèÿ. Â ñâÿçè ñ ýòèì äëÿ ó÷åíèêîâ 7 êëàññà öåëåñîîáðàçíî îðãàíèçîâûâàòü èìåííî
ýâðèñòè÷åñêóþ äåÿòåëüíîñòü ïî ôîðìèðîâàíèþ ãåîìåòðè÷åñêèõ ïîíÿòèé.

Îáùèå ýâðèñòè÷åñêèå ïðèåìû îñíîâíûõ îáùèõ óìñòâåííûõ äåéñòâèé (àíàëèç, ñèíòåç,
ñðàâíåíèå, êîíêðåòèçàöèÿ, îáîáùåíèå, àáñòðàãèðîâàíèå è äðóãèå), ñïåöèôè÷åñêèå ïðèåìû
(ïîäâåäåíèå ïîä ïîíÿòèå è ïîëó÷åíèå ñëåäñòâèé), îáùèå ýâðèñòè÷åñêèå îðèåíòèðû (ïðàâèëà-
îðèåíòèðû, ýâðèñòè÷åñêèå ñõåìû, ñòðàòåãèè), ñïåöèôè÷åñêèå ýâðèñòè÷åñêèå ïðèåìû (íàðèñóé
êàðòèíêó, èññëåäóé ïî ÷àñòÿì, ìîäèôèöèðóé, íàéäè âçàèìîñâÿçü ìåæäó ÷àñòÿìè) ïîçâîëÿþò
îñóùåñòâèòü ïîëíûé àíàëèç ïîíÿòèÿ è äàòü âîçìîæíîñòü êàæäîìó ó÷åíèêó ñàìîñòîÿòåëüíî
ïðèíèìàòü ó÷àñòèå â ïðîöåññå åãî îòêðûòèÿ è èññëåäîâàíèÿ.

Å. È. Ñêàôà ([2]) ïðåäëàãàåò óñëîâíî ðàçáèòü ïðîöåññ ôîðìèðîâàíèÿ ãåîìåòðè÷åñêèõ
ïîíÿòèé íà ÷åòûðå îñíîâíûõ ýòàïà (ââåäåíèå, óñâîåíèå, çàêðåïëåíèå è ïðèìåíåíèå), íà êàæäîì
èç êîòîðûõ ðàöèîíàëüíî èñïîëüçîâàòü îïðåäåëåííûå ýâðèñòè÷åñêèå ïðèåìû.

Âî âðåìÿ ðåàëèçàöèè ýòàïîâ ôîðìèðîâàíèÿ ãåîìåòðè÷åñêèõ ïîíÿòèé ïðåèìóùåñòâî ñëåäóåò
îòäàâàòü çàäà÷àì íà èññëåäîâàíèå, îòûñêàíèå çàêîíîìåðíîñòåé, à òàêæå çàäà÷àì, êîòîðûå
òðåáóþò äëÿ ñâîåãî ðåøåíèÿ íå ñòîëüêî çíàíèÿ òåîðèè, à íåøàáëîííîãî, îðèãèíàëüíîãî,
ýâðèñòè÷åñêîãî ìûøëåíèÿ.

Ìåòîäèêà ôîðìèðîâàíèÿ ïîíÿòèé äîëæíà íîñèòü ýâðèñòè÷åñêèé õàðàêòåð, òàê êàê â
ôîðìå ïàññèâíîãî âîñïðèÿòèÿ ó÷åíèêîì ó÷åáíîãî ìàòåðèàëà íåâîçìîæíî ñôîðìèðîâàòü ó íåãî
êðåïêèå çíàíèÿ, óìåíèÿ, à òàêæå ðàçâèâàòü ñïîñîáíîñòü ê òâîð÷åñêîé äåÿòåëüíîñòè.

Âêëþ÷åííîñòü ó÷åíèêîâ â ïðîöåññ ýâðèñòè÷åñêîãî êîíñòðóèðîâàíèÿ è èññëåäîâàíèÿ
ïîíÿòèé ïîçâîëÿåò ðàçâèâàòü ëè÷íîñòü, ãîòîâóþ ñàìîñòîÿòåëüíî äîáûâàòü çíàíèÿ, íàõîäèòü
îïòèìàëüíûå ðåøåíèÿ ïðîáëåìíûõ ñèòóàöèé, àðãóìåíòèðîâàíî îòñòàèâàòü ñîáñòâåííóþ
ïîçèöèþ.

Òàêèì îáðàçîì, îðãàíèçàöèÿ ýâðèñòè÷åñêîé äåÿòåëüíîñòè â ïðîöåññå ôîðìèðîâàíèÿ
ãåîìåòðè÷åñêèõ ïîíÿòèé ÿâëÿåòñÿ äåéñòâåííûì ñïîñîáîì äëÿ ðàçâèòèÿ òâîð÷åñêîé ëè÷íîñòè.
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Ðàññìàòðèâàþòñÿ Âîëüòåðîâû J-óçëû Ëèâøèöà Áðîäñêîãî
∑

= [A,C;X,Ñn]. Çäåñü X -

ñåïàðàáåëüíîå ãèëüáåðòîâîå ïðîñòðàíñòâî, A,C, J - ëèíåéíûå îãðàíè÷åííûå îïåðàòîðû

A : X → X, C : X → Ñn, J : Ñn → Ñn, A−A∗ = iC∗JC,

îïåðàòîð A ÿâëÿåòñÿ Âîëüòåðîâûì, òî åñòü âïîëíå íåïðåðûâíûì, ñ åäèíñòâåííîé òî÷êîé

ñïåêòðà z = 0 è îïåðàòîð J ÿâëÿåòñÿ ñèãíàòóðíûì, ò.å. ñàìîñîïðÿæ¼ííûì è óíèòàðíûì.

Èçâåñòíî, ÷òî õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ WΣ = I+ izC(I− zA)−1C∗J òàêîãî óçëà ÿâëÿåòñÿ

öåëîé J-âíóòðåííåé â âåðõíåé ïîëóïëîñêîñòè C+. Òàêîé óçåë ðàññìàòðèâàåòñÿ â ñëó÷àå, êîãäà

åãî õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ WΣ ÿâëÿåòñÿ ñòîðîãî ðåãóëÿðíîé J-âíóòðåííåé ìàòðèöåé-

ôóíêöèåé, ò.å. òàêîé, äëÿ êîòîðîé ñîîòâåòñòâóþùåå ïðîñòðàíñòâî äå-Áðàíæà H(WΣ) åñòü

çàìêíóòîå ïîäïðîñòðàíñòâî â Ln
2 .

Ïóñòü WΣ ÿâëÿåòñÿ ôóíêöèåé ýêñïîíåíöèàëüíîãî òèïà ñ ýêñïîíåíöèàëüíûì ðîñòîì

a(WΣ) = max{a+(WΣ), a−(WΣ)}, ãäå

a+(WΣ) = lim
y→+∞

ln ‖WΣ(iy)‖
y

, a−(WΣ) = lim
y→+∞

ln ‖WΣ(−iy)‖
y

Òîãäà èìååò ìåñòî ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 1. Ïóñòü
∑

= [A,C;X,Ñn]- ïðîñòîé Âîëüòåðîâ LB J-óçåë. Òîãäà äëÿ òîãî, ÷òîáû

åãî õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ WΣ ÿâëÿåëàñü ñòðîãî ðåãóëÿðíîé J-âíóòðåííåé,
a−(WΣ) 6= 0, a+(WΣ) 6= 0 íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàëè äèññèïàòèâíûå

Âîëüòåðîâû LB J-óçëû (J = I)
∑
− = [A−, C−;X−,Ñ

n] è
∑

+ = [A+, C+;X+,Ñ
n] òàêèå, ÷òî

A = R−1

(
A+ 0
0 −A−

)
R, C = [C+, C−]R,

ãäå R,R−1 -ëèíåéíûå îãðàíè÷åííûå îïåðàòîðû, äåéñòâóþùèå ìåæäó ñîîòâåòñòâóþùèìè

ñåïàðàáåëüíûìè ãèëüáåðòîâûìè ïðîñòðàíñòâàìè. Áîëåå òîãî, â ýòîì ñëó÷àå (I − zA+)
−1

è (I − zA−)
−1 ÿâëÿþòñÿ öåëûìè ôóíêöèÿìè ýêñïîíåíöèàëüíîãî òèïà è ýêñïîíåíöèàëüíîãî

ðîñòà a−(WΣ) è a+(WΣ), ñîîòâåòñòâåííî.
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Ì.Â. Àíòèïîâà

(Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ìîñêâà, Ðîññèÿ)

E-mail address: khnmar@rambler.ru

Â [1] áûëè êëàññèôèöèðîâàíû ìíîãîìåðíûå ñðåäíèå òêàíè Áîëà ñ åäèíñòâåííîé îòëè÷íîé
îò íóëÿ êîìïîíåíòîé òåíçîðà êðèâèçíû b1223 = const, îáîáùàþùèå îäèí èç êëàññîâ øåñòèìåð-
íûõ òêàíåé Áîëà, íàéäåííûõ Â.È. Ôåäîðîâîé â [2]. Â äîêëàäå îïèñûâàþòñÿ îñíîâíûå êëàññû
âîñüìèìåðíûõ òêàíåé Áîëà ñ òàêèì æå óñëîâèåì íà òåíçîð êðèâèçíû. Òàêèå òêàíè ðàçáèòû
íà 2 òèïà, ïðè÷åì ñ òêàíÿìè ïåðâîãî òèïà ñâÿçàíî íåêîòîðîå õàðàêòåðèñòè÷åñêîå óðàâíåíèå.
Ìû ðàññìàòðèâàåì ãèïåðáîëè÷åñêèå è ïàðàáîëè÷åñêèå òêàíè ïåðâîãî òèïà (êîðíè õàðàêòåðè-
ñòè÷åñêîãî óðàâíåíèÿ âåùåñòâåííûå è ðàçëè÷íûå èëè ñîâïàäàþò) è òêàíè âòîðîãî òèïà. Äëÿ
êàæäîãî èç óêàçàííûõ êëàññîâ íàéäåíà ñîîòâåòñòâóþùàÿ ñèñòåìà ñòðóêòóðíûõ óðàâíåíèé, à
òàêæå óðàâíåíèÿ êîîðäèíàòíîé êâàçèãðóïïû â íåêîòîðûõ ëîêàëüíûõ êîîðäèíàòàõ. Íàïðèìåð,
ïîëó÷åíû ñòðóêòóðíûå óðàâíåíèÿ òêàíè ïàðàáîëè÷åñêîãî òèïà:

dω
1

1 = ω
1

2 ∧ ω1
2 + 2a112ω

1

1 ∧ ω
1

2 + 2a123ω
1

2 ∧ ω
1

3 + 2a124ω
1

2 ∧ ω
1

4,

dω
1

2 = 0, dω
1

3 = 0,

dω
1

4 = 2λ2a124ω
1

1 ∧ ω
1

2 + 2a423ω
1

2 ∧ ω
1

3 − 2(a112 + 2λa124)ω
1

2 ∧ ω
1

4,

dω
2

1 = ω
2

2 ∧ ω1
2 − 2a112ω

2

1 ∧ ω
2

2 − 2a123ω
2

2 ∧ ω
2

3 − 2a124ω
2

2 ∧ ω
2

4,

dω
2

2 = 0, dω
2

3 = 0,

dω
2

4 = −2λ2a124ω
2

1 ∧ ω
2

2 − 2a423ω
2

2 ∧ ω
2

3 + 2(a112 + 2λa124)ω
2

2 ∧ ω
2

4,

dω1
2 = b(ω

1

2 ∧ ω
2

3 − ω
1

3 ∧ ω
2

2), da123 =
b

2
(ω
1

2 − ω
2

2).

Óðàâíåíèÿ êîîðäèíàòíîé êâàçèãðóïïû òêàíè ïàðàáîëè÷åñêîãî òèïà èìåþò âèä:

z1 =x1 + ex
2

(y1 + x3y2 − x2y3)),
z2 =x2 + y2,

z3 =x3 + y3,

z4 =x4 + ex
2

[y4 − Cx2y1 − C(x3y2 − x2y3)(x2 − 1)].

Äîêàçûâàåòñÿ, ÷òî êàæäûé êëàññ òêàíåé îïðåäåëÿåòñÿ ñîîòâåòñòâóþùåé ðàçðåøèìîé ÷å-
òûðåõìåðíîé àëãåáðîé Ëè.
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Î ãåîìåòðèè âåêòîðíûõ ïîëåé Êèëëèíãà
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Ïóñòü M - ãëàäêîå ñâÿçíîå ðèìàíîâî ìíîãîîáðàçèå ðàçìåðíîñòè n, X-ãëàäêîå âåêòîðíîå
ïîëå, Xt(x)-èíòåãðàëüíàÿ êðèâàÿ,ïðîõîäÿùàÿ ÷åðåç òî÷êó x ïðè t = 0.

Îïðåäåëåíèå. Âåêòîðíîå ïîëå X íà M íàçûâàåòñÿ ïîëåì Êèëëèíãà, åñëè èíôèíèòå-
çèìàëüíûå ïðåîáðàçîâàíèÿ x→ Xt(x) ÿâëÿþòñÿ èçîìåòðèÿìè.

Èçâåñòíîå âåêòîðíîå ïîëå íà òð¼õìåðíîé ñôåðå S3, êàñàòåëüíîå ê ðàññëîåíèþ Õîïôà,
ÿâëÿåòñÿ âåêòîðíûì ïîëåì Êèëëèíãà.

Èç ðåçóëüòàòîâ ðàáîòû Molino [1] è À. Íàðìàíîâà [2] âûòåêàåò ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Ïóñòü D-ñåìåéñòâî ãëàäêèõ âåêòîðíûõ ïîëåé Êèëëèíãà,çàäàííûõ íà M .

Ïðåäïîëîæèì,÷òî ðàçìåðíîñòè îðáèò ñåìåéñòâà D ìåíüøåå ÷åì n. Òîãäà ðàçáèåíèå ìíîãî-
îáðàçèÿ íà îðáèòû ÿâëÿåòñÿ ñèíãóëÿðíûì ðèìàíîâûì ñëîåíèåì.

Èçâåñòíî, ÷òî åñëè äëèíà âåêòîðíîãî ïîëÿ Êèëëèíãà ïîñòîÿííà íà âñåì ìíîãîîáðàçèè,
òî èíòåãðàëüíûå êðèâûå ÿâëÿþòñÿ ãåîäåçè÷åñêèìè ëèíèÿìè. Â îáùåì ñëó÷àå èíòåãðàëüíûå
êðèâûå âåêòîðíîãî ïîëÿ Êèëëèíãà íå îáÿçàíû áûòü ãåîäåçè÷åñêèìè ëèíèÿìè.

Ëåììà. Èíòåãðàëüíàÿ êðèâàÿ êàæäîãî ãëàäêîãî âåêòîðíîãî ïîëÿ Êèëëèíãà íà äâóìåðíîì
êðóãîâîì öèëèíäðå ÿâëÿåòñÿ ãåîäåçè÷åñêîé ëèíèåé.

Ðàññìîòðèì âåêòîðíûå ïîëÿ Êèëëèíãà X è Y íà åäèíè÷íîé ñôåðå S3 ⊂ R4 ,ãäå:

X = x
∂

∂y
− y ∂

∂x
+ z

∂

∂w
− w ∂

∂z
, Y = z

∂

∂x
− x ∂

∂z
+ w

∂

∂y
− y ∂

∂w
. (1)

Òåîðåìà 2. Âåêòîðíûå ïîëÿ X,Y ïîðîæäàþò ñèíãóëÿðíîå ðèìàíîâî ñëîåíèå, ðåãóëÿðíûå
ñëîè êîòîðîãî ÿâëÿåòñÿ äâóìåðíûìè òîðàìè. Ìíîæåñòâî ñèíãóëÿðíûõ ñëîåâ ñîñòîèò èç äâóõ
îêðóæíîñòåé.

Ñëåäóþùàÿ òåîðåìà äà¼ò ïîëíóþ êëàññèôèêàöèþ ãåîìåòðèé îðáèò âåêòîðíûõ ïîëåé
Êèëëèíãà â òð¼õìåðíîì åâêëèäîâîì ïðîñòðàíñòâå.

Òåîðåìà 3. Ïóñòü D � ñåìåéñòâî âåêòîðíûõ ïîëåé Êèëëèíãà â R3. Òîãäà îðáèòû ýòîãî
ñåìåéñòâî ïîðîæäàþò ñëîåíèå F , êîòîðîå èìååò îäèí èç ñëåäóþùèõ 7 òèïîâ:

1) ñëîåíèå F ñîñòîèò èç ïàðàëëåëüíûõ ïðÿìûõ;
2) ñëîåíèå F ñîñòîèò èç êîíöåíòðè÷åñêèõ îêðóæíîñòåé, è ïðÿìîé, êîòîðàÿ ÿâëÿåòñÿ

ìíîæåñòâîì öåíòðîâ.
3) ñëîåíèå F ñîñòîèò èç âèíòîâûõ ëèíèé, ëåæàùèõ íà êîíöåíòðè÷åñêèõ êðóãîâûõ

öèëèíäðàõ;
4) ñëîåíèå F ñîñòîèò èç ïàðàëëåëüíûõ ïëîñêîñòåé;
5) ñëîåíèå F ñîñòîèò èç êîíöåíòðè÷åñêèõ ñôåð è òî÷êè (öåíòð ñôåð);
6) ñëîåíèå F ñîñòîèò èç êîíöåíòðè÷åñêèõ êðóãîâûõ öèëèíäðîâ è ïðÿìîé (îñü öèëèíäðîâ);
7) ñëîåíèå F èìååò òîëüêî îäèí ñëîé R3.
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Î ÷àñòíîì ñëó÷àå ïî÷òè ãåîäåçè÷åñêèõ îòîáðàæåíèé ïåðâîãî òèïà

Â. Å. Áåðåçîâñêèé, É. Ìèêåø

(Óìàíñêèé íàöèîíàëüíûé óíèâåðñèòåò ñàäîâîäñòâà, Óêðàèíà)

E-mail address: berez.volod@rambler.ru

(Palacky University, Olomouc, Czech Republic)

E-mail address: josef.mikes@upol.cz

Ðàññìàòðèâàþòñÿ êàíîíè÷åñêèå ïî÷òè ãåîäåçè÷åñêèå îòîáðàæåíèÿ ïåðâîãî òèïà
ïðîñòðàíñòâ àôôèííîé ñâÿçíîñòè An → Ān, õàðàêòåðèçóþùèåñÿ ñëåäóþùèìè óðàâíåíèÿìè
(ñì. [1]):

3P hij,k = −Pα(ijP
h
k)α + δh(kaij), (1)

ãäå aij � íåêîòîðûé ñèììåòðè÷åñêèé òåíçîð, çàïÿòîé îáîçíà÷àåòñÿ êîâàðèàíòíàÿ ïðîèçâîäíàÿ
â ïðîñòðàíñòâå àôôèííîé ñâÿçíîñòè An.

Óðàâíåíèÿ (1) ñâåäåíû ê çàìêíóòîé ñèñòåìå òèïà Êîøè â êîâàðèàíòíûõ ïðîèçâîäíûõ
îòíîñèòåëüíî ôóíêöèé P hij(x), aij(x). Óñòàíîâëåíî, ÷òî êîëè÷åñòâî ñóùåñòâåííûõ ïàðàìåòðîâ,
îò êîòîðûõ çàâèñèò îáùåå ðåøåíèå òàêîé ñèñòåìû.

Â ñëó÷àå, êîãäà òåíçîð aij(x) òîæäåñòâåííî îáðàùàåòñÿ â íóëü, óðàâíåíèÿ (1) ïðèíèìàþò
âèä

3P hij,k = −Pα(ijP
h
k)α. (2)

Óñëîâèÿ èíòåãðèðóåìîñòè óðàâíåíèé (2) èìåþò âèä

−PαijRhαkm + P hα(iR
α
j)km =

1

9
(P βαmP

α
(ijP

h
k)β − P

β
αkP

α
(ijP

h
m)β).

Åñëè ïðîñòðàíñòâî An ïëîñêîå è îòíåñåíî ê àôôèííûì êîîðäèíàòàì, òî ðåøåíèåì
óðàâíåíèé (2) áóäåò

P hhh =
1

xh − ch
, h = 1, 2, . . . , n, (3)

à îñòàëüíûå êîìïîíåíòû òåíçîðà äåôîðìàöèè áóäóò ðàâíû íóëþ.
Ïðèâåäåí ïðèìåð ïî÷òè ãåîäåçè÷åñêîãî îòîáðàæåíèÿ ïåðâîãî òèïà, îïðåäåëÿåìîãî

óðàâíåíèÿìè (2), ïëîñêîãî ïðîñòðàíñòâà An íà ïëîñêîå ïðîñòðàíñòâî Ān.
Ïóñòü x1, x2, . . . , xn è x̄1, x̄2, . . . , x̄n àôôèííûå êîîðäèíàòû An è Ān ñîîòâåòñâåííî.

Òî÷å÷íîå îòîáðàæåíèå

x̄h =
1

2
chα (xα − cα)2 + xho ,

ãäå chi , c
h, xho � íåêîòîðûå ïîñòîÿííûå, ïðè÷åì xh 6= ch, det |chi | 6= 0, îïðåäåëÿåò ïî÷òè

ãåîäåçè÷åñêîå îòîáðàæåíèå ïåðâîãî òèïà An íà Ān.
Òåíçîð äåôîðìàöèè òàêèõ îòîáðàæåíèé èìååò ñòðóêòóðó (3).
Âûïîëíåíî ïðè ïîääåðæêå ãðàíòà Ãðàíòîâîãî Àãåíòñòâà ×åøñêîé Ðåñïóáëèêè

� P201/11/0356 .
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Î ãðóïïîâûõ òðè-òêàíÿõ ñ òðèâèàëüíîé ñåðäöåâèíîé

Ã. Ä. Ãåãàìÿí

(Òâåðñêîé ãîñóíèâåðñèòåò, Òâåðü, Ðîññèÿ)

E-mail address: geg geghamyan@yahoo.com

ÏóñòüW (r, r, r) � òðè-òêàíü, îáðàçîâàííàÿ íà 2r- ìåðíîì äèôôåðåíöèðóåìîì ìíîãîîáðàçèè
M òðåìÿ ñëîåíèÿìè

λ1 : x = const, λ2 : y = const, λ3 : z = f(x, y) = const,

ãäå x = (x1, ..., xr), x ∈ X, y = (y1, ..., yr), y ∈ Y , z = (z1, ..., zr), z ∈ Z, f � ãëàäêàÿ ôóíêöèÿ,

|∂f
∂x
| 6= 0 è |∂f

∂y
| 6= 0 â êàæäîé òî÷êå ìíîãîîáðàçèÿ M. Óðàâíåíèå z = f(x, y) îïðåäåëÿåò

ëîêàëüíóþ êîîðäèíàòíóþ êâàçèãðóïïó òðè-òêàíè W (r, r, r). Ïåðåìåííûå x, y è z äîïóñêàþò
ïðåîáðàçîâàíèÿ âèäà

x̃ = α(x), ỹ = β(y), z̃ = γ(z),

ãäå α, β, γ � ëîêàëüíûå äèôôåîìîðôèçìû. Òðîéêà (α, β, γ) íàçûâàåòñÿ èçîòîïè÷åñêèì

ïðåîáðàçîâàíèåì [1].
Ëåâàÿ òðè-òêàíü Áîëà (òêàíü Bl) õàðàêòåðèçóåòñÿ çàìûêàíèåì âñåõ äîñòàòî÷íî ìàëûõ

ëåâûõ êîíôèãóðàöèé Áîëà (ñì. [1]). Ñ äðóãîé ñòîðîíû, ëîêàëüíàÿ êîîðäèíàòíàÿ êâàçèãðóïïà
òêàíèBl èçîòîïíà ëåâîé ëóïå Áîëà. Íàïîìíèì [1], ÷òî ëóïà (êâàçèãðóïïà ñ åäèíèöåé) ÿâëÿåòñÿ
ëåâîé ëóïîé Áîëà, åñëè â íåé âûïîëíÿåòñÿ ëåâîå òîæäåñòâî Áîëà: (u◦(v◦u))◦w = u◦(v◦(u◦w)),
ãäå (◦) � îïåðàöèÿ â ëóïå.

Ñîãëàñíî [2], óñëîâèþ çàìûêàíèÿ íà òðè-òêàíè W (r, r, r) êîíôèãóðàöèé (Bl) ñîîòâåòñòâóåò
òîæäåñòâî

f(a, f−1(b, f(a, y))) = f(a ∗ b, y), a, b ∈ X, y ∈ Y.

Îïåðàöèÿ (∗) : X × X → X, c = a ∗ b, ÿâëÿåòñÿ êâàçèãðóïïîé è íàçûâàåòñÿ ñåðäöåâèíîé

òêàíè Bl. Ïîñëåäíÿÿ èçîòîïíà ëåâîé ëóïå Áîëà, íî íå èçîòîïíà, âîîáùå ãîâîðÿ, êîîðäèíàòíîé
êâàçèãðóïïå òðè-òêàíè, ñì. [2]. Ñåðäöåâèíó òðè-òêàíè Bl, èçîòîïíóþ àáåëåâîé ãðóïïå, áóäåì
íàçûâàòü òðèâèàëüíîé.

Ïóñòü W (r, r, r) � ãðóïïîâàÿ òðè-òêàíü (òêàíü R), ïîðîæäàåìàÿ r-ìåðíîé ãðóïïîé Ëè
z = f(x, y). Òàê êàê ãðóïïîâàÿ òðè-òêàíü ÿâëÿåòñÿ ëåâîé òêàíüþ Áîëà (ñì. [1]), òî îíà
ïîðîæäàåò íà áàçå X ïåðâîãî ñëîåíèÿ λ1 ñåðäöåâèíó, êîòîðàÿ, â ÷àñòíîñòè, ìîæåò áûòü
òðèâèàëüíîé. Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà. Ãðóïïîâàÿ òðè-òêàíü R, ïîðîæäàåìàÿ òðåõìåðíîé ãðóïïîé Ëè

z1 = x1 + y1, z2 = x2 + y2, z3 = x3 + y3 + x2y1 − x1y2,

ÿâëÿåòñÿ åäèíñòâåííîé øåñòèìåðíîé íåïàðàëëåëèçóåìîé ãðóïïîâîé òêàíüþ ñ òðèâèàëüíîé

ñåðäöåâèíîé.
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Âîññòàíîâëåíèå ëèíåé÷àòûõ ïîâåðõíîñòåé â ìíîãîìåðíîì åâêëèäîâîì

ïðîñòðàíñòâå ïî çàäàííîìó ãðàññìàíîâó îáðàçó

Â. À. Ãîðüêàâûé

(ÔÒÈÍÒ èì. Á.È. Âåðêèíà ÍÀÍ Óêðàèíû, Õàðüêîâ, Óêðàèíà)

E-mail address: gorkaviy@ilt.kharkov.ua

Ò. B. Ìàòâèåíêî

(ÕÍÓ èì. Â.Í. Êàðàçèíà, Õàðüêîâ, Óêðàèíà)

Äîêëàä ïîñâÿùåí çàäà÷å î âîññòàíîâëåíèè ïîäìíîãîîáðàçèÿ Fn â åâêëèäîâîì ïðîñòðàíñòâå
En+m ïî íàïåðåä çàäàííîìó ãðàññìàíîâó îáðàçó Γ ⊂ G(n, n+m). Ðàíåå ýòà çàäà÷à ðåøàëàñü
Þ.À. Àìèíîâûì, Ä. Õîôôìàíîì è Ð. Îññåðìàíîì, Äæ. Âàéíåðîì, Â.À. Ãîðüêàâûì ïðè
íåêîòîðûõ ñïåöèàëüíûõ çíà÷åíèÿõ ðàçìåðíîñòåé n, m è/èëè äëÿ íåêîòîðûõ ñïåöèàëüíûõ
êëàññîâ ïîäìíîãîîáðàçèé, õîòÿ â îáùåé ïîñòàíîâêå âîïðîñ îñòàåòñÿ îòêðûòûì, ñì. [1], [2],
[3].

Â äîêëàäå ðàññìàòðèâàåòñÿ ãðàññìàíîâ îáðàç îðèåíòèðîâàííûõ äâóìåðíûõ ëèíåé÷àòûõ

ïîâåðõíîñòåé â Em+2. Ìíîãîîáðàçèå Ãðàññìàíà G(2,m + 2) ïðåäïîëàãàåòñÿ âëîæåííûì

ñòàíäàðòíûì îáðàçîì â åäèíè÷íóþ ñôåðó SN−1 ⊂ EN , N = n(n−1)
2 , ñ ïîìîùüþ ïëþêêåðîâûõ

êîîðäèíàò. Äîêàçàíà
Òåîðåìà. Ïóñòü F 2 � ðåãóëÿðíàÿ îðèåíòèðîâàííàÿ ëèíåé÷àòàÿ ïîâåðõíîñòü â Em+2.

Åñëè ãðàññìàíîâ îáðàç Γ ⊂ G(2,m + 2) ïîâåðõíîñòè F 2 íå âûðîæäåí, òî òîãäà Γ
ïðåäñòàâëÿåò ñîáîé ëèíåé÷àòóþ ïîâåðõíîñòü â ñôåðå SN−1 ⊂ EN . Ïðè ýòîì, åñëè

ïðÿìîëèíåéíûå îáðàçóþùèå íà F 2 ÿâëÿþòñÿ ïîëíûìè, òî òîãäà Γ çàìåòàåòñÿ áîëüøèìè

ïîëóîêðóæíîñòÿìè íà SN−1 ⊂ EN .

Êàê ñëåäñòâèå, íåâûðîæäåííûé ãðàññìàíîâ îáðàç Γ ïîëíîé (âäîëü îáðàçóþùèõ)
ëèíåé÷àòîé ïîâåðõíîñòè â Em+2 îäíîçíà÷íî çàäàåòñÿ â G(2,m + 2) ⊂ SN−1 ⊂ EN

äâóìÿ êðèâûìè α è β, çàìåòàåìûìè ñîîòâåòñòâåííî êîíöàìè è ñåðåäèíàìè îáðàçóþùèõ
ïîëóîêðóæíîñòåé ïîâåðõíîñòè Γ.

Â äîêëàäå, êàê îñíîâíîé ðåçóëüòàò, áóäóò ïðåäñòàâëåíû óñëîâèÿ íà α è β, íåîáõîäèìûå
è äîñòàòî÷íûå äëÿ òîãî, ÷òîáû ïîðîæäàåìàÿ êðèâûìè α è β ëèíåé÷àòàÿ ïîâåðõíîñòü Γ
â SN−1 ⊂ EN ëåæàëà áû â G(2,m + 2) è ïðåäñòàâëÿëà ñîáîé ãðàññìàíîâ îáðàç êàêîé-ëèáî

ëèíåé÷àòîé ïîâåðõíîñòè â Em+2.
Çàìåòèì òàêæå, ÷òî ëèíåé÷àòàÿ ïîâåðõíîñòü â Em+2 âîññòàíàâëèâàåòñÿ ïî ñâîåìó

ãðàññìàíîâó îáðàçó íåîäíîçíà÷íî.
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Ñèíòåòè÷åñêîå îáîáùåíèå âûðîæäåííîãî ïðåîáðàçîâàíèÿ Áýêëóíäà

Â. À. Ãîðüêàâûé, Å. Í. Íåâìåðæèöêàÿ

(ÔÒÈÍÒ èì.Á.È.Âåðêèíà, Õàðüêîâ, Óêðàèíà)

E-mail address: gorkaviy@ilt.kharkov.ua, nevmerzhitskaya@ilt.kharkov.ua

Äîêëàä ïîñâÿùåí îáîáùåíèþ âûðîæäåííîãî ïðåîáðàçîâàíèÿ Áýêëóíäà íà ñëó÷àé
äâóìåðíûõ ïîâåðõíîñòåé â n-ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå En.

Êëàññè÷åñêàÿ òåîðèÿ ïðåîáðàçîâàíèé Áèàíêè-Áýêëóíäà äëÿ äâóìåðíûõ ïñåâäîñôåðè÷åñ-
êèõ ïîâåðõíîñòåé â ïðîñòðàíñòâàõ ïîñòîÿííîé êðèâèçíû E3 (S3, H3) óñïåøíî îáîáùàëàñü íà
ñëó÷àé n-ìåðíûõ ïîäìíîãîîáðàçèé â (2n − 1)-ìåðíûõ ïðîñòðàíñòâàõ ïîñòîÿííîé êðèâèçíû â
ðàáîòàõ Þ.À. Àìèíîâà, Ê. Òåíåíáëàò - ×.-Ë. Òåðíã, Ë.À. Ìàñàëüöåâà [1]. Îòêðûòûì îñòà-
åòñÿ âîïðîñ î âîçìîæíîñòè îáîáùåíèÿ òåîðèè ïðåîáðàçîâàíèé Áèàíêè-Áýêëóíäà íà ñëó÷àé
ïîäìíîãîîáðàçèé â ïðîñòðàíñòâàõ ïîñòîÿííîé êðèâèçíû ñ ïðîèçâîëüíûì ñîîòíîøåíèåì ðàç-
ìåðíîñòåé. Â ÷àñòíîñòè, èíòåðåñ âûçûâàåò îïèñàíèå ïîâåðõíîñòåé â En (Sn, Hn), ó êîòîðûõ
ïðåîáðàçîâàíèå Áèàíêè-Áýêëóíäà ÿâëÿåòñÿ âûðîæäåííûì, êàê ýòî èìååò ìåñòî, íàïðèìåð,
äëÿ ïîâåðõíîñòè Áåëüòðàìè (ïñåâäîñôåðû) â E3. Â ðàáîòàõ [2]-[3] áûëè îïèñàíû äâóìåðíûå
ïñåâäîñôåðè÷åñêèå ïîâåðõíîñòè â n-ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå ñ âûðîæäåííûì
ïðåîáðàçîâàíèåì Áèàíêè: îêàçàëîñü, ÷òî êàæäàÿ òàêàÿ ïîâåðõíîñòü îáÿçàíà áûòü òàê
íàçûâàåìîé îáîáùåííîé ïîâåðõíîñòüþ Áåëüòðàìè. Ïðè ýòîì ïîñòðîåíèå ïðåîáðàçîâàíèÿ
îïèðàëîñü íà êëàññè÷åñêóþ êîíñòðóêöèþ Ë. Áèàíêè ñ èñïîëüçîâàíèåì îðèöèêëè÷åñêîé
ñèñòåìû êîîðäèíàò íà ïñåâäîñôåðè÷åñêîé ïîâåðõíîñòè.

Â äîêëàäå ïðåäïîëàãàåòñÿ äàòü ïîëíîå îïèñàíèå äâóìåðíûõ ïîâåðõíîñòåé â En,
äîïóñêàþùèõ áîëåå îáùåå, ïî ñðàâíåíèþ ñ âûðîæäåííûì ïðåîáðàçîâàíèåì Áèàíêè,
âûðîæäåííîå ïðåîáðàçîâàíèå Áýêëóíäà. Ïðè ýòîì ïðåäëàãàåòñÿ ñëåäóþùåå ñèíòåòè÷åñêîå
îïðåäåëåíèå âûðîæäåííîãî ïðåîáðàçîâàíèÿ Áýêëóíäà äëÿ äâóìåðíûõ ïîâåðõíîñòåé â En,
îïèðàþùååñÿ íà êëàññè÷åñêóþ êîíñòðóêöèþ ïñåâäîñôåðè÷åñêîé êîíãðóýíöèè.

À èìåííî, îòîáðàæåíèå ϕ ïîâåðõíîñòè F 2 â êðèâóþ γ â En íàçîâåì âûðîæäåííûì

ïðåîáðàçîâàíèåì Áýêëóíäà, åñëè îíî óäîâëåòâîðÿåò òðåì òðåáîâàíèÿì:
1) äëÿ ëþáîé òî÷êè P íà ïîâåðõíîñòè F è ñîîòâåòñòâóþùåé åé òî÷êè P̃ íà êðèâîé γ, ïðÿìàÿ

PP̃ êàñàåòñÿ ïîâåðõíîñòè F ;
2) äëèíà îòðåçêà ïðÿìîé â En ìåæäó òî÷êàìè P è P̃ ïîñòîÿííà, |PP̃ | ≡ l0 > 0;
3) óãîë ω ìåæäó êàñàòåëüíîé ïëîñêîñòüþ TPF è ïëîñêîñòüþ, íàòÿíóòîé íà ïðÿìóþ PP̃ è

êàñàòåëüíóþ ïðÿìóþ γ̇(P̃ ), ïîñòîÿíåí, ω ≡ ω0 6= 0.
Â îáùåì ñëó÷àå äîêàçàí ñëåäóþùèé àíàëîã òåîðåìû Áýêëóíäà.
Òåîðåìà. Ïðåäïîëîæèì, ÷òî ïîâåðõíîñòü F 2 â En äîïóñêàåò âûðîæäåííîå ïðåîáðàçîâà-

íèå Áýêëóíäà. Òîãäà F 2 èìååò ïîñòîÿííóþ îòðèöàòåëüíóþ ãàóññîâó êðèâèçíó K ≡ − sin2 ω2
0

l20
.

Â ÷àñòíîì ñëó÷àå, êîãäà ω0 =
π
2 , èìååò ìåñòî

Òåîðåìà. Ïîâåðõíîñòü F 2 â En äîïóñêàåò âûðîæäåííîå ïðåîáðàçîâàíèå Áèàíêè (ω0 =
π
2 )

òîãäà è òîëüêî òîãäà, êîãäà îíà ÿâëÿåòñÿ îáîáùåííîé ïîâåðõíîñòüþ Áåëüòðàìè.
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Ïðîñòðàíñòâà àôôèííîé ñâÿçíîñòè ðåãóëÿðíîé ãèïåðïîëîñû

ðàñøèðåííîãî íååâêëèäîâîãî ïðîñòðàíñòâà

Ì. Ô. Ãðåáåíþê

(Íàöèîíàëüíûé àâèàöèîííûé óíèâåðñèòåò, ã. Êèåâ, Óêðàèíà)

E-mail address: ahha@i.com.ua

Ðàññìîòðåíû äèôôôåðåíöèàëüíûå óðàâíåíèÿ, êîòîðûå çàäàþò ðåãóëÿðíóþ ãèïåðïîëîñó
îòíîñèòåëüíî ïîäâèæíîãî àâòîïîëÿðíîãî íîðìèðîâàííîãî ðåïåðà â ïðîåêòèâíîì ïðîñòðàíñòâå
ñ çàäàííîé íåâûðîæäåííîé ãèïåðêâàäðèêîé [1].

Ãèïåðïîëîñîþ íàçûâàåì r-ïàðàìåòðè÷åñêîå ìíîãîîáðàçèå òàêèõ ïëîñêèõ ýëåìåíòîâ
(A, τ), äëÿ êîòîðûõ òî÷êà A îïèñûâàåò ïîâåðõíîñòü Vr, à ãèïåðïëîñêîñòü τ(A) êàñàåòñÿ
ïîâåðõíîñòè Vr â ñîîòâåòñòâóþùèõ òî÷êàõ A ∈ Vr. Ïîâåðõíîñòü Vr íàçûâàåòñÿ
áàçèñíîþ ïîâåðõíîñòüþ ãèïåðïîëîñû, à ãèïåðïëîñêîñòè τ(A) � ãëàâíûìè êàñàòåëüíûìè
ãèïåðïëîñêîñòÿìè ãèïåðïîëîñû. Ãèïåðïîëîñà íàçûâàåòñÿ ðåãóëÿðíîþ, åñëè õàðàêòåðèñòèêà
è êàñàòåëüíàÿ ïëîñêîñòü áàçèñíîé ïîâåðõíîñòè Vr ãèïåðïîëîñû â êàæäîé òî÷êå A ∈ Vr íå
èìåþò îáùèõ ïðÿìûõ.

Ñ ïîìîùüþ êîìïîíåíò ôóíäàìåíòàëüíîãî ãåîìåòðè÷åñêîãî îáúåêòà òðåòüåãî ïîðÿäêà
îáðàçóþùåãî ýëåìåíòà ãèïåðïîëîñû ïîñòðîåí êàíîíè÷åñêèé ïó÷åê ïðîåêòèâíûõ ïðÿìûõ.
Ïîëó÷åííûé èíâàðèàíòíûé ïó÷îê ïîçâîëÿåò ïîñòðîèòü èíâàðèàíòíûé ïó÷îê íîðìàëåé
ïåðâîãî ðîäà, âíóòðåííèì îáðàçîì ïðèñîåäèíåííûõ ê ãèïåðïîëîñå â äèôôåðåíöèàëüíîé
îêðåñòíîñòè òðåòüåãî ïîðÿäêà åå îáðàçóþùåãî ýëåìåíòà.

Ââåäåí òåíçîð, îïðåäåëÿþùèé â äèôôåðåíöèàëüíîé îêðåñòíîñòè òðåòüåãî ïîðÿäêà
îáðàçóþùåãî ýëåìåíòà îñíàùàþùèå ïëîñêîñòè. Ïîñòðîåííûå ïëîñêîñòè ïîçâîëÿþò ïîëó÷èòü
ïàðó äâîéñòâåííûõ àôôèííûõ ñâÿçíîñòåé, àññîöèèðîâàííûõ ñ ðàññìàòðèâàåìîé ãèïåðïîëîñîé.
Äâîéñòâåííîñòü îïðåäåëÿåòñÿ îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ïî èíâîëþòèâíîìó çàêîíó.
Ïîëó÷åíû òåíçîðû êðèâèçíû-êðó÷åíèÿ àññîöèèðîâàííûõ ïðîñòðàíñòâ àôôèííûõ ñâÿçíîñòåé.

Â ÷àñòíîñòè, ââîäÿòñÿ â ðàññìîòðåíèå òàêæå è äâîéñòâåííûå àôôèííûå ñâÿçíîñòè
áåç êðó÷åíèÿ íà ðåãóëÿðíîé ãèïåðïîëîñå. Â îòëè÷èå îò äðóãèõ ðàáîò ýòè ñâÿçíîñòè
ïîñòðîåíû ñ ïîìîùüþ îñíàùåíèÿ Ý. Êàðòàíà, ïðè÷åì îñíàùàþùèå ïëîñêîñòè ïðèñîåäèíåíû
ê ãèïåðïîëîñå âíóòðåííèì èíâàðèàíòíûì îáðàçîì â äèôôåðíöèàëüíîé îêðåñòíîñòè âòîðîãî
ïîðÿäêà îáðàçóþùåãî ýëåìåíòà.

Ïîëó÷åííûå ðåçóëüòàòû äîïîëíÿþò îáùóþ òåîðèþ ìíîãîîáðàçèé ìíîãîìåðíûõ
ïðîñòðàíñòâ è ìîãóò áûòü èñïîëüçîâàíû â äàëüíåéøèõ èññëåäîâàíèÿõ ïî òåîðèè ïîëîñ
ìíîãîìåðíûõ àôôèííûõ è ïðîåêòèâíûõ ïðîñòðàíñòâ.
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Ñèñòåìû ÎÄÓ ñ íóëåâûì òåíçîðîì êðèâèçíû
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Ðàññìàòðèâàåòñÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dxi

dt
= f i

(
t, xj

)
(i, j, . . . = 1, 2, . . . , n) . (1)

Ñ ýòîé ñèñòåìîé ñâÿçàíà òðè-òêàíü W (1, n, 1), çàäàííàÿ íà ìíîãîîáðàçèè ïåðåìåííûõ xi, t,
ñîñòîÿùàÿ èç ñåìåéñòâ: λ1 : xi = const, λ2 : t = const, λ3 : F i(t, xj) = ci = const, ïðè÷åì
ïîñëåäíåå ñåìåéñòâî ñîñòîèò èç èíòåãðàëüíûõ êðèâûõ ñèñòåìû óðàâíåíèé (1).

Îòìåòèì, ÷òî òðè-òêàíè ðàññìàòðèâàþòñÿ ñ òî÷íîñòüþ äî ëîêàëüíûõ äèôôåîìîðôèçìîâ
íà áàçàõ ñëîåíèé, îáðàçóþùèõ òêàíü: t = t(t̃), xi = xi(x̃j) è ci = ci(c̃j), ãäå ci � êîíñòàíòû
èíòåãðèðîâàíèÿ.

Â ðàáîòå [1] áûëè ïîëó÷åíû ñòðóêòóðíûå óðàâíåíèÿ òðè-òêàíè W (1, n, 1):

dωu = ωv ∧ ωu
v + µuωn ∧ ωn+1,

dωn = ωu ∧ ωn
u + ωn ∧ ωn

n,
dωn+1 = ωn+1 ∧ ωn

n,
(2)

dωu
v = ωw

v ∧ ωu
w + µuωn

v ∧ ωn+1 + kuvω
n ∧ ωn+1 − ωw ∧ ωu

vw,
dωn

u = ωv
u ∧ ωn

v + ωn
u ∧ ωn

n + tuω
n ∧ ωn+1 − ωv ∧ ωn

uv,
dωn

n = µuωn+1 ∧ ωn
u + tuω

u ∧ ωn+1 + tnω
n ∧ ωn+1,

dµu + µvωu
v − 2µuωn

n = kuvω
v + kunω

n + kun+1ω
n+1,

(3)

ãäå u, v, . . . = 1, 2, . . . , n − 1, à ôîðìû ωn
uv è ωu

vw ñèììåòðè÷íû ïî íèæíèì èíäåêñàì.
Ïðè÷åì ôîðìû è êîìïîíåíòû òåíçîðîâ {µu} è {tu, tn, kuv , kun, kun+1}, âõîäÿùèå â ýòè óðàâíåíèÿ,
âûðàæàþòñÿ ÷åðåç ÷àñòíûå ïðîèçâîäíûå îò ôóíêöèé, îïðåäåëÿþùèõ ñèñòåìó (1).

Òåîðåìà 1. Óðàâíåíèÿ (2) è (3) îïðåäåëÿþò íà ìíîãîîáðàçèè M àôôèííóþ ñâÿçíîñòü áåç

êðó÷åíèÿ òîãäà è òîëüêî òîãäà, êîãäà ôîðìû ωn
u , ω

n
uv è ωu

vw ÿâëÿþòñÿ ãëàâíûìè, òî åñòü

âûðàæàþòñÿ ÷åðåç áàçèñíûå ôîðìû ωu, ωn è ωn+1.

Òàêèå ñâÿçíîñòè íàçûâàþòñÿ ñîâìåñòèìûìè. Ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé
(1) ïðèñîåäèíÿåòñÿ ñîâìåñòèìàÿ àôôèííàÿ ñâÿçíîñòü, íàçâàííàÿ êàíîíè÷åñêîé ñâÿçíîñòüþ

ýòîé ñèñòåìû. Òåíçîð êðèâèçíû ýòîé ñâÿçíîñòè íàçâàí òåíçîðîì êðèâèçíû ñèñòåìû ÎÄÓ.

Òåîðåìà 2. Ñèñòåìà ÎÄÓ (1) ñ íóëåâûì òåíçîðîì êðèâèçíû èìååò âèä:

dxu

dt
= cuv (x

n)q(xn)g(t)xv + bu(xn, t),

dxn

dt
= q(xn)g(t),

ïðè÷åì ôóíêöèè bu(xn, t) óäîâëåòâîðÿþò óðàâíåíèþ

∂bu(xn, t)

∂xn
= bv(xn, t)cuv (x

n) + g(t)ru(xn),

ãäå ru(xn) � íåêîòîðûå ïðîèçâîëüíûå ãëàäêèå ôóíêöèè.
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Èçó÷åíèå èíäóöèðîâàííûõ îòîáðàæåíèé êàñàòåëüíûõ ðàññëîåíèé âîñõîäèò ê ðàáîòàì
Ê. ßíî è Ø. Èøèõàðà ([1]). Â ðàáîòàõ [2], [3] Ñ. Ã. Ëåéêî ðàññìàòðèâàë äèôôåîìîðôèçìû,
èíäóöèðîâàííûå ãåîäåçè÷åñêèìè äèôôåîìîðôèçìàìè, â ðàìêàõ òåîðèè óïëîùåííûõ (p-
ãåîäåçè÷åñêèõ) îòîáðàæåíèé. Ïðè ýòîì êàñàòåëüíûå ðàññëîåíèÿ ðàññìàòðèâàëèñü êàê
àôôèííî-ñâÿçíûå ïðîñòðàíñòâà îòíîñèòåëüíî ñâÿçíîñòè ïîëíîãî ëèôòà è II-ëèôòà. Ñëó÷àé
ñâÿçíîñòè ãîðèçîíòàëüíîãî ëèôòà ðàññìîòðåí â ðàáîòå [4].

Ñ äðóãîé ñòîðîíû, êàê åñòåñòâåííîå îáîáùåíèå ñëó÷àÿ ãåîäåçè÷åñêèõ îòîáðàæåíèé,
âîçíèêàåò çàäà÷à ïîèñêà óñëîâèé, ïðè êîòîðûõ r-ãåîäåçè÷åñêèé äèôôåîìîðôèçì áàçèñíûõ
ìíîãîîáðàçèé èíäóöèðóåò r-ãåîäåçè÷åñêèé äèôôåîìîðôèçì êàñàòåëüíûõ ðàññëîåíèé. Ñëó÷àé
r = 1 ðàññìîòðåí Ê. ßíî è Ø. Èøèõàðà; íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ÿâëÿåòñÿ
àôôèííîñòü áàçèñíîãî äèôôåîìîðôèçìà, ÷òî ðàâíîñèëüíî îáíóëåíèþ åãî òåíçîðà àôôèííîé
äåôîðìàöèè.

Òåîðåìà 1. r-ãåîäåçè÷åñêèé äèôôåîìîðôèçì µ : M → M̄ àôôèííî-ñâÿçíûõ ïðîñòðàíñòâ
(M,∇) è

(
M̄, ∇̄

)
èíäóöèðóåò äèôôåîìîðôèçì µ∗ : T2M → T2M̄ êàñàòåëüíûõ ðàññëîåíèé

âòîðîãî ïîðÿäêà, ïîðÿäîê óïëîùåíèÿ êîòîðîãî m íå ìåíüøå r, òî åñòü m > r.

Òåîðåìà 2. Äëÿ òîãî, ÷òîáû r-ãåîäåçè÷åñêèé äèôôåîìîðôèçì µ : M → M̄ àôôèííî-ñâÿçíûõ
ïðîñòðàíñòâ (M,∇) è

(
M̄, ∇̄

)
èíäóöèðîâàë r-ãåîäåçè÷åñêèé äèôôåîìîðôèçì êàñàòåëüíûõ

ðàññëîåíèé âòîðîãî ïîðÿäêà µ∗ : T2M → T2M̄ , äîñòàòî÷íî ÷òîáû âûïîëíÿëîñü ðàâåíñòâî
S (Pr) = 0.

Òåîðåìà 3. Äëÿ òîãî, ÷òîáû 2-ãåîäåçè÷åñêèé äèôôåîìîðôèçì µ : M → M̄ àôôèííî-ñâÿçíûõ
ïðîñòðàíñòâ (M,∇) è

(
M̄, ∇̄

)
èíäóöèðîâàë 2-ãåîäåçè÷åñêèé äèôôåîìîðôèçì êàñàòåëüíûõ

ðàññëîåíèé âòîðîãî ïîðÿäêà µ∗ : T2M → T2M̄ , íåîáõîäèìî è äîñòàòî÷íî, ÷òî áû òåíçîð
P2 2-îé àôôèííîé äåôîðìàöèè äèôôåîìîðôèçìà µ óäîâëåòâîðÿë óñëîâèþ S (P2) = 0.

References

[1] Yano K. Tangent and cotangent bundles. Di�erential geometry / K. Yano, S. Ishihara. � New
York: Marcel Dekker, 1973 � 434p.

[2] Ëåéêî Ñ. Ã. Ëèíåéíûå ð-ãåîäåçè÷åñêèå äèôôåîìîðôèçìû êàñàòåëüíûõ ðàññëîåíèé âûñøèõ
ïîðÿäêîâ è âûñøèõ ñòåïåíåé / Ñ. Ã. Ëåéêî // Òð. Ãåîìåòðè÷. ñåìèí. � Êàçàíü, 1982. �
Âûï. 14. � C. 34-46.

[3] Ëåéêî Ñ. Ã. Ð-ãåîäåçè÷åñêèå ïðåîáðàçîâàíèÿ è èõ ãðóïïû â êàñàòåëüíûõ ðàññëîåíèÿõ,
èíäóöèðîâàííûå ãåîäåçè÷åñêèìè ïðåîáðàçîâàíèÿìè áàçèñíîãî ìíîãîîáðàçèÿ / Ñ. Ã. Ëåéêî
// Ìàòåìàòèêà. � 1992. - � 2. � C. 62-71. � (Èçâåñòèÿ âóçîâ).

[4] Çóáðiëií Ê. Ì. Ð-ãåîäåçè÷íi äèôåîìîðôiçìè äîòè÷íèõ ðîçøàðóâàíü iç çâ'ÿçíiñòþ
ãîðèçîíòàëüíîãî ëiôòà, iíäóêîâàíi ãåîäåçè÷íèìè (ïðîåêòèâíèìè) äèôåîìîðôiçìàìè áàç
/ Ê.Ì.Çóáðiëií // Ïðèêëàäíi ïðîáëåìè ìåõàíiêè i ìàòåìàòèêè. � 2008. � Âèï. 6. � C.
48-60.
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λE-ñòðóêòóðû

Ì. È. Êàáàíîâà

(ÌÏÃÓ, Ìîñêâà, Ðîññèÿ)

E-mail address: luinel@list.ru

Äàåòñÿ îïðåäåëåíèå λE-ñòðóêòóðû êàê G-ñòðóêòóðû, ïîðîæäåííîé ãðóïïîé G ñêàëÿðíûõ
ìàòðèö.

Äîêàçûâàåòñÿ
Òåîðåìà 1. Çàäàíèå λE-ñòðóêòóðû íà ìíîãîîáðàçèè M ðàâíîñèëüíî çàäàíèþ n + 1

ðàñïðåäåëåíèé êîðàçìåðíîñòè 1 íà ýòîì ìíîãîîáðàçèè. Ïðè ýòîì êîðåïåð ωi íà ìíîãîîáðàçèè
M ìîæíî âûáðàòü òàê, ÷òî óêàçàííûå ðàñïðåäåëåíèÿ áóäóò àííóëèðîâàòüñÿ, ñîîòâåòñòâåííî,
ôîðìàìè ωi = 0, i = i, . . . , n, ω1 + . . .+ ωn = 0.

Òåîðåìà 2. Ïåðâàÿ ñåðèÿ ñòðóêòóðíûõ óðàâíåíèé λE-ñòðóêòóðû íà ãëàäêîì
ìíîãîîáðàçèè M ìîæåò áûòü çàïèñàíà ñëåäóþùèì îáðàçîì:

dωi = ωi ∧ θ + aikω
i ∧ ωk +

∑
k 6=i

ωk ∧ ωi
k, (1)

Â ñëó÷àå, êîãäà âñå n + 1 ðàñïðåäåëåíèé èíòåãðèðóåìû, ïîñòðîåííàÿ êîíñòðóêöèÿ
ïðåäñòàâëÿåò ñîáîé (n+ 1)-òêàíü â ñìûñëå Â.Â. Ãîëüäáåðãà [1].

Áîëåå äåòàëüíî ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà n = 3, è 3 ðàñïðåäåëåíèÿ èíòåãðèðóåìû.

References

[1] Goldberg V.V. Theory of Multicodimensional (n+1)-Webs.,- Kluwer Academic Publishers, Dor-
drecht/Boston/London (1988), 466p.
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Êîíôîðìíûå èíâàðèàíòû ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ñòðóêòóð

Â. Ô. Êèðè÷åíêî

(ÌÃÏÓ, Ìîñêâà, Ðîññèÿ)

E-mail address : highgeom@yandex.ru

Êîíôîðìíàÿ ãåîìåòðèÿ èãðàåò âàæíóþ ðîëü â ñîâðåìåííûõ äèôôåðåíöèàëüíî-
ãåîìåòðè÷åñêèõ èññëåäîâàíèÿõ. Íàïîìíèì, ÷òî åñëè (Mn, g = 〈·, ·〉) � ðèìàíîâî ìíî-
ãîîáðàçèå, òî êîíôîðìíûì ïðåîáðàçîâàíèåì åãî ðèìàíîâîé ñòðóêòóðû g íàçûâàåòñÿ
çàìåíà g → g̃ = e−2σg, ãäå σ � ãëàäêàÿ ôóíêöèÿ íà M , íàçûâàåìàÿ îïðåäåëÿþùåé

ôóíêöèåé ïðåîáðàçîâàíèÿ. Åñëè σ = const, êîíôîðìíîå ïðåîáðàçîâàíèå íàçûâàåòñÿ
òðèâèàëüíûì, èëè ãîìîòåòèåé.

Õîðîøî èçâåñòíî, ÷òî ëþáîå êîíôîðìíîå ïðåîáðàçîâàíèå èìååò èíâàðèàíò �
÷åòûðåõâàëåíòíûé òåíçîð

W (X, Y )Z = R(X, Y )Z +
1

n− 2
{〈r(Y ), Z〉X + 〈Y, Z〉r(X)− 〈r(X), Z〉Y+

+〈X,Z〉r(Y )}+
κ

(n− 1)(n− 2)
{〈X,Z〉Y − 〈Y, Z〉X},

íàçûâàåìûé òåíçîðîì Âåéëÿ êîíôîðìíîé êðèâèçíû. Â ñëó÷àå, åñëè ðèìàíîâî ìíî-
ãîîáðàçèå íåñåò äîïîëíèòåëüíóþ ñòðóêòóðó, íà íåì ìîãóò áûòü è äðóãèå êîíôîðì-
íûå èíâàðèàíòû. Íàïðèìåð, À.Ãðåé è Õåðâåëëà äîêàçàëè, ÷òî ïî÷òè ýðìèòîâî ìíî-
ãîîáðàçèå (M2n, J, g = 〈·, ·〉) èìååò åùå îäèí êîíôîðìíûé èíâàðèàíò � òðåõâàëåíò-
íûé òåíçîð

µ(X, Y ) = ∇X(J)Y +
1

n− 2
{〈ξ, Y 〉X + 〈ξ, JY 〉JX − 〈X, Y 〉ξ − 〈X, JY 〉Jξ}.

Ïóñòü òåïåðü (M2n+1, ξ, η,Φ, g) � ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå (êîðî÷å, ÀÑ -)
ìíîãîîáðàçèå. Íà íåì âíóòðåííèì îáðàçîì îïðåäåëåíû 6 ñòðóêòóðíûõ òåíçîðîâ
B,C,D,E, F,G, êîòîðûå, âìåñòå ñî ñâîèìè äèôôåðåíöèàëüíûìè ïðîäîëæåíèÿìè,
ïîëíîñòüþ îïðåäåëÿþò ëîêàëüíîå ñòðîåíèå AC-ìíîãîîáðàçèÿ. Íàïðèìåð, äëÿ ìíî-
ãîîáðàçèÿ Êåíìîöó B = C = F = D = G = 0, E = −Φ2. Õîðîøî èçâåñòíî òàêæå,
÷òî èìååò ìåñòî êàíîíè÷åñêîå ðàçëîæåíèå

X(M) = M⊕ L

C∞(M)-ìîäóëÿ X(M) â îðòîãîíàëüíóþ ïðÿìóþ ñóììó ïîäìîäóëåé M = ker Φ è
L = (M)⊥ ïîñðåäñòâîì ïðîåêòîðîâ m = η ⊗ ξ è l = −Φ2, ñîîòâåòñòâåííî.

Îïðåäåëåíèå 1. Êîíôîðìíûì ïðåîáðàçîâàíèåì AC-ñòðóêòóðû (ξ, η,Φ, g) íàçû-
âàåòñÿ çàìåíà (ξ, η,Φ, g)→ (ξ̃, η̃, Φ̃, g̃), ãäå ξ̃ = eσξ, η̃ = e−ση, Φ̃ = Φ, g̃ = e−2σg.
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Íàìè äîêàçàíî, ÷òî

B̃(X, Y ) = B(X, Y )− 1

2
{〈X,Φ2Y 〉Φ2gradσ − 〈X,ΦY 〉Φ(gradσ)−

− dσ(Φ2X)(Φ2Y )− dσ(ΦX)(ΦY )};
C̃(X, Y ) = C(X, Y );

D̃(X) = eσD(X);

Ẽ = eσ(E(X) + dσ(ξ)(Φ2X));

F̃ (X) = eσF (X);

G̃ = e2σ(G− Φ2(gradσ)).

Èç ýòèõ ñîîòíîøåíèé âûòåêàåò

Òåîðåìà 1. Òåíçîð C ÿâëÿåòñÿ àáñîëþòíûì êîíôîðìíûì èíâàðèàíòîì. Òåíçîðû

D è F ÿâëÿþòñÿ îòíîñèòåëüíûìè êîíôîðìíûìè èíâàðèàíòàìè.

Íàìè âûÿñíåí ãåîìåòðè÷åñêèé ñìûñë êîíôîðìíîé èíâàðèàíòíîñòè òåíçîðîâ B,
E è G. Èìåííî, ñïðàâåäëèâû ñëåäóþùèå ðåçóëüòàòû:

Òåîðåìà 2. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

• òåíçîð B � àáñîëþòíûé êîíôîðìíûé èíâàðèàíò;

• òåíçîð G � îòíîñèòåëüíûé êîíôîðìíûé èíâàðèàíò;

• gradσ ∈M.

Òåîðåìà 3. Òåíçîð E ÿâëÿåòñÿ îòíîñèòåëüíûì êîíôîðìíûì èíâàðèàíòîì òîãäà

è òîëüêî òîãäà, êîãäà grad σ ∈ L.

Êðîìå òîãî, íàìè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:
1. AC -ñòðóêòóðà êîñèìïëåêòè÷åñêîãî òèïà ÿâëÿåòñÿ êîñèìïëåêòè÷åñêîé òîãäà è

òîëüêî òîãäà, êîãäà ïðè êàíîíè÷åñêîì êîíôîðìíîì ïðåîáðàçîâàíèè îíà ïåðåõîäèò
â ñòðóêòóðó Êåíìîöó.

2. AC -ñòðóêòóðà êîñèìïëåêòè÷åñêîãî òèïà ÿâëÿåòñÿ ñòðóêòóðîé Êåíìîöó òîãäà
è òîëüêî òîãäà, êîãäà ïðè êàíîíè÷åñêîì êîíôîðìíîì ïðåîáðàçîâàíèè îíà ïåðåõîäèò
â êîñèìïëåêòè÷åñêóþ ñòðóêòóðó.

3. AC -ñòðóêòóðà êîñèìïëåêòè÷åñêîãî òèïà ïðè êîíôîðìíîì ïðåîáðàçîâàíèè ïå-
ðåõîäèò â AC -ñòðóêòóðó êîñèìïëåêòè÷åñêîãî òèïà òîãäà è òîëüêî òîãäà, êîãäà âû-
ïîëíÿåòñÿ, ïî êðàéíåé ìåðå, îäíî èç òðåõ ðàâíîñèëüíûõ óñëîâèé Òåîðåìû 2.

4. Íîðìàëüíàÿ ÀÑ -ñòðóêòóðà ïðè êîíôîðìíîì ïðåîáðàçîâàíèè ïåðåõîäèò â íîð-
ìàëüíóþ AC -ñòðóêòóðó òîãäà è òîëüêî òîãäà, êîãäà gradσ ∈M.
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Ðèìàíîâû ìåòðèêè ñ çàäàííûìè ïðîèçâåäåíèÿìè ãëàâíûõ êðèâèçí Ðè÷÷è

Â. Í. Êîêàðåâ

(Ñàìàðñêèé ãîñóíèâåðñèòåò, Ñàìàðà, Ðîññèÿ)

E-mail address: ko1949@yandex.ru

Ïóñòü M � n-ìåðíîå ðèìàíîâî ìíîãîîáðàçèå ñ ìåòðèêîé g è òåíçîðîì Ðè÷÷è r. Ãëàâíûå

êðèâèçíû Ðè÷÷è λ1, . . . , λn ýòî ýñòðåìóìû îòíîøåíèÿ
rijξ

iξj

gijξiξj
. Ïðè ýòîì λ1+ · · ·+λn = rijg

ij �

ñêàëÿðíàÿ êðèâèçíà ìíîãîîáðàçèÿ M. Âîïðîñ î ñóùåñòâîâàíèè ðèìàíîâûõ ìåòðèê ñ çàäàííîé
ñêàëÿðíîé êðèâèçíîé ðàññìàòðèâàëñÿ Äæ. Ë. Êàæäàíîì è Ô. Ó. Óîðíåðîì, íàïðèìåð, â [1] è
â öèêëå ñòàòåé èç òîé æå êíèãè.

Ìîæíî òàêæå ïîñòàâèòü âîïðîñ î ñóùåñòâîâàíèè ðèìàíîâûõ ìåòðèê ñ çàäàííûì
ïðîèçâåäåíèåì ãëàâíûõ êðèâèçí Ðè÷÷è. Îäíàêî, êàê ïîêàçàíî òàêæå â [1], çàäà÷à â òàêîé
ïîñòàíîâêå, âîîáùå ãîâîðÿ, íåðàçðåøèìà äàæå äëÿ äâóìåðíûõ ìíîãîîáðàçèé, äëÿ êîòîðûõ
êðèâèçíà Ðè÷÷è ñîâïàäàåò ñ ãàóññîâîé êðèâèçíîé K. Äæ. Ë. Êàæäàí è Ô. Ó. Óîðíåð äîêàçàëè
äëÿ äâóìåðíîãî êîìïàêòíîãî ìíîãîîáðàçèÿ M ñóùåñòâîâàíèå òàêîãî äèôôåîìîðôèçìà
ϕ : M → M, äëÿ êîòîðîãî ñóùåñòâóåò ìåòðèêà g ñ ãàóññîâîé êðèâèçíîé K ◦ ϕ, åñëè çíàê
K ñîãëàñîâàí ñ òîïîëîãèåé M.

Ñ ïîìîùüþ ýòîé èäåè äîêàçàíà

Òåîðåìà 1. Ïóñòü íà ñôåðå Sn çàäàíà ïîëîæèòåëüíàÿ ðåãóëÿðíàÿ ôóíêöèÿ F. Òîãäà íà

Sn ñóùåñòâóåò ìåòðèêà g, êîíôîðìíàÿ ñòàíäàðòíîé, è äèôôåîìîðôèçì ϕ : Sn → Sn,
òàêèå, ÷òî ãëàâíûå êðèâèçíû Ðè÷÷è ìåòðèêè g ïîëîæèòåëüíû è óäîâëåòâîðÿþò óðàâíåíèþ

λ1 · · ·λn = F ◦ ϕ.

References

[1] Äæ. Ë. Êàæäàí, Ô. Ó. Óîðíåð Ñêàëÿðíàÿ êðèâèçíà è êîíôîðìíàÿ äåôîðìàöèÿ ðèìàíîâîé

ñòðóêòóðû.,- Èññëåäîâàíèÿ ïî ìåòðè÷åñêîé òåîðèè ïîâåðõíîñòåé. Ì.: Ìèð, (1980), Ñ. 81-
108.
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Ïðîåêòèâíûå èíâàðèàíòû ïëîñêèõ êðèâûõ

Í. Ã. Êîíîâåíêî

(ÎÍÀÏÒ, Îäåññà, Óêðàèíà)

E-mail address: konovenko@ukr.net

Â ðàáîòå Àëüôåíà ([1]) áûë íàéäåí ïåðâûé ïðîåêòèâíûé äèôôåðåíöèàëüíûé èíâàðèàíò J
äëÿ ïëîñêèõ êðèâûõ. Ýòîò èíâàðèàíò èìååò ïîðÿäîê 7 è ïðîïîðöèîíàëåí, òàê íàçûâàåìîé,
ïðîåêòèâíîé êðèâèçíå êðèâîé.

Ìû ïîêàçûâàåì, ÷òî àëãåáðà âñåõ ïðîåêòèâíûõ äèôôåðåíöèàëüíûõ èíâàðèàíòîâ ïëîñêèõ
êðèâûõ ïîðîæäåíà ïðîåêòèâíîé êðèâèçíîé J è âñåìè åå ïðîèçâîäíûìè Øòóäè ([2]) dkJ

dσk .
Ýòîò ðåçóëüòàò ïðèìåíÿåòñÿ ê ïðîåêòèâíîé êëàññèôèêàöèè êðèâûõ ñëåäóþùèì îáðàçîì.
Ñêàæåì, ÷òî ïëîñêàÿ êðèâàÿ ïðîåêòèâíî ðåãóëÿðíàÿ, åñëè èíâàðèàíò J ìîæåò áûòü âûáðàí â
êà÷åñòâå ëîêàëüíîé êîîðäèíàòû íà ýòîé êðèâîé.
Äëÿ ðåãóëÿðíûõ êðèâûõ ïðîèçâîäíàÿ Øòóäè dJ

dσ ÿâëÿåòñÿ ôóíêöèåé îò èíâàðèàíòà J . Òî åñòü,

dJ

dσ
− Φ(J) = 0

äëÿ íåêîòîðîé ôóíêöèè Φ.
Ïîëó÷åííûå ñîîòíîøåíèÿ ìîæíî ðàññìàòðèâàòü, êàê äèôôåðåíöèàëüíûå óðàâíåíèÿ

âîñüìîãî ïîðÿäêà íà ïëîñêèå êðèâûå. Ðàçìåðíîñòü åãî ïðîñòðàíñòâà ëîêàëüíûõ ðåøåíèé
ðàâíà 8, à ñàìî ïðîñòðàíñòâî ÿâëÿåòñÿ îðáèòîé êðèâîé îòíîñèòåëüíî ãðóïïû ïðîåêòèâíûõ
ïðåîáðàçîâàíèé ïëîñêîñòè.

Òàêèì îáðàçîì êëàññ ïðîåêòèâíîé ýêâèâàëåíòíîñòè ðåãóëÿðíûõ êðèâûõ îäíîçíà÷íî
îïèñûâàåòñÿ ôóíêöèåé Φ.
Ïîëó÷åííûé ðåçóëüòàò ïðèìåíÿåòñÿ ê ïðîåêòèâíîé êëàññèôèêàöèè ñëåäóþùèõ êðèâûõ:
W -êðèâûå Ëè-Êëåéíà ([3]), êóáèêè è ýêñòðåìàëè ôóíêöèîíàëà ïðîåêòèâíîé äëèíû ([5]).
Â ïåðâîì ñëó÷àå ìû ïîêàçûâàåì, ÷òî W -êðèâûå ÿâëÿþòñÿ êðèâûìè ïîñòîÿííîé ïðîåêòèâíîé
êðèâèçíû, êîòîðàÿ è çàäàåò ïðîåêòèâíûé êëàññ W -êðèâîé.
Äëÿ êóáèê ìû ïîâòîðÿåì èçâåñòíûé ðåçóëüòàò Âåéåðøòðàññà, î òîì, ÷òî èõ ïðîåêòèâíûé êëàññ
îïèñûâàåòñÿ îäíèì ïàðàìåòðîì.
Äëÿ ôóíêöèîíàëà Øòóäè, èëè òàê íàçûâàåìîãî ôóíêöèîíàëà ïðîåêòèâíîé äëèíû, ìû
ïîêàçûâàåì, ÷òî ïðîåêòèâíûé êëàññ ýêñòðåìàëåé îïèñûâàåòñÿ äâóìÿ ïàðàìåòðàìè.

Çàìåòèì, ÷òî W -êðèâûå - îïèñûâàþòñÿ äèôôåðåíöèàëüíûìè óðàâíåíèìè 8 ïîðÿäêà,
êóáèêè - äèôôåðåíöèàëüíûìè óðàâíåíèÿìè 9 ïîðÿäêà, à ýêñòðåìàëè Øòóäè, êîòîðûå
ÿâëÿþòñÿ ýêòñòðåìàëÿìè ôóíêöèîíàëà 5 ïîðÿäêà, - äèôôåðåíöèàëüíûìè óðàâíåíèÿìè 10
ïîðÿäêà.
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Î ãåîìåòðèè òîðñîîáðàçóþùèõ âåêòîðíûõ ïîëåé íà ïî÷òè ýðìèòîâûõ

ìíîãîîáðàçèÿõ

Â.Ì. Êóçàêîíü, À.Ñ. Áàðçèê

(ÎÍÀÏÒ, Îäåññà, Óêðàèíà)

E-mail address: kuzakon v@ukr.net

Ïóñòü M � ðèìàíîâî ìíîãîîáðàçèå ñ ðèìàíîâîé ñòðóêòóðîé g = 〈·, ·〉, ∇ � ðèìàíîâà

ñâÿçíîñòü. Âåêòîðíîå ïîëå ξ ∈ X(M) íàçûâàåòñÿ òîðñîîáðàçóþùèì, åñëè ñóùåñòâóþò ãëàäêàÿ

ôóíêöèÿ ρ ∈ C∞(M) è äèôôåðåíöèàëüíàÿ 1-ôîðìà a ∈ X(M)∗, òàêèå, ÷òî

∇ξ = ρ · id+ a⊗ ξ.

Tîðñîîáðàçóþùåå âåêòîðíîå ïîëå ξ íàçûâàåòñÿ ñïåöêîíöèðêóëÿðíûì, åñëè a = 0, ò.å.

∇ξ = ρ · id. Ïóñòü (g, J) � ïî÷òè ýðìèòîâà ñòðóêòóðà íà M , J2 = −id, 〈JX, JY 〉 = 〈X,Y 〉.
Âåêòîðíîå ïîëå ξ ∈ X(M) íàçûâàåòñÿ ãîëîìîðôíûì, åñëè ñòðóêòóðíûé ýíäîìîðôèçì

J èíâàðèàíòåí îòíîñèòåëüíî äåéñòâèÿ ëîêàëüíîé îäíîïàðàìåòðè÷åñêïé ãðóïïû

äèôôåîìîðôèçìîâ, ïîðîæäåííîé ïîëåì ξ.

Òåîðåìà 1. Òîðñîîáðàçóþùåå âåêòîðíîå ïîëå ξ ∈ X(M) ãîëîìîðôíî òîãäà è òîëüêî òîãäà,

êîãäà

∇ξ(J)X = a(JX)ξ − a(X)Jξ; X ∈ X(M).

Íàïîìíèì, ÷òî èíòåãðèðóåìàÿ ïî÷òè çðìèòîâà ñòðóêòóðà ñ çàìêíóòîé ôóíäàìåíòàëüíîé

ôîðìîé Ω(X,Y ) = 〈X, JY 〉 íàçûâàåòñÿ êåëåðîâîé ñòðóêòóðîé.

Òåîðåìà 2. Ïóñòü (M, g, J) � êåëåðîâî ìíîãîîáðàçèå. Òîðñîîáðàçóþùåå âåêòîðíîå ïîëå

ξ ∈ X(M) ãîëîìîðôíî òîãäà è òîëüêî òîãäà, êîãäà ξ � ñïåöêîíöèðêóëÿðíîå âåêòîðíîå ïîëå.
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Ñïåöèàëüíûå îñíàùåíèÿ, èíäóöèðóþùèå ïëîñêèå ñâÿçíîñòè íà ïîâåðõíîñòè â

ïðîåêòèâíîì ïðîñòðàíñòâå

À. Â. Êóëåøîâ

(ÁÔÓ èì. È. Êàíòà, Êàëèíèíãðàä, Ðîññèÿ)

E-mail address: arturkuleshov@yandex.ru

Â ïðîåêòèâíîì ïðîñòðàíñòâå Pn ðàññìîòðèì m-ìåðíóþ ïîâåðõíîñòü Sm (2 ≤ m <
n) êàê ñåìåéñòâî êàñàòåëüíûõ ïëîñêîñòåé Tm(A), ãäå A � òåêóùàÿ òî÷êà ïîâåðõíîñòè.
Òàêîå ñåìåéñòâî ÿâëÿåòñÿ îñîáûì ñëó÷àåì îáùåãî ñåìåéñòâà öåíòðèðîâàííûõ ïëîñêîñòåé,
è ê íåìó ïðèìåíèìû ðåçóëüòàòû ðàáîòû [1]. À èìåííî, êîìïîçèöèîííîå îñíàùåíèå
λ ïîâåðõíîñòè ïîëÿìè íîðìàëåé 2-ãî ðîäà Nm−1(A) = [Bi] è ïëîñêîñòåé Êàðòàíà
Cn−m−1(A) = [Ba] èíäóöèðóåò â ãëàâíîì ðàññëîåíèè G(Sm), àññîöèèðîâàííîì ñ
ýòîé ïîâåðõíîñòüþ, òðåõïàðàìåòðè÷åñêóþ ñâÿçêó ôóíäàìåíòàëüíî-ãðóïïîâûõ ñâÿçíîñòåé:
Γ(ξ, η, ζ) = {Γi

jk, Γa
bi, Γij(ξ), Γi

aj(η), Γai(ξ, η, ζ)}, i, . . . 1, m; a, . . . m+ 1, n.
Ñìåùåíèå áàçèñíûõ òî÷åê îñíàùàþùèõ ïëîñêîñòåé îïðåäåëÿåòñÿ òåíçîðàìè ïîäâèæíîñòè

tij , tiaj , taj îñíàùàþùèõ ïëîñêîñòåé è ôóíäàìåíòàëüíûì òåíçîðîì 1-ãî ïîðÿäêà Λa
ij

ïîâåðõíîñòè Sm:

dBi = (. . .)jiBj + (tijA+ Λa
ijBa)ωj , dBa = (. . .)baBb + (taiA+ tjaiBj)ω

i,

ãäå ωi � áàçèñíûå ôîðìû ïîâåðõíîñòè. Àëüòåðíèðîâàííûå ïôàôôîâû ïðîèçâîäíûå êîìïîíåíò
òåíçîðîâ ïîäâèæíîñòè èìåþò âèä:

ti[jk] = Γm
i[jtmk] − Λa

i[jtak], tia[jk] = tma[jΓ
i
mk] + Γb

a[jt
i
bk] − δ

i
[jtak], ta[ij] = tk[it

k
aj] + Γb

a[itbj]. (1)

Êîìïîíåíòû òåíçîðà êðèâèçíû R(ξ, η, ζ) èíäóöèðîâàííîé ñâÿçêè ñâÿçíîñòåé âûðàæàþòñÿ ïî
ñëåäóþùèì ôîðìóëàì (ñð. [1]):

Ri
jkm = Λa

j[kt
i
am] − δ

i
[ktjm] − δijt[km], Ra

bij = −Λa
k[it

k
bj] − δ

a
b t[ij],

Rijk(ξ) = Rm
ijkλm + ξΛa

i[jtak], Ri
ajk(η) = −Ri

jkmλ
m
a +Rb

ajkλ
i
b + ηδi[jtak], (2)

Raij(ξ, η, ζ) = Rb
aijλb −Rkij(ξ)λ

k
a + (ζ − ξη)tka[itkj] + ηλkδ

k
[itaj].

Èç (1) è (2) ñëåäóåò: tiaj = 0, tij = 0 ⇒ R(ξ, η, ζ) = 0.
Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ëþáàÿ ñâÿçíîñòü ñâÿçêè Γ(ξ, η, ζ) áûëà ïëîñêîé,

äîñòàòî÷íî, ÷òîáû ïëîñêîñòü Êàðòàíà Cn−m−1 ñìåùàëàñü â íîðìàëè 1-ãî ðîäà Nn−m =
Cn−m−1 ⊕A, à íîðìàëü Nm−1 � â ãèïåðïëîñêîñòè Áîðòîëîòòè Pn−1 = Cn−m−1 ⊕Nm−1.

Èç (12) ñëåäóåò, ÷òî â ñèëó m > 1 îáðàùåíèå â íóëü òåíçîðà tiaj âëå÷åò îáðàùåíèå â íóëü
tai. Ïîýòîìó â óñëîâèÿõ òåîðåìû 1 ïëîñêîñòü Êàðòàíà îêàçûâàåòñÿ íåïîäâèæíîé, ÷òî ñ ó÷åòîì
ñìåùåíèÿ íîðìàëè Nm−1 â ãèïåðïëîñêîñòè Pn−1 äàåò íåïîäâèæíîñòü äàííîé ãèïåðïëîñêîñòè
(ñð. [2]).
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Ìåòðèêè 2FI-ïëîñêèõ 3-ïàðàáîëè÷åñêè êåëåðîâûõ ïðîñòðàíñòâ.
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E-mail address: k
	
irina@te.net.ua

Â [1] ìû èññëåäîâàëè 2F -ïëàíàðíûå îòîáðàæåíèÿ (2FÏÎ)

f : Kn → Kn 3-ïàðàáîëè÷åñêè êåëåðîâûõ ïðîñòðàíñòâ Kn

(
gij , F

h
i

)
è Kn

(
gij , F

h
i

)
ñ ìåòðèêàìè

gij è gij è àôôèíîðíûìè ñòðóêòóðàìè F hi , F
h
i , ñîîòâåòñòâåííî. Ïðè ýòîì áûëè âûäåëåíû

ñïåöèàëüíûå òèïû 2FÏÎ, íàçâàííûå êàíîíè÷åñêèìè I è II òèïà. Îñíîâíûå óðàâíåíèÿ
êàíîíè÷åñêèõ 2FÏÎ I òèïà â îáùåé ïî îòîáðàæåíèþ ñèñòåìå êîîðäèíàò (xi) èìåþò âèä:

Γ
h
ij(x) = Γhij(x) + ψ(i(x)F hj)(x) + φ(i(x)Fαi) (x)F hα (x),

F hi (x) = F
h
i (x), F hαF

α
β F

β
i = 0,

giαF
α
j + gjαF

α
i = 0, giαF

α
j + gjαF

α
i = 0,

F hi,j = 0, Rg‖F hi ‖ = 2m =
2n

3
, n = 3m,

ãäå Γ, Γ - îáúåêòû ñâÿçíîñòè ïðîñòðàíñòâ Kn, Kn ñîîòâåòñòâåííî; ψ, φ - íåêîòîðûå êîâåêòîðû,
”, ” - çíàê êîâàðèàíòíîé ïðîèçâîäíîé â ïðîñòðàíñòâå Kn.

Êàê îáû÷íî, ìû íàçûâàåì 2FI-ïëîñêèìè ïðîñòðàíñòâà Kn, äîïóñêàþùèå êàíîíè÷åñêîå I
òèïà 2FÏÎ íà ïëîñêîå Kn = En. Äîêàçàíû òåîðåìû:

Òåîðåìà 1. 3-ïàðàáîëè÷åñêè êåëåðîâî ïðîñòðàíñòâî Kn (n ≥ 9) ÿâëÿåòñÿ 2FI-ïëîñêèì òîãäà

è òîëüêî òîãäà, êîãäà åãî òåíçîð Ðèìàíà èìååò âèä

Rhijk = CF 2
h[kF

2
j]i,

ãäå C - íåêîòîðàÿ êîíñòàíòà, F 2
hk = ghαF

α
β F

β
k .

Òåîðåìà 2. 2FI-ïëîñêîå 3-ïàðàáîëè÷åñêè êåëåðîâî ïðîñòðàíñòâî Kn (n ≥ 9) ïî

íåîáõîäèìîñòè ÿâëÿåòñÿ ñèììåòðè÷åñêèì è Ðè÷÷è-ïëîñêèì.

Äëÿ ñèììåòðè÷åñêèõ ðèìàíîâûõ ïðîñòðàíñòâ Ï.À.Øèðîêîâ ïîëó÷èë ôîðìóëó,
ïîçâîëÿþùóþ âîññòàíîâèòü ìåòðè÷åñêèé òåíçîð â îêðåñòíîñòè íåêîòîðîé òî÷êè M(x0) ∈ Vn.

Èñïîëüçóÿ ýòó ôîðìóëó è ó÷èòûâàÿ Òåîðåìó 1 , ïîëó÷èì êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà
2FI-ïëîñêîãî 3-ïàðàáîëè÷åñêè êåëåðîâà ïðîñòðàíñòâà Kn

(n = 3m ≥ 9) â âèäå

gij =
◦
gij −

C

24
(yα

◦
F
α

β

◦
F
β

i yγ
◦
F
γ

δ

◦
F
δ

j − ỹ
◦
giα

◦
F
α

β

◦
F
β

j )

ãäå yi = yα
◦
gαi, ỹ = yαyβ

◦
F
α

δ

◦
F
β

γ

◦
g
δγ
,

◦
gij ,

◦
g
αβ
,
◦
F
h

i - çíà÷åíèÿ êîìïîíåíò ìåòðè÷åñêîãî, îáðàòíîãî åìó è ñòðóêòóðíîãî òåíçîðîâ â
òî÷êå x0, (yh) - ðèìàíîâû êîîðäèíàòû ñ íà÷àëîì â òî÷êå x0.
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Î ïîñòðîåíèè ñóïåðñèììåòðè÷íûõ êîñìîëîãè÷åñêèõ ìîäåëåé

À. Â. Àìèíîâà, Ì. Õ. Ëþëèíñêèé

(ÎÍÀÏÒ, Êàçàíü, Ðîññèÿ)

E-mail address: Asya.Aminova@ksu.ru

miklul@rambler.ru

Ñóïåðñèììåòðèÿ áûëà îòêðûòà íåçàâèñèìî ôèçèêàìè â ÑÑÑÐ (ÔÈÀÍ), Çàïàäíîé Åâðîïå
è ÑØÀ. Ñóïåðñèììåòðèÿ îáúåäèíÿåò ÷àñòèöû ñî ñìåæíûìè ñïèíàìè, íàïðèìåð, 1 è 1/2
, âêëþ÷àÿ â îäíî ñåìåéñòâî áîçîíû è ôåðìèîíû. Çàìå÷àòåëüíî, ÷òî ñóïåðñèììåòðèÿ
ñâÿçàëà èíâàðèàíòíîñòü îòíîñèòåëüíî ïðåîáðàçîâàíèé Ïóàíêàðå, ò. å. ïðîñòðàíñòâåííî �
âðåìåííûõ ïðåîáðàçîâàíèé ñ âíóòðåííèìè ñèììåòðèÿìè. Áëàãîäàðÿ ýòîìó âîçíèêëà íîâàÿ
òåîðèÿ òÿãîòåíèÿ � ñóïåðãðàâèòàöèÿ è òåîðèÿ ñóïåðñòðóí, êîòîðàÿ ÿâëÿåòñÿ ñåé÷àñ ãëàâíûì
êàíäèäàòîì íà ðîëü åäèíîé òåîðèè, îáúåäèíÿþùåé âñå ôóíäàìåíòàëüíûå âçàèìîäåéñòâèÿ.
Äàííàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ñóïåðñèììåòðè÷íûõ êîñìîëîãè÷åñêèõ ìîäåëåé â ðàìêàõ
ïîñëåäîâàòåëüíîãî ñóïåðñèììåòðè÷íîãî ïîäõîäà, ðàçâèòîãî â ðàáîòàõ À. Â. Àìèíîâîé è Ñ.
Â. Ìî÷àëîâà (ñì., íàïðèìåð, ([1])). Ïîñëåäîâàòåëüíûé ñóïåðñèììåòðè÷íûé ïîäõîä â òåîðèè
ãðàâèòàöèè îçíà÷àåò, ÷òî ñóïåðãåîìåòðèÿ îïðåäåëÿåòñÿ ñóïåðñèììåòðè÷íûìè ñâîéñòâàìè.
Ýòîò ïîäõîä òðåáóåò ðàçâèòèÿ èíâàðèàíòíî � ãðóïïîâûõ ìåòîäîâ ñóïåðãðàâèòàöèè. Â
ýòîì íàïðàâëåíèè íå òîëüêî íå áûëî ïîëó÷åíî êîíêðåòíûõ ðåçóëüòàòîâ, íî è òàêæå
íå áûëè ñôîðìóëèðîâàíû ñàìè ïðèíöèïû, êîòîðûå äîëæíû ëåæàòü â îñíîâå ñâÿçè
ìåæäó ñóïåðñèììåòðèåé è ñóïåðãåîìåòðèåé. Ïåðâûå øàãè â ýòîì íàïðàâëåíèè áûëè
ñäåëàíû â óæå óïîìèíàâøèõñÿ ðàáîòàõ À. Â. Àìèíîâîé è Ñ. Â. Ìî÷àëîâà. Äàííàÿ
ðàáîòà ðàçâèâàåò ýòî íàïðàâëåíèå. Ìû ðàññìàòðèâàåì ñóïåðñèììåòðèþ êàê àâòîìîðôèçì
ñóïåðãåîìåòðè÷åñêîé ñòðóêòóðû, â ÷àñòíîñòè, êàê èíôèíèòåçèìàëüíûå ñóïåðïðåîáðàçîâàíèÿ
îñòàâëÿþùèå íåèçìåííîé ìåòðèêó ñóïåðïðîñòðàíñòâà. Ìåòðèêà îïðåäåëÿåòñÿ êàê èíâàðèàíò
ñóïåðãðóïïû ïðåîáðàçîâàíèé â äóõå Êëÿéíîâñêîé ïðîãðàììû, èäåÿ êîòîðîé çàêëþ÷àåòñÿ â
ðàññìîòðåíèè ñèììåòðèè, èëè ãðóïïû ïðåîáðàçîâàíèé êàê îñíîâû îïðåäåëåíèÿ ãåîìåòðèè
ïðîñòðàíñòâà. Â äàííîé ðàáîòå èíâàðèàíòíî � ãðóïïîâîé ìåòîä ñóïåðäèôôåðåíöàëüíîé
ãåîìåòðèè ïðèìåíÿåòñÿ ê ôèçè÷åñêè çíà÷èìîìó ñëó÷àþ ñôåðè÷åñêè ñèììåòðè÷íîãî ìèðà.
Ïðåäïðèíÿòà ïîïûòêà äîïîëíèòü ñóùåñòâóþùóþ ðàíåå êëàññè÷åñêóþ êîñìîëîãè÷åñêóþ
ìîäåëü ïðîñòðàíñòâ äîïîëíèòåëüíûìè ñòåïåíÿìè ñâîáîäû. Â äàëüíåéøåì ýòî äîëæíî
ïðèâåñòè ê ó÷¼òó ñïèíîâûõ ïîïðàâîê â êîñìîëîãè÷åñêèõ âû÷èñëåíèÿõ. Ìû íàäåëÿåì
ïðîñòðàíñòâî ñóïåðñèììåòðè÷íûìè ñâîéñòâàìè, ââîäÿ ïåðåìåííûå Ãðàññìàíîâîé àëãåáðû,
íàçûâàåìûå òàêæå ñóïåð÷èñëàìè. Äâà ñóïåð÷èñëà àíòèêîììóòèðóþò, è êâàäðàò êàæäîãî èç
íèõ ðàâåí íóëþ. Ìû ðàññìàòðèâàåì êîëüöîâàííîå ïðîñòðàíñòâî Ãðàññìàíîâûõ àëãåáð íàä
ñôåðè÷åñêè ñèììåòðè÷íûì ïðîñòðàíñòâîì. Ýòî � ñóïåðïðîñòðàíñòâî. Âû÷èñëåíû ñâÿçíîñòü,
òåíçîð Ðèìàíà è òåíçîð Ðè÷÷è ñôåðè÷åñêîãî ñóïåðïðîñòðàíñòâà.

References

[1] À. Â. Àìèíîâà, Ì. Õ. Ëþëèíñêèé, Ñ. Â. Ìî÷àëîâ Ñôåðè÷åñêè ñèììåòðè÷íîå

ñóïåðïðîñòðàíñòâî .,- Íîâåéøèå ïðîáëåìû òåîðèè ïîëÿ. Êàçàíü, (1998), Ñ. 223-230.

[2] Ä. À. Ëåéòåñ Ââåäåíèå â òåîðèþ ñóïåðìíîãîîáðàçèé.,- // ÓÌÍ,1980, ò.35, âûï.1(211) (1980).

[3] Ô. À. Áåðåçèí Ìåòîä âòîðè÷íîãî êâàíòîâàíèÿ.,- Ì.: Íàóêà, (1965).

[4] Daniel S. Freed Five lectures on supersymmetry.,- ASM, (1999).

53



Æåñòêîñòü çàìêíóòûõ âûïóêëûõ ïîëèýäðîâ

À. Ä. Ìèëêà

(ÀÎÇÒ "GST", ÔÒÈÍÒ èì. Á.È. Âåðêèíà ÍÀÍÓ, Õàðüêîâ, Óêðàèíà)
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Âäîõíîâåíèå íóæíî â ïîýçèè,

êàê è â ãåîìåòðèè

À.Ñ. Ïóøêèí

Èçëàãàåòñÿ îïòèìàëüíî îáîáùåííàÿ Òåîðåìà åäèíñòâåííîñòè äëÿ çàìêíóòûõ âûïóêëûõ
ïîëèýäðîâ â êëàññè÷åñêèõ ïðîñòðàíñòâàõ. Äîêàçàòåëüñòâà îñíîâûâàþòñÿ íà ýëåìåíòàðíîé
Ëåììå î äåôîðìàöèÿõ ïîëèãîíîâ. Äëÿ åâêëèäîâà ñëó÷àÿ ýòà Òåîðåìà, è íåÿâíî - Ëåììà, ôîð-
ìóëèðóþòñÿ â Îïðåäåëåíèÿõ 10 è 9 êíèãè XI "Íà÷àë" èçäàíèÿ Ãýéáåðãà. Ýòî èçäàíèå "Íà÷àë"
ïðèçíàíî èñòîðèêàìè êàê áëèæàéøåå ê îðèãèíàëó. Èçâåñòíûå Òåîðåìà î êîíãðóýíòíîñòè
çàìêíóòûõ âûïóêëûõ ïîëèýäðîâ ñ êîíãðóýíòíûìè ãðàíÿìè è Ëåììà îá èçãèáàíèÿõ âûïóêëûõ
ïîëèãîíîâ, äîêàçàííûå â åâêëèäîâîì ñëó÷àå Ëåæàíäðîì è Êîøè, åñòü ÷àñòíûé âàðèàíò öè-
òèðîâàííûõ Îïðåäåëåíèé, ïîñêîëüêó ãåîìåòðû ïîëüçîâàëèñü äðóãèì, óïðîùåííûì, åñëè íå
èñêàæåííûì ñïèñêîì "Íà÷àë". Îáùàÿ Òåîðåìà â "Íà÷àëàõ" ñëåäóåò èç Îïðåäåëåíèÿ 9. À
Îïðåäåëåíèå 9 äîêàçûâàëîñü ãðåêàìè ïî íàãëÿäíîé ñõåìå, èçëîæåííîé À.Ä. Àëåêñàíäðîâûì
â "Âûïóêëûõ ìíîãîãðàííèêàõ" � ñ ïîñòóëèðîâàíèåì äëÿ ñôåðû Òåîðåìû Æîðäàíà.

Ëåììà. Äàíû îäèíàêîâî ñîñòàâëåííûå íåêîíãðóýíòíûå çàìêíóòûå âûïóêëûå ïîëèãîíû
â åâêëèäîâîé, ñôåðè÷åñêîé èëè ãèïåðáîëè÷åñêîé ïëîñêîñòè. Ïóñòü ó ïîëèãîíîâ îäíè
ñîîòâåòñòâóþùèå ýëåìåíòû, ñòîðîíû èëè óãëû, ÿâëÿþòñÿ ðàâíûìè, äðóãèå ñîîòâåòñòâóþùèå
ýëåìåíòû, óãëû èëè ñòîðîíû, ÿâëÿþòñÿ íåðàâíûìè. Îòìåòèì íåðàâíûå ýëåìåíòû çíàêàìè
"ïëþñ", åñëè ýòè ýëåìåíòû íà îäíîì ïîëèãîíå áîëüøèå, ÷åì ñîïîñòàâëåííûå èì ýëåìåíòû
íà äðóãîì ïîëèãîíå, è çíàêàìè "ìèíóñ", åñëè ýòè ýëåìåíòû ìåíüøèå. Òîãäà � â åâêëèäîâîì
ñëó÷àå â âàðèàíòå ðàâíûìè ïðèíèìàþòñÿ óãëû è ïëîùàäè ïîëèãîíîâ � ïðè îáõîäå êàæäîãî èç
ïîëèãîíîâ áóäåò íå ìåíåå ÷åòûðåõ ïåðåìåí çíàêîâ.

Òåîðåìà. Îäèíàêîâî ñîñòàâëåííûå çàìêíóòûå âûïóêëûå ïîëèýäðû â åâêëèäîâîì
ïðîñòðàíñòâå, ó êîòîðûõ ñîîòâåòñòâóþùèå ïëîñêèå óãëû ðàâíû, à ñîîòâåòñòâóþùèå ãðàíè
èìåþò ðàâíûå ïëîùàäè, ïîëèýäðû â ñôåðè÷åñêîì èëè ãèïåðáîëè÷åñêîì ïðîñòðàíñòâàõ, ó
êîòîðûõ ñîîòâåòñòâóþùèå ïëîñêèå óãëû ðàâíû, è ïðîñòðàíñòâåííî-ïîäîáíûå ïîëèýäðû â
ïðîñòðàíñòâå äå Ñèòòåðà, ó êîòîðûõ ñîîòâåòñòâóþùèå ïëîñêèå óãëû ðàâíû, êîíãðóýíòíû.

Åñòåñòâåííû âîïðîñû, ïîäîáíûå òåì, êîòîðûå çàíèìàëè ãåîìåòðîâ â XIX è XX ñòîëåòèÿõ.
Âîçìîæíû ëè íåòðèâèàëüíûå äåôîðìàöèè çàìêíóòûõ ïîëèýäðîâ, äèñêðåòíûå èëè

íåïðåðûâíûå, ñ ñîõðàíåíèåì ïëîñêèõ óãëîâ è ïëîùàäåé ãðàíåé?
Êàêîâû èíâàðèàíòû ýòèõ äåôîðìàöèé, ñîõðàíÿåòñÿ ëè îáúåì ïîëèýäðîâ?
Åñòü ëè àíàëîãè öèòèðóåìîé Òåîðåìû äëÿ îáùèõ èëè ðåãóëÿðíûõ âûïóêëûõ ïîâåðõíîñòåé

è ïðåäëîæåíèé î äåôîðìàöèÿõ äëÿ ðåãóëÿðíûõ íåâûïóêëûõ ïîâåðõíîñòåé?

References

[1] Ä.Ä. Ìîðäóõàé-Áîëòîâñêîé. Íà÷àëà Åâêëèäà, êí. XI-XV. - Ì.-Ë.: Ãîñòåõèçäàò, 1950, 332 ñ.

[2] À.Ä. Ìèëêà. Íåîïîçíàííàÿ åãèïåòñêàÿ ãåîìåòðèÿ. - Proc. Int. Geom. Center, (2008), T.1,
� 1-2, C.97 - 115.

[3] À.Ä. Ìèëêà. Èñòîêè è ñîäåðæàíèå àêñèîìàòèêè "Íà÷àë". - Proc. Int. Geom. Center, (2009),
T.2, � 3, C.41 - 54.

54
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E-mail address: mark@te.net.ua

Íà îñíîâå ëåììû î ìàòðè÷íîé ôàêòîðèçàöèè (ñì. [1]), äîêàçàíà òåîðåìà äîñòèæåíèÿ.

Òåîðåìà 1. Äëÿ âñÿêîãî ôèêñèðîâàííîãî íå ðàâíîãî íóëþ âåùåñòâåííîãî çíà÷åíèÿ

ñïåêòðàëüíîãî ïàðàìåòðà λ è âñÿêîé J-óíèòàðíîé ìàòðèöû W ñ åäèíè÷íûì îïðåäåëèòåëåì

ñóùåñòâóåò ãàìèëüòîíèàí H(t) òàêîé, ÷òî ìàòðèöà W åñòü ìàòðèöà ìîíîäðîìèè

ãàìèëüòîíîâîé ñèñòåìû âèäà

dx(t)/dt = iλJH(t)x(t)

íà íåêîòîðîì ïðîìåæóòêå âðåìåíè [0, T ], ïðè÷¼ì ñèãíàòóðíàÿ ìàòðèöà J è ãàìèëüòîíèàí

H(t) îòâå÷àþò íåêîòîðîé ñèñòåìå Äèðàêà.
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Î ãåîìåòðèè ñèíãóëÿðíûõ ñëîåíèé, ïîðîæäåííûõ ïîâåðõíîñòÿìè óðîâíÿ

Ã. X. Êàèïíàçàðîâà, À. ß. Íàðìàíîâ

(Íóêóññêèé Ïåäàãîãè÷åñêèé èíñòèòóò,Êàðàêàëïàêèñòàí
Íàöèîíàëüíûé Óíèâåðñèòåò Óçáåêèñòàíà, Óçáåêèñòàí)

E-mail address: narmanov@yandex.ru

Ïóñòü M � ãëàäêîå ðèìàíîâî ìíîãîîáðàçèå ðàçìåðíîñòè n, f : M → R1 �
äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Ïðåäïîëîæèì, ÷òî äëèíà ãðàäèåíòà ôóíêöèè f ïîñòîÿííà íà
êîìïîíåíòàõ ñâÿçíîñòè êàæäîé ïîâåðõíîñòè óðîâíÿ. Èçâåñòíî, ÷òî â ýòîì ñëó÷àå ïîâåðõíîñòè
óðîâíÿ ïîðîæäàþò ñèíãóëÿðíîå ðèìàíîâî ñëîåíèå íà M . Ñëîåíèå F íà ðèìàíîâîì
ìíîãîîáðàçèè M íàçûâàåòñÿ ðèìàíîâûì, åñëè êàæäàÿ ãåîäåçè÷åñêàÿ, îðòîãîíàëüíàÿ â
íåêîòîðîé ñâîåé òî÷êå ê ñëîþ ñëîåíèÿ F , îñòà¼òñÿ îðòîãîíàëüíîé âî âñåõ ñâîèõ òî÷êàõ ê ñëîÿì
F . Ðèìàíîâû ñëîåíèÿ áåç îñîáåííîñòåé âïåðâûå áûëè ââåäåíû è èçó÷åíû Ðåéíõàðòîì [1].
Ýòîò êëàññ ñëîåíèé åñòåñòâåííûì îáðàçîì âîçíèêàåò ïðè èçó÷åíèè ðàññëîåíèé è ïîâåðõíîñòåé
óðîâíÿ.

Â ðàáîòàõ [2],[3],[4] èçó÷åíà ãåîìåòðèÿ ïîâåðõíîñòåé óðîâíÿ ïðè âûïîëíåíèè
âûøåïðèâåäåííîãî ïðåäïîëîæåíèÿ.

Ñëåäóþùàÿ òåîðåìà äàåò èíôîðìàöèè î òîïîëîãèè ìíîãîîáðàçèè M .
Òåîðåìà 1. Ïóñòü M � ãëàäêîå ïîëíîå îäíîñâÿçíîå ðèìàíîâî ìíîãîîáðàçèå, ôóíêöèÿ f

íå èìååò êðèòè÷åñêèõ òî÷åê. Òîãäà ïîâåðõíîñòè óðîâíÿ ÿâëÿþòñÿ âçàèìíî äèôôåîìîðôíûìè
íåêîìïàêòíûìè ïîäìíîãîîáðàçèÿìè.

Ñëåäóþùèå òåîðåìû ïîêàçûâàþò ñâÿçü ìåæäó ãåîìåòðèåé M è ñâîéñòâàìè ôóíêöèè f .
Òåîðåìà 2. Êàæäàÿ ãðàäèåíòíàÿ ëèíèÿ ôóíêöèè f ÿâëÿåòñÿ ãåîäåçè÷åñêîé ëèíèåé

ðèìàíîâà ìíîãîîáðàçèÿ M .
Íàïîìíèì, ÷òî òðàåêòîðèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

ṗ = gradf(p) (1)

íàçûâàåòñÿ ãðàäèåíòíîé ëèíèåé ôóíêöèè f .
Òåîðåìà 3. Ïóñòü M � ãëàäêîå ïîëíîå ñâÿçíîå ìíîãîîáðàçèå ðàçìåðíîñòè n, ôóíêöèÿ f

íå èìååò êðèòè÷åñêèõ òî÷åê. Òîãäà ìíîãîîáðàçèå M äèôôåîìîðôíî ïðÿìîìó ïðîèçâåäåíèþ
L × R1,ãäå L � ïðîèçâîëüíàÿ ïîâåðõíîñòü óðîâíÿ ôóíêöèè f . Â ÷àñòíîñòè, âñå ïîâåðõíîñòè
óðîâíÿ âçàèìíî äèôôåîìîðôíû.

Òåîðåìà 4. Ïóñòü M = Rn è êàæäàÿ êîìïîíåíòà ñâÿçíîñòè ìíîæåñòâà êðèòè÷åñêèõ òî÷åê
ôóíêöèè fÿâëÿåòñÿ ðåãóëÿðíîé ïîâåðõíîñòüþ. Òîãäà êàæäàÿ ïîâåðõíîñòü óðîâíÿ ôóíêöèè f
ÿâëÿåòñÿ ïîâåðõíîñòüþ ïîñòîÿííîé ãàóññîâîé êðèâèçíû.
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Ïîèñêè íîâîé ôèçèêè íà LHC ìîòèâèðîâàëè ïîñòðîåíèå Òåîðèè Âåëèêîãî Îáúåäèíåíèÿ
(ÒÂÎ) â ðàìêàõ F-òåîðèè [1]. Ìèíèìàëüíàÿ ñóïåðñèììåòðè÷íàÿ ñòàíäàðòíàÿ ìîäåëü (MÑÑM)
[2] ÿâëÿåòñÿ íèçêîýíåðãåòè÷åñêèì ïðèáëèæåíèåì ñòðóííîé òåîðèè. Äëÿ ïîñòðîåíèÿ ÌÑÑÌ
ìîäåëè èç ñóïåðñòðóííîé òåîðèè èñïîëüçóåì êîíöåïöèþ ïðîèçâîäíîé êàòåãîðèè [3]:
• D-áðàíà àññîöèèðóåòñÿ ñ ëîêàëüíî ñâîáîäíûì ïó÷êîì ;
• îòêðûòàÿ ñòðóíà îò îäíîé D-áðàíû (ïó÷îê E) ê äðóãîé D-áðàíå (ïó÷îê F ) ïðåäñòàâëÿåòñÿ

ýëåìåíòîì ãðóïïû Extq(E,F ) ;
• êàòåãîðèÿ D-áðàí ÿâëÿåòñÿ ïðîèçâîäíîé êàòåãîðèåé êîãåðåíòíûõ ïó÷êîâ D(X) ;
• åñëè X è Y ÿâëÿþòñÿ çåðêàëüíûìè òðèôîëäàìè Êàëàáè-ßó, òî êàòåãîðèÿ D(X)

ýêâèâàëåíòíà òðèàíãóëèðîâàííîé êàòåãîðèè TrF(Y ) ;
• D-áðàíû íà îðáèôîëäå C/G è îòêðûòûå ñòðóíû ìåæäó íèìè îïèñûâàþòñÿ ïðîèçâîäíîé

êàòåãîðèåé êâèâåðîâ MêKåÿ.
Ìû èñïîëüçóåì ïðîèçâîäíóþ êàòåãîðèþ âûäåëåííûõ òðåóãîëüíèêîâ íàä àáåëåâîé

êàòåãîðèåé êâèâåðîâ ÌêÊåÿ [3]. Îáúåêòàìè ýòîé êàòåãîðèè ÿâëÿþòñÿ âûäåëåííûå
òðåóãîëüíèêè, ìîðôèçìàìè - ìîðôèçìû âûäåëåííûõ òðåóãîëüíèêîâ. Â êîíòåêñòå
Ìèíèìàëüíîé ñóïåðñèììåòðè÷íîé ñòàíäàðòíîé ìîäåëè ïîñòðîåíû ãèñòîãðàììû
ðàñïðåäåëåíèÿ ìàññ ñóïåð÷àñòèö q̃R è g̃. Ïóòåì ïðèìåíåíèÿ êîìïüþòåðíûõ ïðîãðàìì
SOFTSUSY, SDECAY è PYTHIA ïîñ÷èòàíû ìàññû, øèðèíû ðàñïàäîâ è ñå÷åíèÿ ðîæäåíèÿ
ñóïåð÷àñòèö. Ýòè äàííûå äàþò êîíêðåòíûå ïðåäñêàçàíèÿ äëÿ ïîèñêà ñóïåðïàðòíåðîâ íà
LHC.
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Áóäåì ðàññìàòðèâàòü m-ìåðíîå ñåìåéñòâî Bp
m öåíòðèðîâàííûõ m-ïëîñêîñòåé

Lm(Lm
⋂
Tm = Lp, 0 < p < m). Èíäåêñû â ðàáîòå ïðèíèìàþò ñëåäóþùèå çíà÷åíèÿ:

I, · · · = 1, n; i, · · · = 1, p; α, · · · = p+ 1,m; a, · · · = m+ 1, 2m− p; u, · · · = 2m− p+ 1, n.

Óðàâíåíèÿ ñåìåéñòâà Bp
m èìåþò âèä [1]. Ñ ýòèì ñåìåéñòâîì àññîöèèðîâàíî ãëàâíîå

ðàññëîåíèå G(Bp
m), â êîòîðîì çàäàíà ãðóïïîâàÿ ñâÿçíîñòü ñ îáúåêòîì Γ, ïðè÷åì

äèôôåðåíöèàëüíûå óðàâíåíèÿ íà êîìïîíåíòû ýòîãî îáúåêòà íàéäåíû â [1].
Â ðàáîòå [1] ïðîèçâåäåíî êîìïîçèöèîííîå îñíàùåíèå ñåìåéñòâà Bp

m, îïðåäåëÿåìîå òî÷êàìè
Bi, Bα, Ba, Bu è ïîêàçàíî, ÷òî îíî èíäóöèðóåò ñâÿçíîñòè 1-ãî è 2-ãî òèïîâ. Öåëüþ äàííîé
ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå àíàëèòè÷åñêèõ óñëîâèé ñîâïàäåíèÿ ñâÿçíîñòåé îáîèõ òèïîâ.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

tij = λij−Λaij(λa−λkaλk)−Λαij(λα−λkαλk)−Λuij(λu−λauλa−λαuλα−λkuλk+λkλ
a
uλ

k
a+λkλ

α
uλ

k
α)−λiλj ,

tiα = λiα − Λaiα(λa − λjaλj) − Λβiα(λβ − λjβλj) − Λuiα(λu − λauλa − λβuλβ − λjuλj+

+λjλ
β
uλ

j
β + λjλ

a
uλ

j
a) + 2λiλjλ

j
a, ...

ãäå äèôôåðåíöèàëüíûå ñðàâíåíèÿ íà êîìïîíåíòû îáúåêòà t èìåþò âèä:

∆tij ≡ 0, ∆tiα − tijω
j
α ≡ 0, ...

Èç ýòèõ ñðàâíåíèé è èì àíàëîãè÷íûõ ñëåäóåò, ÷òî îáúåêò t ÿâëÿåòñÿ òåíçîðîì, êîòîðûé
íàçîâåì òåíçîðîì íåñïåöèàëüíûõ ñìåùåíèé, ñîäåðæàùèì ðÿä ïîäòåíçîðîâ.

Ñîïîñòàâèì ôîðìóëû îõâàòîâ äëÿ êîìïîíåíò îáúåêòîâ ñâÿçíîñòåé 1-ãî è 2-ãî òèïîâ
1
Γij=

2
Γij ,

îòêóäà ïîëó÷èì, ÷òî ðàâåíñòâî
1
Γij=

2
Γij âûïîëíÿåòñÿ òîãäà è òîëüêî òîãäà, êîãäà tij = 0.

Àíàëîãè÷íî ïîëó÷àåì, ÷òî
1
Γiα=

2
Γiα òîãäà è òîëüêî òîãäà, êîãäà tiα = 0.

Èòàê,
1
Γ=

2
Γ òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ óñëîâèÿ tij = 0, tiα = 0, ... Ïîëó÷åííûå

àíàëèòè÷åñêèå óñëîâèÿ ñîâïàäåíèÿ ñâÿçíîñòåé ìîæíî ãåîìåòðè÷åñêè îõàðàêòåðèçîâàòü, åñëè
îáðàòèòüñÿ ê âûðàæåíèÿì äëÿ äèôôåðåíöèàëîâ òî÷åê Bi, à èìåííî

dBi = (...)jiBj + (...)aiBa + (...)αi Bα + (...)ui Bu + (tijω
j + tiαω

α)A.

Òåîðåìà 1. Ñîâïàäåíèå ãðóïïîâûõ ñâÿçíîñòåé 1-ãî è 2-ãî òèïîâ ñåìåéñòâà Bp
m ýêâèâàëåíòíî

íåïîäâèæíîñòè îñíàùàþùèõ ïëîñêîñòåé Pp−1, Pm−p−1, P
∗
m−p−1, Pn−2m+p−1, ãäå ïëîñêîñòü

Pp−1 ⊂ Lp è íå ïðîõîäèò ÷åðåç öåíòð À ýòîé ïëîñêîñòè, ïëîñêîñòü Pm−p−1 ⊂ Lm íå

ïåðåñåêàåòñÿ ñ ïëîñêîñòüþ Lp, ïëîñêîñòü P ∗
m−p−1 ⊂ Tm íå ïåðåñåêàåòñÿ ñ Lp è ïëîñêîñòü

Pn−2m+p−1 : Pn−2m+p−1
⋂

(Tm + Lm) = ∅.

Ñïèñîê ëèòåðàòóðû
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Ôèíñëåðîâî îáîáùåíèå ñòðóêòóðû Ðèìàíà-Êàðòàíà
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Êàê õîðîøî èçâåñòíî (ñì, íàïðèìåð, îáçîðíóþ ñòàòüþ [1]) ñòðóêòóðà Ðèìàíà-Êàðòàíà
çàäàåòñÿ äâóìÿ äèôôåðåíöèàëüíî- ãåîìåòðè÷åñêèìè îáúåêòàìè: (ïñåâäî) ðèìàíîâîé ìåòðèêîé
è ñâÿçíîñòüþ ñ êðó÷åíèåì, ñîãëàñîâàííîé ñ ýòîé ìåòðèêîé.

Ðàçëè÷íûå âàðèàíòû ïîñòðîåíèÿ òåîðèè ïîëÿ ñ íåîáõîäèìîñòüþ ïðèâîäÿò ê ó÷åòó
êðó÷åíèÿ, íàïðèìåð, â òåîðèè êîìïåíñàöèé (ãðàâèòàöèîííîå ïîëå ÎÒÎ êàê êàëèáðîâî÷íîå,
ýëåêòðîìàãíèòíîå ïîëå êàê êîìïåíñèðóþùåå, êîâàðèàíòíàÿ ïðîèçâîäíàÿ ñïèíîðà êàê
êîìïåíñèðóþùàÿ è ò.ï.). Ñ äðóãîé ñòîðîíû èìåþòñÿ òåîðèè ïîëÿ îñíîâàííûå íà ôèíñëåðîâîé
ãåîìåòðèè. Ïðè ýòîì ïðèâëåêàþòñÿ êàê ñïåöèàëüíûå ôèíñëåðîâû ìåòðèêè (Ðàíäåðñà,
Êðîïèíîé, Ìàöóìîòî - (α, β)-ìåòðèêè), òàê è ñïåöèàëüíûå ìåòðèêè ôèíñëåðîâà òèïà.

Èìåÿ â âèäó îáà ýòè ïîäõîäà, ìû ïðåäëàãàåì ôèíñëåðîâî îáîáùåíèå ñòðóêòóðû Ðèìàíà-
Êàðòàíà, â êîòîðîé ðèìàíîâà ìåòðèêà çàìåíÿåòñÿ íà ôèíñëåðîâó (èëè ìåòðèêó ôèíñëåðîâà
òèïà), à óñå÷åííàÿ ñâÿçíîñòü Êàðòàíà çàìåíÿåòñÿ àíàëîãè÷íîé ñâÿçíîñòüþ ñ êðó÷åíèåì.
Ïðèâîäèòñÿ ïðèìåð òàêîé ñòðóêòóðû. Ìåòðèêà â ýòîì ïðèìåðå ïîëó÷àåòñÿ èç ðèìàíîâîé
ñ ïîìîùüþ íåêîòîðîé ôèíñëåðîâîé äåôîðìàöèè, à ñâÿçíîñòü âîçíèêàåò êàê äåôîðìàöèÿ
ñâÿçíîñòè Êàðòàíà ñ ïîìîùüþ ôèíñëåðîâà òåíçîðà ñïåöèàëüíîãî âèäà [2].
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ÏÐÈÁËÈÆÅÍÈÅ 2-ÃÎ ÏÎÐßÄÊÀ ÄËß ÐÈÌÀÍÎÂÀ ÏÐÎÑÒÐÀÍÑÒÂÀ
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For Riemannian space Vn nonzero constant curvature K 6= 0 space Ṽ 2
n , realizing second degree

approximation for Vn is built. Some its properties are considered.

Ðàññìîòðèì ðèìàíîâî ïðîñòðàíñòâî Vn, îòíåñåííîå ê ïðîèçâîëüíîé ñèñòåìå êîîðäèíàò{
x1, ..., xn

}
è àññîöèèðîâàííîå â îêðåñòíîñòè åãî ïðîèçâîëüíîé òî÷êè ïðîñòðàíñòâî 2-ãî

ïîðÿäêà Ṽ 2
n ([1]):

g̃ij(y) = gij
0

+
1

3
Riαβjy

αyβ

0

(1)

ãäå g
0
ij = gij (M0) , Riαβj

0

= Riαβj (M0).

Èçâåñòíî ([1]), ÷òî ïðîñòðàíñòâî ðåàëèçóåò ïðèáëèæåíèå 2-ãî ïîðÿäêà äëÿ èñõîäíîãî Vn â
îêðåñòíîñòè òî÷êè 0 è ïîýòîìó îòðàæàåò ñâîéñòâà Vn ñ îïðåäåëåííîé ñòåïåíüþ òî÷íîñòè.

Èìååò ìåñòî:
Òåîðåìà 1. Ýëåìåíòû g̃ij (y) ïðîñòðàíñòâà Ṽ 2

n èìåþò âèä limi

g̃ij (y) =
ij
g
0
+
∞∑
k=1

(−1)k t(k)ij , (2)

ïðè÷åì ðÿäû (2) ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî íà ìíîæåñòâå∣∣∣thk∣∣∣ < 3

n
,

çäåñü thk = 1
3 R

0

h
.αβky

αyβ ,

t
(p)h
k = t(p−1)hα tαk (p = 2, 3, ...)

Ñïðàâåäëèâà
Òåîðåìà 2. Äëÿ ïðîñòðàíñòâà Ṽ 2

n , àññîöèèðîâàííîãî ñ ðèìàíîâûì ïðîñòðàíñòâîì Vn
íåíóëåâîé ïîñòîÿííîé êðèâèçíû K 6= 0 ýëåìåíòû g̃ij (y) îáðàòíîé ìàòðèöû äëÿ ‖g̃ij(y)‖ èìåþò
âèä

g̃ij (y) =

g
0

ij − K
3 y

iyj

1− K
3
g
0
αβyαyβ

(3)

Äëÿ Ṽ 2
n , àññîöèèðîâàííîãî ñ ðèìàíîâûì ïðîñòðàíñòâîì Vn íåíóëåâîé ïîñòîÿííîé êðèâèçíû

íàéäåíà ñâÿçíîñòü, ïîñòðîåí òåíçîð êðèâèçíû.
Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàåòñÿ ñôåðà S2 â åâêëèäîâîì E3. Ïîëó÷åíî ïðèáëèæåíèå

2-ãî ïîðÿäêà äëÿ S̃2
2 , ïîäñ÷èòàíà ïîëíàÿ êðèâèçíà K̃n, íàéäåíû ãåîäåçè÷åñêèå ëèíèè íà S̃2

2 .
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Êîìïîíåíòû ïðîñòðàíñòâà îáùèõ ôóíêöèé íà ðèìàíîâîì äèñêå
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Îáîçíà÷èì ÷åðåç B � çàìêíóòûé êðóã (äâóõìåðíûé äèñê) ñ çàäàííîé íà íåì ðèìàíîâîé
ìåòðèêîé. Ïóñòü f : B → R � ãëàäêàÿ ôóíêöèÿ áåç êðèòè÷åñêèõ òî÷åê íà B.

Ïîä îñîáûìè òî÷êàìè áóäåì ïîíèìàòü êðèòè÷åñêèå òî÷êè îãðàíè÷åíèÿ ôóíêöèè íà
êðàé (äàëåå ïðîñòî êðèòè÷åñêèå òî÷êè) è òî÷êè, â êîòîðûõ ïîëå ãðàäèåíòà êàñàåòñÿ êðàÿ
(êàñàòåëüíûå òî÷êè). Ìû áóäåì ðàññìàòðèâàòü òîëüêî ôóíêöèè, ó êîòîðûõ âñå îñîáûå òî÷êè
èìåþò ðàçíûå çíà÷åíèÿ è íå ñóùåñòâóåò òðàåêòîðèè ñîåäèíÿþùåé äâå îñîáûå òî÷êè. Òàêèå
ôóíêöèè áóäåì íàçûâàòü îáùèìè.

Ãîìîòîïèÿ îáùèõ ôóíêöèé � ýòî ïóòü â ïðîñòðàíñòâå îáùèõ ôóíêöèé, ò.å. íåïðåðûâíîå
ñåìåéñòâî îáùèõ ôóíêöèé. Ïðè ýòîì êàæäîé ôóíêöèè ñîîòâåòñòâóåò ñâîÿ ðèìàíîâà ìåòðèêà.

Ïóñòü ÷èñëî êðèòè÷åñêèõ òî÷åê ðàâíî k, à îñîáûõ � n. Íà ìíîæåñòâå îñîáûõ òî÷åê
ââåäåì íóìåðàöèþ. Ïåðâîé òî÷êîé áóäåò òî÷êà ìèíèìóìà, ïðè äâèæåíèè ïî êðàþ ïðîòèâ
÷àñîâîé ñòðåëêè íîìåð òî÷êè âîçðàñòàåò. Êàæäîé îñîáîé òî÷êå ïîñòàâèì â ñîîòâåòèå íîìåð
êðèòè÷åñêîãî çíà÷åíèÿ ïî âîçðîñòàíèþ. Òàê òî÷êà ìèíèìóìà èìååò íîìåð 1, à ìàêñèìóìà �
íîìåð n. Òàêèì îáðàçîì ïîëó÷èì ïîäñòàíîâêå èç n ÷èñåë.

Êðîìå òîãî äëÿ êàæäîé îñîáîé òî÷êè, èç êîòîðîé âûõîäèò òðàåêòîðèÿ ïîëÿ ãðàäèåíòà,
ïîñòàâèì â ñîîòâåòñòâèå îñîáóþ òî÷êó, ïðåäøåñòâóþùóþ òî÷êå, â êîòîðîé ýòà òðàåêòîðèÿ
ïîêèäàåò êðóã. Òàêèì îáðàçîì ïîëó÷èì íàáîð óïîðÿäî÷åíûõ ïàð íîìåðîâ.

Ñõåìîé ôóíöèè íàçûâàåòñÿ íàáîð ñîñòîÿùèé èç ïîäñòàíîâêè èç n ÷èñåë è óïîðÿäî÷åííûõ
ïàð íîìåðîâ.

Ïî ïîäñòàíîâêå ìîæíî îïðåäåëèòü òèï îñîáîé òî÷êè. Åñëè çíà÷åíèå ôóíêöèè â ñîñåäíèõ
òî÷êàõ áîëüøå çíà÷åíèÿ îñîáîé òî÷êè, òî îíà åñòü ëîêàëüíûì ìèíèìóìîì, åñëè áîëüøå �
ìàêñèìóìîì. Îñòàëüíûå îñîáûå òî÷êè � òî÷êè êàñàíèÿ.

Òåîðåìà (êðèòåðèé ãîìîòîïíîñòè ôóíêöèé). Äâå îáùèå ôóíêöèè f, g : B → R áóäóò
ãîìîòîïíû òîãäà è òîëüêî òîãäà, êîãäà ñõåìà îäíîé ñîâïàäàåò ñî ñõåìîé äðóãîé ôóíêöèè.
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Ìåðà Õàóñäîðôà ìíîãîìåðíîãî êàðêàñà Ñåðïèíñêîãî I òèïà â åâêëèäîâîì

ïðîñòðàíñòâå

Þ. Ñ. Ðåçíèêîâà

(Èíñòèòóò ìàòåìàòèêà ÍÀÍ Óêðàèíû, Êèåâ, Óêðàèíà)

E-mail address: yurss@mail.ru

Îïðåäåëåíèå 1. ([1], [2]) Íåïóñòîå êîìïàêòíîå ìíîæåñòâî E ìåòðè÷åñêîãî ïðîñòðàíñòâà

{M,ρ} íàçûâàåòñÿ îäíîðîäíûì ñàìîïîäîáíûì ôðàêòàëüíûì ìíîæåñòâîì, åñëè{
E =

⋃n
i=1Ei, n > 1,

Ei
ki∼ E, 0 < ki < 1, i = 1, n.

Ðàññìîòðèì ôðàêòàëüíóþ ëèíèþ msSCar
(n), íàçâàííóþ àâòîðîì ìíîãîìåðíûì êàðêàñîì

Ñåðïèíñêîãî I òèïà.

Ñâîéñòâî 1. Ñ òî÷êè çðåíèÿ ãåîìåòðè÷åñêîé ñòðóêòóðû n−ìåðíûé êàðêàñ Ñåðïèíñêîãî

I òèïà, n ≥ 2, ÿâëÿåòñÿ îãðàíè÷åííûì ñàìîïîäîáíûì ôðàêòàëüíûì ìíîæåñòâîì,

ïðåäñòàâëÿþùèì ñîáîé îáúåäèíåíèå (n + 1) êîíãðóýíòíûõ è ïîäîáíûõ öåëîìó

íåïåðåêðûâàþùèõñÿ ÷àñòåé ñ êîýôôèöèåíòîì ïîäîáèÿ 1/2:

msSCar
(n) =

n+1⋃
i=1

Ei, Ei
1/2∼ms SCar

(n).

Î÷åâèäíî, ìíîãîìåðíûé êàðêàñ Ñåðïèíñêîãî I òèïà åñòü îäíîðîäíîå ñàìîïîäîáíîå
ôðàêòàëüíîå ìíîæåñòâî â ñìûñëå îïðåäåëåíèÿ (1).

Ñâîéñòâî 2. Òîïîëîãè÷åñêàÿ ðàçìåðíîñòü n−ìåðíîãî êàðêàñà Ñåðïèíñêîãî I òèïà, n ≥ 2,
ðàâíà åäèíèöå.

Ñâîéñòâî 3. Ðàçìåðíîñòü Õàóñäîðôà-Áåçèêîâè÷à n−ìåðíîãî êàðêàñà Ñåðïèíñêîãî I òèïà,

n ≥ 2, ðàâíà: α0(msSCar
(n)) = log2(n+ 1).

Ñâîéñòâî 4. Ìåðà Õàóñäîðôà n−ìåðíîãî êàðêàñà Ñåðïèíñêîãî I òèïà â n−ìåðíîì åâêëèäîâîì

ïðîñòðàíñòâå, n ≥ 2, ðàâíà:

Hn(α; 2)
(
ms
SCar(n)

)
=


+∞, α < α0,
1
n!

√
n+1
2n , α = α0 = log2(n+ 1),

0, α > α0.
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Õðîíîëîãè÷åñêèå è ïðè÷èííûå ãîìåîìîðôèçìû

À. Í. Ðîìàíîâ

(ÎìÃÓ, Îìñê, Ðîññèÿ)

E-mail address: aroms@yandex.ru

Ðàáîòà ïîñâÿùåíà ðàññìîòðåíèþ ïðîñòðàíñòâ, íàäåëåííûõ ëîðåíöåâîé ìåòðèêîé.
Ïðîâåäåíî èññëåäîâàíèå ñâÿçè òàê íàçûâàåìûõ ïðè÷èííûõ è õðîíîëîãè÷åñêèõ
ãîìåîìîðôèçìîâ ïðîñòðàíñòâà-âðåìåíè, ò.å. ãîìåîìîðôèçìîâ, ñîõðàíÿþùèõ ïðè÷èííîå
è õðîíîëîãè÷åñêîå áóäóùåå ëþáîé òî÷êè.

Ëîðåíöåâà ìåòðèêà íà ïðîñòðàíñòâå ôîðìèðóåò òàê íàçûâàåìûå õðîíîëîãè÷åñêóþ è
ïðè÷èííóþ ñòðóêòóðó ïðîñòðàíñòâà-âðåìåíè. Òàê, íàïðèìåð, õðîíîëîãè÷åñêèì áóäóùèì
ïðîèçâîëüíîé òî÷êè ÿâëÿåòñÿ ìíîæåñòâî òî÷åê, ëîðåíöåâî ðàññòîÿíèå äî êîòîðûõ îò
íà÷àëüíîé òî÷êè ÿâëÿåòñÿ ÷èñëîì ñòðîãî ïîëîæèòåëüíûì.

Ãîìåîìîðôèçì äâóõ ìíîãîîáðàçèé f : M →M ′ áóäåì íàçûâàòü õðîíîëîãè÷åñêèì, åñëè äëÿ
ëþáîé òî÷êè x ∈M âûïîëíÿåòñÿ ðàâåíñòâî:

f(I+x ) = I+f(x)

Ãîìåîìîðôèçì áóäåì íàçûâàòü ïðè÷èííûì, åñëè äëÿ ëþáîé òî÷êè x ∈ M âûïîëíÿåòñÿ
ðàâåíñòâî:

f(J+
x ) = J+

f(x)

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 1. Ïóñòü (M, g) è (M ′, g′)− äâà ïðîñòðàíñòâà-âðåìåíè, â êîòîðûõ ìíîæåñòâà

ïðè÷èííîãî áóäóùåãî J+
p , J

+
p′ çàìêíóòû äëÿ âñåõ òî÷åê p ∈ M,p′ ∈ M. Òîãäà, åñëè f :

M → M ′− õðîíîëîãè÷åñêèé ãîìåîìîðôèçì, òî f îäíîâðåìåííî ÿâëÿåòñÿ è ïðè÷èííûì

ãîìåîìîðôèçìîì.

Îáîçíà÷èì ÷åðåç C(M, g) îáîçíà÷åí êëàññ ëîðåíöåâûõ ìåòðèê íà ìíîãîîáðàçèè M ,
ãëîáàëüíî êîíôîðìíûõ ìåòðèêå g : g′ ∈ C(M, g) ⇔ g′ = Ωg äëÿ íåêîòîðîé ãëàäêîé
ôóíêöèè Ω : M → (0,∞). Ãîâîðÿò, ÷òî òî÷êà q ∈ M êîíå÷íî íåäîñòèæèìà ïðè÷èííûìè
êðèâûìè, âûõîäÿùèìè èç òî÷êè p, åñëè ëþáóþ îêðåñòíîñòü Uq òî÷êè q ìîæíî äîñòè÷ü
ïðè÷èííûìè êðèâûìè, âûõîäÿùèìè èç òî÷êè p, íî â òî æå âðåìÿ äëÿ ëþáîãî ÷èñëà N > 0
ñóùåñòâóåò îêðåñòíîñòü Uq òî÷êè q òàêàÿ, ÷òî ðèìàíîâà äëèíà ëþáîé ïðè÷èííîé êðèâîé γpU ,
íà÷èíàþùåéñÿ â p è çàêàí÷èâàþùåéñÿ âíóòðè îêðåñòíîñòè Uq, áîëüøå ÷èñëà N : L0(γpU ) > N.

Ëîðåíöåâî ìíîãîîáðàçèå îòíåñ¼ì ê êëàññó A, åñëè â íåì íå âûïîëíÿåòñÿ îäíîâðåìåííîå
íàëè÷èå è ÿâëåíèÿ êîíå÷íîé íåäîñòèæèìîñòè è ÿâëåíèÿ çàõâàòà ïðè÷èííûõ êðèâûõ
êîìïàêòíûì ìíîæåñòâîì.

Èñïîëüçóÿ ïðèâåäåííóþ òåðìèíîëîãèþ, ìîæíî ñäåëàòü ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 2. Ïóñòü (M, g) è (M ′, g′) � äâà ïðè÷èííûõ ïðîñòðàíñòâà-âðåìåíè êëàññà A,
óäîâëåòâîðÿþùèõ óñëîâèþ êîíå÷íîñòè ëîðåíöåâîé ôóíêöèè ðàññòîÿíèÿ äëÿ âñåõ ìåòðèê,

ãëîáàëüíî êîíôîðìíûõ äàííûì. Òîãäà, åñëè f : M → M ′ � õðîíîëîãè÷åñêèé ãîìåîìîðôèçì,

òî f ÿâëÿåòñÿ ãëàäêèì êîíôîðìíûì ïðåîáðàçîâàíèåì.
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Îá àôôèííîé èíòåðïðåòàöèè ïðåîáðàçîâàíèé Áýêëóíäà

À. Ê. Ðûáíèêîâ

(ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ)

E-mail address: arybnikov@mail.ru

Âïåðâûå ïðåîáðàçîâàíèÿ Áýêëóíäà âîçíèêëè â ðàáîòàõ Ë. Áèàíêè (1879 ã.), Ñ. Ëè
è À. Áýêëóíäà (1880 ã.) êàê ñîîòâåòñòâèÿ ìåæäó äâóìÿ ïîâåðõíîñòÿìè 3-ìåðíîãî
åâêëèäîâà ïðîñòðàíñòâà, çàäàííûå ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé ñïåöèàëüíîãî
òèïà, ñîäåðæàùåé äâå íåèçâåñòíûå ôóíêöèè äâóõ ïåðåìåííûõ (êàæäàÿ èç êîòîðûõ ÿâëÿåòñÿ
ðåøåíèåì íàïåðåä çàäàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ) è èõ ÷àñòíûå ïðîèçâîäíûå.
Â 1894 ã. Ã. Äàðáó ïåðâûì çàìåòèë, ÷òî ïðåîáðàçîâàíèÿ Áýêëóíäà ìîæíî ñ ñàìîãî
íà÷àëà ðàññìàòðèâàòü íå êàê ñîîòâåòñòâèÿ ìåæäó ïîâåðõíîñòÿìè åâêëèäîâà ïðîñòðàíñòâà,
íî êàê ïðåîáðàçîâàíèÿ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé. Âìåñòå ñ òåì è ñåé÷àñ
âûõîäÿò ðàáîòû, â êîòîðûõ ïðåîáðàçîâàíèÿ Áýêëóíäà ðàññìàòðèâàþòñÿ êàê ïðåîáðàçîâàíèÿ
ïîâåðõíîñòåé. Îäíàêî äî ñèõ ïîð íåò ðàáîò, â êîòîðûõ ïðåîáðàçîâàíèÿ Áýêëóíäà
èíòåðïðåòèðóþòñÿ êàê ïðåîáðàçîâàíèÿ ïîâåðõíîñòåé â ïðîñòðàíñòâå, îòëè÷íîì îò åâêëèäîâà
ïðîñòðàíñòâà (â ÷àñòíîñòè, â àôôèííîì ïðîñòðàíñòâå).

Íàø äîêëàä ïîñâÿùåí àôôèííîé èíòåðïðåòàöèè îòîáðàæåíèé Áýêëóíäà (ïðåîáðàçîâàíèÿ
Áýêëóíäà ÿâëÿþòñÿ ÷àñòíûì ñëó÷àåì îòîáðàæåíèé Áýêëóíäà) äëÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé 2-ãî ïîðÿäêà ñ íåèçâåñòíîé ôóíêöèåé äâóõ àðãóìåíòîâ. Â íàñòîÿùåé ðàáîòå ìû
îãðàíè÷èâàåìñÿ ðàññìîòðåíèåì òàê íàçûâàåìûõ îòîáðàæåíèé Áýêëóíäà êëàññà 1 (ñì. [1]).
Ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïðåäñòàâëÿþòñÿ â âèäå ïîâåðõíîñòåé àôôèííîãî
ïðîñòðàíñòâà, íà êîòîðûõ èíäóöèðîâàíà ñâÿçíîñòü îïðåäåëÿþùàÿ ïðåäñòàâëåíèå íóëåâîé
êðèâèçíû [2]. Êàê èçâåñòíî (ñì., íàïðèìåð, [1, 3]), ñâÿçíîñòè,îïðåäåëÿþùèå ïðåäñòàâëåíèÿ
íóëåâîé êðèâèçíû äëÿ çàäàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ïîðîæäàþò îòîáðàæåíèÿ
Áýêëóíäà äëÿ ýòîãî óðàâíåíèÿ.

Â ðàáîòå óñòàíîâëåíî, ÷òî â ñëó÷àå, êîãäà äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè
ïðîèçâîäíûìè 2-ãî ïîðÿäêà äîïóñêàåò îòîáðàæåíèå Áýêëóíäà êëàññà 1, äëÿ êàæäîãî
ðåøåíèÿ óðàâíåíèÿ íàéäåòñÿ êîíãðóýíöèÿ ïðÿìûõ â àôôèííîì ïðîñòðàíñòâå, îáðàçîâàííàÿ
êàñàòåëüíûìè ê àôôèííîìó îáðàçó ðåøåíèÿ. Ýòà êîíãðóýíöèÿ ïðåäñòàâëÿåò ñîáîé àôôèííûé
àíàëîã ïàðàáîëè÷åñêîé êîíãðóýíöèè â åâêëèäîâîì ïðîñòðàíñòâå. Îòîáðàæåíèå Áýêëóíäà
ìîæíî èíòåðïðåòèðîâàòü êàê ïðåîáðàçîâàíèå ïîâåðõíîñòåé àôôèííîãî ïðîñòðàíñòâà, ïðè
êîòîðîì àôôèííûé îáðàç ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ îòîáðàæàåòñÿ â òó èëè
èíóþ èç ãðàíè÷íûõ ïîâåðõíîñòåé êîíãðóýíöèè.
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Ìíîãî÷ëåíû äëÿ îáúåìîâ ïèðàìèä â ïðîñòðàíñòâàõ ïîñòîÿííîé êðèâèçíû 1

È. Õ. Ñàáèòîâ

(Ìîñêâà, ÌÃÓ; ßðîñëàâëü, ßðÃÓ)

E-mail address: isabitov@mail.ru

Ìíîãîãðàííèê P íàçûâàåòñÿ ïèðàìèäîé, åñëè â íåì åñòü âåðøèíà, ñîåäèíåííàÿ ðåáðîì ñ
êàæäîé èç îñòàëüíûõ âåðøèí. Íàçîâåì òàêóþ òî÷êó âåðøèíîé ïèðàìèäû. Ýòî îïðåäåëåíèå
ðàñïðîñòðàíÿåòñÿ íà ïèðàìèäû ëþáîé ðàçìåðíîñòè. Ïîêàçûâàåòñÿ, ÷òî â R3 ñóùåñòâóþò ïè-
ðàìèäû ëþáîãî òîïîëîãè÷åñêîãî òèïà, â òîì ÷èñëå è íåîðèåíòèðóåìûå. Äëÿ îðèåíòèðîâàííûõ
ñèìïëèöèàëüíûõ ìíîãîãðàííèêîâ â Rn, n ≥ 3, èçâåñòíî ïîíÿòèå îáîáùåííîãî îáúåìà ìíîãî-
ãðàííèêà êàê ñóììû îáúåìîâ îðèåíòèðîâàííûõ òåòðàýäðîâ ñ íåêîòîðîé îáùåé âåðøèíîé O è
ñ îñíîâàíèÿìè íà ãèïåðãðàíÿõ ìíîãîãðàííèêà, çíà÷åíèå êîòîðîãî íå çàâèñèò îò âûáîðà òî÷êè
O. ñì. [1]. Ìû ðàñïðîñòðàíÿåì ýòî ïîíÿòèå íà ïèðàìèäû â ñôåðè÷åñêîì è ãèïåðáîëè÷åñêîì
ïðîñòðàíñòâàõ. Ïðèìåì çà òî÷êó O âåðøèíó ïèðàìèäû. Òîãäà äëÿ îáîáùåííîãî îáúåìà V
èìååì ôîðìóëó

V = ε1|V1|+ ...+ εk|Vk|, (1)

ãäå k � ÷èñëî ãèïåðãðàíåé ïèðàìèäû, εi|Vi| = Vi, 1 ≤ i ≤ k, à Vi -îðèåíòèðîâàííûé îáúåì
n-ìåðíîãî òåòðàýäðà ñ îñíîâàíèåì íà i-é ãèïåðãðàíè ðàññìàòðèâàåìîé ïèðàìèäû. Ó ýòèõ òåò-
ðàýäðîâ èçâåñòíû äëèíû âñåõ ðåáåð, ïîýòîìó èçâåñòíû èõ îáúåìû, íî çíàêè çíà÷åíèé îáúåìîâ
ìîãóò áûòü ðàçíûìè â çàâèñèìîñòè îò êîíôèãóðàöèè ïèðàìèäû â ïðîñòðàíñòâå ïðè èçâåñòíûõ
äëèíàõ åå ðåáåð. Äëÿ òîãî, ÷òîáû ïîëó÷èòü ìíîãî÷ëåí îáúåìà, íóæíî èñêëþ÷èòü íåîïðåäåëåí-
íûå çíà÷åíèÿ εi. Ýòî äåëàåòñÿ ýëåìåíòàðíûìè ïðåîáðàçîâàíèÿìè è ìû ïðèõîäèì ê òåîðåìå:

Òåîðåìà 1 Äëÿ âñåõ èçîìåòðè÷íûõ ìåæäó ñîáîé ïèðàìèä ñ äàííûì êîìáèíàòîðíûì ñòðî-

åíèåì è ñ äàííûìè çíà÷åíèÿìè äëèí ðåáåð ñóùåñòâóåò ìíîãî÷ëåí

Q(V ) = V 2N + a1V
2N−2 + ...+ aN−1V

2 + aN , (2)

òàêîé, ÷òî êâàäðàò îáîáùåííîãî îáúåìà ëþáîé ïèðàìèäû èç ðàññìàòðèâàåìîãî ñåìåéñòâà

ÿâëÿåòñÿ êîðíåì ýòîãî ìíîãî÷ëåíà Q(V ), êîýôôèöèåíòû êîòîðîãî â ñâîþ î÷åðåäü ÿâëÿþòñÿ

ìíîãî÷ëåíàìè îò âåëè÷èí V 2
i êàê îò ïåðåìåííûõ.

Îòìåòèì, ÷òî ñòåïåíü 2N ìíîãî÷ëåíà Q(V ) ðàâíà 2p, ãäå p = k − m, à m ðàâíî ÷èñëó ãè-
ïåðãðàíåé, èíöèäåíòíûõ âåðøèíå ïèðàìèäû. Íàïðèìåð, â ñëó÷àå òðåõìåðíîãî ïðîñòðàíñòâà
p = n− 3 + 2g, ãäå n � ÷èñëî âåðøèí ìíîãîãðàííèêà, à g � åãî òîïîëîãè÷åñêèé ðîä. Åñëè ðàñ-
ñìàòðèâàþòñÿ ïèðàìèäû ðîäà 0 â R3, òîãäà âñå êîðíè V 2 ìíîãî÷ëåíà äåéñòâèòåëüíî ÿâëÿþòñÿ
îáúåìàìè 2p−1 ïèðàìèä, òàê ÷òî òîãäà ñòåïåíü ìíîãî÷ëåíà ÿâëÿåòñÿ íàèìåíüøåé âîçìîæíîé
ñòåïåíüþ äëÿ ìíîãî÷ëåíà îáúåìà. Â åâêëèäîâîì ñëó÷àå îáúåìû V 2

i âûðàæàþòñÿ â ÿâíîì âèäå
êàê ìíîãî÷ëåíû îò êâàäðàòîâ äëèí ðåáåð òåòðàýäðà, è ïîëó÷àåòñÿ èçâåñòíûé ìíîãî÷ëåí îáúå-
ìà ìíîãîãðàííèêà êàê îáîáùåíèå ôîðìóëû Ãåðîíà-Ýéëåðà. Â ñôåðè÷åñêîì è ãèïåðáîëè÷åñêîì
ïðîñòðàíñòâàõ òàêîé ôîðìóëû äëÿ îáúåìà òåòðàýäðîâ íåò, íî òåì íå ìåíåå îáúåìû òåòðàýäðîâ
èçâåñòíû ïî áîëåå ñëîæíûì ôîðìóëàì è ìû òîæå ïîëó÷àåì â ýòèõ ïðîñòðàíñòâàõ ìíîãî÷ëåí
îáúåìà â íåñêîëüêî äðóãîì âèäå. ÷åì â åâêëèäîâîì ñëó÷àå.

Ñïèñîê ëèòåðàòóðû

[1] È. Õ. Ñàáèòîâ Àëãåáðàè÷åñêèå ìåòîäû ðåøåíèÿ ìíîãîãðàííèêîâ. // Óñïåõè ìàòåìàòè÷å-
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Î íåêîòîðûõ 4-ìåðíûõ íåëîðåíöåâûõ ìíîãîîáðàçÿõ, äîïóñêàþùèõ ïðîåêòèâíûå

äâèæåíèÿ.

Ã. À. Ñåðÿêèí

(ÊÔÓ, Êàçàíü, Ðîññèÿ)

E-mail address: George.Seryakin@ksu.ru

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ 4-ìåðíûõ íåëîðåíöåâûõ ìíîãîîáðàçèé íóëåâîé ñèãíàòóðû,
îáëàäàþùåèõ ñèììåòðèÿìè â ôîðìå ïðîåêòèâíûõ äâèæåíèé. Ñ êàæäûì ïðîåêòèâíûì
äâèæåíèåì ñâÿçàíà ñîõðàíÿþùàÿñÿ âåëè÷èíà, êîòîðàÿ îñòàåòñÿ ïîñòîÿííîé âäîëü êàæäîé 4-
ãåîäåçè÷åñêîé è îïðåäåëÿåò çàêîí ñîõðàíåíèÿ.

Äëÿ òîãî, ÷òîáû âåêòîðíîå ïîëåX áûëî ïðîåêòèâíûì äâèæåíèåì, íåîáõîäèìî è äîñòàòî÷íî
âûïîëíåíèå ñëåäóþùèõ óñëîâèé:

(LXGAB);C = 2GABϕ;C +GACϕ;B +GBCϕ;A, (1)

çäåñü A,B = [1, ..., 4], LXGAB� ïðîèçâîäíàÿ Ëè ìåòðèêè GAB â íàïðàâëåíèè ïðîåêòèâíîãî
äâèæåíèÿ X, ϕ åñòü 1-ôîðìà, è òî÷êà ñ çàïÿòîé îçíà÷àåò êîâàðèàíòíîå äèôôåðåíöèðîâàíèå
îòíîñèòåëüíî ìåòðèêèGAB. Óðàâíåíèÿ (1) ðàçáèâàþòñÿ íà äâå ãðóïïû: óðàâíåíèÿ Ýéçåíõàðòà

hAB;C = 2GABϕ;C +GACϕ;B +GBCϕ;A (2)

è îáîáùåííûå óðàâíåíèÿ Êèëëèíãà

(LXGAB);C = hAB (3)

Ìåòðèêè, äîïóñêàþùèå íåòðèâèàëüíûå ðåøåíèÿ hAB 6= cGAB óðàâíåíèé Ýéçåíõàðòà,
íàçûâàþòñÿ h-ìåòðèêàìè, à ñîîòâåòñòâóþùèå ïðîñòðàíñòâà � h-ïðîñòðàíñòâàìè.

Â ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà ñèãíàòóðà òåíçîðà GAB íóëåâàÿ. Ïðè ïîìîùè
ìåòîäà êîñîíîðìàëüíîãî ðåïåðà À. Â. Àìèíîâîé [1] áûëè ïîëó÷åíû h-ìåòðèêè óêàçàííîãî
òèïà è èññëåäîâàíà èõ ñòðóêòóðà.
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Î ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèÿõ "â öåëîì" êåëåðîâûõ ïðîñòðàíñòâ ïðè

íåêîòîðûõ óñëîâèÿõ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî õàðàêòåðà

Å. Í. Ñèíþêîâà

(Þæíîóêðàèíñêèé íàöèîíàëüíûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èìåíè Ê.Ä. Óøèíñêîãî,
Îäåññà, Óêðàèíà)

E-mail address: Marbel@ukr.net

Îñíîâíûå óðàâíåíèÿ òåîðèè ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèé êåëåðîâûõ
ïðîñòðàíñòâ ðàññìàòðèâàþòñÿ â âèäå ëèíåéíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
â êîâàðèàíòíûõ ïðîèçâîäíûõ, ïåðâîãî ïîðÿäêà, òèïà Êîøè ([1], [2]).

Ñ èñïîëüçîâàíèåì èçâåñòíîé òåîðåìû Ãðèíà([3],[4]) ñ ïîìîùüþ îãðàíè÷åíèé íà
çíàêîîïðåäåëåííîñòü àëãåáðàè÷åñêèõ ôîðì, êîýôôèöèåíòû êîòîðûõ ñîäåðæàò êîâàðèàíòíûå
ïðîèçâîäíûå òåíçîðîâ Ðèìàíà, Ðè÷÷è, ñêàëÿðíîé êðèâèçíû, âûäåëåíû íîâûå êëàññû â öåëîì
ãîëîìîðôíî-ïðîåêòèâíî îäíîçíà÷íî îïðåäåëåííûõ êåëåðîâûõ ïðîñòðàíñòâ.

Â ÷àñòíîñòè äîêàçàíû
Òåîðåìà 1. Êîìïàêòíûå, ñ ïîëîæèòåëüíî îïðåäåëåííîé ìåòðèêîé êåëåðîâû Cr-

ïðîñòðàíñòâàKn (n > 2, r > 4), â êîòîðûõ êâàäðàòè÷íàÿ îòíîñèòåëüíî ñèììåòðè÷íîãî äâàæäû
êîíòðàâàðèàíòíîãî òåíçîðà bij ôîðìà

bαβbγσRα.
γ
.
σ
.
β
. , Rαβ γ

. . ,.γηαηβ íåïîëîæèòåëüíà, â öåëîì íå äîïóñêàþò íåòðèâèàëüíûõ
ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèé.

Òåîðåìà 2. Êîìïàêòíûå êåëåðîâû Cr-ïðîñòðàíñòâà Kn(n > 2, r > 4), â êîòîðûõ ôîðìà

(2Rγ.α,βγ − 3R γ
αβ,.γ)η

αηβ

ñòðîãî çíàêîîïðåäåëåíà, â öåëîì íå äîïóñêàþò íåòðèâèàëüíûõ ãîëîìîðôíî-ïðîåêòèâíûõ
îòîáðàæåíèé.

Ïðèâåäåíû ïðèìåðû êåëåðîâûõ ïðîñòðàíñòâ, óäîâëåòâîðÿþùèõ óñëîâèÿì äàííûõ òåîðåì.
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Ñâÿçíîñòü Êàðòàíà â îáîáùåííîì ëàãðàíæåâîì ïðîñòðàíñòâå ñî ñïåöèàëüíîé

ìåòðèêîé

Î. Ï. Ñóðèíà

(ÏÃÏÓ èìåíè Â.Ã. Áåëèíñêîãî, Ïåíçà, Ðîññèÿ)

E-mail address: geometry@spu-penza.ru.

ÏóñòüM - ãëàäêîå n - ìåðíîå ìíîãîîáðàçèå, TM - êàñàòåëüíîå ðàññëîåíèå íàäM , π : TM →
M - êàíîíè÷åñêàÿ ïðîåêöèÿ, x → (xi) - ëîêàëüíûå êîîðäèíàòû íà M , z = (x, y) → (xi, yi) -
åñòåñòâåííûå ëîêàëüíûå êîîðäèíàòû íà TM (i, j, ... = 1, n).

Ìíîãîîáðàçèå M íàçûâàþò îáîáùåííûì ëàãðàíæåâûì ïðîñòðàíñòâîì Ln, åñëè íà M
çàäàíî ñèììåòðè÷åñêîå íåâûðîæäåííîå òåíçîðíîå ïîëå g ôèíñëåðîâà òèïà - ìåòðè÷åñêèé
òåíçîð ïðîñòðàíñòâà. Êîìïîíåíòû gij(x, y) ýòîãî ïîëÿ ÿâëÿþòñÿ ãëàäêèìè ôóíêöèÿìè
ëîêàëüíûõ êîîðäèíàò êàñàòåëüíîãî ðàññëîåíèÿ TM .

Èññëåäóåòñÿ îáîáùåííîå ëàãðàíæåâî ïðîñòðàíñòâî Ln ñ ìåòðè÷åñêèì òåíçîðîì [1]

gij = ϕ · e2σγij (1)

ãäå ϕ = ϕ(x) - ôóíêöèÿ íà M , σ = σ(u) - ôóíêöèÿ àðãóìåíòà u = 1
2γpsy

pys, γij = γij(x)
- êîìïîíåíòû ðèìàíîâà ìåòðè÷åñêîãî òåíçîðà. Åñòåñòâåííî âîçíèêàåò çàäà÷à âû÷èñëåíèÿ
êîýôôèöèåíòîâ ñâÿçíîñòè Êàðòàíà äëÿ îáîáùåííîãî ëàãðàíæåâà ïðîñòðàíñòâà ñ ìåòðèêîé
(1). Àíàëèçèðóÿ óñëîâèå êîâàðèàíòíîãî ïîñòîÿíñòâà ìåòðè÷åñêîãî òåíçîðà (1) â ñâÿçíîñòè ∇∗
íàõîäèì ÿâíîå âûðàæåíèå êîýôôèöèåíòîâ ñâÿçíîñòè Γ∗kij è åå òåíçîðíîé ÷àñòè Ckij [1]:

Γ∗kij = Γkij +
γpk

2ϕ(1 + 2σ′u)
{∂iϕγpj + ∂jϕγip − ∂pϕγij}

Ckij = σ′ · (δkj γpiyp + δki γpjy
p − ykγij)
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Î ñîáñòâåííûõ (â ñìûñëå Àðåíñà-Äóãóíäæè) è ñåêâåíöèàëüíî ñîáñòâåííûõ

òîïîëîãèÿõ íà ìíîæåñòâå îòîáðàæåíèé.

Â. Ë. Òèìîõîâè÷, Ä. Ñ. Ôðîëîâà

(ÁÃÓ, Ìèíñê, Áåëàðóñü)

E-mail address: frolova@mail.by

Ïóñòü X, Y � íåêîòîðûå òîïîëîãè÷åñêèå ïðîñòðàíñòâà, Cτ (X,Y ) � ìíîæåñòâî âñåõ
íåïðåðûâíûõ îòîáðàæåíèé X â Y ñ íåêîòîðîé òîïîëîãèåé τ , A � íåêîòîðûé êëàññ
òîïîëîãè÷åñêèõ ïðîñòðàíñòâ. Òîïîëîãèÿ τ íàçûâàåòñÿ ñîáñòâåííîé [1] (A-ñîáñòâåííîé [2]),
åñëè äëÿ ëþáûõ ïðîñòðàíñòâà Z (Z ∈ A) è îòîáðàæåíèÿ F ∈ C(X × Z, Y ) îêàçûâàåòñÿ
F ∗ ∈ C(Z,Cτ (X,Y )) (ñì. òàêæå îáçîðíóþ ñòàòüþ [3]). Â [2] ïîêàçàíî, ÷òî ìàêñèìàëüíàÿ
ïî âêëþ÷åíèþ A-ñîáñòâåííàÿ òîïîëîãèÿ ñóùåñòâóåò äëÿ ëþáîãî êëàññà A.

Íàìè ðàññìàòðèâàåòñÿ êëàññ S âñåõ ñåêâåíöèàëüíûõ òîïîëîãè÷åñêèõ ïðîñòðàíñòâ è
ñîîòâåòñòâóþùåå ñåìåéñòâî âñåõ S-ñîáñòâåííûõ òîïîëîãèé íà C(X,Y ). Ðåøàåòñÿ âîïðîñ
î ïîëîæåíèè ìàêñèìàëüíîé S-ñîáñòâåííîé òîïîëîãèè τ∗s â ÷àñòè÷íî óïîðÿäî÷åííîì ïî
âêëþ÷åíèþ ñåìåéñòâå T âñåõ òîïîëîãèé íà C(X,Y ) è åå âçàèìîñâÿçü ñ ìàêñèìàëüíîé
ñîáñòâåííîé òîïîëîãèåé τ∗. Îñíîâíûå èç ïîëó÷åííûõ ðåçóëüòàòîâ óòî÷íÿþò ñîîòíîøåíèå
τ∗s ⊃ τ∗.

Òåîðåìà 1. Åñëè ïðîñòðàíñòâî Y èçìåëü÷àåòñÿ, òî äîñòàòî÷íûì, à åñëè X
ïàðàëèíäåëåôîâî è ïàðà (X,Y ) óäîâëåòâîðÿåò óñëîâèþ T∗∗, òî è íåîáõîäèìûì óñëîâèåì

ñîâïàäåíèÿ τ∗s = τ∗ ÿâëÿåòñÿ ëèíäåëåôîâîñòü ïðîñòðàíñòâà X.

Òåîðåìà 2. Åñëè ïðîñòðàíñòâî Y èçìåëü÷àåòñÿ è ïðîñòðàíñòâî X ëèíäåëåôîâî, òî

äîñòàòî÷íûì, à åñëè ïàðà (X,Y ) óäîâëåòâîðÿåò óñëîâèþ T∗∗, òî è íåîáõîäèìûì óñëîâèåì

ñîâïàäåíèÿ τ∗s = τ∗ ÿâëÿåòñÿ âûïîëíåíèå äëÿ ïðîñòðàíñòâà X óñëîâèÿ (LFCCC).

Ïîÿñíèì íåêîòîðûå èç óïîìÿíóòûõ ïîíÿòèé. Ïðîñòðàíñòâî X íàçûâàåòñÿ ëèíäåëåôîâûì
[4, ñ.182], åñëè èç ëþáîãî åãî ïîêðûòèÿ ìîæíî âûáðàòü íå áîëåå ÷åì ñ÷åòíîå ïîäïîêðûòèå;
ïàðàëèíäåëåôîâûì [4, ñ.200], åñëè â ëþáîå åãî ïîêðûòèå ìîæíî âïèñàòü ëîêàëüíî ñ÷åòíîå
ïîêðûòèå; óäîâëåòâîðÿþùèì óñëîâèþ (LFCCC) [5] (Locally Finite Countable Chain Condition),
åñëè ëþáîå ëîêàëüíî êîíå÷íîå â X ñåìåéñòâî íåïóñòûõ îòêðûòûõ ìíîæåñòâ íå áîëåå ÷åì
ñ÷åòíî. Ìû ãîâîðèì, ÷òî óïîðÿäî÷åííàÿ ïàðà ïðîñòðàíñòâ (X,Y ) óäîâëåòâîðÿåò óñëîâèþ T∗∗,
åñëè íàéäóòñÿ òî÷êè y0 ∈ Y è z ∈ Y \ {y0} òàêèå, ÷òî äëÿ ëþáîãî îòêðûòîãî â X íåïóñòîãî
ìíîæåñòâà U ìîæíî ïîäîáðàòü îòîáðàæåíèå h ∈ C(X,Y ) òàê, ÷òîáû z ∈ h(U) è h(x) = y0
ïðè x ∈ X \ U . Îòìåòèì, ÷òî óñëîâèþ T∗∗ óäîâëåòâîðÿåò ëþáàÿ ïàðà (X,Y ), ãäå X âïîëíå
ðåãóëÿðíî, à Y ñîäåðæèò íåòðèâèàëüíóþ êðèâóþ (ò.å. íåîäíîòî÷å÷íûé íåïðåðûâíûé îáðàç
îòðåçêà).
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Î ñèììåòðè÷åñêîé ñâÿçíîñòè, èíäóöèðóåìîé ñåðäöåâèíîé ëåâîé òêàíè Áîëà

Ã. À. Òîëñòèõèíà

(Òâåðñêîé ãîñóíèâåðñèòåò, Òâåðü, Ðîññèÿ)

E-mail address: science@tversu.ru

Èçâåñòíî [1], [2], ÷òî ëþáàÿ ëåâàÿ òðè-òêàíü Áîëà Bl ≡ Bl(r, r, r) èíäóöèðóåò íà áàçå ïåðâîãî
ñëîåíèÿ ëîêàëüíóþ ãëàäêóþ êâàçèãðóïïó, íàçûâàåìóþ ñåðäöåâèíîé òêàíè Bl. Îòìåòèì, ÷òî
ñåðäöåâèíà òêàíè Bl íå èçîòîïíà, âîîáùå ãîâîðÿ, ëîêàëüíîé êîîðäèíàòíîé êâàçèãðóïïå òêàíè.
Ñîãëàñíî [3] ñåðäöåâèíà òêàíè Bl (è òîëüêî òàêîé òêàíè) ïîðîæäàåò ëîêàëüíî ñèììåòðè÷åñêóþ
ñâÿçíîñòü, îáîçíà÷èì åå Γ̃. Ýòà ñâÿçíîñòü îïðåäåëÿåòñÿ ôîðìàìè ω

1

i è ω̃i
j , óäîâëåòâîðÿþùèìè

ñòðóêòóðíûì óðàâíåíèÿì:
dω
1

i = ω
1

j ∧ ω̃i
j ,

dω
2

i = ω
2

j ∧ ω̃i
j − aijkω2

j ∧ ω
3

k,

dω̃i
j = ω̃k

j ∧ ω̃i
k + R̃i

jklω1
k ∧ ω

1

l,

∇̃aijk =
1

2
bijkl(ω

3

l + ω
2

l),

∇̃bijkl = (aiplb
p
jkm + apjkb

i
plm)(ω

3

m + ω
2

m),

ãäå ω
1

i è ω
2

i � áàçèñíûå ôîðìû íà ìíîãîîáðàçèè M, íåñóùåì òêàíü Bl, a
i
jk è bijkl � òåíçîðû

êðó÷åíèÿ è êðèâèçíû òêàíè, ∇̃ � îïåðàòîð êîâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ â ñâÿçíîñòè Γ̃.
Íàïîìíèì [1], ÷òî ñëîåíèÿ òêàíè çàäàþòñÿ óðàâíåíèÿìè:

λ1 : ω
1

i = 0, λ2 : ω
2

i = 0, λ3 : ω
3

i def≡ ω
1

i + ω
2

i = 0,

à òêàíü Bl õàðàêòåðèçóåòñÿ óñëîâèÿìè bi(jk)l = 0. Ñâÿçíîñòü Γ̃ íå èìååò êðó÷åíèÿ, à åå òåíçîð

êðèâèçíû (îí îáîçíà÷åí R̃i
jkl) âûðàæàåòñÿ ÷åðåç òåíçîðû aijk è bijkl, à èìåííî:

R̃i
jkl =

1

4
(biklj − 2aimja

m
kl),

ïðè ýòîì ∇̃R̃i
jkl = 0.

Â ÷àñòíîñòè, ñâÿçíîñòü Γ̃ ìîæåò áûòü ëîêàëüíî ïëîñêîé, òî åñòü R̃i
jkl = 0. Ñïðàâåäëèâà

Òåîðåìà 1. Ëîêàëüíî ñèììåòðè÷åñêàÿ ñâÿçíîñòü Γ̃, èíäóöèðóåìàÿ ëåâîé òêàíüþ Áîëà Bl

íà áàçå åå ïåðâîãî ñëîåíèÿ, ÿâëÿåòñÿ ëîêàëüíî ïëîñêîé â òîì è òîëüêî â òîì ñëó÷àå, åñëè

ñåðäöåâèíà òêàíè Bl èçîòîïíà àáåëåâîé ãðóïïå.
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Ãåîìåòðè÷åñêèé ñèíòåç

À.Ô. Òóðáèí

(Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, ÍÏÓ èì. Ì. Äðàãîìàíîâà, ã.Êèåâ, Óêðàèíà)

E-mail address: turbin@imath.kiev.ua

Þ.Ä. Æäàíîâà

(Ãîñóäàðñòâåííûé óíèâåðñèòåò èíôîðìàöèîííî-êîììóíèêàöèîííûõ òåõíîëîãèé, ã.Êèåâ)

E-mail address: yuzhdanova@yandex.ru

Âåëèêèé È. Êåïëåð â ñâîèõ ¾Ðàçìûøëåíèÿõ î ñíåæèíêàõ¿ íàçûâàë ðîìáîäîäåêàýäð

(14, 24, 12) ¾íàèáîëåå ïðàâèëüíîé ôèãóðîé, êîòîðàÿ ïîäîáíî òðåóãîëüíèêàì, êâàäðàòàì è

øåñòèóãîëüíèêàì çàïîëíÿåò âñå ïðîñòðàíñòâî¿. Ðîìáîäîäåêàýäð � ðåçóëüòàò ãåîìåòðè÷åñêîãî

ñèíòåçà äâóõ ïðàâèëüíûõ äâîéñòâåííûõ äðóã äðóãó ìíîãîãðàííèêîâ: êóáà (8=14 - 6, 12, 6) è

îêòàýäðà (6=14 � 8, 12, 8).

Ðåçóëüòàò ãåîìåòðè÷åñêîãî ñèíòåçà äâóõ ïðàâèëüíûõ äâîéñòâåííûõ äðóã äðóãó

ìíîãîãðàííèêîâ: èêîñàýäðà (12=32-20, 30, 20) è äîäåêàýäðà (20=32�12, 30, 12) � ðåãóëÿðíûé

âûïóêëûé 32�âåðøèííèê, äâóìåðíûå ãðàíè êîòîðîãî ðîìáû.

Êàêèå ìíîãîãðàííèêè â àôôèííî�åâêëèäîâûõ ïðîñòðàíñòâàõ En (R) , n ≥ 4, ÿâëÿþòñÿ
àíàëîãàìè ðîìáîäîäåêàýäðà È. Êåïëåðà?

Â E4 (R) ìåãàîêòàýäð Ë. Øëåôëè (24, 96, 96, 24) � ðåçóëüòàò ãåîìåòðè÷åñêîãî ñèíòåçà

äâóõ ïðàâèëüíûõ äâîéñòâåííûõ äðóã äðóãó ìíîãîãðàííèêîâ: ãèïåðêóáà (16=24-8, 32, 24, 8) è

äâîéñòâåííîãî åìó ìåãàòåòðàýäðà (8=24�16, 24, 32,16).

14 = 23 + 2 · 3, 23 = 8 � ÷èñëî âåðøèí êóáà (8, 12, 6),

2 · 3 = 6 -� ÷èñëî âåðøèí äâîéñòâåííîãî êóáó îêòàýäðà (6, 12, 8).

24 = 24 + 2 · 4, 24 = 16 -� ÷èñëî âåðøèí ãèïåðêóáà (16, 32, 24, 8),

2 · 4 = 8 � ÷èñëî âåðøèí äâîéñòâåííîãî ãèïåðêóáó ìåãàòåòðàýäðà (8=24�16, 24,32,16).

Â ïðîñòðàíñòâàõ En (R) , n ≥ 5, ðåçóëüòàò ãåîìåòðè÷åñêîãî ñèíòåçà äâóõ ïðàâèëüíûõ

äâîéñòâåííûõ äðóã äðóãó ìíîãîãðàííèêîâ: ãèïåðêóáà (÷èñëî âåðøèí ðàâíî 2n) è

äâîéñòâåííîãî ãèïåðêóáó ìåãàòåòðàýäðà (÷èñëî âåðøèí ðàâíî 2 · n) -� ïðàâèëüíûé

ñàìîäâîéñòâåííûé (2n + 2 · n)�âåðøèííèê, òð¼õìåðíûå ãðàíè êîòîðîãî îêòàýäðû.

Ñóïåðîêòàýäðû Superoctn (2
n + 2 · n) çàïîëíÿþò En (R) , n ≥ 5, è òàêæå ñîâåðøåííû,

êàê ìåãàîêòàýäð Ë. Øëåôëè (24, 96, 96, 24). Â äîêëàäå äåìîíñòðèðóþòñÿ ñóïåîêòàýäðû

Superoct5
(
25 + 2 · 5 = 42

)
è Superoct6

(
26 + 2 · 6 = 76

)
.
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Ðåøåíèå äâóìåðíîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà â

êëèíîâèäíî-ñëîèñòîé ñðåäå ñ ïðèìåíåíèåì â òåîðèè óïðóãîñòè è ñòàöèîíàðíîé

òåïëîïðîâîäíîñòè

Í.Ä. Âàéñôåëüä, À.Ï. Ìîéñååíîê, Ã.ß. Ïîïîâ

(Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò èì. È.È. Ìå÷íèêîâà, ÈÌÅÌ, Îäåññà, Óêðàèíà)

E-mail address: vaysfeld@onu.edu.ua

Ïîä êëèíîâèäíî-ñëîèñòîé ñðåäîé (0 ≤ r ≤ ∞, ω0 < θ < ωn) ïîíèìàåòñÿ êëèí, ìîäóëü
ñäâèãà G êîòîðîãî ìåíÿåòñÿ ñêà÷êîîáðàçíî íà ïîâåðõíîñòÿõ θ = ωi, i = 0, 1, ..., n. Â êàæäîé
èç êëèíîâèäíûõ îáëàñòåé ðàçûñêèâàåòñÿ íåèçâåñòíàÿ ôóíêöèÿ Wi(r, θ), i = 1, ..., n� ðåøåíèå
äâóìåðíîãî óðàâíåíèÿ Ëàïëàñà, óäîâëåòâîðÿþùåå óñëîâèÿì ñîïðÿæåíèÿ íà ïîâåðõíîñòÿõ
θ = ωi, i = 1, ..., n− 1 :

1) óñëîâèþ ðàâåíñòâà çíà÷åíèé ôóíêöèè íà ëèíèè θ = ωi : Wi(r, ωi−1) =Wi−1(r, ωi−1);

2) óñëîâèþ ðàâåíñòâà íîðìàëüíûõ ïðîèçâîäíûõ W •
i (r, ωi−1) =

Gi−1

Gi
W •

i−1
(r, ωi−1), i = 2, 3, ..., n.

Íà âíåøíèõ ãðàíÿõ êëèíà ñ÷èòàþòñÿ çàäàííûìè íîðìàëüíûå ïðîèçâîäíûå

W •
1 (r, ω0) =

1

G1
rq(r), W •

1 (r, ωn) =
1

Gn
rq̃(r)

Òðåáóåòñÿ îïðåäåëèòü íàïðÿæåííîå ñîñòîÿíèå áåñêîíå÷íîãî ñëîèñòîãî êëèíà.
Ñ ïîìîùüþ èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ìåëëèíà çàäà÷à ñâåäåíà ê îäíîìåðíîé, ÿâíîå

ðåøåíèå êîòîðîé íàéäåíî íà îñíîâå ðåêóððåíòíîé ñõåìû äëÿ ïðîèçâîëüíîãî êîëè÷åñòâà ñëî¼â
[1]. Îáðàòíîå ïðåîáðàçîâàíèå Ìåëëèíà ñ ïîñëåäóþùèì ïðèìåíåíèåì òåîðåìû î âû÷åòàõ
ïîçâîëÿåò ïîëó÷èòü îêîí÷àòåëüíîå ðåøåíèå ïîñòàâëåííîé çàäà÷è. Ïðåäëîæåííûé ìåòîä
ðåøåíèÿ çàäà÷è ïðîèëëþñòðèðîâàí ïîäðîáíî äëÿ ñëó÷àÿ äâóõñëîéíîãî êëèíà. Íàïðÿæåííîå
ñîñòîÿíèå îáëàñòè èññëåäîâàíî â çàâèñèìîñòè îò ãåîìåòðè÷åñêèõ è ìåõàíè÷åñêèõ ïàðàìåòðîâ
ñëîåâ.

Ëèòåðàòóðà

1. Ïîïîâ Ã.ß. Êîíöåíòðàöèÿ óïðóãèõ íàïðÿæåíèé âîçëå øòàìïîâ, ðàçðåçîâ, òîíêèõ

âêëþ÷åíèé è ïîäêðåïëåíèé. Íàóêà, 1982.
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Èçîáèëèå êëàññîâ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè íà áëóæäàþùåì ìíîæåñòâå

âíóòðåííåãî îòîáðàæåíèÿ ñôåðû

È. Þ. Âëàñåíêî

(Èíñòèòóò Ìàòåìàòèêè, Êèåâ, Óêðàèíà)

E-mail address: vlasenko@imath.kiev.ua

Â ñëó÷àå ãîìåîìîðôèçìîâ, äèíàìèêà íà ìíîæåñòâå áëóæäàþùèõ òî÷åê óñòðîåíà
îòíîñèòåëüíî ïðîñòî. Íàïðèìåð, äëÿ ãîìåîìîðôèçìîâ ñôåðû, ó êîòîðûõ íåáëóæäàþùåå
ìíîæåñòâî ñîñòîèò èç äâóõ òî÷åê � ñòîêà è èñòî÷íèêà, îãðàíè÷åíèÿ ýòèõ ãîìåîìîðôèçìîâ
íà áëóæäàþùåå ìíîæåñòâî ïðèíàäëåæàò îäíîìó êëàññó òîïîëîãè÷åñêîé ñîïðÿæåííîñòè.

Îäíàêî óæå â ñëó÷àå ðàçâåòâëåííîãî íàêðûâàþùåãî âíóòðåííåãî îòîáðàæåíèÿ ñôåðû,
ó êîòîðîãî íåáëóæäàþùåå ìíîæåñòâî ñîñòîèò èç äâóõ òî÷åê � ñòîêà è èñòî÷íèêà,
íà áëóæäàþùåì ìíîæåñòâå ñóùåñòâóåò áåñêîíå÷íîå ìíîæåñòâî êëàññîâ òîïîëîãè÷åñêîé
ñîïðÿæåííîñòè.

Äëÿ èëëþñòðàöèè ðàçëè÷íûõ ñïåöèôè÷åñêèõ äëÿ âíóòðåííèõ îòîáðàæåíèé ìåõàíèçìîâ
ïîðîæäåíèÿ ðàçëè÷íûõ êëàññîâ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè ïîñòðîåíû äâà ïðèìåðà
ñåìåéñòâ îòîáðàæåíèé, ïîðîæäàþùèõ áåñêîíå÷íîå ÷èñëî êëàññîâ òîïîëîãè÷åñêîé
ñîïðÿæåííîñòè.

References

[1] Ñ. Ñòîèëîâ Î òîïîëîãè÷åñêèõ ïðèíöèïàõ òåîðèè àíàëèòè÷åñêèõ ôóíêöèé.,- Ì., Ìèð. �
1964.

[2] Þ. Þ. Òðîõèì÷óê Äèôôåðåíöèðîâàíèå, âíóòðåííèå îòîáðàæåíèÿ è êðèòåðèè

àíàëèòè÷íîñòè.,- Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû. Êèåâ. � 2008.

[3] È. Þ. Âëàñåíêî Äèíàìèêà âíóòðåííèõ îòîáðàæåíèé.,- Íåëiíiéíi Êîëèâàííÿ. 2011. T.14
� 2. �C. 181�186.
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Òîïîëîãè÷åñêèå ñâîéñòâà ôóíêöèé íà òðåõìåðíûõ òåëàõ

Å. Í. Âÿò÷àíèíîâà

(Êèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Òàðàñà Øåâ÷åíêî, Êèåâ, Óêðàèíà)

E-mail address: qucly yalta2004@mail.ru

Èññëåäóþòñÿ òîïîëîãè÷åñêèå ñâîéñòâà ãëàäêèõ ôóíêöèé áåç êðèòè÷åñêèõ òî÷åê íà

îãðàíè÷åííûõ òðåõìåðíûõ òåëàõ. Äëÿ èõ èçó÷åíèÿ ñòðîèòñÿ ïîëíûé òîïîëîãè÷åñêèé

èíâàðèàíò ôóíêöèé, îãðàíè÷åíèÿ êîòîðûõ íà êðàé èìåþò îäèí ëîêàëüíûé ìèíèìóì, îäèí

ëîêàëüíûé ìàêñèìóì è êîíå÷íîå ÷èñëî ñåäëîâûõ êðèòè÷åñêèõ òî÷åê.

Åñëè y � êðèòè÷åñêîå çíà÷åíèå ôóíêöèè, òîãäà îêðåñòíîñòü êðèòè÷åñêîãî óðîâíÿ f−1([y−
ε, y + ε]) ãîìåîìîðôíà öèëèíäðàì f−1(y − ε) × [0, 1] ñ ïðèêëååíûìè 2n−óãîëüíèêàìè ïî

íåïàðíûì ñòîðîíàì. Îáîçíà÷èì êîìïîíåíòû óðîâíÿ f−1(y − ε) êàê a1, a2, ..., am. Äëÿ

êàæäîé îêðóæíîñòè ai âûáåðåì íàïðàâëåíèå îáõîäà (åñëè ìíîãîîáðàçèå îðèåíòèðîâàíî, òî

ñîãëàñíî îðèåíòàöèè). Òîãäà ïðîíóìåðóåì ïîñëåäîâàòåëüíî âñå ñåðåäèíû íåïàðíûõ ñòîðîí

2n-óãîëüíèêîâ, êîòîðûå ïðèêëåèâàþòñÿ ê ýòîé îêðóæíîñòè, îáîçíà÷èâ èõ ñåðåäèíû áóêâàìè

ai1, a
i
2, ..., a

i
n.

Îêðóæíîñòè, êîòîðûå îáðàçîâàëèñü ïîñëå ïðèêëåéêè 2n−óãîëüíèêîâ, êàê êîìïîíåíòû

ãðàíèöû, îáîçíà÷èì êàê b1, b2, ..., bl. Îíè ñîîòâåòñòâóþò êîìïîíåíòàì óðîâíÿ f−1(y +
ε). Âûáåðåì íà íèõ îðèåíòàöèþ è îáîçíà÷èì ñîîòâåòñòâóþùèå ñåðåäèíû ïàðíûõ ñòîðîí

2n−óãîëüíèêîâ êàê bij .
Äëÿ êàæäîãî 2n−óãîëüíèêà âûïèøåì ñëîâî, êîòîðîå ñîñòîèò èç áóêâ aij è bij , îáõîäÿ

ïîñëåäîâàòåëüíî ñåðåäèíû åãî ñòîðîí. Òîãäà ýòè ñëîâà áóäóò çàäàâàòü îêðåñòíîñòü

êðèòè÷åñêîãî óðîâíÿ è, ñ òî÷íîñòüþ äî òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè, ôóíêöèþ â íåé.

Ýòè ñëîâà èìåþò òàêèå ñâîéñòâà: 1) áóêâû aij è b
i
j ÷åðåäóþòñÿ; 2) êàæäàÿ áóêâà ñîäåðæèòñÿ

òîëüêî â îäíîì ñëîâå; 3) åñëè â ñëîâàõ ñîäåðæàòüñÿ ôðàãìåíòû aikb
j
r è bpqaik+1, òî p = j è à)

q = r− 1 ëèáî á) q = r+1. Ñëó÷àé à) âûïîëíÿåòñÿ, åñëè îðèåíòàöèè ð¼áåð, êîòîðûå ñîäåðæàò

aik è bjr, ñîãëàñîâàíû, èíà÷å âûïîëíÿåòñÿ á).

Òåîðåìà 1. Äâå ôóíêöèè íà òåëàõ òîïîëîãè÷åñêè ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà,

êîãäà èõ ãðàôû èçîìîðôíû.

Òåîðåìà 2. Ïóñòü G � îðèåíòèðîâàííûé ãðàô, äëÿ êàæäîé âåðøèíû êîòîðîãî çàïèñàí

íàáîð ñëîâ èç ð¼áåð, èíöèíäåíòíûõ ýòîé âåðøèíå, êîòîðûé óäîâëåòâîðÿåò óñëîâèÿì 1)-3),

è êðîìå ýòîãî, äëÿ êàæäîãî ðåãóëÿðíîãî çíà÷åíèÿ (êîòîðîå ðàâíî ïîëóñóììå äâóõ ñîñåäíèõ

êðèòè÷åñêèõ çíà÷åíèé) ìíîæåñòâî ð¼áåð, êîòîðûå ïîêðûâàþò ýòî ðåãóëÿðíîå çíà÷åíèå,

ðàçáèòî íà ãðóïïû è êàæäîé ãðóïïå ïðèïèñàíî öåëîå ÷èñëî (ðîä ãðóïïû). Ãðàô G ÿâëÿåòñÿ

ãðàôîì ôóíêöèè òîãäà è òîëüêî òîãäà, êîãäà äëÿ êàæäîãî êðèòè÷åñêîãî óðîâíÿ âûïîëíÿåòñÿ

óñëîâèå: åñëè êðèòè÷åñêèå òî÷êè ÿâëÿþòñÿ ïîëîæèòåëüíûìè, òî ïðè âîçðàñòàíèè

çíà÷åíèÿ ôóíêöèè âñå ïîäìíîæåñòâà, â êîòîðûõ åñòü ýëåìåíòû ñîîòâåòñòâóþùèå ð¼áðàì,

êîòîðûå âõîäÿò â âåðøèíó vj, ïîñëå å¼ ïðîõîæäåíèÿ îáúåäèíÿþòñÿ â îäíî ïîäìíîæåñòâî.

Ïóñòü g1, ..., gm � ðîäû íà÷àëüíûõ ïîäìíîæåñòâ, à k1, ..., km � ÷èñëî ýëåìåíòîâ â íèõ. Òîãäà

ðîä îáðàçîâàííîãî ïîäìíîæåñòâà

g =
m∑
i=1

gi +
1

2
(ind(vj) +

m∑
i=1

ki − k −m).

Åñëè òî÷êè ÿâëÿþòñÿ îòðèöàòåëüíûìè, òî ïðè óáûâàíèè çíà÷åíèÿ ôóíêöèè

âûïîëíÿþòñÿ òå æå óñëîâèÿ. Ïðè ýòîì ïîäìíîæåñòâàì, êîòîðûå îáúåäèíÿþòñÿ, áóäóò

ñîîòâåòñòâîâàòü òå ð¼áðà, êîòîðûå âûõîäÿò èç ñîîòâåòñòâóþùåé âåðøèíû.
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Îá îäíîì îáîáùåíèè òåîðåìû À.Ä. Àëåêñàíäðîâà 1

Â. Ò. Ôîìåíêî

(ÔÃÁÎÓ ÂÏÎ ¾ÒÃÏÈ èìåíè À.Ï. ×åõîâà¿, Òàãàíðîã, Ðîññèÿ)

E-mail address: VTFomenko@rambler.ru

Ðàññìîòðèì â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå îâàëîèä S ïîëîæèòåëüíîé ãàóññîâîé

êðèâèçíû è íåêîòîðóþ òî÷êó O íà íåì. Ïóñòü L � çàìêíóòàÿ ãëàäêàÿ êðèâàÿ íà îâàëîèäå S,
íå ïðîõîäÿùàÿ ÷åðåç òî÷êó O. Îáîçíà÷èì ÷åðåç S(L) êóñîê îâàëîèäà S, îãðàíè÷åííûé êðèâîé
L è íå ñîäåðæàùèé òî÷êó O.

Èçâåñòíî, ÷òî ïîâåðõíîñòü S(L) äîïóñêàåò íåïðåðûâíûå èçãèáàíèÿ. Îäíàêî, åñëè íà

êðàé ïîâåðõíîñòè S(L) ïðè åå èçãèáàíèè íàëîæèòü âíåøíþþ ñâÿçü, òî ïîâåðõíîñòü S(L)
ìîæåò ñòàòü íåèçãèáàåìîé è äàæå îäíîçíà÷íî îïðåäåëåííîé. Òàê À.Ä. Àëåêñàíäðîâ äîêàçàë,

÷òî ïîâåðõíîñòü S(L) íå äîïóñêàåò íåòðèâèàëüíûõ èçîìåòðè÷åñêèõ ïðåîáðàçîâàíèé ïðè

óñëîâèè çàêðåïëåíèÿ êðàÿ ïîâåðõíîñòè îòíîñèòåëüíî òî÷êè O. Â íàñòîÿùåì ñîîáùåíèè

ïðèâîäÿòñÿ ðåçóëüòàòû, ñâÿçàííûå ñ èçîìåòðè÷åñêèìè ïðåîáðàçîâàíèÿìè ïîâåðõíîñòè S(L),
çàêðåïëåííîé îòíîñèòåëüíî òî÷êè O âäîëü ó÷àñòêà åå ãðàíèöû. Â ÷àñòíîñòè, åñëè ÷àñòü

êðàÿ ïîëîæèòåëüíîé ëèíåéíîé ìåðû îñâîáîæäåíà îò âíåøíåé ñâÿçè çàêðåïëåíèÿ îòíîñèòåëüíî

òî÷êè O, òî ïîâåðõíîñòü S(L) äîïóñêàåò íåïðåðûâíûå èçãèáàíèÿ.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà îáðàçîâàíèÿ
è íàóêè ÐÔ ÔÃÁÎÓ ÂÏÎ "ÒÃÏÈ èìåíè À.Ï. ×åõîâà" (ïðîåêò � 1.423.2011), ¾Ðåàëèçàöèÿ ìåòðèê
ïîëîæèòåëüíîé êðèâèçíû â âèäå ïîâåðõíîñòåé ñ çàäàííîé îïîðîé¿, íàó÷íûé ðóêîâîäèòåëü - Ôîìåíêî Â.Ò.
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Ïðèíöèï ìàêñèìóìà äëÿ ñòðàòåãè÷åñêîé îïòèìàëüíîñòè ïðîöåññîâ, ëèíåéíûõ ïî

ôàçîâûì ïåðåìåííûì

Í. Ï. Õóäåííêî

(ÎÍÀÏÒ, Îäåññà, Óêðàèíà)

E-mail address: khudenkon@mail.ru

Ðàññìîòðèì íåîáõîäèìûå óñëîâèÿ ñòðàòåãè÷åñêîé îïòèìàëüíîñòè ïðîöåññîâ â âåêòîðíîé
çàäà÷å Áîëüöà [1]. Áóäåì ðàññìàòðèâàòü çàäà÷ó ñòðàòåãè÷åñêîé îïòèìàëüíîñòè ïðîöåññîâ, â
êîòîðóþ âåëè÷èíû, ñâÿçàííûå ñ ôàçîâîé òðàåêòîðèåé âõîäÿò ëèíåéíî.

Ôóíêöèÿ u(t): [τ0, τ1]→U íàçûâàåòñÿ óïðàâëåíèåì, åñëè îíà èçìåðèìà. Ôóíêöèÿ õ(t): [τ0,
τ1]→Rn íàçûâàåòñÿ ôàçîâîé òðàåêòîðèåé, åñëè îíà àáñîëþòíî-íåïðåðûâíàÿ âåêòîð-ôóíêöèÿ.

Óïðàâëÿåìûì ïðîöåññîì íàçûâàåòñÿ êîðòåæ <x(t), u(t)>, åñëè x(t) � ôàçîâàÿ òðàåêòîðèÿ,
u(t) - óïðàâëåíèå.

Äîïóñòèìûé óïðàâëÿåìûé ïðîöåññ < x̂(t), û(t) > íàçûâàåòñÿ îïòèìàëüíûì, åñëè
ñóùåñòâóåò ε>0, òàêîå ÷òî äëÿ ëþáîãî äîïóñòèìîãî ïðîöåññà <x(t), u(t)> óäîâëåòâîðÿþùåãî
óñëîâèþ ‖x(t)− x̂(t) ‖ < ε âûïîëíåíî óñëîâèå Iv0(x(t), u(t) ≥ Iv0(x̂(t), û(t)).

Äîïóñòèìûé óïðàâëÿåìûé ïðîöåññ <x(t), u(t)> íàçûâàåòñÿ ëîêàëüíî îïòèìàëüíûì íà
ïðîìåæóòêå [tj−1, tj ] ⊂ [τ0,τ1], åñëè äëÿ ëþáîãî t ∈[tj−1, tj ] åãî çíà÷åíèå îïðåäåëÿåòñÿ
ðåøåíèåì ñëåäóþùåé çàäà÷è âåêòîðíîé îïòèìèçàöèè

I
vj0
(x(t), u(t) =

∫ tj

tj−1

(a0(t)x(t) + f0(t, u(t))dt+ γ00 x(tj−1) + γ10 x(tj)→ inf ; (1)

ẋ(t) = A(t)x+ F (t, u(t)), u(t) ∈ U (2)

I
vjν
(x(t), u(t) =

∫ tj

tj−1

(aν (t)x(t) + fν (t, u(t))dt++ γ00 x(tj−1) + γ10 x(tj) ≤ Aj ν = 1, ...,m (3)

Ëèíåéíàÿ ñòðóêòóðà ïîçâîëÿåò ïðåîáðàçîâàòü çàäà÷ó 1 � 3 ê òàêîìó âèäó, ãäå x(t), u(t) â
íåêîòîðîì âèäå ðàçäåëåíû è ïðèâåñòè ê çàäà÷å ëÿïóíîâñêîãî òèïà.

References

[1] Äîâíàðîâè÷ Ë.À., Õóäåíêî Í.Ï. Ìåòîä îïðåäåëåíèÿ îïòèìàëüíûõ ôóíêöèé, çàäàííûõ â
âåêòîðíîé ôîðìå.// Íàóêîâî-òåõíi÷íèé çáiðíèê ÎIÑÂ. � Îäåñà, 2000. � Âèï. 2. � Ñ. 137 �
140.
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×èñëî Õüþèòòà - Íàõáèíà ïðîñòðàíñòâà çàìêíóòûõ ïîäìíîæåñòâ

A. A. Khujaev

( Uzbekistan, Tashkent)

E-mail address: alijon1983@mail.ru

Â ðàáîòå èññëåäóåòñÿ ÷èñëî Õüþèòòà-Íàõáèíà ïðîñòðàíñòâà expωX. Îòîáðàæåíèå f :
X → Y íàçûâàåòñÿ τ � íåïðåðûâíûì (ãäå τ � ôèêñè-ðîâàííûé êàðäèíàë), åñëè äëÿ âñÿêîãî
ïîäïðîñòðàíñòâà A ⊂ X, ìîùíîñòü êîòîðîãî íå ïðåâîñõîäèò τ , ñóæåíèå f |A: A → Y
îòîáðàæåíèÿ f íà A íåïðåðûâíà.

Îòîáðàæåíèå f : X → Y íàçîâåì ñòðîãî τ � íåïðåðûâíûì, åñëè äëÿ êàæäîãî ìíîæåñòâà
A ⊂ X, òàêîãî, ÷òî |A| ≤ τ , íàéäåòñÿ íåïðåðûâíîå îòîáðàæåíèå g : X → Y , äëÿ êîòîðîãî
g |A= f |A (ò.å. f(x) = g(x) ïðè x ∈ A).

Ìíîæåñòâî A ⊆ X íàçûâàåòñÿ τ -ðàñïîëîæåííûìì â X, åñëè äëÿ ëþáîé òî÷êè x ∈ X \ A
íàéäåòñÿ òàêîå ìíîæåñòâî P ⊂ X òèïà Gτ , ÷òî x ∈ P ⊆ X \A. Äëÿ òèõîíîâñêîãî ïðîñòðàíñòâà
X íàèìåíüøèé êàðäèíàë τ , òàêîé ÷òîX ÿâëÿåòñÿ τ -ðàñïîëîæåíííûì â βX, íàçûâàåòñÿ ÷èñëîì
Õüþèòòà-Íàõáèíà ïðîñòðàíñòâà X. Ïðîñòðàíñâî ñ q(X) ≤ ω íàçûâàåòñÿ âåùåñòâåííî ïîëíûì
èëè ïîëíûì ïî Õüþèòòà.

×èñëîì Õüþèòòà-Íàõáèíà ïðîñòðàíñòâà X íàçûâàåòñÿ ñëåäóþùèé êàð-äèíàë:
q(X) = min{τ ≥ ω : X τ - ðàñïîëîæåíî â βX}
ßñíî, ÷òî åñëè X � áèêîìïàêò, òî q(X) ≤ ω.
Èòàê, èìååì, ÷òî åñëè X � áèêîìïàêò, òî âñåãäà èìååì, ÷òî

q(expcX) = q(expX) ≤ ω.

Ðàññìîòðèì ÷èñëî Õüþèòòà - Íàõáèíà ïðîñòðàíñòâà expωX.
Èìååò ìåñòî ñëåäóþùàþ
Òåîðåìà. Ïóñòü X � áèêîìïàêò, òîãäà

q(expωX) ≤ d(X).

Ñëåäñòâèå. Ïóñòü X � ñåïàðàáåëüíûé áèêîìïàêò, òî q(expωX) ≤ ω.

References

1. Â.Â.Ôåäîð÷óê, Â.Â.Ôèëèïïîâ. Îáùàÿ òîïîëîãèÿ. Îñíîâíûå êîíñòðóêöèè // Ì.: 2006.

2. À.Â.Àðõàíãåëüñêèé. Òîïîëîãè÷åñêèå ïðîñòðàíñòâà ôóíêöèé // Ì.: Èçä-âî ÌÃÓ. 1989.
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Î çàìêíóòûõ îòíîñèòåëüíî äèôôåîìîðôèçìîâ êëàññàõ ïðîñòðàíñòâ

Å. Å. ×åïóðíàÿ

(ÎÄÅÓ, Îäåñà, Óêðà¨íà)

E-mail address: kulechova@ukr.net

Ïðè ìîäåëèðîâàíèè äèíàìè÷åñêèõ ñèñòåì ñ ïîìîùüþ äèôôåîìîðôèçìîâ ïñåâäîðèìàíî-
âûõ ïðîñòðàíñòâ çíà÷èòåëüíóþ ðîëü èãðàþò çàìêíóòûå êëàññû ïðîñòðàíñòâ, òî åñòü òèïû
ïðîñòðàíñòâ, ñâîéñòâà êîòîðûõ ñîõðàíÿþòñÿ ïðè îòîáðàæåíèÿõ. Ðàçðàáîòàí ìåòîä ïîñòðîåíèÿ
òàêèõ êëàññîâ ñ ïîìîùüþ èíâàðèàíòíûõ îáúåêòîâ.

Ïóñòü f � íåêîòîðûé äèôôåîìîðôèçì ìåæäó òî÷êàìè ïñåâäîðèìàíîâûõ ïðîñòðàíñòâ Vn
è V̄n. Òåíçîð A

i1i2...im
j1j2...jk

íàçûâàþò èíâàðèàíòíûì îáúåêòîì äèôôåîìîðôèçìà f , åñëè

Ai1i2...imj1j2...jk
= Āi1i2...imj1j2...jk

.

×åðòîé îòìå÷åí îáúåêò, êîòîðûé ïðèíàäëåæèò V̄n. Ïóñòü A
α

i1i2...im

j1j2...jk

� ñåìåéñòâî èíâàðèàíòíûõ

îáúåêòîâ îòíîñèòåëüíî äàííîãî äèôôåîìîðôèçìà.
Ïîñòðîèì òåíçîð Â ñëåäóþùèì îáðàçîì :

B = A
α

l1l2...t...lm

i1 i2 ... ik
A
β

h1 h2 ... hm

j1j2...t...jk

.

Òåíçîð B òàêæå áóäåò èíâàðèàíòíûì îáúåêòîì äèôôåîìîðôèçìà f . Ïðè òðåáîâàíèè ðà-
âåíñòâà íóëþ B, ìû ïîëó÷èì êëàññû ïðîñòðàíñòâ çàìêíóòûõ îòíîñèòåëüíî äèôôåîìîðôèçìà
f , äëÿ êîòîðûõ çàäàíà òåíçîðíàÿ õàðàêòåðèñòèêà, ÷òî ïîçâîëÿåò ýôôåêòèâíî èññëåäîâàòü èõ
ñâîéñòâà.

Ðàçðàáîòàííûå ìåòîäû ïðèìåíåíû äëÿ èçó÷åíèÿ êîíôîðìíûõ è ãåîäåçè÷åñêèõ îòîáðàæå-
íèé ïñåâäîðèìàíîâûõ ïðîñòðàíñòâ [3], [4], à òàêæå ãîëîìîðôíî-ïðîåêòèâíûõ îòîáðàæåíèé
êåëåðîâûõ ïðîñòðàíñòâ [1], [2].
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Âåêòîðíà îáîëîíêà âiäíîñíî òåíçîðà êîíöèðêóëÿðíî¨ êðèâèíè ó

ïñåâäîðèìàíîâîìó ïðîñòîði

Â. À. Êiîñàê

(ÎÍÏÓ, Îäåñà, Óêðà¨íà)

E-mail address: vkiosak@ukr.net

�. Â. ×åðåâêî

(ÎÍÅÓ, Îäåñà, Óêðà¨íà)

E-mail address: cherevko@usa.com

Ó ðîáîòàõ ([1], [2]) áóëî âèçíà÷åíî ïîíÿòòÿ âåêòîðíî¨ îáîëîíêè ïðîñòîðó Vn:
Îçíà÷åííÿ. Ó ïñåâäîðèìàíîâîìó ïðîñòîði Vn iñíó¹ âåêòîðíà îáîëîíêà âiäíîñíî òåíçîðó

Ahijk ÿêùî ó íüîìó ¹ òàêå âåêòîðíå ïîëå τi òàêå, ùî

τlAhijk + τjAhikl + τkAhilj = 0. (1)

Òåíçîð

Zhijk
def
= Rhijk −

R

n(n− 1)
(gijghk − gikghj), (2)

ìà¹ íàçâó òåíçîðà êîíöèðêóëÿðíî¨ êðèâèíè ([5], [3]). Íàìè äîâåäåíî òàêó òåîðåìó:
Òåîðåìà. Ó ïñåâäîðèìàíîâîìó ïðîñòîði Vn, âiäìiííîìó âiä ïðîñòîðó ñòàëî¨ êðèâèíè, íå

ìîæå iñíóâàòè äâîõ, àáî áiëüøå, ëiíiéíî-íåçàëåæíèõ íåiçîòðîïíèõ âåêòîðíèõ ïîëiâ
α
τ i, ùî

óòâîðþþòü îáîëîíêó âiäíîñíî òåíçîðà êîíöèðêóëÿðíî¨ êðèâèíè Zhijk:

α
τ l Zhijk+

α
τ j Zhikl+

α
τk Zhilj = 0. (3)

.

Ïñåâäîðèìàíîâèé ïðîñòið Vn ¹ ïðîñòîðîì ñòàëî¨ êðèâèíè, ÿêùî éîãî òåíçîð ðèìàíîâî¨
êðèâèíè ìà¹ âèãëÿä [4]:

Rhijk =
R

n(n− 1)
(gijghk − gikghj). (4)

References

[1] Â. Ð. Êàéãîðîäîâ Ñòðóêòóðà êðèâèçíû ïðîñòðàíñòâà-âðåìåíè .,- Èòîãè íàóêè è òåõí. Ñåð.
Ïðîáë. ãåîì., 14, ÂÈÍÈÒÈ, Ì., 1983, 177�204.

[2] Â. À. Êiîñàê, Å. Å. ×åïóðíà Äèôôåîìîðôèçìû ñ ñîõðàíåíèåì òåíçîðà Ýéíøòåéíà.,- LAP
LAMBERT Academic Publishing, 2012, 104 Ñ. ISBN (978-3-8484-2832-8)

[3] Í. Ñ. Ñèíþêîâ Ãåîäåçè÷åñêèå îòîáðàæåíèÿ ðèìàíîâûõ ïðîñòðàíñòâ.,- Íàóêà. 1979. 257 ñ.

[4] Ë. Ï. Ýéçåíõàðò Ðèìàíîâà ãåîìåòðèÿ.,- Ì.: ÈË, 1948.

[5] K. Jano Concirqular geometry I-IV., - Proc. Imp. Acad. Tokyo, 1940, 16. PP.195-200, 354-360,
442-448, 505-511.

79



Âîññòàíîâëåíèÿ âûïóêëîé ïîâåðõíîñòè ïî çàäàííûì óñëîâíûì âíåøíèì

êðèâèçíàì

À. Ñ. Øàðèïîâ

(Íàöèîíàëüíûé Óíèâåðñèòåò Óçáåêèñòàíà, Óçáåêèñòàí)

E-mail address: asharipov@inbox.ru

Â êëàññè÷åñêîé äèôôåðåíöèàëüíîé ãåîìåòðèè âûäåëÿþòñÿ äâà íàïðàâëåíèÿ. Îäíî
èç íèõ, íàçûâàåìîå ãåîìåòðèåé "â ìàëîì", èçó÷àåò ëîêàëüíûå ñâîéñòâà ãåîìåòðè÷åñêèõ
îáúåêòîâ, à âòîðîå � èññëåäóåò ãåîìåòðè÷åñêèå îáúåêòû íà âñåì èõ ïðîòÿæåíèè è íàçûâàåòñÿ
ãåîìåòðèé "â öåëîì". Ìíîãèå çàäà÷è ãåîìåòðèè "â öåëîì" ñâÿçàíû ñ ñóùåñòâîâàíèåì
è åäèíñòâåííîñòüþ ïîâåðõíîñòåé ñ çàäàííûìè ãåîìåòðè÷åñêèìè õàðàêòåðèñòèêàìè.
Ãåîìåòðè÷åñêèìè õàðàêòåðèñòèêàìè ìîãóò áûòü âíóòðåííÿÿ êðèâèçíà, âíåøíÿÿ èëè ãàóññîâà
êðèâèçíû è äðóãèå ôóíêöèè, ñâÿçàííûå ñ ïîâåðõíîñòüþ.

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ïîâåðõíîñòåé ñ
çàäàííûìè ãåîìåòðè÷åñêèìè õàðàêòåðèñòèêàìè.

Â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå R3 ðàññìîòðèì ïîâåðõíîñòü F è âåêòîð ~e.
Ïîâåðõíîñòü F ïåðåñåêàåì âñåâîçìîæíûìè ïëîñêîñòÿìè πi, ïåðïåíäèêóëÿðíûìè âåêòîðó ~e.
Ìíîæåñòâî òî÷åê ñå÷åíèÿ îáîçíà÷èì ÷åðåç γi. Êëàññ ïîâåðõíîñòåé, äëÿ êîòîðûõ ñå÷åíèÿ γi

ãîìåîìîðôíû îòðåçêó, ïðÿìîé ëèáî îêðóæíîñòè îáîçíà÷èì ÷åðåç W (~e) [1], [2].
Ïóñòü íà ïëîñêîñòè XOY çàäàíî âûïóêëàÿ îäíîñâÿçíàÿ îáëàñòü G ñ ãðàíèöåé γ̄. Âíóòðè

G ôèêñèðóåì òî÷êè A1, A2, . . . , An. Ïóñòü γ � çàìêíóòàÿ êðèâàÿ â ïðîñòðàíñòâå, êîòîðàÿ
ïðÿìûìè ïàðàëëåëüíûìè îñè OZ îäíîçíà÷íî ïðîåêòèðóåòñÿ â âûïóêëóþ êðèâóþ γ̄ ëåæàùóþ
íà ïëîñêîñòè XOY .

Ïóñòü g1, g2, . . . , gn� ëþáàÿ êîíå÷íàÿ ñèñòåìà ïðÿìûõ, ïàðàëëåëüíûõ îñè OZ, è
ïåðåñåêàþùèõ îáëàñòü G â òî÷êàõ A1, A2, . . . , An ñîîòâåòñâåííî, ω1, ω2, . . . , ωn� ëþáûå
ïîëîæèòåëüíûå ÷èñëà, µ� óñëîâíàÿ âíåøíàÿ êðèâèçíà ïîâåðõíîñòè F , îáðàùåííîãî
âûïóêëîñòüþ â ñòîðîíó Z > 0 è ñ âåðøèíàìè A′

k íà ïðÿìûõ gk. Îáîçíà÷èì ÷åðåç ΩF �
ñîâîêóïíîñòü ïîâåðõíîñòåé F ñ êðàåì γ, îäíîçíà÷íî ïðîåêòèðóþùèõñÿ íà ïëîñêîñòü XOY ,
îáðàùåííûõ âûïóêëîñòüþ â ñòîðîíó Z > 0 è ñ âåðøèíàìè íà ïðÿìûõ gk (ïðåäïîëîãàåòñÿ, ÷òî
äðóãèõ âåðøèí ïîâåðõíîñòü íå èìååò).

Òåîðåìà 1. Åñëè â îáëàñòè G îòìå÷åíû òî÷êè A1, A2, . . . , An è òî÷êàì ïîñòàâëåíû â
ñîîòâåòñòâèå ïîëîæèòåëüíûå ÷èñëà ω1, ω2, . . . , ωn, òîãäà ñóùåñòâóåò âûïóêëàÿ ïîâåðõíîñòü
F ∈ ΩF c óñëîâíûìè âíåøíûìè êðèâèçíàìè â âåðøèíàõ A′

k, ðàâíûìè ωk ïî íàïðàâëåíèþ
~e ñîîòâåòñòâåííî.

Òåîðåìà 2. Ïóñòü F1 è F2 � âûïóêëûå ïîâåðõíîñòè èç êëàññà W (~e) ñ îáùèì êðàåì γ,
îäíîçíà÷íî ïðîåêòèðóþòñÿ íà ïëîñêîñòü XOY , îáðàùåíû âûïóêëîñòüþ â ñòîðîíó Z > 0,
ïðè÷åì ñîîòâåòñòâóþùèå âíóòðåííèå âåðøèíû ïðîåêòèðóþòñÿ â îäíó è òó æå òî÷êó ïëîñêîñòè
XOY . Ïóñòü óñëîâíûå êðèâèçíû ïðèíèìàþò îäèíàêîâûå çíà÷åíèÿ â ñîîòâåòñòâóþùèõ
âåðøèíàõ ýòèõ ïîâåðõíîñòåé. Òîãäà ïîâåðõíîñòè F1 è F2 ñîâïàäàþò.
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Ðàñøèðåííûé îáúåêò êðèâèçíû-êðó÷åíèÿ îáîáùåííîé ñâÿçíîñòè

Þ. È. Øåâ÷åíêî

(ÁÔÓ èì. È.Êàíòà, Êàëèíèíãðàä, Ðîññèÿ)

E-mail address: arturkuleshov@yandex.ru

Ðàññìîòðèì ãëàâíîå ðàññëîåíèå GM (BN ) ñî ñòðóêòóðíûìè óðàâíåíèÿìè Ëàïòåâà

DωI = ωJ ∧ ωIJ , DθA = CABCθ
B ∧ θC + ωI ∧ θAI ;

A = (a, α), I = (α, i); a, . . . = 1, r; α, . . . = r + 1, r +m (r +m = M);

i, . . . = M + 1, M + n (m+ n = N).

Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ ïîëóïðèêëåèâàíèÿ íóëåâîãî ïîðÿäêà ωα = θα, âûçûâàþùèå
íàëè÷èå â ãðóïïå Ëè GM ïîäãðóïïû Gr è áåñêîíå÷íóþ ñåðèþ óñëîâèé âûñøèõ ïîðÿäêîâ. Òîãäà

ãëàâíîå ðàññëîåíèå Gr+m(Bm+n) íàçîâåì ðàññëîåíèåì ñ ïîëóïðèêëåèâàíèåì è îáîçíà÷èì

Gr+[m](Bm+n). Îíî îáîáùàåò ãëàâíîå ðàññëîåíèå Gr(Bm+n).
Ðàñïðîñòðàíèì ñïîñîá Ëàïòåâà � Ëóìèñòå çàäàíèÿ ñâÿçíîñòåé â ãëàâíûõ ðàññëîåíèÿõ íà

îáîáùåííîå ðàññëîåíèå Gr+[m](Bm+n). Âîçüìåì ôîðìû θ̃A = θA − ΓAI ω
I , ïðè÷åì êîìïîíåíòû

îáúåêòà îáîáùåííîé ñâÿçíîñòè ΓAI óäîâëåòâîðÿþò äèôôåðåíöèàëüíûì óðàâíåíèÿì

∆ΓαI + θαI = ΓαIJω
J , ∆ΓaI + ΓαI ϑ

a
α + θaI = ΓaIJω

J (ϑAB = 2CABcω
c);

∆ΓαI = dΓαI − ΓαJω
J
I + ΓβI ϑ

α
β , ∆ΓaI = dΓaI − ΓaJω

J
I + ΓbIϑ

a
b .

Ôîðìû îáîáùåííîé ñâÿçíîñòè θ̃A ïîä÷èíÿþòñÿ ñòðóêòóðíûì óðàâíåíèÿì

Dθ̃α = 2Cαβaθ̃
β ∧ θ̃a +RαIJω

I ∧ ωJ ,

Dθ̃a = Cabcθ̃
b ∧ θ̃c + 2Cabαθ̃

b ∧ θ̃α +RaIJω
I ∧ ωJ ,

ãäå êîìïîíåíòû îáúåêòà êðèâèçíû � êðó÷åíèÿ RAIJ èìåþò âèä

RαIJ = Γα[IJ ] + Cαβγδ
β
I δ

γ
J + 2CαβaN

β
[IΓ

a
J ],

RaIJ = Γa[IJ ] + Caαβδ
α
I δ

β
J − C

a
bcΓ

b
IΓ

c
J + 2CabαΓb[IN

α
J ],

ãäå Nα
I = δαI − ΓαI � òåíçîð íåâûðîæäåííîñòè îáîáùåííîé ñâÿçíîñòè. Ýòè êîìïîíåíòû

óäîâëåòâîðÿþò äèôôåðåíöèàëüíûì ñðàâíåíèÿì ïî ìîäóëþ ôîðì ωI

∆RαIJ − 2CαβaN
βγ
IJ ϑ

a
γ
∼= 0, ∆RaIJ +RαIJϑ

a
α + 2CabαN

αβ
IJ ϑ

b
β
∼= 0,

ãäå Nαβ
IJ = Nα

[IN
β
J ].

Òåîðåìà 1. Ðàñøèðåííûé îáúåêò êðèâèçíû-êðó÷åíèÿ {RAIJ , N
αβ
IJ } îáîáùåííîé ñâÿçíîñòè

â ðàññëîåíèè ñ ïîëóïðèêëåèâàíèåì Gr+[m](Bm+n) îáðàçóåò òåíçîð, ñîäåðæàùèé ïðîñòîé

ïîäòåíçîð {RαIJ , N
αβ
IJ } � ðàñøèðåííûé îáúåêò êðó÷åíèÿ è ïðîñòåéøèé òåíçîð Nαβ

IJ .

Ïðè Nαβ
IJ = 0 ñðàâíåíèÿ ïðèíèìàþò âèä

∆RαIJ
∼= 0, ∆RaIJ +RαIJϑ

a
α
∼= 0.

Òåîðåìà 2. Åñëè äîïîëíèòåëüíûé òåíçîð Nαβ
IJ îáðàùàåòñÿ â íóëü, òî îáúåêò êðèâèçíû-

êðó÷åíèÿ RAIJ ñòàíîâèòñÿ òåíçîðîì ñ ïîäòåíçîðîì êðó÷åíèÿ RαIJ .

Â ýòîì ñëó÷àå ïîëó÷àåòñÿ íåïîñðåäñòâåííîå îáîáùåíèå ïðîåêòèâíîé ñâÿçíîñòè Êàðòàíà.
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Ðåøåíèå ïðîáëåìû Ãðîíâåëëà îá ýêâèâàëåíòíîñòè ãðàññìàíîâûõ òêàíåé

À. Ì. Øåëåõîâ

(Òâåðñêîé ãîñóíèâåðñèòåò, Ìîñêâà, Ðîññèÿ)

E-mail address: amshelekhov@rambler.ru

Òðè-òêàíüþ íà ïëîñêîñòè íàçûâàþò ñîâîêóïíîñòü òðåõ ñåìåéñòâ ãëàäêèõ êðèâûõ. Òðè-
òêàíü, ëîêàëüíî äèôôåîìîðôíàÿ (à) ïàðàëëåëüíîé òðè-òêàíè, îáðàçîâàííîé ñåìåéñòâàìè
ïàðàëëåëüíûõ ïðÿìûõ, íàçûâàåòñÿ ðåãóëÿðíîé; (á) ïðÿìîëèíåéíîé òðè-òêàíè, îáðàçîâàííîé
òðåìÿ ñåìåéñòâàìè ïðÿìûõ îáùåãî ïîëîæåíèÿ, íàçûâàåòñÿ ñïðÿìëÿåìîé.

Â 1912 ãîäó F. H. Gronwall âûñêàçàë ñëåäóþùóþ ãèïîòåçó: åñëè íåðåãóëÿðíàÿ òðè-òêàíüW
ñïðÿìëÿåìà, òî ëîêàëüíûé äèôôåîìîðôèçì, ïåðåâîäÿùèé òêàíü W â ïðÿìîëèíåéíóþ òêàíü,
îïðåäåëÿåòñÿ, ñ òî÷íîñòüþ äî ïðîåêòèâíîãî ïðåîáðàçîâàíèÿ, åäèíñòâåííûì îáðàçîì.

Êàê ïèñàë Áëÿøêå â [1], èìåÿ â âèäó äàííóþ ïðîáëåìó, "... ïðîáëåìû íîìîãðàôèè
ÿâëÿþòñÿ ïðèìåðàìè âîïðîñîâ, êîòîðûå òåîðåòè÷åñêè íå ñëîæíû, íî ôàêòè÷åñêîìó ðåøåíèþ
êîòîðûõ ïðåïÿòñòâóþò âû÷èñëèòåëüíûå òðóäíîñòè." Âñëåäñòâèå óêàçàííûõ òðóäíîñòåé
ïðîáëåìà íå áûëà ðåøåíà äî íàñòîÿùåãî âðåìåíè. Ìû ïðåäëàãàåì åå ïîëíîå ðåøåíèå, â òîì
÷èñëå, è â ìíîãîìåðíîì ñëó÷àå. Îíî âûòåêàåò èç ñëåäóþùåãî óòâåðæäåíèÿ.

Òåîðåìà. ÏÏóñòüW è W̃ � äâå ýêâèâàëåíòíûå íåðåãóëÿðíûå ïðÿìîëèíåéíûå òðè-òêàíè

è ϕ � ëîêàëüíûé äèôôåîìîðôèçì, ïåðåâîäÿùèé ñëîåíèÿ òêàíè W â ñëîåíèÿ òêàíè W̃ . Òîãäà

ϕ � ïðîåêòèâíîå ïðåîáðàçîâàíèå.

Äëÿ óäîáñòâà ìû ðàññìàòðèâàåì âìåñòî ïðÿìîëèíåéíîé òêàíè äâîéñòâåííûé îáúåêò �
ãðàññìàíîâó òêàíü, îáðàçîâàííóþ òðåìÿ ñåìåéñòâàìè ïó÷êîâ ïðÿìûõ, ïðè÷åì âåðøèíû ïó÷êîâ
êàæäîãî ñåìåéñòâà ëåæàò íà íåêîòîðîé ãëàäêîé êðèâîé.

Ïîäðîáíîå äîêàçàòåëüñòâî ñì. â [2]. Äîêàçàòåëüñòâî ïðîâåäåíî êëàññè÷åñêèì ìåòîäîì
âíåøíèõ ôîðì è ïîäâèæíîãî ðåïåðà Ýëè Êàðòàíà, ñì. [3].

Ïîíÿòèå ãðàññìàíîâîé òêàíè îáîáùàåòñÿ íà ìíîãîìåðíûé ñëó÷àé: â ïðîåêòèâíîì
ïðîñòðàíñòâå Pn+1 ðàçìåðíîñòè n + 1 ðàññìàòðèâàþòñÿ òðè ãëàäêèå ãèïåðïîâåðõíîñòè
îáùåãî ïîëîæåíèÿ, à òêàíü îáðàçîâàíà ñâÿçêàìè ïðÿìûõ, âåðøèíû êîòîðûõ ëåæàò íà
ãèïåðïîâåðõíîñòÿõ. Â ýòîì ñëó÷àå ïðîáëåìà Ãðîíâåëëà ôîðìóëèðóåòñÿ àíàëîãè÷íûì
îáðàçîì. Îäíàêî äîêàçàòåëüñòâî ïîëó÷àåòñÿ ïðîñòîé ññûëêîé íà íåêîòîðûå ðåçóëüòàòû òåîðèè
ìíîãîìåðíûõ òêàíåé.

Âñå íåîáõîäèìûå ñâåäåíèÿ èç òåîðèè êðèâîëèíåéíûõ òêàíåé ñì. â [4], ïî òåîðèè
ìíîãîìåðíûõ òêàíåé � â [5].
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Ïðîáëåìà ðåãóëÿðíîñòè ñîñòîèò â îïèñàíèè ïîäêëàññà ðåãóëÿðíûõ òêàíåé â çàäàííîì
êëàññå òêàíåé. Ýòî àêòóàëüíàÿ, íî âåñüìà íåïðîñòàÿ çàäà÷à. Ïðèìåð òîìó � ïðîáëåìà
ðåãóëÿðíîñòè äëÿ òêàíåé, îáðàçîâàííûõ ïó÷êàìè îêðóæíîñòåé (Áëÿøêå, 1950), ñì. [1].
Íàèáîëåå øèðîêîå îáîáùåíèå çàäà÷è Áëÿøêå � ïðîáëåìà ðåãóëÿðíîñòè äëÿ òêàíåé, çàäàííûõ
àëãåáðàè÷åñêèì óðàâíåíèåì (áóäåì íàçûâàòü èõ àëãåáðàè÷åñêèìè). Ïðîáëåìà ðåãóëÿðíîñòè
äëÿ àëãåáðàè÷åñêèõ òêàíåé îáñóæäàëàñü â [2], çäåñü ìû ïðèâîäèò êðàòêèå äîêàçàòåëüñòâà
óòâåðæäåíèé, àíîíñèðîâàííûõ â [2].

Ïóñòü W � êðèâîëèíåéíàÿ òðè-òêàíü, çàäàííàÿ óðàâíåíèåì F (x, y, z) = 0(1). Ëåãêî
äîêàçûâàåòñÿ, ÷òî òêàíü W ÿâëÿåòñÿ ðåãóëÿðíîé ⇔ ñ ïîìîùüþ ëîêàëüíûõ áèåêöèé âèäà x =
α(x̃), y = β(ỹ), z = γ(z̃) óðàâíåíèå ýòîé òêàíè ìîæåò áûòü ïðèâåäåíî ê âèäó F̃ (x̃, ỹ, z̃) = 0(2),
ãäå ôóíêöèÿ F̃ � ïîëèëèíåéíàÿ.

Òåîðåìà 1. Óðàâíåíèå (1) ìîæåò áûòü ëèíåàðèçîâàíî ïî ïåðåìåííîé x ïðåîáðàçîâàíèåì
âèäà x = α(x̃) ⇔ F åñòü êîìïîçèöèÿ: F (x, y, z) = F (x, ϕ(y, z))(3).

Â ñàìîì äåëå, ïóñòü ïîäñòàíîâêà x = α(x̃) ëèíåàðèçóåò óðàâíåíèå (1), òî åñòü óðàâíåíèå
F (α(x̃), y, z) = 0 ëèíåéíî îòíîñèòåëüíî x. Èç íåãî íàõîäèì x̃ = ϕ(y, z), îòêóäà x = α(ϕ(y, z)).
Ýòî îçíà÷àåò, ÷òî âåðíî (3). Îáðàòíî, åñëè âåðíî (3), òî èç ðàâåíñòâà F (x, ϕ(y, z)) = 0 íàõîäèì
ϕ(y, z) = f(x) = x̃.

Ñëåäñòâèå: åñëè óðàâíåíèå (1) ìîæíî ëèíåàðèçîâàòü ïî äâóì ïåðåìåííûì x = α(x̃), y =
β(ỹ), òî ìîæíî è ïî òðåòüåé, òî åñòü òêàíü W â ýòîì ñëó÷àå ÿâëÿåòñÿ ðåãóëÿðíîé.

Ïóñòü òåïåðü F � ìíîãî÷ëåí, òîãäà óðàâíåíèå òêàíè èìååò âèä xnP0 +xn−1P1 + . . .+Pn =
0(4), ãäå Pi � ìíîãî÷ëåíû îò ïåðåìåííûõ y è z. Ìíîãî÷ëåíû Pi îïðåäåëåíû ñ òî÷íîñòüþ
äî îáùåãî ìíîæèòåëÿ � äðîáíî-ðàöèîíàëüíîé ôóíêöèè λ îò ïåðåìåííûõ y è z. Ïîýòîìó
óñëîâèå ëèíåàðèçàöèè ïî ïåðåìåííîé x â ýòîì ñëó÷àå îçíà÷àåò, ÷òî, ñ òî÷íîñòüþ äî ìíîæèòåëÿ,
ìíîãî÷ëåíû Pi ÿâëÿþòñÿ ìíîãî÷ëåíàìè îò íåêîòîðîé äðîáíî-ðàöèîíàëüíîé ôóíêöèè ϕ = U/V
îò ïåðåìåííûõ y è z: λPi = ai0(U/V )k + ai1(U/V )k−1 + . . .+ aik, îòêóäà

Pi = ai0(U)k + ai1(U)k−1V + . . .+ aikV
k. (5)

Îáðàòíî: åñëè ìíîãî÷ëåíû Pi èìåþò âèä (5), òî óðàâíåíèå (4) ðàçðåøàåòñÿ îòíîñèòåëüíî
ϕ = U/V , ïðè÷åì U/V = f(x) = x̃. Äîêàçàíà

Òåîðåìà 2. Àëãåáðàè÷åñêîå óðàâíåíèå (4) ëèíåàðèçóåìî ïî ïåðåìåííîé x ïîäñòàíîâêîé
x = α(x̃) ⇔ ìíîãî÷ëåíû Pi èìåþò âèä (5).

Â ïðîñòðàíñòâå ïåðåìåííûõ y, z òêàíü W , îïðåäåëÿåìàÿ óðàâíåíèåì (4) ïðè óñëîâèÿõ
(5), ñîñòîèò èç äåêàðòîâîé ñåòè y = const, z = const è ñåìåéñòâà àëãåáðàè÷åñêèõ êðèâûõ,
îïðåäåëÿåìûõ óðàâíåíèåì (4), ãäå x � ïàðàìåòð. Áàçèñíûå êðèâûå ñåìåéñòâà îïðåäåëÿþòñÿ
óðàâíåíèÿìè Pi = 0. Ïðàâàÿ ÷àñòü ðàâåíñòâà (5) ðàñêëàäûâàåòñÿ (íàä ïîëåìR) â ïðîèçâåäåíèå
ëèíåéíûõ ñîìíîæèòåëåé âèäà aU+bV è êâàäðàòè÷íûõ âèäà aU2+bUV +cV 2, òàê ÷òî êàæäàÿ
èç áàçèñíûõ êðèâûõ åñòü îáúåäèíåíèå àëãåáðàè÷åñêèõ êðèâûõ âèäà aU + bV , ïðèíàäëåæàùèõ
îäíîìó ïó÷êó ñ áàçèñîì U è V .

[1] Ëàçàðåâà, Â.Á.; Øåëåõîâ, À.Ì. Î òðèàíãóëÿöèÿõ ïëîñêîñòè ïó÷êàìè êîíèê. Ìàòåì.
ñá. 198 (2007), N 11, 107�134. [2] Ëàçàðåâà, Â.Á.; Øåëåõîâ, À.Ì. Óñëîâèÿ ðåãóëÿðíîñòè

äëÿ òêàíåé, çàäàííûõ àëãåáðàè÷åñêèìè óðàâíåíèÿìè. Òåçèñû ìåæäóíàðîäíîé ãåîìåòðè÷åñêîé
êîíôåðåíöèè. Àñòðàõàíü, 2011.
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Ïóñòü Q(◦) � ëóïà, â êîòîðîé îïåðàöèÿ ◦ çàäàíà ôîðìàëüíûì ðÿäîì x ◦ y = x+ y+ . . . (1).
Â ÷àñòíîñòè, Q ìîæåò áûòü ëîêàëüíîé àíàëèòè÷åñêîé ëóïîé, åäèíèöà êîòîðîé èìååò íóëåâûå
êîîðäèíàòû. Ñëîâîì îò îäíîé ïåðåìåííîé x ìû íàçûâàåì êîìïîçèöèè âèäà (x◦x)◦ (x◦ (x◦x))
è ò.ä. ×èñëî âõîæäåíèé ïåðåìåííîãî x íàçûâàåòñÿ äëèíîé ñëîâà. Ñ ïîìîùüþ ðÿäà (1) êàæäîå
ñëîâî S(x) ìîæíî çàïèñàòü òàêæå â âèäå ðÿäà: S(x) = nx+ . . ., ãäå n� äëèíà ñëîâà S(x). Â [1]
è [2] ìû ñðàâíèâàëè ñëîâà ïî ñëåäóþùåìó îòíîøåíèþ ýêâèâàëåíòíîñòè: S1(x)

∼
k S2(x) ⇔ ðÿäû

S1(x) è S2(x) ñîâïàäàþò äî ÷ëåíîâ ïîðÿäêà k âêëþ÷èòåëüíî. Â ýòîì ñëó÷àå ìû ãîâîðèëè,
ñëîâà S1(x) è S2(x) îáðàçóþò òîæäåñòâî S1(x) = S2(x) ïîðÿäêà k.

Â [1] è [2] ïîêàçàíî, ÷òî íå ñóùåñòâóåò äëÿ ñëîâ ïîðÿäêà 4 äëèíû ìåíüøåé 10. Äëÿ
n=10 ñóùåñòâóåò 6 òîæäåñòâ ïîðÿäêà 4, è ñ ðîñòîì äëèíû ñëîâà, åñòåñòâåííî, ðàñòåò è
÷èñëî êëàññîâ ýêâèâàëåíòíîñòè. Ðåçóëüòàòû ïîëó÷åíû ñ ïîìîùüþ êîìïüþòåðà ñëåäóþùèì
îáðàçîì. Ñ êàæäûì òàêèì ñëîâîì ñâÿçûâàåòñÿ ïîìå÷åííîå áèíàðíîå äåðåâî, ïîìåòêè â
óçëàõ êîòîðîãî çàäàþò ÷èñëî ëèñòüåâ ñîîòâåòñòâóþùåãî ïîääåðåâà. Äëÿ êàæäîãî ñëîâà
ìîæíî âû÷èñëèòü íåêîòîðûå õàðàêòåðèñòèêè � êîýôôèöèåíòû ðàçëîæåíèÿ â ðÿä. ×èñëî
õàðàêòåðèñòèê îïðåäåëÿåòñÿ ïîðÿäêîì k. Êàæäàÿ õàðàêòåðèñòèêà ïðåäñòàâëÿåò ôóíêöèþ îò
ïîìåòîê â óçëàõ äåðåâà. ×òîáû âû÷èñëèòü õàðàêòåðèñòèêè ñëîâà, íåîáõîäèìî ñîâåðøèòü îáõîä
äåðåâà.

Èç-çà âû÷èñëèòåëüíûõ òðóäíîñòåé â [1] è [2] ïðèøëîñü îãðàíè÷èòüñÿ ðàññìîòðåíèåì
ñëîâ äëèíû äî 12. Â äàííîé ðàáîòå áëàãîäàðÿ ïðîãðåññó âû÷èñëèòåëüíîé òåõíèêè è
óñîâåðøåíñòâîâàíèþ àëãîðèòìà óäàëîñü âûïîëíèòü êëàññèôèêàöèþ äëÿ ñëîâ äëèíû 16.
Áûñòðûå ìåòîäû ñîðòèðîâêè ïîçâîëÿþò ñïðàâèòüñÿ ñ ýòîé çàäà÷åé çà âðåìÿ O(nlog2n).

Äëÿ n = 16 íà îáû÷íîì íàñòîëüíîì êîìïüþòåðå ïîòðåáîâàëîñü ÷óòü áîëåå 2-õ ÷àñîâ.
Â òàáëèöå ïðåäñòàâëåíû ðåçóëüòàòû äî n = 15. Ïîìèìî õàðàêòåðèñòèê ïîðÿäêà 4

âû÷èñëåíû íåêîòîðûå (íå âñå) õàðàêòåðèñòèêè ïîðÿäêîâ 5 è 6.

n/k 4 5 6

10 6 4 4

11 58 28 28

12 298 184 184

13 1425 940 940

14 6808 4751 4751

15 32624 22860 22860

References

[1] Áèëëèã, Â.À.; Øåëåõîâ, À.Ì.: Î êëàññèôèêàöèè òîæäåñòâ ñ îäíîé ïåpåìåííîé â ãëàäêîé

ëîêàëüíîé ëóïå. Òêàíè è êâàçèãpóïïû, Êàëèíèí, Êàëèíèíñêèé ãîñ. óí-ò, 1987, 24�32
(ÐÆÌàò, 1987, 7À722).

[2] Áèëëèã, Â.À.; Øåëåõîâ, À.Ì.: Êëàññèôèêàöèÿ òîæäåñòâ äëèíû 12 ïîpÿäêà 4 ñ

îäíîé ïåpåìåííîé â ëîêàëüíîé àíàëèòè÷åñêîé ëóïå. Òêàíè è êâàçèãpóïïû, Êàëèíèí,
Êàëèíèíñêèé ãîñ. óí-ò, 1990, 10�18 (ÐÆÌàò, 1991, 9À244).

84



The Di�erential Geometry of Curves in de-Sitter Space

*N. Ayy�ld�z and **T. Turhan

(*S�uleyman Demirel University, Department of Mathematics, Isparta, Turkey)
(**Sel�cuk University, Seydi�sehir Vocational School, Konya, Turkey)

E-mail address: nihatayyildiz@sdu.edu.tr & t_turhan07@hotmail.com

It is known that the di�erential geometry of curves on a hypersphere in the Euclidean space
re�ects instantaneous properties of spherical motion. So, the initial aim of this talk is to present
the Frenet reference frame, the Frenet equations, and the geodesic curvature and torsion functions
which will be used to analyze and characterize curves in de-Sitter space.
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In the talk we shall present a classification of countable abelian groups up to the coarse isomor-
phism. A bijective map f : X → Y between metric spaces is called a coarse isomorphism if the
maps f and f−1 are coarse. A map f : X → Y between metric spaces is coarse if

∀δ <∞ ∃ε <∞ ∀A ⊂ X diamA < δ ⇒ diamf(A) < ε.

According to [1], each countable abelian group G is coarsely isomorphic to the direct sum of
cyclic groups

Zf =
⊕
p∈Π

Zf(p)
p

for a suitable function f : Π → ω ∪ {∞} defined on the set Π = Π ∪ {∞} of prime numbers with
attached infinity.

The function f : Π → ω ∪ {∞} can be recovered from the algebraic structure of G as follows.
Let fG(∞) be the smallest cardinality |S| of a subset S ⊂ G generating a subgroup H of locally
finite index in G. The latter means that H has finite index in each subgroup generated by the set
H∪F where F is a finite subset of G. Fix any such a subgroup H in G and for every prime number
p let

fG(p) = sup{k ∈ ω : pk divides the index of H is a suitable subgroup of G}.

Observe that for a locally finite group G the subgroup H is trivial, so fG(∞) = 0.

Theorem 1. Each countable abelian group G is coarsely isomorphic to ZfG.

Given two function f, g : Π→ ω∪{∞} we write f =∗ g iff one of the following conditions holds:
1) f(∞) = g(∞) = 0 and f = g;
2) f(∞) = g(∞) =∞;
3) 0 < f(∞) = g(∞) <∞ and

∑
p∈Π |f(p)− g(p)| <∞.

Theorem 2. Two countable abelian groups G,H are coarsely isomorphic if and only if fG =∗ fH .
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In the paper, we study cardinal properties of the space of complete linked systems containing
compact elements.

The space NXof all complete linked systems (CLS) of the space X was de�ned by A.V. Ivanov
as follows:

De�nition 1 [1]. The linked system µ of closed subsets of the compact X is called the complete
linked system (CLS) if for any closed subset F of the compact Xthe condition:

�Any neighborhood OF of the set F contains some subset Φ ∈ µ� follows F ∈ µ.
It is obvious that every maximal linked system is CLS, consequently λX ⊂ NX.
The space NXof the compact X is the set of all complete linked systems of the compact X with

the topology generated by the open base of which consists of sets of the form

E = O(U1, U2, ..., Un)〈V1, V2, ..., Vs〉 = { µ ∈ NX : for each i = 1, 2, ..., n

there ∃ Fi ∈ µ such that Fi ⊂ Ui and F ∩ Vj for each j = 1, 2, ..., s and any F ∈ µ},

where U1, U2, ..., Un, V1, V2, ..., Vs are open sets of X[2].
De�nition 2. Let µ be a complete linked system of a T1-space X. The CLS µ is said to

be compact complete linked system if the system µ contains at least one compact element. It is
denoted by CCLS

De�nition 3. A compact kernel of a T1-space X is the space

NcX = {µ ∈ NX : µ− CCLS}.

Theorem 1. Let X be a T1 space, then
1) d(X) = d(NcX);
2) πw(NcX) = πw(X);
3) nπw(NcX) = nπw(X);
4) if X is an in�nite Tychono� space then c(NcX) = sup{c(Xn) : n ∈ N ;
5) if X is an in�nite Tychono� space then wd(NcX) = wd(NX) = wd(X).
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It is known that a chaos is alternative of randomness and occurs in very simple deterministic
systems. Although chaos theory places fundamental limitations for long-rage prediction, it can
be used for short-range prediction since ex facte random data can contain simple deterministic
relationships with only a few degrees of freedom. The fractal geometry approach and wavelet
analysis are usually used to study temporal variations of the valuables of the dynamical systems.
The purpose of this paper is to apply a fractal geometry and wavelet analysis of temporal sets of ait
pollutants concentration �uctuations, to establish an an existence of the low-dimensional chaos and
to provide nonlineas predictions of �uctuation evilution. In order to �nd the corresponding multi-
fractal features we have used the methodics ([1], [2]). To reconstruct an attractor, the time delay
and embedding dimension are needed. The former is determined by the methods of autocorrelation
function and average mutual information, and the latter is calculated by means of correlation
dimension method and algorithm of false nearest neighbours. Wavelets are fundamental building
block functions, analogous to the sine and cosine functions. The wavelets have advantages over the
known Fourier transform when non-stationary signals are analyzed. Here, we use non-decimated
wavelet transform that has temporal resolution at coarser scales and allows to isolate time series
of the major components of �nancial sets a direct way. The dilation and translation of the mother
wavelet y(t) generates the wavelet as follows: Ψ(j; k) = 2j/2 × Ψ(2jt− k). The dilation parameter
j controls how large the wavelet is. The corresponding wavelet expansion of a function is closely
related to the discrete wavelet transform of a signal observed at discrete points in time. Usually,
a length of the signal, say n, is �nite and, for our study, the data are available daily, monthly, i.e.
the interested function is vector f = [f(t1; ...; f(tn)]. Using a link between wavelets and fractals,
we have made calculating the multi-fractal spectrum [3]. The results of analysis are presented for
temporal variations of the ait pollutants concentration �uctuations in Odessa region (2001-2007).
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Chaos theory establishes that apparently complex irregular behaviour could be the outcome of
a simple deterministic system with a few dominant nonlinear interdependent variables. The present
study goes on our attempts to employ a variety of techniques of a chaos theory for characterizing
dynamics of the non-linear vibrational systems ([1], [2]). Here the coupled auto-(quantum)-generator
dynamics is examined The techniques employed range from standard statistical techniques that
can provide general indications regarding the dynamics of the phenomenon to speci�c ones and
its comprehensive characterization. The mutual information approach, multifractal and wavelet-
expansion formalisms, the correlation integral analysis, the false nearest neighbour algorithm, the
Lyapunov exponent's analysis, and the surrogate data method were used in the analysis ([1], [3]).
The mutual information approach provided a time lag which is needed to reconstruct phase space.
The correlation dimension method provided a low fractal-dimensional attractor thus suggesting
a possibility of the existence of chaotic behaviour. The method of surrogate data, for detecting
nonlinearity, provided signi�cant di�erences in the correlation exponents between the original data
series and the surrogate data sets. This �nding indicates that the null hypothesis (linear stochastic
process) can be rejected. Lyapunov exponents (LE) are the dynamical invariants of the nonlinear
system and de�ned as asymptotic average rates. So, they are independent of the initial conditions,
and therefore they do comprise an invariant measure of attractor. In fact, if one manages to
derive the whole spectrum of Lyapunov exponents, other invariants of the system, i.e. Kolmogorov
entropy and attractor's dimension can be found. The Kolmogorov entropy, K, measures the average
rate at which information about the state is lost with time. An estimate of this measure is the
sum of the positive Lyapunov exponents. The inverse of the Kolmogorov entropy is equal to the
average predictability. Themain conclusion regarding auto-(quantum)-generator dynamics is that
the system investigated exhibits a nonlinear behaviour and low-dimensional chaos. The Lyapunov
exponents analysis supported this conclusion.
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The (2|2+1)-dimensional supersymmetric Davey-Stewartson system ([1]) is given by two squared
eigenfunction symmetries in the forms

dfi/dy = (−M1
1 + δi1l)fi, df∗i /dy = (M1

1 − δi1l)∗f∗i ,
dΦi/dy = (−M1

1 + δi1l)Φi, dΦ∗i /dy = (M1
1 − δi1l)∗Φ∗i ,

dfi/dT = (l2+ −M1
2 + δi1l

2)fi, df∗i /dT = (−l2+ +M1
2 − δi1l2)∗f∗i ,

dΦi/dT = (l2+ −M1
2 + δi1l

2)Φi, dΦ∗i /dT = (−l2+ +M1
2 − δi1l2)∗Φ∗i , (1)

where f = (f1, f2, f
∗
1 , f

∗
2 ,Φ1,Φ2,Φ

∗
1,Φ

∗
2)
> ∈ M4|4 ⊂ L2(R/2πZ × Λ2

1; Λ4
0 × Λ4

1), Λ = Λ0 ⊕ Λ1 is a
Grassmann algebra over C ⊂ Λ0, i = 1, 2,

M s
1 =

∑s−1

p=0

(
(lpf1)Dθ1D

−1
θ2

(l∗(s−1−p)f∗1 ) + (lpΦ1)Dθ1D
−1
θ2

(l∗(s−1−p)Φ∗1)
)
,

δik, k = 1, 2, is a Kronecker symbol, s = 1, 2, the subscript "+" designates a pure di�erential part of
the corresponding operator, and the commutability condition for the vector �elds d/dy and d/dT

dl2+/dy = [l2+,M
1
1 ]+ (2)

where l2+ = ∂2 + w0 + w1Dθ1 + w3Dθ1 + w2Dθ1Dθ1 , w0, w2 ∈ L2(R/2πZ × Λ2
1; Λ0), w1, w3 ∈

L2(R/2πZ × Λ2
1; Λ1), for Lax type hierarchy of evolution equations on some dual space to the Lie

algebra of super-integro-di�erential operators of two anticommuting variables θ1 ∈ Λ1 and θ2 ∈ Λ1,
which is associated with the operator

l = ∂ +
∑2

i=1
(fiDθ1D

−1
θ2
f∗i + ΦiDθ1D

−1
θ2

Φ∗i ),

where ∂ = ∂/∂x, x ∈ R/2πZ, D2
θr

= ∂, r = 1, 2.
The Hamiltonian forms for the vector �elds d/dx, d/dy and d/dT on their common invariant

�nite-dimensional superspace M
4|4
N ⊂M4|4 of a Bargmann type

M
4|4
N = {f ∈M4|4 : gradLN [f ] = 0}, LN = −γ0 +

∑N

j=1
cjλj ,

where γ0 =
∫ 2π
0 dx

∫
dθ1dθ2

∑2
i=1(fif

∗
i +ΦiΦ

∗
i ) is a local conservation law of the system (1) and (2),

λj are some eigenvalues of an associated spectral problem, being invariant with respect to (1)
and (2), and cj ∈ Λ0 for every j = 1, N , are found by use of the Gelfand-Dikii relationship for
the Lagrangian LN . The Lax representations for the reduced vector �elds are obtained by means
of the properties of monodromy supermatrix supertrace for an associated spectral problem. They
are shown to possess also a full set of involutive functionally independent conservation laws which
provides their Liouville type integrability.
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We present a new advanced approach to quantization of quasistationary states of the Schr�odinger
equation for two-centre systems with the strong DC electric �eld potential. The approach is based
on the formalism of operator perturbation theory ([1], [2]). Several approaches for quantization of
the states of the Schr�odinger equation with di�erent forms of the external (for example, DC electric
�eld potential,Stark task, scattering problem etc) potentials are usually used. As a rule, in a case
of a strong external �eld there is arisen a problem of the correct calculating the optimized sets
of eigen functions and correspondingly eigen values especially. This task is very complicated for
the two-centre systems, where one should realize the separtaion of the variables in the spheroidal
coordinates. Generalization of the operator perturbation theory formalism in application to the two-
centre systems is reduced to modi�cation of the di�erential equation system. The key feature of the
approach is that the zeroth order Hamiltonian, possessing only stationary states, is determined only
by its spectrum without specifying its explicit form. It is proven the theorem establishing a link
of quasidiscrete states with continuum. The operator perturbation theory basis is used in problem
of the full diagonalization of the energy matrice. More simpli�ed version reduces to a search for
one eigen-value, which is transited to the state under switching on a �eld. In this case a solution
of determining the maximal eigen-value and the corresponding eigen-vector is realized by usual
iterative methods. The most interesting situation has a place in a case of the highly-excited states
of the two-centre system (the large eigen values of energy). Then it could ba realized a possibility of
quantum chaos phenomenon existence. The special numerical procedure for calculating the eigen-
values and eigen functions in a case of the strong external (electric) �eld is developed. The results
of the test numerical calculations of the simple diatomics are presented and analyzed.

References

[1] A. V. Glushkov Relativistic quantum theory. Quantum mechanics of atomic systems- Odessa:
Astroprint, (2008), P.1-700.

[2] A. Glushkov, A. Ignatenko, S. Ambrosov, D. Korchevsky Consistent quantum approach to DC

strong �eld Stark e�ect for non-H systems.- Int.J.Quant.Ch., (2004), V.99, P.936-946.

91



On foundations of mathematics in basic courses of analysis and geometry

T. S. Kudryk

(Lviv University, Lviv, Ukraine)

E-mail address: kudryk@mail.lviv.ua

The principal aim of our report is to draw attention to inadequate situation with elucidation
of foundations of mathematics in traditional university courses of analysis and geometry. In our
opinion excessive emphasis on axiomatic approach and set theory, disregarding of important points
of history of analysis and geometry (especially those concerning the axiom of choice) in many
textbooks prevent students from proper understanding of foundations. This situation is tolerable
for applied mathematics students. However, it is unacceptable for students in pure mathematics.
Meanwhile short mentions of non-archimedean number systems and geometries that are known
from 1870-1890's could sharply improve the situation. We mean, for example, J. Thomae's, P. du
Bois-Reimond's, O. Stolz's, and P. Veronese's studies (see [4]). In this context, the abandoned term
"geometrical place of points" is often more preferable than "the set of".

Another important point that can assist to throw light upon the most important achievements of
twentieth-century mathematics in set theory, category theory, nonstandard analysis etc. is J. Con-
way's surreal number system (s. [3]). In fact, this system explains the meaning of the word
"between" in modern mathematics. The above-mentioned system clears up interrelations between
some competing theories as foundations of mathematics and their role.

It is interesting to note that the situation concerning the foundations in textbooks has altered
a bit since Kagan's article [1] and Freudental's book [2] too. Unfortunately, according to E. Nelson
the majority of textbooks are written to hide the essence.
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In this talk, we conside a toporogical product manifold M = M1 × M2 of two Riemannian
manifolds (M1, g1) and (M2, g2).

If a metric g on M is defined by

(1) g(U, V ) = ef
2
g1(π1∗U, π1∗V ) + g2(π2∗U, π2∗V )

for any U, V ∈ TM and for a positive differentiable function f on M , where π1 (resp. π2) means
the projection operator of M to M1 (resp. M2), then the manifold M is said a twisted product
manifold of M1 and M2 with an associated function f and it is written by M = M1 ×f M2.

Using the following lemma;

Lemma. An n (n > 3)-dimensional Riemannian manifold M is conformally flat if and only if
the Riemannian curvature tensor Rωνµ

λ satisfies

(2) Rωνµ
λ +

1

n− 2
(Rωµδν

λ −Rνµδωλ +Rν
λgωµ −Rωλgνµ)

+A(gνµδω
λ − gωµδνλ) = 0

for a certain function A.
A 3-dimensional Riemannian manifold M is conformally flat if and only if the Ricci tensor Rµλ

satsifies

(3) ∇νRµλ −∇µRνλ + Tνgµλ − Tµgνλ = 0

for a certain vector field Tλ.
we prove

Theorem. If a twisted product manifold M = M1×fM2 is conformally flat, then two manifolds
M1 and M2 are conformally flat, too.
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A di�erentiable manifold of dimension n having a conformal class C[g] of metrics and a torsion-
free connection ∇ preserving C[g] is called a Weyl manifold [1], denoted byWn(g, ω) where g ∈ C[g]
and ω is a 1-form satisfying the compatibility condition ∇g = 2(g

⊗
ω). Wn(g, ω) is said to be an

Einstein-Weyl manifold [2] if the symmetric part of the Ricci tensor is proportional to g ∈ C[g]. We
de�ne [3] the recurrency of Wn(g, ω) by ∇̇lWhijk = φlWhijk where Whijk is the covariant curvature
tensor of Wn(g, ω) and ∇̇ denotes the prolonged covariant di�erentiation de�ned by ([1],[4])

∇̇lWhijk = ∇lWhijk − 2ωlWhijk,

φ being a non-zero, gauge invariant covector �eld.
Recurrent Riemannian manifolds are extensively studied by a large number of mathematician

while recurrent Weyl manifold are studied to some extent.
In this paper, it is shown that a recurrent Einstein-Weyl manifold has a vanishing scalar curva-

ture and that totaly umbilical hypersurfaces of such a manifold are totaly geodesic with a vanishing
scalar curvature.
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We study relaxed hyperelastic curves which are the solution of a variational problem in
3−dimensional Minkowski space. We obtain a di�erential equation with two boundary condition
depend on Darboux frame of the curve for relaxed hyperelastic curve. Then, we give the necessary
and su�cient condition on a non-null geodesic for a relaxed hyperelastic curve in 3−dimensional
Minkowski space. Finally, we examine whether the non-null geodesics of pseudo-plane, pseudo-
sphere, hyperbolic space and pseudo-cylinder are relaxed hyperelastic curve.

References

[1] A. Y�ucesan, G. �Ozkan and Y. Yay, Relaxed Hyperelastic Curves, Annales Polonici Mathematici,
102 : 3, (2011) , P. 223− 230.

[2] B. O'Neill, Semi-Riemannian Geometry with Applications to Relativity, Academic Pres, New
York, (1993), 469p.

[3] G. S. Manning, Relaxed Elastic Line on a Curved Surface, Quart. Appl. Math. 45:3, (1987),
p. 515-527.

[4] H. K. Nickerson and G. S. Manning, Intrinsic Equations for a Relaxed Elastic Line on an Oriented
Surface, Geom. Dedicata 27:2, (1988), p. 127-136.

[5] K. Akutagawa and S. Nishikawa, S., The Gauss Map and Spacelike Surfaces with Prescribed
Mean Curvature in Minkowski 3−Space, Tohoku Math. J. 42, (1990), p. 67-82.

[6] R. Lopez, Di�erential Geometry of Curves and Surfaces in Lorentz-Minkowski Space,
http://arxiv.org/PS_cache/arxiv/pdf/0810/0810.3351v1.pdf, 2008.

[7] R. Weinstock, Calculus of Variations with Applications to Physics and Engineering, Dover Pub-
lications Inc. New York, (1974), 326 p.

95



Uniformly continuous and slowly oscillating functions on metric spaces

I. V. Protasov

(KNU, Kiev, Ukraine)

E-mail address: i.v.protasov@gmail.com

The metrics d, ρ on a set X is said to be uniformly equivalent if, for every ε > 0, there exists

δ > 0 such that, for all x, y ∈ X,

d(x, y) < δ ⇒ ρ(x, y) < ε, ρ(x, y) < δ ⇒ d(x, y) < ε.

A subset A of (X, d) is uniformly discrete if there exists ε > 0 such that d(x, y) > ε for all

distinct x, y ∈ A. We denote by UC(X, d) and UD(X, d) the families of all bounded uniformly

continuous functions and uniformly discrete subsets of (X, d).

Theorem 1. For the metrics d, ρ on a set X, the following statements are equivalent:

(i) d, ρ are uniformly equivalent;

(ii) UC(X, d) = UC(X, ρ);

(iii) UD(X, d) = UD(X, ρ).

The metrics d, ρ on a set X are said to be asymptotically equivalent if, for every ε > 0, there
exists δ > 0 such that, for all x, y ∈ X,

d(x, y) < ε⇒ ρ(x, y) < δ, ρ(x, y) < ε⇒ d(x, y) < δ.

A subset A of (X, d) is thin if, for every ε > 0, there exists a bounded subset V of X such that

d(x, y) > ε for all distinct x, y ∈ A \ V (V is bounded if it is contained in some ball). We denote by

Bound(X, d) and Th(X, d) the families of all bounded and thin subsets of (X, d).
A function f : (X, d) toR is called slowly oscillating if, for all ε > 0, δ > 0, there exists a

bounded subset V of (X, d) such that, for all x, y ∈ X \ V , d(x, y) < δ ⇒ |f(x) − f(y)| < ε. We

denote by SO(X, d) the family of all bounded slowly oscillating functions on (X, d).

Theorem 2. For the metrics d, ρ on a set X with Bound(X, d) = Bound(X, ρ), the following

statements are equivalent:

(i) d, ρ are asymptotically equivalent;

(ii) SO(X, d) = SO(X, ρ);

(iii) Th(X, d) = Th(X, ρ).
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Wild Cantor sets: New results, conjectures and questions

D. Repov�s

(University of Ljubljana, Slovenia)

E-mail address: dusan.repovs@guest.arnes.si

A Cantor set is characterized as a topological space that is totally disconnected, perfect, compact
and metric. Any two such spaces C1 and C2 are homeomorphic, but if C1 and C2 are subspaces of
Rn, n ≥ 3, there may not be a homeomorphism of Rn to itself taking C1 to C2. In this case, C1 and
C2 are said to be inequivalent embeddings of the Cantor set.
There has been recent renewed attention to properties of embeddings of Cantor sets since these sets
arise in the settings of dynamical systems, ergodic theory and group actions.
This talk will be a survey of conjectures and questions concerning embeddings of Cantor sets in
various Euclidean spaces. The emphasis will be on geometric properties of the embeddings.
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Connected linked systems

Safarova D.T.
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E-mail address: beshimov@mail.ru

Let X be a topological T1 space. The system ξ = {Fα : α ∈ A} of closed subsets of a topological
space X is called a linked system if every two elements of ξ have nonempty intersection. A maximal
linked system (MLS) is a linked system not properly contained in another linked system. Any linked
system can be �lled up to a maximal linked system. We denote by λX the set of all MLS of the
spaceX. The family of all the sets of the form

O(U1, U2, ..., Un) ={ξ ∈ λX : ∀i = 1, 2, ..., n ∃Fi ⊂ Ui}
where Ui, U2, ..., Un is sequence of open sets of X, generates a base of a topology on λX. The

space λX is called superextension of X[1].
The topological space X is naturally embedded in λX. i.e. each point x ∈ X is transferred into

the MLS ξx = {F ∈ expX : x ∈ F}, where expX is the space of closed subsets of the space X with
the Vietoris topology.

De�nition 1. Let X be a topological T1 -space and λX its superexrension. We say that the
MLS ξ ∈ λX is connected if it contains at least one connected element F . The connected MLS is
denoted by CMLS.

De�nition 2. A connected superkernel (or connected superextension) of the topological space
X is called the space

λsX = {ξ ∈ λX : ξ − CMLS}
Let X be a topological T1 -space. Since {x} is connected space for any x ∈ X and {x} ∈ ξx we

have λsX 6= Ø. There exists a maximal linked system not containing connected element.
Example. Let F1 = {1, 2, ...}, F2 = {2, 3, ...}, ... , Fn = {n, n + 1, ...}, ... is the sequence of

closed subsets of X. We �ll up the system µ = {F1, F2, ...} to a maximal linked system ξµ. in this
case the system ξµ doesn't contain any connected element.

Theorem. For any in�nite compact spaceX we have
w(X) = w(λsX) = w(λX).
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Vector �elds with impulse action
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Vector �eld with continuous impulse action on a smooth compact manifold Mn without bound-

ary is called the four (Γn−1,Σn−1
sing, ψ,X), where:

a) Γn−1 ⊂Mn is closed smooth submanifold of codimension 1 (in general non-connected);

b) Σn−1
sing ⊂Mn is closed smooth submanifold with singularity of codimension 1 (in general non-

connected), such that Γn−1
⋂

Σn−1
sing = ∅;

c) ψ : Γn−1 → Σn−1
sing is continuos map;

d) X -smooth vector �eld on Mn, with is transversal to submanifold Γn−1 and such that on

submanifold Σn−1
sing X equal 0 only in singular points.

De�nition 0.1. Discontinuous trajectories vector �eld with continuous impulse action

(Γn−1,Σn−1
sing, ψ,X) will be called those trajectories that start from Σn−1

sing and reaching submanifold

Γn−1.

Among discontinuous trajectories vector �eld (Γn−1,Σn−1
sing, ψ,X) may be such that after the �rst

"meeting" with the subvariety of Γn−1 and after applying the continuous mapping ψ move along

the points they have "passed". We call such trajectory quasi closed.

We will result su�cient conditions for existence in the �eld (Γn−1,Σn−1
sing, ψ,X) quasi closed

trajectories. One of the conditions that the Euler characteristic χ(Γn−1
i ) 6= 0 for some connect

components Γn−1
i ⊂ Γn−1 .
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Quantization of quasistationary states of the Klein-Gordon-Fock equation and

calculation of spectra of the kaonic systems

D. E. Sukharev
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E-mail address: nucsukh@mail.ru

We have developed an advanced procedure for quantization of the quasistationary states of the
relativistic Klein-Gordon-Fock equation Within gauge-invariant relativistic many-body perturbation
theory ([1], [2]). New numerical approach to calculating spectra of the kaonic systems with an
account of relativistic, exchange-correlation corrections is proposed. The wave functions zeroth
approximation basis is found from the Klein-Gordon-Fock equations solution. The potential includes
the self-consistent mean �eld potential, the electric and polarization potentials of a nucleus (within
the Fermi model). The radial Klein-Gordon-Fock di�erential equation is rewritten as a set of
two �rst-order equations. The special procedure is realized in order to to obtain high-accuracy
eigen values and wave function by an iterative procedure, checking the number of node to insure
convergence toward the right eigenvalue. In the mixed Klein-Gordon-Fock-Slater scheme in order
to conserve a consistence one should take into account the inter-electron correlation corrections, for
example, by means using the technique of the correlation potentials of the Slater type ([1]). The
radiative corrections such as Lamb shift self-energy part and vacuum polarization correction are
accounted for in the Mohr and Uehling-Serber approximations ([3]). New element of the approach
is connected with treating the strong interaction between the nucleus and orbiting kaon by means
the generalized phenomenological optical potential of the Batty et al form. Numerical estimates are
given for shifts and widths of the transitions in some systems such as the kaonic hydrogen, helium,
some heavy elements, including estimating the values of the strong kaon-nuclear interaction energy
levels shifts and widths. However, in a case of the low-lying states a problem of the correct �tting
the Batty etal potential appears.
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THE GEODESICS OF NON-METRIC CONNECTIONS WITH VECTORIAL

TORSION IN A RIEMANNIAN MANIFOLD
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(Mersin University, Mersin, Turkey)

E-mail address: yerol@mersin.edu.tr

In this paper, relations between the geodesics of non-metric connections with vectorial torsion,

as already described by E. Cartan in 1925, and the geodesics of the Riemannian connection in a

Riemannian manifold are showed. Then it is proved that the geodesics of non-metric connections

with vectorial torsion de�ned by gradient vector �elds coincide with the Riemnnian geodesics of a

conformally equivalent non-metric in a Riemannian manifold.
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Some topological properties of functors of �nite degree

Zhuraev T.F.

(Uzbekistan, Tashkent )

E-mail address: rbeshimov@mail.ru

In the paper we study properties in the topological and geometric character of compacts, prop-
erties as unicoherentness and sequentialness.

Let us recall some notions used below.
A connected, locally connected compact X is called unicoherent if for any its representation as

the union of two closed connected subsets X1 and X2 the intersection X1 ∩X2 is connected [1].
A topological space X is said to be s-sequential if for any closed subset Φ ⊂ X and any

notisolated point x ∈ Φ there exists a nonstationary sequence {xn : n ∈ N} ⊂ Φ such that xn → x.
It is known that the product of two Freshet-Uysohn's compacts doesn't have to be Freshet-

Uysohn's compact, but the product of two s-sequential spaces is always s-sequential. By the natural
number k we shall denote the discrete space consisting of k points. Let the covariant, projectively
quotient functor F of �nite degree preserving intersections, acting in the category Comp of all
compact spaces and their mappings, is continuous and monomorphic.

If F (n) is unicoherent compact or s-sequential space then F preserves unicoherent and
s-sequential compacts. If the compact F (n) has the �xed point property and F (∅) is either empty
set or unicoherent s-sequential compact then the functor F preserves unicoherent and s-sequential
compacts. We remark that the functor F preserves continuous hereditarily nonisolated mappings
of compact spaces. Let us mention that s-sequential spaces and only they become the image of
metrizable spaces under hereditarily nonisolated mappings.
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Îá îäíîé ñóáðèìàíîâîé ãåîìåòðèè

Á. Ó. Øåðãàçèåâ

(Íàöèîíàëüíûé Óíèâåðñèòåò Óçáåêèñòàíà, Óçáåêèñòàí)

E-mail address: shergoziev@rambler.ru

Èìååòñÿ øèðîêèé êëàññ ïðèìåðîâ ñóáðèìàíîâûõ ìåòðèê, â êîòîðûõ êëàññ äîïóñòèìûõ
ïóòåé îïðåäåëÿåòñÿ ïóòåì îãðàíè÷åíèé, íàêëàäûâàåìûõ íà âåêòîð ñêîðîñòè ïóòè â êàæäîé
òî÷êå.

ÏóñòüM � ãëàäêîå (êëàññà C∞) ñâÿçíîå ìíîãîîáðàçèå ðàçìåðíîñòè n, TM�åãî êàñàòåëüíîå
ðàññëîåíèå è H�ïîëå êîíóñîâ íà M , òî åñòü îòîáðàæåíèå, ñòàâÿùåå â ñîîòâåòñòâèå êàæäîé
òî÷êå p ∈ M êîíóñ Hp ⊂ TpM ñ âåðøèíîé â íóëå. Áóäåì íàçûâàòü àáñîëþòíî íåïðåðûâíóþ
êðèâóþ γ : [0, T ] → M äîïóñòèìîé, åñëè γ′(t) ∈ Hγ(t) äëÿ âñåõ t ∈ [0, T ], à ïîëå êîíóñîâ �
íåèíòåãðèðóåìûì, åñëè äëÿ äâóõ òî÷åê p, q ∈ M ñóùåñòâóåò òàêàÿ äîïóñòèìàÿ êðèâàÿ γ :
[0, T ] → M , ÷òî γ(0) = p, γ(T ) = q. Èçâåñòíî, ÷òî m� ìåðíîå ðàñïðåäåëåíèå íåèíòåãðèðóåìî,
åñëè åãî "èíâîëþòèâíàÿ îáîëî÷êà" ñîâïàäàåò ñ êàñàòåëüíûì ðàññëîåíèåì ìíîãîîáðàçèÿ. Äëÿ
òàêèõ ðàñïðåäåëåíèé âîçìîæíà ïîñòàíîâêà ïðîèçâîëüíîé äâóõòî÷å÷íîé âàðèàöèîííîé çàäà÷è
ñ ïðîèçâîëüíûì ãëàäêèì ëàãðàíæèàíîì

inf

∫ T

0
L(γ, γ′)dt : γ′(t) ∈ Hγ(t), γ(0) = p, γ(T ) = q. (1)

Ïóñòü L åñòü ôóíêöèîíàë äëèíû íà ðèìàíîâîì ìíîãîîáðàçèè L(γ, γ′) = 〈γ′, γ′〉
1
2 òîãäà ôîðìóëà

(1) îïðåäåëÿåò íåãîëîíîìíóþ ðèìàíîâó ìåòðèêó íà M :

ρC(p, q) = inf

∫ T

0
〈γ′, γ′〉

1
2dt, γ′(t) ∈ Hγ(t), γ(0) = p, γ(T ) = q. (2)

Ýòî ìåòðèêà íàçûâàåòñÿ ñóáðèìàíîâîé ìåòðèêîé.
Òåîðåìà (Ðàøåâñêîãî-×æîó) [1]. Ïóñòü ñåìåéñòâî âåêòîðíûõ ïîëåé Vi, i = 1, .., n

çàäàíû íà ìíîãîîáðàçèè M . Ïðåäïîëîæèì, ÷òî ñåìåéñòâî âåêòîðíûõ ïîëåé Vi, i = 1, .., n
è èõ ñêîáêà Ëè [Vi, Vj ], i, j = 1, .., n îáðàçóþò â êàæäîé òî÷êå p ∈M áàçèñ ïðîñòðàíñòâà TpM .
Òîãäà ëþáûå äâå òî÷êè p, q ∈M ìîæíî ñîåäèíèòü äîïóñòèìûì ïóòåì.

Ðàññìîòðèì äâóìåðíîå ðàñïðåäåëåíèå â M = R3 , ïîðîæäåííîå âåêòîðíûìè ïîëÿìè
V (x, y, z) = (1, 0, 0), W (x, y, z) = (0, 1, x) , òî åñòü H(x, y, z) = span{V (x, y, z),W (x, y, z)}.
Ñêîáêè Ëè [V,W ] âåêòîðíûõ ïîëåé V è W òîæäåñòâåííî ðàâíû (0, 0, 1). Ñëåäîâàòåëüíî,
âûïîëíåíû óñëîâèÿ òåîðåìû Ðàøåâñêîãî-×æîó. Òåì ñàìûì ïðè ëþáîì âûáîðå ôóíêöèîíàëà
äëèíû íà êëàññå ãëàäêèõ êðèâûõ âR3 ðàñïðåäåëåíèåHp èíäóöèðóåò êîíå÷íóþ ìåòðèêó Êàðíî-
Êàðàòåîäîðè. Îïðåäåëèì äëèíû äîïóñòèìûõ êðèâûõ γ(t) = (x(t), y(t), z(t)) ôîðìóëîé

L(γ) =

∫ √
x′2(t) + y′2(t)dt (3)

Òåîðåìà. Êàæäàÿ êðàò÷àéøàÿ äàííîé íåãîëîíîìíîé ðèìàíîâîé ñòðóêòóðû ÿâëÿåòñÿ
ïîäúåìîì äóãè îêðóæíîñòè îòíîñèòåëüíî ïðîåêöèè π : R3(x, y, z)→ R2(x, y).

Çàìå÷àíèå. Äëÿ ýòîé ñóáðèìàíîâîé ìåòðèêå èìååò ìåñòî òåîðåìà î ïàðàëëåëåïèïåäå:
Åñëè P cr ïàðàëëåëåïèïåä âèäà [−cr, cr] × [−cr, cr] × [−cr2, cr2] ⊂ R3 , òî ñóùåñòâóþò òàêèå
ïîñòîÿííûå 0 < c < C, ÷òî P cr ⊂ Bc

r ⊂ PCr äëÿ âñåõ äîñòàòî÷íî ìàëûõ r, ãäå Bc
r-øàð ðàäèóñà r

ñ öåíòðîì â íóëå â ñóáðèìàíâîé ìåòðèêå.
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